ON STABILITY OF HAWKES PROCESS.

DMYTRO KARABASH

ABSTRACT. For Hawkes process, long-memory point process P with intensity
A(go(t) + >or<trep M= 7)) at time ¢ some existence and stability properties
are observed. The main result is that under suitable conditions on param-
eters we show existence of unique invariant distribution of the process; the
main difference with previous results is that Lipschitz condition of X is not re-
quired. These methods also provide estimates on the difference at later times
of the distributions of the process starting from two different initial conditions.
Multi-type generalization is provided.
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1. INTRODUCTION

1.1. Hawkes Process. This paper studies Hawkes Processes which are particular
types of time-homogeneous self-exciting locally-finite long-memory point processes.
Its realization is a discrete random subset of R. The process is characterized by
function o(t,w) that is the intensity of the point process at time ¢ conditioned on
the past history until time ¢. In other words the probability of k occurrences of
the point process in an infinitesimal time interval [t,¢ + 0t] given the past history

is M + o(t*). If we denote the random set of the point process by D(w),
then this statement can be written as
t,w)dt)k
P|#|D(w)Nt,t+6] = k|.7-'t} = % + o(6t") (1)

where F; is the o—field generated by {D(w) N I} where I varies over intervals
I C (—o0,t]. Moreover

o(tw)= Y h(t—1)) 2)

TE€Dy

where D, := DN (—o0,t) is Fi-measurable. Here A(z) is a non-decreasing function
of z on [0,00) and h > 0 is a cadlag function of ¢ on [0, c0) which is integrable and
normalized via |, Oo h(s)ds = 1. There is a built in invariance under time translation
due to form of . Given the past history up to time ¢ there is the outlook function
from R, to R4

gi(s)= Y hlt+s—7) 3)

TEDy

which evolves continuously in time and encodes all information needed for future
evolution of Hawkes process (but not necessarily all past information; for example
in case h(s) = e®). The next occurrence time 7 of the point process has the
conditional distribution

Plr > t|Fo] = exp {— /O t )\(gt(s))ds} )

at which points gs(-) jumps up by h(-). In section [2] semi-group for g process will
be defined and more details given.

1.2. Historical Perspective and References. Point processes were first studied
in [] by Erlang in relevance to queueing theory and Hawkes process were first
introduced in [6] to study self-exciting point processes. For further references please
consult [2, 9]. Most of theoretical results on Hawkes process assume Lipschitz A
and this paper can be viewed as a stronger version of [I] and generalizes results of
Bremaud and Massoulié. This paper is one of the first papers that considers non-
Lipschitz A; for a large deviations with non-Lipschitz A please see [13]; for other
large deviation results for Hawkes with linear A can be found in [14] [15].

Hawkes processes are used to model many phenomena with examples ranging
from queues and population to mutations and virus spread to defaults and minimal
jumps in the markets to neuroactivity and social-networks; my personal favorite
that makes this model interesting is creative thinking i.e. modeling of new ideas.
Some of this modeling requires use of multi-dimensional Hawkes process. On the
other hand this is written for one-dimensional Hawkes process. Yet this is only for
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purposes of clarity and results can be generalized to multi-dimensional self-exciting
Hawkes process.

1.3. Example. Simplest example comes from population control theory. Consider
asexual population in certain region as a subset of time where each point in time
represents either immigrant into region or birth inside the region; suppose there is
no emigration and that immigrants are same as newborns. Further assume that
rate of emigration is a and that number of children of each member of population is
[ with each child birth-date distribution being h(t+ X )dt where X is the birth-date
of the parent. This corresponds to Hawkes process with A\(z) = o+ -z and h as
given. This is an example of Hawkes process where A is linear and this also provides
relation to Galton-Watson trees which happens to be an easy way of seeing many
properties of Hawkes process.

2. RIGOROUS DESCRIPTION OF THE PROCESS AND STATEMENT OF THE MAIN
RESULTS

Let us define the process and briefly explain what the main results are. Hawkes
process s a random collection D of points in R := [0,00) characterized by triplet
of parameters (A, h,go) where A\ h,go : [0,00) — [0,00) with conditional Poisson
intensity at time t given by

Moo+ > ht—s) ()

0<s<t,s€D

where the sum is over all previous points in Dy := D N (—oo,t). The function go
describes the initial condition and the functions X\ and h describe the evolution of
the process. We will denote the distribution of D by my := 7r§‘7h

It is convenient to set up the state space G of functions go(-) on [0, c0). Start from
go and consider random evolution determined by semi-group 73, i.e. gi+s = T19gs.-
Semi-group has two components: deterministic flow (T:g)(z) = g(t + ) for t up to
stopping time 7 at which point (T, ¢)(x) = g(7 4+ x) + h(z) with the distribution of
7 =7(g) given by

P[r > t] = exp [ /Otg(t’)dt/} . (6)

After 7 semi-group continues as before and new clock starts. Each time stopping
time occurs there is a point in D. For any initial condition go(+), we have a random
Markovian evolution g;(-). This induces a probability measure P, on the space of
G-processes. The quantity

2= g:(0) = g(t) + > h(r —1) (7)

TED,

will be stationary and A(z;) will be the intensity of the point process. The distribu-
tion of outlook-function at time s starting from initial condition g will be denotes
Hg,s-
Remark. In the introduction we assumed that [ h(t)dt = 1; this is without loss of
generality. Indeed one can always achieve this if ||h||x = [ h(t)dt < co by observing
that triples (A(z),h(t),g(t)) and (A(z||h|1) ht) = g(t) ) produce the same Hawkes

Al (TRl
process with same distribution of D; on the other hand ||h||1 = co would imply that
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gs(0) will be going to infinity a.s. and hence if we do not want process to blow up
then A must be bounded which is not natural in our model.

In this paper we observe several facts well known for attractive systems:

1. If A\(2) < A+ Bz, then the process is well defined for all times. If in addition
B < 1, there is at least one stationary version.

2. If we start with gg = 0, then the distribution of ¢;(-) has a limit p as t — oo
which is stationary, minimum and ergodic.

Then we present main result of this paper that strictly generalizes Bremaud-
Massoulié theorem:

3. Under certain conditions on A and h, for a wide class of gg, the distribution
of g:(-) under P, converges to the same limit as f.

These results generalize to general multi-type self-exciting Hawkes process. This
is described in section

3. TOOLS

The two main tools are coupling and addition of parent-child structure; these
two tools allow one to get the first intuitions of the process rather quick since then
process cannot be too different from the example we have given in subsection

3.1. Coupling. The coupling can be explained in the following manner. If g;(t)
and go(t) are two initial conditions such that g1(s) < ga2(s) for all s, then the two
probability measures Py, and P,, can be coupled to provide a joint process Py, g4,
that satisfies

Poi02[91,4(s) < g2,4(s) Vs > 0] = 1 (8)

and the set of times when g7 ,(-) jumps is almost surely a subset of jump times of
g2.¢(-). The existence of the coupling can be proved by explicit construction. If
a(t), b(t) are two intensities and if a(t) < b(t) for all ¢, one can construct a coupled
Poisson process, such that the two processes jump together with rate a(¢) and the
second one jumps by itself at rate b(t) — a(t). In our case this is true till time
7 of first jump. After the jump the relation g1 -(s) < go,(s) continues to hold.
Inductively it holds through all the jumps and gives coupling.

Hence we have stochastic domination, that is if we start with two initial condi-
tions one smaller than the other there is coupling for which this domination persists
through time.

Analogously stochastic domination is possible for pair of processes with param-
eters (A, h,g) and (A, h,g) whenever A is non-decreasing, A < A\, h < h, g < g; note

here h is not normalized.

3.2. Parent-Child Structure and Galton-Watson interpretation. Adding
the following Parent-Child Structure one would obtain a random forest structure
embedded in time which is useful due to connection to Galton-Watson trees. Start
with Hawkes process with parameters (X, h, go) and let D = {7, 72, 73, ...}, where T
is an increasing sequence, i.e. i < j = 7; < 7;. Let us also denote \g(z) = A\(z) —
A(0). Now to each 7; we associate a parent element p(7;) from D U {—o0}, where
—oo represents having no parent and being a root node. Let p(r;) be identically
distributed according to the following law:
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A(0) n Ao(zr,) 9(T)

Plotm) ==l = 555 T 3o =

Ao(zr:) M(Ti = 75)
/\(Zﬂ) ZTri

Then for case A\(z) = a + Bz roots have rate o + ¢(t) infinitesimal rate and each
tree has a distribution of Poisson(f3)-Galton-Watson tree and that

P[Ti —Tj > t|p(Tl) = ’Tj] = /too h(S)dS (12)

This allows for different view of the model which we call parent-child interpretation
and in the case when A is linear a Galton-Watson interpretation.

Plp(ri) = 7] = 1j<i

4. RESULTS.

_ Proposition 1. Hawkes process is well defined whenever exist A, B > 0 s.t. for
Az)=A+ Bz, A< )Aie

Vz € R, A(z) < A(2). (13)
Proposition 2. If we start with go = 0, then g:(-) > 0 at time ¢ and therefore
for any function f(x1,...,zx) of k variables that is non decreasing in each z;, and
any k non-overlapping intervals Ji,..., Jg
EP[f(N({t+ J1),...,N(t+Ji))] (14)
as well as
Ko [f(g(t—i—sl),...,g(t—i—sk))] (15)

are increasing functions of ¢ and have a limit defining a stationary point process,
that can be extended to the entire line (—oo,00). Here J; + ¢ is the interval J;
shifted by t. This process is minimal and is ergodic.

Proposition 2 provides stationary distribution; in particular stationary distribu-
tion of outlook-function. We will call this distribution pg.

Theorem 3. If in addition we also have:

Az) < Az) :=a+ bz, b<1 (16)
sup Az +5) = Az)) < () (17)

for some concave increasing ¢ satisfying

/0 " G(H(s))ds < oo, (18)
where -
H(s) = / h(t)dt. (19)

Then starting from any initial condition g in

¢i={oeccmn: [ otatois < x| (20)
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the distribution will converge
fg,s =2 Ho (21)

Furthermore proof provides coupling with the process starting from 0 initial con-
dition that differs, almost surely, in only finitely many points. Hence g is unique
invariant measure supported on the space C that is pg(C) = 1.

Remark. This generalizes [I] and now does not require Lipschitz condition for A
and gives result for Lipschitz A as corollary. Furthermore the restrictions for ¢
stated are taken to be stricter than necessary. With addition of some technicalities
one can take ¢ to be:

/ A(9(0) + 2) — A(g(0))do(g)- (22)

5. PROOFS.

Proof of Proposition 1: Consider first Hawkes process with rate A = A + Bz; by
coupling this process is dominating and by Galton-Watson interpretation it is well
defined for all times. Hence dominated process is well defined for all times. Now
if B < 1 then dominating process is bounded in expectation (since the expected
number of points in each tree is finite); then so is dominated process and the
following standard argument gives us some invariant distribution: pick any inition
condition gg, for example gy = 0, then invariant 7 is obtained as a converging
subsequence of Cesaro summations of future measures

1 [
m:= lim —/ s, go A8 (23)
0

tr—00 tk

where 7, 4 represents distribution of the future at time s starting from initial con-
dition gy at time 0. O

Proof of Proposition 2: We can now bound our process by Galton-Watson forest
with 4 < 1 for which expected size of each tree is finite and hence we have finite den-
sity which tells us that all test functions are bounded and hence for non-decreasing
f, the following limit is strictly increasing:

Jim EP[f(N({t+T),...,N(t+Jy))] < oc. (24)

This gives us weak convergence. The obtained invariant 7 is minimum; since if we
have any other invariant 7 then we can consider initial condition chosen randomly
corresponding to measure 7; but then we have point-wise domination and by cou-
pling we see that T dominates 7. Hence 7 is also extremal invariant measure and
hence ergodic. O

Before we start with proof of theorem 3 let us prove the following lemma.

Lemma. For any Hawkes process with some stationary distribution p of outlook-
function then

Eulg(s)] = Epnlg(0)]H (s)- (25)
Proof. By stationarity
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Proof of Theorem 3: We use recurrence argument. It is enough to show that exists
some class C'CC such that:
i) f € C’ implies that 7; and 7y have non-trivial intersection

I(Trf,ﬂ'o) ZZl—dTv(ﬂ'f,Tro)>O (27)

ii) that process is C'-recurrent.

iii) the class u(C) =1

We are going to choose C’ later. First observe that by applying Jensen and
concavity of ¢ we obtain:

I(myp,mo) == 1—dpy(my,mo) (28)

= B e (= [ MG+ 10) - AGaar )| (29)

exp( Eo [ / Az + (1)) — (@dtD (30)

> o (B0 | [ ot ) (31)
— oo (- [ o) (32)

Which suggests us to take
c: {gECR+ / (g ds<C} (33)

and to satisfy C'-recurrent condition we will choose C' as follows. We know that
for any consider starting from C but with A. Then applying domination, Jensen,
Lemma and concavity of ¢ we obtain

Y

imsw) | [~ olatas] < mmswe} | [Toweias] e
< gl | [ oo (3)
< i | " S(ED [gu(s))ds (36)
< g [T oEmOEEE 6D
< Jlim JEO 9:(0 [ / o(H ] (38)

where the last expression is finite since limy_ o, EQ[g;(0)] is finite by Galton-Watson
interpretation and [ ¢(H(s))ds < oo by and hence setting C' to be (38)
guarantees recurrence to the class and we are done. ([l

6. MULTI-TYPE AND OTHER GENERALIZATIONS.

This section generalizes theorem 3 to multi-type and also allows to include §
functions into shocks h. The proofs are direct extensions of ideas presented; in this
paper for clarity and brevity purposes proofs were presented for single-type process
with h being a function rather than distribution; we will not reprove statement of
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theorem 3 for these generalization. Yet we present here the conditions for which
theorem 3 will hold. The key players then are as before A and h but they are now
more complicated.

Consider that points now have a type from FE. Hawkes process is now defined
by functional i from E to space of measures on Ry x E and functional k : E X
(R4 U {oo}) — Ry continuous at oo which represent what happens to § masses
(which in our case become Poisson variables with corresponding rate); then let
Aa(2) = zKkq(z). Then the doubly infinitesimal rate at time ¢ of type a is given by

a(da) + /E Ada Z ha, (dt — 74, da) (39)

T <t
where a; is a type of 7;.

Then pyg still exists whenever the process does not blow up and Theorem 3 holds
whenever for some

¢(a;2) > Epy[Aa(za +2) = Aa(2a)] (40)

convex in x and
/ / Ao (H (da,dt)) < oo (41)
EJR,
where H is defined by

(o) = [ [ [ h(as.db. da)\(db,gu(0)o(dy) (42

g JdbeE Js=t
The pg would exist whenever spectrum of the operator from F to E defined by
v(a,db) = ||hq(-,db)||1 lim k4(2) (43)

is supported on {c € C: |¢| < 1}.
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