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ODE Fall 2012, A. Donev, CIMS
Using the symbolic algebra package Maple to solve ODEs analytically and 
numerically

r e s t a r t :
w i t h ( p l o t s ) :
O D E  : =  d i f f ( t h e t a ( t ) , t , t )  +  g a m m a * d i f f ( t h e t a ( t ) , t )  +  o m e g a ^ 2 * s i n
( t h e t a ( t ) ) = 0 ;  #  E q u a t i o n s

I C s  : =  the ta (0 )=Theta ,  D ( the ta ) (0 )=Omega;  #  In i t i a l  cond i t ions

dsolve({ODE,  I C s} ,  t h e t a ( t ) ) ;  #  T r y  t o  c o m p u t e  c l o s e d - f o r m  
so lu t ion  (no  answer  is  re turned)

1. Linearized ODE
The linearized ODE in which sin(theta) is replaced by theta can be solved analytically using the 
methods we discussed in class.
Maple knows all of the recipies we discussed and can do the calculations without making mistakes:

L i n e a r O D E  : =  d i f f ( t h e t a ( t ) , t , t )  +  g a m m a * d i f f ( t h e t a ( t ) , t )  +  
omega^2* the ta ( t )=0 ;  #  L inear i za t ion  for  smal l  the ta

solut ion:=simpl i fy(dsolve({LinearODE, ICs} ,  t h e t a ( t ) ) ) ;

Now let's plug in some specific numbers for which complex numbers will be required:
numbers:={gamma=1, omega=sqrt(5/4), Theta=Pi/4, Omega=2};

Plug these numbers into the solution:
eval(solut ion,numbers);

By default Maple does not perform complex number simplifications, we need to use the evalc (evaluate
using complex arithmetic) function, and then simplify:

approx_solut ion:=simpl i fy(e v a l c (eva l (so lut ion ,numbers) ) ) ;
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Let us now plot the approximate (linearized) solution theta(t):
p 1 : = p l o t ( e v a l ( t h e t a ( t ) , a p p r o x _ s o l u t i o n ) ,  t = 0 . . 1 5 ,  c o l o r = r e d ) :
d i s p l a y ( p 1 ) ;

t
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0

2. Phase Plot

Let us now plot the trajectory in phase space, where the coordinates are [theta(t), theta'(t)]

y 1 : = e v a l ( t h e t a ( t ) , a p p r o x _ s o l u t i o n ) ;  #  P o s i t i o n  ( a n g l e )  o f  
pendulum theta(t )

y 2 : = s i m p l i f y ( e v a l ( d i f f ( t h e t a ( t ) , t ) ,  a p p r o x _ s o l u t i o n ) ) ;  #  
Ve loc i ty  o f  pendu lum the ta ' ( t )

P1 :=p lo t ( [y1,  y2,  t = 0 . . 1 5] ,  c o l o r = ' r e d ' ,  l a b e l s = [ " t h e t a ( t ) " ,
" t h e t a ' ( t ) " ]) :
d i s p l a y ( P 1 ) ;
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3. Numerical Solution

Finally, let's solve the true nonlinear ODE numerically using Maple's default numerical method (called 
"RK4")

num_solution:=dsolve(eval({ODE, ICs} ,  n u m b e r s ) ,  t h e t a ( t ) ,  t y p e =
' n u m e r i c ' ,  r a n g e = 0 . . 1 5 ) ;

p2 :=odep lo t (num_so lu t ion ,  co lo r= 'b lue ' ,  s ty le= 'po in t ' ) :
Let's compare the numerical solution to the approximate (linearized) solution:

d i s p l a y ( p 1 , p 2 ) ;
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And let's also compare the true phase plot to the approximate one:
P 2 : = o d e p l o t ( n u m _ s o l u t i o n ,  [ t h e t a ( t ) ,  d i f f ( t h e t a ( t ) ,  t ) ] ,  color=
' b l u e ' ,  s t y l e = ' p o i n t ') :
d isp lay (P1 ,P2) ;
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