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Abstract

Let

Bn =
1

n
T 1/2
n XnX

∗
nT

1/2
n , pn ≍ n,

where Xn = (Xij) ∈ Rpn×n is a random matrix and Tn ∈ Rpn×pn is deterministic and positive
semidefinite, with supn∥Tn∥op < ∞. We assume that the sample columns are independent, while
the coordinates within each column form a conditionally standardized martingale-difference
sequence. Under a uniform 2626th coordinate-moment bound, we prove a conditional quadratic-
form estimate at the covariance-weighted Hilbert–Schmidt scale. On compact intervals satisfying
the stated deterministic support and stability conditions, we obtain, on an event of high
probability, a 164th-moment bound for the difference between the random and deterministic
Stieltjes transforms at imaginary parts down to n−1/68. For each such interval, the probability
that Bn has an eigenvalue in that interval is bounded by Cn−379/272, yielding eventual almost-
sure exclusion. We also treat the polynomial moment bound maxi,j E|Xij |8000 ≤ Cn5, for which
the corresponding probability is bounded by Cn−387/272.

Keywords. Sample covariance matrices, dependent coordinates, martingale differences, quadratic
forms, Stieltjes transforms, spectral exclusion.
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1 Introduction

A covariance matrix records the variances of the coordinates of a random vector with finite second
moments and the covariances between those coordinates. Its eigenvalues give the variances along
orthogonal principal directions. In principal component analysis, the directions associated with
the largest eigenvalues are used to summarize the dominant variation in the data [2]. Since the
population covariance matrix is typically unknown, it is estimated from observations. Understanding
how sampling affects the spectrum of the resulting sample covariance matrix is therefore important
for covariance estimation and dimension reduction.

For each n, set p = pn and consider a random matrix Xn = (x1, . . . , xn) ∈ Rp×n, together with
a deterministic positive semidefinite matrix Tn ∈ Rp×p. We study the eigenvalues of

Bn =
1

n
T 1/2
n XnX

∗
nT

1/2
n

when p and n grow at comparable rates. A basic problem in this regime is to identify a deterministic
measure that approximates the empirical spectral distribution of Bn. Such convergence alone does

1



not rule out finitely many eigenvalues lying in a compact set disjoint from the deterministic support.
The question addressed here is whether eigenvalues can occur in such a set.

For sample covariance matrices formed from data matrices with independent entries, Bai and
Silverstein proved, under suitable hypotheses, that fixed compact subsets of the complement of the
deterministic limiting support eventually contain no eigenvalues [1,2]. Their argument combines
leave-one-column-out resolvent identities, high-moment resolvent estimates at spectral parameters
E + iηn with ηn ↓ 0, and an argument using a nonnegative kernel. For dependent data, quadratic-
form criteria and martingale-type assumptions yield global spectral limits in several settings [4, 6, 7],
while blockwise dependence can also be compatible with Marchenko–Pastur laws [3]. These global
results do not supply the quantitative moment estimates at vanishing imaginary parts used in the
spectral-exclusion argument.

In the present model, the sample columns are independent and the coordinates within each
column form a martingale-difference sequence with conditional variance one. Deleting a column
therefore leaves a minor resolvent that is independent of the omitted column, while dependence
among the coordinates of that column is handled by a martingale quadratic-form estimate. To state
the conditional form of this estimate, write

rj = n−1/2T 1/2
n xj , Gj = σ(xk : k ̸= j).

Under conditions (IC3)–(IC5) of Assumptions 2.1, Proposition 3.2 shows that every Gj-measurable
matrix Aj ∈ Cp×p satisfies

E
(∣∣∣∣r∗jAjrj −

1

n
Tr(TnAj)

∣∣∣∣q ∣∣∣ Gj

)
≤ Cqn

−q{Tr(TnAjTnA
∗
j )}q/2, 2 ≤ q ≤ 1313,

where Cq is independent of n, j, and Aj . The Hilbert–Schmidt dependence on Aj is the probabilistic
input needed for the leave-one-column-out resolvent estimates.

Theorem 2.2 is the principal result under uniformly bounded coordinate moments. Under
Assumptions 2.1, which include the uniform bound on the 2626th absolute coordinate moments
in (IC5) and the deterministic support and stability conditions in (IC6), it gives a 164th-moment
comparison of the random and deterministic Stieltjes transforms down to imaginary part n−1/68 on
a high-probability event. For every compact interval I considered in that theorem,

P
(
spec(Bn) ∩ I ≠ ∅

)
≤ Cn−379/272,

so I is almost surely free of eigenvalues for all sufficiently large n. Theorem 2.4 permits the
polynomially growing moment bound

max
i,j

E|Xij |8000 ≤ Cn5

and yields the summable estimate

P
(
spec(Bn) ∩ I ≠ ∅

)
≤ Cn−387/272.

The resulting factor n1/800 in the Lq-norm estimate of Proposition 3.3 enters the estimates in the
second proof. The moment orders and exponents used below are sufficient for these arguments and
are not claimed to be optimal.

The proof retains the rank-one resolvent identities, finite-dimensional self-consistent equation,
deterministic stability argument, and use of a nonnegative kernel from the Bai–Silverstein method
[1, 2]. The probabilistic input for the present model is developed in Section 3. There, a martingale
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quadratic-form inequality is applied conditionally on all columns except the omitted one. Bounds
for the resulting minor resolvents then permit a martingale estimate for the fluctuation of the
normalized trace about its expectation. This controls the random fluctuation but does not yet
compare the expectation with the deterministic transform. For this, we express the error in the
self-consistent equation as centered quadratic forms and remainder terms, estimate its mean, and
use the trace bound to control the random error. The deterministic stability assumptions, together
with a preliminary continuation argument that locates the relevant solution, convert this error
estimate into the bound for mn −mc,n in Theorem 4.5. Finally, we combine this bound with the
estimate for a compact family of test functions in Lemma 5.1 to control the integral of a nonnegative
kernel near I. An eigenvalue in I would contribute more than this bound allows.

Section 2 gives the model, assumptions, and main results. Sections 3–5 prove Theorem 2.2
through the sequence just described. Section 6 proves Theorem 2.4 by adapting these estimates to
polynomially growing moments. Section 7 summarizes the results and discusses possible extensions.

2 Model and main results

The two main results concern the same sample covariance construction, with different bounds on
coordinate moments. Subsection 2.1 introduces the notation and states the result for uniformly
bounded moments; Subsection 2.2 allows a moment bound that grows polynomially with n. We
then explain the deterministic spectral conditions in Subsection 2.3 and the dependence permitted
among coordinates in Subsection 2.4. Subsection 2.5 verifies the assumptions in an i.i.d. special
case.

2.1 Uniformly bounded moments

We first define the sample matrices and their comparison transforms. The notation introduced here
will also be used for polynomially growing moments in Subsection 2.2.

For each n, fix a positive integer pn, set yn = pn/n, and write [n] = {1, 2, . . . , n}. Consider a
random matrix

Xn = (x
(n)
1 , . . . , x(n)n ) ∈ Rpn×n, x

(n)
j = (X

(n)
1j , . . . , X

(n)
pnj

)T ,

together with a deterministic, real symmetric, positive semidefinite matrix Tn ∈ Rpn×pn . Its
empirical spectral distribution is

Hn =
1

pn

pn∑
a=1

δλa(Tn).

For j ∈ [n] and z ∈ C+ = {w ∈ C : ℑw > 0}, write

rn,j = n−1/2T 1/2
n x

(n)
j , Bn =

n∑
j=1

rn,jr
∗
n,j , Rn(z) = (Bn − zIpn)

−1.

For S ⊂ [n], use the notation

B(S)
n = Bn −

∑
j∈S

rn,jr
∗
n,j , Rn,S(z) = (B(S)

n − zIpn)
−1.

The spectral measures in the two normalizations are

νn,S =
1

pn

pn∑
ℓ=1

δ
λℓ(B

(S)
n )

, µ(S)
n =

1

n

pn∑
ℓ=1

δ
λℓ(B

(S)
n )

, µn = µ(∅)
n .

3



Thus νn,S is a probability measure and µ
(S)
n = ynνn,S has total mass yn. The latter normalization

gives the Stieltjes transform n−1TrRn,S(z) and assigns mass 1/n to each eigenvalue, counted with
multiplicity.

On the underlying probability space (Ω,A,P), define

Gn,j = σ(x
(n)
k : k ̸= j), Hn,k = σ(x

(n)
1 , . . . , x

(n)
k ), En,k = E( · | Hn,k),

for j ∈ [n] and 0 ≤ k ≤ n, with Hn,0 = {∅,Ω}. The coordinate filtration in column j is

Fn,j,i = σ(X
(n)
1j , . . . , X

(n)
ij ), 1 ≤ i ≤ pn,

with Fn,j,0 = {∅,Ω}.
The normalized traces are

sn(z) =
1

pn
TrRn(z), sn,S(z) =

1

pn
TrRn,S(z).

The corresponding transforms are

mn(z) = ynsn(z) =
1

n
TrRn(z), un(z) = −1− yn

z
+mn(z), un,S(z) = −1− yn

z
+ynsn,S(z).

For v ∈ C satisfying v ̸= 0 and 1 + tv ̸= 0 for every t ∈ suppHn, define

fn(v) = −1

v
+ yn

∫
t dHn(t)

1 + tv
.

For z ∈ C+, the deterministic comparison transform uc,n(z) is the solution in C+ of the finite-
dimensional sample-covariance equation [2, (6.1.5)–(6.1.6)]

fn(uc,n(z)) = z.

Here z is the spectral parameter, whereas v is the argument of the function fn. The deterministic
transforms in the two trace normalizations are

sc,n(z) =
1

yn

(
uc,n(z) +

1− yn
z

)
, mc,n(z) = ynsc,n(z) = uc,n(z) +

1− yn
z

.

Thus sc,n uses the normalization p−1
n TrRn, whereas mc,n uses n−1TrRn. Denote by µc,n the

deterministic measure of total mass yn whose Stieltjes transform is mc,n. Multiplying a measure by
the positive number yn does not change its support, so the support condition below is equivalent in
either normalization. For v ∈ C for which the inverse exists, write

Pn(v) = (Ipn + vTn)
−1.

When n is fixed, we suppress its index in the notation; for example, p = pn, xj = x
(n)
j , Xij = X

(n)
ij ,

and uc = uc,n. We also write Rj = R{j}, Rjk = R{j,k}, sj = s{j}, and uj = u{j}. We use ∥·∥op and

∥·∥F for the operator and Frobenius norms, respectively, ∥Y ∥q = (E|Y |q)1/q for the Lq-norm of a
random variable, and 1E for the indicator of an event E .

Assumptions 2.1 (Uniformly bounded moments).

(IC1) There are constants 0 < d− < d+ < ∞ such that d− ≤ pn/n ≤ d+.
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(IC2) supn∥Tn∥op < ∞.

(IC3) The columns x
(n)
1 , . . . , x

(n)
n are mutually independent; they need not be identically distributed.

(IC4) For the filtration Fn,j,i (as defined in Subsection 2.1),

E(X(n)
ij | Fn,j,i−1) = 0, E((X(n)

ij )2 | Fn,j,i−1) = 1 a.s.

(IC5) For Q = 1313,

sup
n

max
1≤i≤pn, 1≤j≤n

E|X(n)
ij |2Q < ∞.

(IC6) There are compact intervals I,J ,U satisfying

I ⊂ intJ , J ⊂ intU , U ⊂ (0,∞),

and constants L0, cst > 0 such that U ∩ suppµc,n = ∅ for all large n, and, uniformly for
E ∈ U and 0 ≤ η ≤ L0,

|uc,n(E + iη)| ≥ cst, inf
t∈suppHn

|1 + tuc,n(E + iη)| ≥ cst,∣∣∣∣ 1

uc,n(E + iη)2
− yn

∫
t2 dHn(t)

(1 + tuc,n(E + iη))2

∣∣∣∣ ≥ cst.

For the uniformly bounded moment regime, set

q0 = 164, η∗ = n−1/68, β∗ =
277

272
, η⋄ = η6∗ = n−3/34.

The following theorem is our first main result. It gives a moment estimate for the difference of
the random and deterministic Stieltjes transforms on an event of high probability, and a summable
bound on the probability that Bn has an eigenvalue in I. The deterministic conditions that make
this comparison possible are explained in Subsection 2.3.

Theorem 2.2 (Uniformly bounded moments). Under Assumptions 2.1, there are events An such
that

P(Ac
n) ≤ Cn−243/5

and, uniformly for E ∈ I and n−1/68 ≤ η ≤ 1,

E
[
|mn(E + iη)−mc,n(E + iη)|1641An

]
≤ Cn−164.

Moreover,
P
(
spec(Bn) ∩ I ≠ ∅

)
≤ Cn−379/272, (2.1)

and therefore
spec(Bn) ∩ I = ∅ for all sufficiently large n, almost surely. (2.2)

2.2 Polynomially growing moments

We next allow the bound on the coordinate moments to depend on n. The assumptions below use
moment order 8000 and permit a bound of order n5. The resulting concentration estimate contains
an additional power of n, whose effect on the estimate for mn −mc,n and the resulting probability
bound is quantified in the second main theorem.
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Assumptions 2.3 (Polynomial moment growth).

(IG1) There are constants 0 < d− < d+ < ∞ such that d− ≤ pn/n ≤ d+.

(IG2) The matrices Tn are deterministic, real symmetric, and positive semidefinite, and
supn∥Tn∥op < ∞.

(IG3) The columns x
(n)
1 , . . . , x

(n)
n are mutually independent; they need not be identically distributed.

(IG4) For the filtration Fn,j,i (as defined in Subsection 2.1),

E(X(n)
ij | Fn,j,i−1) = 0, E((X(n)

ij )2 | Fn,j,i−1) = 1 a.s.

(IG5) For Qg = 4000,

M2Qg,n := max
1≤i≤pn, 1≤j≤n

E|X(n)
ij |2Qg ≤ Cn5.

(IG6) There are intervals I,J ,U with compact closures satisfying

I ⊂ intJ , J ⊂ intU , U ⊂ (0,∞),

and constants L0 > 1 and cst > 0 such that, for all large n, U ∩ suppµc,n = ∅, and uniformly
for E ∈ U and 0 ≤ η ≤ L0,

|uc,n(E + iη)| ≥ cst,

inf
t∈suppHn

|1 + tuc,n(E + iη)| ≥ cst,∣∣∣∣ 1

uc,n(E + iη)2
− yn

∫
t2 dHn(t)

(1 + tuc,n(E + iη))2

∣∣∣∣ ≥ cst.

Set

qg = 200, δ =
1

800
, η∗ = n−1/68, η⋄ = η6∗ = n−3/34, β∗ =

277

272
. (2.3)

Under these assumptions, the next theorem gives a transform estimate that still yields a summable
bound on the probability that Bn has an eigenvalue in I, and hence eventual almost-sure exclusion.
Its proof in Section 6 keeps track of the additional moment factor throughout the resolvent estimates.

Theorem 2.4 (Polynomially growing moments). Under Assumptions 2.3, there are events Ag
n such

that
P((Ag

n)
c) ≤ Cn−581

and, uniformly for E ∈ I and n−1/68 ≤ η ≤ 1,

E
[
|mn(E + iη)−mc,n(E + iη)|2001Ag

n

]
≤ Cn−200+1/2.

Moreover,
P
(
spec(Bn) ∩ I ≠ ∅

)
≤ Cn−387/272, (2.4)

and therefore
spec(Bn) ∩ I = ∅ for all sufficiently large n, almost surely. (2.5)
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2.3 Deterministic spectral assumptions

Conditions (IC6) and (IG6) combine separation from the support of the comparison measure
with bounds on the solution of the deterministic equation fn(uc,n(z)) = z (recall its definition in
Subsection 2.1). The interval I is the target for spectral exclusion; J provides a larger interval for
the covering and cutoff arguments, and the analytic bounds hold on the still larger interval U . Since
U is disjoint from the support of µc,n, the representation

mc,n(z) =

∫
dµc,n(λ)

λ− z

extends analytically across U and is real-valued on U . The same holds for uc,n(z) = mc,n(z)− (1−
yn)/z, because U ⊂ (0,∞). At η = 0, the expressions in (IC6) and (IG6) are evaluated using these
analytic continuations.

The first lower bound controls u−1
c,n, which appears in the deterministic equation and the residual

identities. The second controls the inverse of Ipn + uc,nTn. Indeed, diagonalizing Tn gives

∥(Ipn + uc,nTn)
−1∥op = max

t∈suppHn

1

|1 + tuc,n|
≤ c−1

st .

These two conditions keep the reciprocal terms in fn bounded. Differentiation with respect to its
argument v gives

f ′
n(v) =

1

v2
− yn

∫
t2 dHn(t)

(1 + tv)2
.

The third lower bound is therefore |f ′
n(uc,n(z))| ≥ cst; it controls the local inverse of the deterministic

equation. All three bounds hold with one positive constant independent of n, E, and η on the
specified parameter set. Nonvanishing for each fixed n alone would not give this uniform control.
Including η = 0 makes the bounds applicable as the imaginary parts in the proof tend to zero.

The role of the derivative can also be seen from the exact identity

fn(v)− z = (v − uc,n(z))

[
1

vuc,n(z)
− yn

∫
t2 dHn(t)

(1 + tv)(1 + tuc,n(z))

]
.

At v = uc,n(z), the factor in brackets equals f ′
n(uc,n(z)). The uniform denominator and derivative

bounds keep this factor bounded away from zero in a sufficiently small neighborhood of uc,n(z). On
the event Ωn constructed in Lemma 4.1, the continuation argument keeps un,S(E + iη) (as defined
in Subsection 2.1) in that neighborhood for E ∈ J , η∗ ≤ η ≤ 1, and |S| ≤ 2. Theorem 4.5 then
uses this factorization to convert the residual estimate into a bound on mn − mc,n = un − uc,n.
Lemma 6.1 and Theorem 6.6 use the same deterministic argument under (IG6).

2.4 Dependent coordinates

We now turn from the deterministic spectral conditions to the dependence structure of the sample
vectors. Conditions (IC3)–(IC4) and (IG3)–(IG4) distinguish independence across sample columns
from dependence among the coordinates of a single column. For k < i, the martingale-difference
property gives

E(XijXkj) = E[XkjE(Xij | Fj,i−1)] = 0,

while conditional standardization gives EX2
ij = 1. Hence

E(xjx∗j ) = Ip, E(rjr∗j ) =
1

n
Tn.
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The conditional distribution of Xij beyond its first two moments may nevertheless depend on
X1j , . . . , Xi−1,j ; in particular, the coordinates within a column need not be independent or identically
distributed.

The two principal uses of independence across columns are conditional quadratic-form con-
centration and the trace martingale. Conditioning on Gj leaves the law of xj unchanged and
makes a leave-one-column-out resolvent deterministic relative to that conditional law. The same
independence makes (Ek − Ek−1)Y = 0 whenever Y is integrable and measurable with respect to
all columns except the kth. No independence among the coordinates of one column is used in
Theorem 3.1.

2.5 The i.i.d. case

The probabilistic conditions simplify for independent entries. We verify the deterministic conditions
explicitly in the square case with identity population covariance.

Let the entries of Xn be i.i.d. copies of a real random variable ξ satisfying

Eξ = 0, Eξ2 = 1.

Independence gives (IC3)–(IC4) and (IG3)–(IG4).
For this calculation, take pn = n and Tn = In; the general aspect-ratio conditions (IC1) and

(IG1) require only pn ≍ n. Then yn = 1, Hn = δ1, and the deterministic equation becomes

z = − 1

uc,n
+

1

1 + uc,n
= − 1

uc,n(1 + uc,n)
. (2.6)

The corresponding measure is the Marchenko–Pastur law with aspect ratio one, whose support is
[0, 4] [2]. Choose compact intervals I,J ,U with

I ⊂ intJ , J ⊂ intU , U ⊂ (4,∞) (2.7)

and fix L0 > 1. On
Z = {E + iη : E ∈ U , 0 ≤ η ≤ L0},

the solution of (2.6) is the continuous branch

uc,n(z) =
−1 +

√
1− 4/z

2

that tends to zero as z → ∞. It does not take the values 0 or −1 on Z. Moreover,

f ′
n(uc,n) =

1

u2c,n
− 1

(1 + uc,n)2
=

1 + 2uc,n
u2c,n(1 + uc,n)2

. (2.8)

If the right-hand side vanished, then uc,n = −1/2, and (2.6) would give z = 4, which does not
belong to Z. Since this solution is independent of n, compactness of Z gives a constant cst > 0 for
all three bounds in (IC6) and (IG6). The choices pn = n, Tn = In, and (2.7) consequently satisfy
(IC1), (IC2), (IC6), (IG1), (IG2), and (IG6).

If E|ξ|2626 < ∞, then (IC5) holds and Theorem 2.2 applies with these choices of pn and Tn. If
E|ξ|8000 < ∞, then

M8000,n = E|ξ|8000 ≤ Cn5,

so (IG5) holds and Theorem 2.4 applies as well.
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3 Quadratic-form concentration

This section establishes the probabilistic estimate used in the subsequent resolvent arguments.
Theorem 3.1 treats a deterministic coefficient matrix and depends only on the martingale-difference
and moment conditions within one column. Proposition 3.2 conditions on all other columns to
obtain the form used in Sections 4 and 5, while Subsection 3.1 retains the moment factor needed in
Section 6.

Theorem 3.1 (Quadratic forms of martingale differences). Let Q ≥ 2 be an integer and let
x = (X1, . . . , Xp)

T be a real random vector. For Fi = σ(X1, . . . , Xi), with F0 = {∅,Ω}, suppose

E(Xi | Fi−1) = 0, E(X2
i | Fi−1) = 1 a.s.,

and put M2Q = maxi E|Xi|2Q < ∞. Then, for every deterministic A ∈ Cp×p and every 2 ≤ q ≤ Q,

E
∣∣xTAx− TrA

∣∣q ≤ Cq,QM
q/Q
2Q ∥A∥qF . (3.1)

The constant Cq,Q depends only on q and Q; in particular, it is independent of p, A, and the
distribution of x.

Proof. It is enough to prove the estimates for q = Q, because Lyapunov’s inequality then gives the
result for every q ≤ Q. We first treat a real symmetric matrix A normalized by ∥A∥F = 1. Write

xTAx− TrA = D +O,

where

D =

p∑
i=1

aii(X
2
i − 1), O = 2

p∑
i=1

XiLi, Li =
∑
k<i

aikXk.

For the diagonal term, the summands di = aii(X
2
i − 1) form a martingale-difference sequence.

The Burkholder–Rosenthal inequality for real-valued martingales gives

E|D|Q ≤ CQ

E(∑
i

Ei−1|di|2
)Q/2

+
∑
i

E|di|Q
 , (3.2)

where Ei−1 = E( · | Fi−1); see Bai–Silverstein, Lemma 2.13 [2]. Since M2Q ≥ (EX2
i )

Q = 1 and∑
i a

2
ii ≤ 1, the weighted convexity inequality(∑

i

wiyi

)Q/2

≤
∑
i

wiy
Q/2
i , wi, yi ≥ 0,

∑
i

wi ≤ 1,

followed by conditional Jensen gives

E

(∑
i

a2iiEi−1|X2
i − 1|2

)Q/2

≤
∑
i

a2iiE|X2
i − 1|Q

≤ CQM2Q.

Also, because Q ≥ 2 and
∑

i a
2
ii ≤ 1,∑
i

E|di|Q ≤ CQM2Q

∑
i

|aii|Q ≤ CQM2Q.
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Equation (3.2) therefore gives
E|D|Q ≤ CQM2Q. (3.3)

For the off-diagonal term, Li is Fi−1-measurable and XiLi is a martingale difference. Burkholder–
Rosenthal gives

E|O|Q ≤ CQ

E(∑
i

L2
i

)Q/2

+
∑
i

E|XiLi|Q
 . (3.4)

Let L = (L1, . . . , Lp)
T . It is the martingale transform

L =

p∑
k=1

Xkvk, vk = (a1k1{k<1}, . . . , apk1{k<p})
T .

The vectors vk are deterministic, so (Xkvk) is an Rp-valued martingale-difference sequence with
respect to (Fk). Conditional standardization gives

Ek−1∥Xkvk∥22 = ∥vk∥22.

Apply the Hilbert-space case of [5, Theorem 4.1] at moment order Q, using

Emax
k

∥Xkvk∥Q2 ≤
∑
k

E|Xk|Q∥vk∥Q2 .

The theorem bounds the maximum of the norms of the partial sums, and therefore also ∥L∥2. These
substitutions give

E∥L∥Q2 ≤ CQ

(∑
k

∥vk∥22

)Q/2

+
∑
k

E|Xk|Q∥vk∥Q2


≤ CQ

(
1 +M

1/2
2Q

∑
k

∥vk∥Q2

)
≤ CQM

1/2
2Q ≤ CQM2Q. (3.5)

Here
∑

k∥vk∥22 ≤ ∥A∥2F = 1, and
∑

k∥vk∥
Q
2 ≤ 1. Thus the first term on the right of (3.4) is at most

CQM2Q.
For the second term in (3.4), Cauchy–Schwarz gives∑

i

E|XiLi|Q ≤
∑
i

(E|Xi|2Q)1/2(E|Li|2Q)1/2 ≤ M
1/2
2Q

∑
i

(E|Li|2Q)1/2.

Apply the Burkholder–Rosenthal inequality at order 2Q to Li =
∑

k<i aikXk. If r
2
i =

∑
k<i a

2
ik, then

E|Li|2Q ≤ CQ

[
r2Qi +M2Q

∑
k<i

|aik|2Q
]
.

Consequently,

∑
i

(E|Li|2Q)1/2 ≤ CQ

∑
i

rQi +M
1/2
2Q

∑
i

(∑
k<i

|aik|2Q
)1/2


≤ CQ

(∑
i

r2i

)Q/2

+M
1/2
2Q

∑
i

rQi


≤ CQM

1/2
2Q .
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Here ∥(aik)k<i∥2Q ≤ ∥(aik)k<i∥2 = ri,
∑

i r
2
i ≤ 1, and

∑
i r

Q
i ≤ (

∑
i r

2
i )

Q/2 ≤ 1. The second term in
(3.4) is therefore at most CQM2Q, and

E|O|Q ≤ CQM2Q. (3.6)

Combining (3.3) and (3.6) proves (3.1) at q = Q for real symmetric A with ∥A∥F = 1.
For a real matrix A, xTAx = xT (A + AT )x/2, and ∥(A + AT )/2∥F ≤ ∥A∥F . If A is complex,

write A = A1 + iA2 with real A1, A2, replace each Ah by (Ah +AT
h )/2, and apply the real estimate

to the resulting two real symmetric matrices. Their Frobenius norms are bounded by a universal
multiple of ∥A∥F . Homogeneity removes the normalization, and Lyapunov’s inequality completes
the estimate for 2 ≤ q ≤ Q.

Conditioning on all columns except the omitted one fixes the coefficient matrix in a leave-one-
column-out quadratic form. The next proposition records the resulting estimate under Assump-
tions 2.1.

Proposition 3.2. Fix j ∈ [n]. If Aj ∈ Cp×p is Gj-measurable, then, for every 2 ≤ q ≤ Q (recall
Q = 1313 from (IC5)),

E
(∣∣∣∣r∗jAjrj −

1

n
Tr(TAj)

∣∣∣∣q ∣∣∣ Gj

)
≤ Cqn

−q
{
Tr(TAjTA

∗
j )
}q/2

. (3.7)

The constant Cq is uniform in j.

Proof. Condition on Gj . The matrix Aj is then fixed, while column independence leaves the law of
xj unchanged. Apply Theorem 3.1 to

n−1T 1/2AjT
1/2.

The identities

∥T 1/2AjT
1/2∥2F = Tr(TAjTA

∗
j ), Tr(T 1/2AjT

1/2) = Tr(TAj)

give the assertion.

3.1 Polynomial moment growth

Under Assumptions 2.3, the conditioning argument in Proposition 3.2 retains the factor contributed
by M2Qg,n. The second conclusion below is the form used for the resolvent coefficients in Section 6.

Proposition 3.3. Fix j ∈ [n]. Let Aj ∈ Cp×p be Gj-measurable. For every 2 ≤ q ≤ Qg (recall
Qg = 4000 from (IG5)),

E
(∣∣∣∣r∗jAjrj −

1

n
Tr(TAj)

∣∣∣∣q ∣∣∣ Gj

)
≤ Cqn

−qM
q/Qg

2Qg,n

{
Tr(TAjTA

∗
j )
}q/2

. (3.8)

Consequently, if Ej ∈ Gj and Tr(TAjTA
∗
j ) ≤ Cn on Ej, then, with δ = 1/800 as in (2.3),

∥
(
r∗jAjrj −

1

n
Tr(TAj)

)
1Ej∥q ≤ Cqn

−1/2+δ. (3.9)
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Proof. Condition on Gj . By (IG3), the conditional law of xj is its unconditional law, while Aj is
fixed. Theorem 3.1, applied with C = n−1T 1/2AjT

1/2, gives

E
(
|x∗jCxj − TrC|q

∣∣∣ Gj

)
≤ CqM

q/Qg

2Qg,n
∥C∥qF .

Since
∥C∥2F = n−2Tr(TAjTA

∗
j ),

this is (3.8). Multiplying (3.8) by 1Ej , taking expectations, and using the stated Hilbert–Schmidt
bound gives

E
[∣∣r∗jAjrj − n−1Tr(TAj)

∣∣q 1Ej] ≤ Cqn
−q/2M

q/Qg

2Qg,n
.

Taking the q-th root yields

∥
(
r∗jAjrj − n−1Tr(TAj)

)
1Ej∥q ≤ Cqn

−1/2M
1/Qg

2Qg,n
.

Finally,

M
1/Qg

2Qg,n
≤ Cn5/4000 = Cn1/800,

which proves (3.9).

4 Resolvent estimates

Under Assumptions 2.1, we apply the conditional quadratic-form estimate to bound mn −mc,n,
as needed for spectral exclusion. Subsection 4.1 first bounds the minor transforms, weighted
traces, and reciprocals of the rank-one denominators on a common event. These bounds allow the
martingale argument in Subsection 4.2 to control the fluctuation of the trace about its expectation.
To identify the deterministic approximation, we estimate the residual in the self-consistent equation
in Subsection 4.3. Subsection 4.4 then uses deterministic stability to obtain the comparison with
mc,n.

4.1 Estimates with at most three deleted columns

The Hilbert–Schmidt quantities on the right of Proposition 3.2 must be controlled when the coefficient
matrix is a minor resolvent or one of its powers. The following lemma bounds these weighted traces
and the reciprocals of the denominators in the rank-one resolvent identity on a common event,
uniformly over the indicated column deletions and spectral parameters. We then use its probability
estimate to construct the predictable indicators needed for the column martingale in § 4.1.1.

Recall Q = 1313 from (IC5) and η∗ = n−1/68, η⋄ = η6∗ from Subsection 2.1.

Lemma 4.1. There is an event Ωn such that

P(Ωc
n) ≤ Cn−Dreg , Dreg =

Q

5
− 13 =

1248

5
, (4.1)

and on Ωn, writing z = E + iη, uniformly for E ∈ J , η∗ ≤ η ≤ 1, and |S| ≤ 3,

|sS(z)− sc(z)| ≤ Cn−23/85, (4.2)

νS(J ) ≤ Cη6∗. (4.3)

12



Moreover, uniformly for E ∈ I, η∗ ≤ η ≤ 1, and r = 1, 2, 3,

1

n
Tr
(
TRr

ST (R
∗
S)

r
)
≤ C. (4.4)

Under the same restrictions on E and η, for every j /∈ S with |S| ≤ 2,∣∣∣∣1 + 1

n
Tr(TRS∪{j})

∣∣∣∣−1

+
∣∣1 + r∗jRS∪{j}rj

∣∣−1 ≤ C. (4.5)

Proof. We first obtain simultaneous quadratic-form estimates on finite meshes. These estimates
initiate a comparison of the minor transforms at a large imaginary part, which is then continued
down to η⋄. The resulting comparison gives the spectral-mass and weighted-trace bounds, together
with the reciprocal denominator bounds in the statement.

Choose deterministic meshes of J and [η⋄, L0], each with at most Cn5 points and mesh size at
most n−5. For |S| ≤ 2, j /∈ S, and a mesh point, apply Proposition 3.2 to the three Gj-measurable
matrices

Ip, RS∪{j}, RS∪{j}P (uS∪{j}).

For each of these matrices A, set

Zj,S(A) =


|x∗jT 1/2AT 1/2xj − Tr(TA)|

∥T 1/2AT 1/2∥F
, ∥T 1/2AT 1/2∥F > 0,

0, ∥T 1/2AT 1/2∥F = 0.

Since
r∗jArj − n−1Tr(TA) = n−1

(
x∗jT

1/2AT 1/2xj − Tr(TA)
)
,

Proposition 3.2, applied to A and conditioned on Gj , gives

EZj,S(A)Q ≤ C.

There are at most
Cn2 · n · n10 = Cn13

tests. Therefore the event on which all normalized tests are at most n1/5 satisfies

P(Ωc
n) ≤ Cn13−Q/5 = Cn−1248/5.

On the resulting event, Sherman–Morrison gives, for j /∈ S,

RS = RS∪{j} − βj,SRS∪{j}rjr
∗
jRS∪{j}, βj,S = (1 + r∗jRS∪{j}rj)

−1. (4.6)

The rank-one trace estimate is

|sS − sS∪{j}| ≤
1

pη
≤ C

nη
. (4.7)

Also
1

n

∑
j /∈S

βj,S = −zuS − |S|
n

. (4.8)

We first work at the mesh points on Ωn. The normalized test with coefficient RS∪{j} gives∣∣∣∣r∗jRS∪{j}rj −
1

n
Tr(TRS∪{j})

∣∣∣∣ ≤ Cn−3/10η−1. (4.9)
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Here we used ∥RS∪{j}∥op ≤ η−1. Deleting one column from the data matrix changes the sample
covariance resolvent by a matrix of rank at most one, by (4.6), and of operator norm at most 2η−1.
For this difference D,

|Tr(TD)| ≤ ∥T∥op∥D∥op ≤ 2∥T∥opη−1.

For distinct indices j, k /∈ S, apply this bound to the two comparisons through RS∪{j,k} to obtain∣∣∣∣ 1n Tr(TRS∪{j})−
1

n
Tr(TRS∪{k})

∣∣∣∣ ≤ C

nη
.

For qj,S = r∗jRS∪{j}rj , the preceding two estimates imply

|qj,S − qk,S | ≤ Cn−3/10η−1 + Cn−1η−1.

Since
βj,S − βk,S = βj,Sβk,S(qk,S − qj,S)

and the resolvent bound gives |βj,S | ≤ |z|/η,

max
j,k/∈S

|βj,S − βk,S | ≤ C{n−3/10η−3 + n−1η−3}. (4.10)

At η = η⋄, the right-hand side equals Cn−3/85 + Cn−25/34 = o(1). If |uS − uc| ≤ 1, equation (4.8)
bounds the mean of the βj,S . Equation (4.10) bounds the difference between each βj,S and this
mean; hence

sup
j /∈S

|βj,S | ≤ C (4.11)

whenever |uS − uc| ≤ 1.
For later use, define

K(v, uc) =
1

vuc
− y

∫
t2 dHn(t)

(1 + tv)(1 + tuc)
.

Uniform continuity and (IC6) give a fixed 0 < ρ ≤ 1. For z = E + iη, where E ∈ U and 0 ≤ η ≤ L0,
set

V(z) = {v ∈ C : |v − uc(z)| < ρ}.

Uniformly over these values of z,

v ∈ V(z) =⇒ ∥P (v)∥op ≤ C, |v| ≥ c, |K(v, uc)| ≥ c. (4.12)

We begin the continuation argument at a fixed value η = L0. The stability bounds in (IC6)
persist if L0 is increased to another fixed value. To verify this, write uc = a+ ib and take imaginary
parts in its defining equation. Then

η =
b

|uc|2
− y

∫
t2b dHn(t)

|1 + tuc|2
,

so |uc| ≤ η−1. On any additional bounded interval of imaginary parts, the defining equation and
∥T∥op ≤ C bound |uc| away from zero; moreover

|1 + tuc| ≥ η|uc|,
∣∣∣∣ 1u2c − y

∫
t2 dHn(t)

(1 + tuc)2

∣∣∣∣ ≥ η2.
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Thus we may and do assume that the L0 used in the mesh above was chosen sufficiently large.
The radius ρ can be chosen together with L0. Fix a sufficiently large H, independently of n. For

η ≥ H, the defining equation gives (2η)−1 ≤ |uc| ≤ η−1. If |v − uc| ≤ (8η)−1, then

∥P (v)∥op ≤ 2, |K(v, uc)| ≥
8η2

9
− 4y∥T∥2op ≥ 4η2

9
.

Indeed, |v| ≤ 9/(8η), and both |1 + tv| and |1 + tuc| are at least 1/2 for t ∈ spec(T ), after
increasing H if necessary. Let ρH > 0 be a uniform radius on 0 ≤ η ≤ H. For L0 ≥ H, the choice
ρ = min{ρH , (8L0)

−1} therefore gives (4.12) on the whole interval [0, L0].
The test with A = Ip and ∥T∥F ≤ C

√
p gives x∗jTxj ≤ Cn on this event. Consequently,

p−1TrB(S) ≤ C for |S| ≤ 2, and at z = E + iL0,

|sS(z) + z−1| =
∣∣∣∣∫ λ dνS(λ)

z(λ− z)

∣∣∣∣ ≤ C

L2
0

.

Hence |uS(z) + z−1| ≤ CL−2
0 . If hc = y

∫
t(1 + tuc)

−1 dHn(t), then uc = −(z − hc)
−1 and, for

sufficiently large L0, |hc| ≤ C and |uc(z) + z−1| ≤ CL−2
0 , with constants independent of L0 ≥ H.

Since CL−2
0 ≤ 1

4 min{ρH , (8L0)
−1} for sufficiently large fixed L0, this gives

sup
E∈J , |S|≤2

|uS(E + iL0)− uc(E + iL0)| ≤ ρ/4. (4.13)

Let PS = P (uS). Multiplication of (B(S) − zI)RS = I by PS , followed by a normalized trace,
gives the exact identity

wS = − 1

nz

∑
j /∈S

βj,Sdj,S +
|S|
nzp

Tr(PSTRS), (4.14)

where

wS = − 1

zp
TrPS − 1

p
TrRS , (4.15)

dj,S =
1

p
x∗jT

1/2RS∪{j}PST
1/2xj −

1

p
Tr(PSTRS). (4.16)

Put Pj,S = P (uS∪{j}). Replacing PS by the Gj-measurable Pj,S , using

P (uS)− P (uS∪{j}) = (uS∪{j} − uS)P (uS)TP (uS∪{j}),

gives the exact decomposition

dj,S =
1

p

[
x∗jT

1/2RS∪{j}Pj,ST
1/2xj − Tr(Pj,STRS∪{j})

]
+

1

p
x∗jT

1/2RS∪{j}(PS − Pj,S)T
1/2xj

+
1

p
Tr((Pj,S − PS)TRS∪{j}) +

1

p
Tr(PST (RS∪{j} −RS)). (4.17)

To estimate these terms at a mesh point, suppose uS ∈ V(z). Equation (4.12) bounds PS . Also,
|uS∪{j} − uS | ≤ C(nη)−1 = o(1), uniformly for η ≥ η⋄, and

Pj,S =
[
Ip + (uS∪{j} − uS)PST

]−1
PS .
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For all large n, the matrix perturbing Ip has norm at most 1/2, so ∥Pj,S∥op ≤ C. The three quadratic-
form tests and the rank-one resolvent bounds now bound the four terms in (4.17), respectively,
by

Cn−3/10η−1, Cn−1η−2, Cn−1η−2, Cn−1η−1.

The definitions of wS and uS give the identity

zywS = uSDS(z),

where

DS(z) = −z − 1

uS
+ y

∫
t dHn(t)

1 + tuS
.

Whenever uS ∈ V(z), both uS and z are bounded above and away from zero. Combining this
identity with (4.14) and the preceding estimates gives

|DS(z)| ≤ Cδreg(η), δreg(η) = n−3/10η−2 + n−1η−2. (4.18)

The residual admits the factorization

DS(z) = (uS − uc)K(uS , uc). (4.19)

The factor K(uS , uc) is bounded away from zero whenever |uS − uc| ≤ ρ, by (4.12). At η = η⋄,

δreg(η⋄)

η⋄
≤ Cn−3/10η−3

⋄ + Cn−1η−3
⋄ = o(1).

Order the mesh in η from L0 down to η⋄. Equation (4.13) places every uS , |S| ≤ 2, in the
ρ/4-neighborhood at η = L0. For adjacent mesh points z, z′, resolvent continuity gives

∥RS(z)−RS(z
′)∥op ≤ |z − z′|η−2

⋄ ,

and the same estimate holds for the deterministic transform. Thus

|uS(z)− uS(z
′)|+ |uc(z)− uc(z

′)| ≤ Cn−5η−2
⋄ = o(1).

Suppose that z is the first mesh point at which |uS(z)− uc(z)| ≥ ρ/2 for some S with |S| ≤ 2. The
estimates at the preceding mesh point and the continuity bound imply |uS(z)− uc(z)| < ρ for all
large n. Equations (4.18) and (4.19) then give

|uS − uc| ≤ Cδreg(η⋄) = C{n−21/170 + n−14/17} = o(1),

contradicting the choice of that mesh point for all large n. Hence |uS − uc| < ρ/2 at every mesh
point. Applying (4.18) and (4.19) there gives |uS − uc| ≤ Cδreg(η). For an arbitrary point E + iη
in the parameter rectangle, choose a nearest mesh point E′ + iη′. Then η′ ≍ η, and the continuity
estimate yields

|uS(E + iη)− uc(E + iη)| ≤ Cδreg(η) + Cn−5η−2
⋄ .

Here n−5η−2
⋄ = n−82/17 is o(η⋄) and o(n−23/85). In particular, |uS − uc| < ρ/2 throughout the

rectangle for all large n. At η ≥ η∗,

n−3/10η−2 ≤ n−3/10+2/68 = n−23/85,
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and uS − uc = y(sS − sc). Since y is bounded away from zero, this proves (4.2) for |S| ≤ 2. If
|S| = 3, delete one index from S and apply (4.7); since (nη∗)

−1 = n−67/68 = o(n−23/85), the same
estimate holds for matrices with three deleted columns.

At η = η⋄ = η6∗, support separation and the transform bound imply the following estimate for
|S| ≤ 2. The rank-one comparison extends it to |S| = 3, because (nη⋄)

−1 = n−31/34 = o(η⋄):

sup
E∈J

ℑsS(E + iη⋄) ≤ Cη⋄.

Cover J by at most Cη−1
⋄ intervals of radius η⋄, centered at points Ea ∈ J . If |λ− Ea| ≤ η⋄, then

η⋄
(λ− Ea)2 + η2⋄

≥ 1

2η⋄
.

The spectral representation of sS therefore gives

νS([Ea − η⋄, Ea + η⋄]) ≤ 2η⋄ℑsS(Ea + iη⋄) ≤ Cη2⋄.

Summing over the covering intervals proves νS(J ) ≤ Cη⋄ = Cη6∗, which is (4.3). For E ∈ I, the
spectral theorem then yields, for r = 1, 2, 3,

1

n
Tr(TRr

ST (R
∗
S)

r) ≤ C

∫
dνS(λ)

((λ− E)2 + η2)r

≤ Cη6−2r
∗ + C ≤ C.

This proves (4.4). To obtain (4.5), first work at a mesh point. The continuation just proved allows
us to apply (4.11), so |1 + qj,S | ≥ c. Equation (4.9) then gives∣∣∣∣1 + 1

n
Tr(TRS∪{j})

∣∣∣∣ ≥ |1 + qj,S | −
∣∣∣∣qj,S − 1

n
Tr(TRS∪{j})

∣∣∣∣ ≥ c− o(1).

Both denominators vary by at most C|z−z′|η−2
⋄ between neighboring parameters. For the quadratic-

form denominator this uses ∥rj∥22 ≤ C, supplied by the test with A = Ip; for the trace denominator
it follows from p ≍ n and ∥T∥op ≤ C. The mesh spacing therefore extends both positive lower
bounds to all E ∈ I and η∗ ≤ η ≤ 1, proving (4.5).

4.1.1 Predictable indicators

Conditioning on all columns except xk fixes the coefficient matrix in the quadratic-form es-
timate. The martingale estimate below instead uses multipliers measurable with respect to
Hk−1 = σ(x1, . . . , xk−1) (as defined in Subsection 2.1). We use the conditional probabilities
of the events below to construct such multipliers.

For z ∈ I + i[η∗, 1], define

tk(z) =
1

n
Tr(TRk(z)), β̄k(z) = (1 + tk(z))

−1,

Φr,k(z) =
1

n
Tr
(
TRk(z)

rT (Rk(z)
∗)r
)
, r = 1, 2.

Choose a constant K larger than the constants in Lemma 4.1, and let Ck ∈ Gk be the event on
which, uniformly over this parameter set,

|β̄k|+Φ1,k +Φ2,k + ∥P (uk)∥op ≤ K, |uk − uc| ≤
ρ

2
. (4.20)
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Here ρ is the stability radius selected in (4.12). Every quantity in (4.20) is a function of the columns
other than xk, so Ck ∈ Gk. Lemma 4.1 gives

Ωn ⊆
n⋂

k=1

Ck, P(Cc
k) ≤ Cn−1248/5. (4.21)

Set D0 = 200 and define

Bk = 1{E(1Cc
k
|Hk−1)≤n−D0}, Bn =

n⋂
k=1

{Bk = 1}. (4.22)

Each Bk is Hk−1-measurable. Markov’s inequality and (4.21) give

P(Bc
n) ≤

n∑
k=1

P
(
E(1Cc

k
| Hk−1) > n−200

)
≤ n201max

k
P(Cc

k) ≤ Cn−243/5. (4.23)

Define the event
An = Ωn ∩ Bn. (4.24)

Then
P(Ac

n) ≤ Cn−243/5. (4.25)

The sequence (Bk) is predictable with respect to the column filtration, since Bk is Hk−1-
measurable. In contrast, the event Ck may depend on future columns and need not belong to
Hk−1.

4.2 Trace fluctuation

On An, defined in (4.24), we now estimate s−Es. The rank-one identity in § 4.2.1 gives a martingale
decomposition with respect to the column filtration. § 4.2.2 estimates its terms using the predictable
indicators Bk. The second- and higher-moment bounds are then combined in § 4.2.3 to prove
Theorem 4.2.

4.2.1 Exact decomposition

The trace difference caused by deleting one column can be written as a quadratic form. Column
independence then removes the terms that depend only on the remaining columns from the martingale
differences.

For fixed z = E + iη, define

βk = (1 + r∗kRkrk)
−1, γ̂k = r∗kRkrk − tk, (4.26)

ak =
1

n
Tr(TR2

k), αk = r∗kR
2
krk − ak. (4.27)

Here Ek = E( · | Hk), with Hk = σ(x1, . . . , xk) (recall the notation in Subsection 2.1). Sherman–
Morrison gives

Tr(R−Rk) = −βkr
∗
kR

2
krk. (4.28)

If Y is integrable and Gk-measurable, column independence implies

(Ek − Ek−1)Y = 0. (4.29)
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Since
βk = β̄k − β̄kβkγ̂k, (4.30)

equations (4.28) and (4.29) yield the exact identity

s− Es = −1

p

n∑
k=1

(Ek − Ek−1)Z1k +
1

p

n∑
k=1

(Ek − Ek−1)Z2k, (4.31)

where
Z1k = αkβk, Z2k = akγ̂kβ̄kβk. (4.32)

4.2.2 Pointwise and conditional estimates

We estimate the terms in (4.31) separately on Ck and its complement. On Ck, the weighted-trace
bounds give the required conditional moments; on its complement, global resolvent bounds are
combined with the small conditional probability in the definition of Bk.

Two global estimates will be used on the complement of Ck. First, (4.7), with S = ∅ and j = k,
and the identity (4.28) give

|βkr∗kR2
krk| ≤ η−1. (4.33)

Moreover,

|ak| ≤ Cη−2, |βk| ≤
|z|
η
.

Hence
|Z1k| ≤ Cη−3. (4.34)

Let (vℓ)
p
ℓ=1 be an orthonormal eigenbasis of B({k}), with corresponding eigenvalues λℓ. Then

tk =
1

n

p∑
ℓ=1

v∗ℓTvℓ
λℓ − z

, ak =
1

n

p∑
ℓ=1

v∗ℓTvℓ
(λℓ − z)2

.

Since v∗ℓTvℓ ≥ 0, it follows that

|β̄k|ℑtk ≤ 1, |ak| ≤ η−1ℑtk.

Therefore |akβ̄k| ≤ η−1. Since γ̂kβ̄kβk = β̄k − βk,

|Z2k| ≤ |akβ̄k|+ |akβk| ≤ Cη−3. (4.35)

On Ck, Proposition 3.2 gives, for 2 ≤ r ≤ Q,

E(|γ̂k|r | Gk)1Ck ≤ Crn
−r/2, (4.36)

E(|αk|r | Gk)1Ck ≤ Crn
−r/2. (4.37)

Indeed, the two Hilbert–Schmidt quantities in (3.7) are nΦ1,k and nΦ2,k, respectively. On Ck,
|β̄k| ≤ K, and

|ak| ≤
√
p

n

{
Tr(TR2

kT (R
∗
k)

2)
}1/2

=

√
p

n
Φ
1/2
2,k ≤ C. (4.38)

Define
Sk = {|γ̂k| ≤ (2K)−1}. (4.39)
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On Ck ∩ Sk, one has |β̄k| ≤ K and |β̄kγ̂k| ≤ 1/2. Equation (4.30) therefore gives

|βk| =
∣∣∣∣ β̄k
1 + β̄kγ̂k

∣∣∣∣ ≤ 2K.

Consequently, on the same event,

|Z1k| ≤ C|αk|, |Z2k| ≤ C|γ̂k|. (4.40)

At order Q, (4.36) also gives

P
(
|γ̂k| > (2K)−1 | Gk

)
1Ck ≤ Cn−Q/2. (4.41)

Combining (4.22), (4.34)–(4.41), for h = 1, 2, gives the conditional second-moment estimate

BkEk−1|Zhk|2 ≤ Cn−1 + Cη−6(n−Q/2 + n−D0). (4.42)

For the portions supported on Ck, first condition on Gk, where the matrices and the event Ck are
fixed and (4.36)–(4.41) apply. Then condition on Hk−1 and use the tower property. The portion
supported on Cc

k is controlled directly by the definition of the Hk−1-measurable variable Bk. To see
the three contributions explicitly, split

|Zhk|r = |Zhk|r1Ck∩Sk
+ |Zhk|r1Ck∩Sc

k
+ |Zhk|r1Cc

k
.

For r = 2, the conditional expectation of the first term is at most Cn−1 by (4.40), (4.36), and (4.37).
The second is at most Cη−6n−Q/2 by the global estimates and (4.41). After multiplication by Bk,
the third is at most

Cη−6BkE(1Cc
k
| Hk−1) ≤ Cη−6n−D0 .

This proves (4.42). The same splitting at order q0 = 164 (recall the parameters in Subsection 2.1)
gives

E|BkZhk|q0 ≤ Cn−q0/2 + Cη−3q0(n−Q/2 + n−D0). (4.43)

The constants in (4.42) and (4.43) are uniform in k.

4.2.3 High-moment trace estimate

The preceding bounds control the conditional second moments and the q0-th moments needed in
the martingale inequality. Applying that inequality to (4.31), with the predictable multipliers Bk,
gives the following trace estimate.

Theorem 4.2. Uniformly for E ∈ I and η∗ ≤ η ≤ 1,

E [|s(E + iη)− Es(E + iη)|q01An ] ≤ Cn−q0 . (4.44)

Proof. Because Bk is Hk−1-measurable,

(Ek − Ek−1)(BkZhk) = Bk(Ek − Ek−1)Zhk.

On Bn, every Bk equals one. Thus

|s− Es|1Bn ≤ 1

p

2∑
h=1

∣∣∣∣∣
n∑

k=1

(Ek − Ek−1)(BkZhk)

∣∣∣∣∣ . (4.45)
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Lemma 2.13 of Bai–Silverstein [2] is the complex Burkholder–Rosenthal inequality: for a complex
martingale-difference sequence (Dk) and q ≥ 2,

E

∣∣∣∣∣∑
k

Dk

∣∣∣∣∣
q

≤ Cq

E(∑
k

Ek−1|Dk|2
)q/2

+
∑
k

E|Dk|q
 . (4.46)

Put Yk = BkZhk and Dk = (Ek − Ek−1)Yk. Conditional Jensen’s inequality and the tower property
give

Ek−1|Dk|2 ≤ Ek−1|Yk|2, E|Dk|q0 ≤ 2q0E|Yk|q0 . (4.47)

Indeed, the tower property gives Ek−1EkYk = Ek−1Yk. Expanding the square and applying condi-
tional Jensen’s inequality therefore yields

Ek−1|Dk|2 = Ek−1|EkYk|2 − |Ek−1Yk|2

≤ Ek−1|EkYk|2

≤ Ek−1Ek|Yk|2 = Ek−1|Yk|2.

The second inequality in (4.47) follows by applying |a− b|q0 ≤ 2q0−1(|a|q0 + |b|q0) and conditional
Jensen to EkYk and Ek−1Yk.

Since η ≥ n−1/68, one has η−6 ≤ n3/34. Using Q = 1313, equation (4.42) gives

n∑
k=1

BkEk−1|Zhk|2 ≤ C + Cnη−6(n−Q/2 + n−200)

≤ C
(
1 + n1+3/34−1313/2 + n1+3/34−200

)
= C

(
1 + n−11142/17 + n−6763/34

)
≤ C ′.

Likewise, q0 = 164 gives n1−q0/2 = n−81 and η−3q0 ≤ n3q0/68 = n123/17. Thus (4.43) yields

n∑
k=1

E|BkZhk|q0 ≤ Cn1−q0/2 + Cnη−3q0(n−Q/2 + n−200)

≤ C
(
n−81 + n1+123/17−1313/2 + n1+123/17−200

)
= C

(
n−81 + n−22041/34 + n−3260/17

)
≤ C ′.

Every power of n in these final expressions is at most one for n ≥ 1, so both bounds hold with a
constant C ′ independent of n, E, and η. Equation (4.46) therefore gives, for h = 1, 2,

E

∣∣∣∣∣
n∑

k=1

(Ek − Ek−1)(BkZhk)

∣∣∣∣∣
q0

≤ C.

Since p ≍ n, (4.45) proves
E[|s− Es|q01Bn ] ≤ Cn−q0 .

Finally, An ⊆ Bn, which proves (4.44).
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4.3 Approximate self-consistent equation

Theorem 4.2 bounds s − Es on An, but does not yet compare Es with sc. We next rewrite the
resolvent equation as an approximate self-consistent equation. Lemma 4.3 separates its centered
leading term from lower-order remainders in § 4.3.1. § 4.3.2 uses this expansion to control the
equation at the expected trace, then combines that control with (4.44) to prove Theorem 4.4.

Throughout this subsection, fix z = E + iη with E ∈ I and η∗ ≤ η ≤ 1.

4.3.1 Exact residual identity

The rank-one identities below isolate a quadratic form centered with respect to Gj . The other terms
are estimated using the minor bounds from Lemma 4.1.

Let
qj = p−1/2xj , P = P (u), Pj = P (uj),

and define

dj = q∗jT
1/2RjPT 1/2qj −

1

p
Tr(PTR), (4.48)

w(z) = − 1

zp
TrP − s(z). (4.49)

The exact residual identity is

w(z) = − 1

n

n∑
j=1

dj
z(1 + r∗jRjrj)

. (4.50)

Split dj = d
(1)
j + · · ·+ d

(4)
j , where

d
(1)
j = q∗jT

1/2Rj(P − Pj)T
1/2qj ,

d
(2)
j = q∗jT

1/2RjPjT
1/2qj −

1

p
Tr(PjTRj),

d
(3)
j =

1

p
Tr(PjT (Rj −R)),

d
(4)
j =

1

p
Tr((Pj − P )TR).

Also set

bj = 1 +
1

n
Tr(TRj), εj = r∗jRjrj −

1

n
Tr(TRj).

Then
1

bj + εj
=

1

bj
− εj

bj(bj + εj)
. (4.51)

Define the leading centered term by

Yj =
1

zbj
d
(2)
j . (4.52)

The coefficient in d
(2)
j , as well as bj , is Gj-measurable. Column independence and the covariance

calculation in Subsection 2.4 give E(qjq∗j | Gj) = p−1Ip. Consequently,

E(Yj | Gj) = 0. (4.53)
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Multiplication by 1An need not preserve the conditional centering in (4.53), because An need
not be Gj-measurable. To estimate the expectation contributed by Ac

n, we replace Pj and b−1
j by

bounded Gj-measurable functions that agree with them on An. Choose a smooth map ϱz : C → C
that equals the identity on {v : |v − uc(z)| ≤ ρ/2} and whose image is contained in V(z) (as defined
in the proof of Lemma 4.1). Set

P̃j = (Ip + ϱz(uj)T )
−1,

so ∥P̃j∥op ≤ C everywhere. Let cb > 0 be a lower bound for |bj | on An. Choose χb ∈ C∞([0,∞); [0, 1])
with χb(t) = 0 for t ≤ cb/2 and χb(t) = 1 for t ≥ cb, and define the bounded smooth function

I(b) =

{
χb(|b|)b−1, b ̸= 0,

0, b = 0.

Thus I(b) = b−1 whenever |b| ≥ cb. Define

Ŷj =
I(bj)

z

[
q∗jT

1/2RjP̃jT
1/2qj −

1

p
Tr(P̃jTRj)

]
. (4.54)

The matrix T 1/2RjP̃jT
1/2, its normalized trace, and the factor I(bj)/z are Gj-measurable. The

same conditional second-moment identity gives

E(Ŷj | Gj) = 0, EŶj = 0, ∥Ŷj∥Q ≤ Cη−1. (4.55)

The last bound follows from Theorem 3.1 and ∥T 1/2RjP̃jT
1/2∥F ≤ C

√
p η−1. On An, one has

ϱz(uj) = uj and I(bj) = b−1
j , so Ŷj = Yj .

Lemma 4.3. Uniformly for E ∈ I and η∗ ≤ η ≤ 1,

w1An = − 1

n

n∑
j=1

Ŷj1An +Rn1An , ∥Rn1An∥q0 ≤ Cn−1. (4.56)

Proof. On An, Lemma 4.1 bounds P, Pj , b
−1
j , and (bj + εj)

−1. For the conditional quadratic-form
estimates, first work on Cj ∈ Gj , defined in (4.20). Its bounds on Pj , Φ1,j , and Φ2,j control the
coefficient norms. Take expectations and then use An ⊆ Cj to restrict to An. Proposition 3.2
therefore gives, for 2 ≤ r ≤ 4q0 < Q,

∥d(2)j 1An∥r + ∥εj1An∥r ≤ Crn
−1/2. (4.57)

Therefore Hölder’s inequality and (4.51) give∥∥∥∥∥∥ 1n
∑
j

d
(2)
j εj

zbj(bj + εj)
1An

∥∥∥∥∥∥
q0

≤ Cn−1. (4.58)

Recall that βj = (bj + εj)
−1, by (4.26). For the remaining terms, the exact identities are

u− uj = −yβj
n

q∗jT
1/2R2

jT
1/2qj ,

P − Pj = (uj − u)PTPj ,

Rj −R = βjRjrjr
∗
jRj .
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Lemma 4.1 and Proposition 3.2 imply

∥(u− uj)1An∥r ≤ Crn
−1. (4.59)

They also give

∥d(h)j 1An∥q0 ≤ Cn−1, h = 1, 3, 4. (4.60)

For the third term, put Kj = T 1/2RjT
1/2 and A3j = KjPjKj . The rank-one resolvent identity gives

d
(3)
j =

yβj
p

q∗jA3jqj .

On An, the weighted Hilbert–Schmidt estimate (4.4) with r = 1 and ∥Rj∥op ≤ η−1 give

|TrA3j | ≤ Cn, ∥A3j∥F ≤ Cη−1√n.

These bounds also hold on Cj . Apply Theorem 3.1 conditionally on Gj with coefficient p−1A3j . Since
qj = p−1/2xj , this gives

∥
(
q∗jA3jqj − p−1TrA3j

)
1Cj∥q0 ≤ Cn−1/2η−1 ≤ C.

Together with the normalized trace bound and An ⊆ Cj , this proves ∥q∗jA3jqj1An∥q0 ≤ C, and hence

the claim for d
(3)
j .

For d
(4)
j , the inverse identity gives

d
(4)
j = (u− uj)

1

p
Tr(PTPjTR).

On An, Cauchy–Schwarz and (4.4) with S = ∅ and r = 1 bound this normalized trace by C.

Equation (4.59) therefore proves the bound for d
(4)
j .

Finally, put ∆j = u− uj and A1j = T 1/2RjPjTPjT
1/2. Substituting P = Pj −∆jPTPj gives

d
(1)
j = −∆jq

∗
jA1jqj + ej , |ej |1An ≤ Cη−1|∆j |2q∗jTqj1An .

On Cj , ∥A1j∥F ≤ C
√
n and |TrA1j | ≤ Cn. The conditional application of Theorem 3.1, now

with coefficient p−1A1j , gives ∥q∗jA1jqj1Cj∥2q0 ≤ C. The same theorem with coefficient p−1T gives
∥q∗jTqj∥2q0 ≤ C. Hölder’s inequality and (4.59), at orders 2q0 and 4q0, yield

∥∆jq
∗
jA1jqj1An∥q0 ≤ Cn−1,

∥ej1An∥q0 ≤ Cη−1∥∆j1An∥24q0∥q
∗
jTqj∥2q0 ≤ Cn−2+1/68.

Since 4q0 < Q, all these moment orders are available. This proves the remaining bound in (4.60).

Insert (4.51) and dj =
∑4

h=1 d
(h)
j into (4.50). Equations (4.58) and (4.60), followed by the

triangle inequality for the normalized sum, prove (4.56). Indeed, Yj = Ŷj on An, so the leading sum
from the expansion is the one in (4.56).
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4.3.2 Control of the deterministic residual

We use the centered expansion in Lemma 4.3 to estimate the self-consistent equation at Es.
Theorem 4.2, which bounds s− Es on An, then transfers this estimate to the random trace.

Write

s̄(z) = Es(z), ū(z) = −1− y

z
+ ys̄(z).

For ζ ∈ C such that Ip + [−(1− y)/z + yζ]T is invertible, define

Fz(ζ) = − 1

zp
Tr

(
Ip +

[
−1− y

z
+ yζ

]
T

)−1

− ζ. (4.61)

The nonzero eigenvalues of n−1X∗TX and B, counted with multiplicity, coincide, so

u(z) =
1

n
Tr
(
n−1X∗TX − zIn

)−1
.

For ℑz > 0, it follows that ℑu(z) > 0 and ℑū(z) > 0. Since T is positive semidefinite, both s(z)
and s̄(z) lie in the domain of Fz. In particular, w(z) = Fz(s(z)).

Lemma 4.1 and (4.25) imply

|s̄(z)− sc(z)| ≤ E(|s− sc|1An) + E(|s− sc|1Ac
n
)

≤ Cn−23/85 + Cη−1P(Ac
n) ≤ Cn−23/85. (4.62)

For all large n, Lemma 4.1 places u(z) ∈ V(z) on An. Equation (4.62) also gives ū(z) ∈ V(z). If
ζ1, ζ2 ∈ C satisfy

−1− y

z
+ yζh ∈ V(z), h = 1, 2,

then the resolvent identity for P (v) gives

|Fz(ζ1)− Fz(ζ2)| ≤ C|ζ1 − ζ2|. (4.63)

Indeed,
P (v1)− P (v2) = (v2 − v1)P (v1)TP (v2),

the normalized trace of the product is bounded, and |v1 − v2| = y|ζ1 − ζ2|.
Taking expectations in (4.56) and using (4.55) gives

|E(w1An)| ≤ Cn−1 +
1

n

n∑
j=1

|E(Ŷj1An)|

= Cn−1 +
1

n

n∑
j=1

|E(Ŷj1Ac
n
)|

≤ Cn−1 + Cη−1P(Ac
n)

1−1/Q ≤ Cn−1. (4.64)

The equality follows from EŶj = 0.
Let w̄(z) = Fz(s̄(z)). By (4.63), Theorem 4.2, and (4.64),

|w̄|P(An) = |E(w̄1An)|
≤ |E(w1An)|+ E(|w̄ − w|1An)

≤ Cn−1 + CE(|s̄− s|1An) ≤ Cn−1.

By (4.25), P(An) ≥ 1/2 for all large n, and hence

|w̄(z)| ≤ Cn−1. (4.65)
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Theorem 4.4. Uniformly for E ∈ I and η∗ ≤ η ≤ 1,

E [|w(E + iη)|q01An ] ≤ Cn−q0 . (4.66)

Proof. On An, equations (4.63) and (4.65) give

|w| ≤ |Fz(s)− Fz(s̄)|+ |w̄| ≤ C|s− s̄|+ Cn−1.

Raise this inequality to the q0-th power, take expectations, and apply Theorem 4.2.

4.4 Comparison of Stieltjes transforms

The residual estimate (4.66) can now be converted into a comparison with the deterministic transform.
The preliminary continuation in Lemma 4.1 places the random transform in the neighborhood where
the deterministic equation is stable. We first recall the trace normalizations used in this comparison:

mn(z) =
1

n
TrR(z) = ys(z), (4.67)

and

u(z) = −1− y

z
+mn(z). (4.68)

The deterministic transforms satisfy

sc,n(z) = sc(z) =
1

y

(
uc(z) +

1− y

z

)
, mc,n(z) = mc(z) = ysc,n(z), (4.69)

where

z = − 1

uc(z)
+ y

∫
t dHn(t)

1 + tuc(z)
. (4.70)

Below, wn denotes the residual w defined in (4.49).

Theorem 4.5. Under Assumptions 2.1, uniformly for E ∈ I and η∗ ≤ η ≤ 1,

E [|mn(E + iη)−mc,n(E + iη)|q01An ] ≤ Cn−q0 . (4.71)

Equivalently,
∥(mn(E + iη)−mc,n(E + iη))1An∥q0 ≤ Cn−1.

Proof. Fix E ∈ I and η∗ ≤ η ≤ 1, and write z = E + iη. For brevity put

u = u(z), uc = uc(z), H = Hn.

Define the residual in the self-consistent equation by

Dn(z) = −z − 1

u
+ y

∫
t dH(t)

1 + tu
. (4.72)

We first derive its exact relation to wn. Since

1

p
TrP (u) =

∫
dH(t)

1 + tu
,
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equations (4.68) and (4.49) give

zywn = −y

∫
dH(t)

1 + tu
− zys

= −y

∫
dH(t)

1 + tu
− zu− (1− y).

The elementary identity
1

1 + tu
= 1− tu

1 + tu

implies

y

∫
dH(t)

1 + tu
= y − yu

∫
t dH(t)

1 + tu
.

Substitution yields

zywn = −y + yu

∫
t dH(t)

1 + tu
− zu− (1− y)

= −1− zu+ yu

∫
t dH(t)

1 + tu

= uDn(z).

Thus
Dn(z) =

zy

u
wn(z). (4.73)

Equation (4.70) states that Dn vanishes when u = uc. Subtracting this value from (4.72) gives

Dn(z) = (u− uc)

[
1

uuc
− y

∫
t2 dH(t)

(1 + tu)(1 + tuc)

]
. (4.74)

Indeed,

−1

u
+

1

uc
=

u− uc
uuc

,

and
t

1 + tu
− t

1 + tuc
= − t2(u− uc)

(1 + tu)(1 + tuc)
.

On An, equations (4.2) and (4.69) give

|u− uc| = y|s− sc,n| ≤ Cn−23/85.

The preceding estimate places u in V(z) for all large n. The uniform bounds in (4.12) therefore give

|u| ≥ c,

∣∣∣∣ 1

uuc
− y

∫
t2 dH(t)

(1 + tu)(1 + tuc)

∣∣∣∣ ≥ c on An (4.75)

for a constant c > 0. Since z, y, and u−1 are uniformly bounded on the parameter set, equations
(4.73)–(4.75) give

|u− uc|1An ≤ C|wn|1An .

Finally,
mn −mc,n = u− uc

by (4.68) and (4.69). Raising the last inequality to the q0-th power, taking expectations, and
invoking (4.66) proves (4.71).
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5 Spectral exclusion

Theorem 4.5 gives a pointwise transform estimate at positive imaginary parts. Lemma 5.1 first
extends this control to a compact family of test functions that vanish on a neighborhood of I. This
bounds the contribution away from the target interval in the kernel argument of Subsection 5.1.
There, estimates for mn −mc,n at finitely many imaginary parts rule out an eigenvalue once this
contribution has been controlled. Since the location of a possible eigenvalue is unknown, we also
extend the pointwise estimates to a finite net in I and use resolvent continuity between net points.
A union bound then completes the proof of Theorem 2.2.

Choose a continuously differentiable function 0 ≤ χ ≤ 1 satisfying

χ = 0 on J , χ = 1 on [0,∞) \ U . (5.1)

Such a function exists because J is a compact subset of intU . Fix η0 ∈ (0, 1]. For u ∈ I and
0 ≤ η ≤ η0, define

Fη,u(λ) =


0, λ ∈ J ,

χ(λ)
34∏
k=1

1

(u− λ)2 + kη2
, λ ∈ [0,∞) \ J .

(5.2)

Let
Fout = {Fη,u : u ∈ I, 0 ≤ η ≤ η0}.

Lemma 5.1. For every fixed δ > 0,

P

(
sup

f∈Fout

∣∣∣∣∫ f d(µn − µc,n)

∣∣∣∣ > δ

)
≤ Cδ

(
n−q0 + n−243/5

)
. (5.3)

Proof. Set
d0 = dist(I,J c) > 0.

For λ /∈ J and u ∈ I, |u− λ| ≥ d0, so

|Fη,u(λ)| ≤ d−68
0 .

The two formulas in (5.2) agree on the boundary of J , and the functions vanish uniformly as λ → ∞.
Hence

(u, η) 7−→ Fη,u

is continuous from the compact set I × [0, η0] into C0([0,∞)), equipped with the uniform norm.
Therefore Fout is totally bounded.

Assume I ≠ ∅, since otherwise the assertion is immediate. Fix E0 ∈ I and z0 = E0 + i/2. The
nonunital self-adjoint algebra generated by

λ 7−→ (λ− z0)
−1

separates points of [0,∞) and vanishes nowhere. By the Stone–Weierstrass theorem, it is dense in
C0([0,∞)). For integers a, b ≥ 1, partial fractions give

1

(λ− z0)a(λ− z0)b
=

a∑
j=1

Aj

(λ− z0)j
+

b∑
j=1

Bj

(λ− z0)j
.
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Indeed, subtracting the right side after choosing the two principal parts leaves an entire rational
function that tends to zero at infinity. Thus every element of the generated algebra is a finite linear
combination of powers at z0 and z0. Moreover,

(λ− z)−k =
1

(k − 1)!
∂k−1
z (λ− z)−1.

The case k = 1 is already a resolvent. For k ≥ 2, put ϕλ(t) = (λ− E0 − it)−1 and r = k − 1 ≥ 1.
Write ∆hϕ(t) = ϕ(t+ h)− ϕ(t). Applying this operator r times gives the rth forward difference

∆r
hϕ(t) =

r∑
ℓ=0

(−1)r−ℓ

(
r

ℓ

)
ϕ(t+ ℓh).

Then
∆r

hϕλ(1/2)

irr!hr
−→ (λ− z0)

−k

uniformly for λ ≥ 0. Indeed, repeated application of the fundamental theorem of calculus gives

∆r
hϕλ(1/2) =

∫
[0,h]r

ϕ
(r)
λ (1/2 + s1 + · · ·+ sr) ds1 · · · dsr.

Since
ϕ
(r)
λ (t) = irr!(λ− E0 − it)−r−1, |ϕ(r+1)

λ (t)| ≤ (r + 1)!2r+2 (t ≥ 1/2),

comparison with hrϕ
(r)
λ (1/2) bounds the error by r(r+1)2r+2h. If 0 < h ≤ (4r)−1, all poles used by

the difference have imaginary parts in [1/2, 3/4]. Conjugation gives the same assertion for powers
at z0. Consequently, finite linear combinations of the resolvents

λ 7−→ (λ− E0 − iηℓ)
−1, ηℓ ∈ [1/2, 3/4],

and their complex conjugates are dense in C0([0,∞)).
For all sufficiently large n, η∗ ≤ 1/2, so the heights in these resolvents lie in the range of

Theorem 4.5. For each fixed linear combination g of this form, that theorem and Minkowski’s
inequality imply

E
[∣∣∣∣∫ g d(µn − µc,n)

∣∣∣∣q0 1An

]
≤ Cgn

−q0 . (5.4)

The measures µn and µc,n both have total mass y ≤ d+. Thus |
∫
g d(µn − µc,n)| ≤ 2d+∥g∥∞, and

increasing Cg extends (5.4) to the finitely many remaining values of n. By total boundedness and
density, there are finitely many g1, . . . , gK , with K independent of n, such that every f ∈ Fout

satisfies

∥f − gℓ∥∞ ≤ δ

4d+

for some ℓ. The contribution of f − gℓ to integration against µn−µc,n is then at most δ/2. Markov’s
inequality applied to (5.4), a finite union bound, and (4.25) prove (5.3).

5.1 Excluding eigenvalues with a nonnegative kernel

The preceding lemma controls integrals against µn−µc,n after multiplication by the cutoff. Combined
with the transform estimates, this gives an upper bound for the remaining, nonnegative integral
against µn. If an eigenvalue lies in I, we may center the kernel at that eigenvalue. The corresponding
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atom of µn has mass at least 1/n and provides a lower bound. The next lemma shows that these
bounds are incompatible at η = η∗ when the two comparison errors are sufficiently small.

For η > 0 and u ∈ I, define

Kη,u(λ) =
34∏
k=1

1

(u− λ)2 + kη2
.

Lemma 5.2. Let η = η∗. There are constants cD > 0 and δD > 0, independent of n, such that, for
all large n, the following two conditions imply spec(Bn) ∩ I = ∅:

sup
u∈I

1≤k≤34

|mn(u+ i
√
kη)−mc,n(u+ i

√
kη)| ≤ cD

nη
, (5.5)

sup
f∈Fout

∣∣∣∣∫ f d(µn − µc,n)

∣∣∣∣ ≤ δD. (5.6)

Proof. For x ≥ 0, h > 0, and an integer M ≥ 1, the partial-fraction identity

M∑
k=1

(−1)k−1
(
M−1
k−1

)
x+ kh

=
(M − 1)!hM−1∏M

k=1(x+ kh)
(5.7)

follows by multiplying both sides by
∏M

k=1(x + kh) and evaluating the resulting polynomials at
x = −jh, 1 ≤ j ≤ M .

Write νn = µn − µc,n. Equation (5.5) and |ℑ(mn −mc,n)| ≤ |mn −mc,n|, followed by division by√
kη, give ∣∣∣∣∫ dνn(λ)

(u− λ)2 + kη2

∣∣∣∣ ≤ CcD
nη2

.

Apply (5.7) with M = 34, h = η2, and x = (u− λ)2, then integrate. Since n−1 = η68,

sup
u∈I

∣∣∣∣∫ Kη,u dνn

∣∣∣∣ ≤ C34cD. (5.8)

Assumption 2.1(IC6) and (5.1) imply (1− χ)µc,n = 0. Therefore∫
Kη,u dνn =

∫
χKη,u dνn +

∫
(1− χ)Kη,u dµn. (5.9)

The last integral is nonnegative. For all sufficiently large n, η = η∗ ≤ η0, so χKη,u = Fη,u ∈ Fout.
Conditions (5.6) and (5.8) give

sup
u∈I

∫
(1− χ)Kη,u dµn ≤ C34cD + δD.

If Bn has an eigenvalue λℓ ∈ I, choose u = λℓ. Since χ = 0 on I, the summand corresponding to λℓ

contributes
1/n∏34
k=1 kη

2
=

1

34!

to the preceding nonnegative integral. Choosing C34cD + δD < 1/34! produces a contradiction.
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Proof of Theorem 2.2. The event and transform assertions follow from (4.25) and Theorem 4.5. It
remains to prove the spectral-exclusion estimate.

If I = ∅, there is nothing to prove. Assume I ≠ ∅, and let cD and δD be supplied by Lemma 5.2.
With β∗ = 277/272 from Subsection 2.1, choose an n−β∗-net Sn of I with

|Sn| ≤ Cnβ∗ . (5.10)

The spectral representation of the Stieltjes transforms gives

|∂Emn(E + iη)|+ |∂Emc,n(E + iη)| ≤ Cη−2. (5.11)

Indeed, both measures have mass at most d+, and |λ− E − iη|−2 ≤ η−2.
At η = η∗ = n−1/68, normalize the interpolation error by the threshold in Lemma 5.2:

Cn−β∗η−2
∗

(nη∗)−1
= Cn1−β∗η−1

∗

= Cn69/68−β∗ = Cn−1/272 −→ 0. (5.12)

Thus, for all large n,

Cn−β∗η−2
∗ ≤ cD

2nη∗
.

Also,
√
34η∗ ≤ 1 for all large n. Hence all 34 imaginary parts

√
kη∗ belong to the parameter range

of Theorem 4.5.
Define

Gn =
⋂
s∈Sn

34⋂
k=1

{
|mn(s+ i

√
kη∗)−mc,n(s+ i

√
kη∗)| ≤

cD
2nη∗

}
.

Equations (5.11)–(5.12) imply that (5.5) holds on Gn.
For each grid point and each imaginary part, Markov’s inequality and Theorem 4.5 give

P
(
|mn(s+ i

√
kη∗)−mc,n(s+ i

√
kη∗)| >

cD
2nη∗

, An

)
≤
(
2nη∗
cD

)q0

Cn−q0 ≤ Cn−q0/68.

Using (5.10) and summing over the 34 imaginary parts,

P(Gc
n ∩ An) ≤ Cnβ∗−q0/68 = Cn−379/272. (5.13)

The arithmetic is
q0
68

=
164

68
=

656

272
,

277

272
− 656

272
= −379

272
.

Let

Cn =

{
sup

f∈Fout

∣∣∣∣∫ f d(µn − µc,n)

∣∣∣∣ ≤ δD

}
.

On An ∩ Gn ∩ Cn, both hypotheses of Lemma 5.2 hold. Therefore

{spec(Bn) ∩ I ≠ ∅} ⊂ Ac
n ∪ (Gc

n ∩ An) ∪ Cc
n.
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Equations (4.25), (5.13), and (5.3) imply

P(spec(Bn) ∩ I ≠ ∅) ≤ Cn−243/5 + Cn−379/272 + C(n−164 + n−243/5)

≤ Cn−379/272,

because
243

5
>

379

272
, 164 >

379

272
.

This proves (2.1) for all sufficiently large n; enlarging C absorbs the finitely many remaining values.
Since

379

272
= 1 +

107

272
> 1,

the series of the probabilities in (2.1) converges. The Borel–Cantelli lemma proves (2.2).

6 Proof under polynomial moment growth

We now prove Theorem 2.4 under Assumptions 2.3, with the parameters in (2.3). Proposition 3.3
replaces the conditional quadratic-form bound used in Sections 4–5. The additional factor n1/800 in
its Lq-norm estimate changes the moment estimates and the resulting probability bounds.

Subsection 6.1 first establishes the estimates for deleted columns and constructs the predictable
indicators and the event used in the martingale argument. On this event, Subsection 6.2 bounds
s − Es. Subsection 6.3 then estimates the residual in the deterministic equation, including the
comparison at Es needed to identify the deterministic approximation. These estimates yield a bound
for mn −mc,n and the exclusion probability in Subsection 6.4. Finally, Subsection 6.5 explains the
choice of moment order in this argument.

6.1 Estimates for deleted columns

The next lemma supplies the same types of minor bounds as Lemma 4.1, with a probability estimate
obtained from the growing-moment assumption. The deterministic identities and continuation
argument apply under (IG6); the quadratic-form tail probabilities are recomputed below. In § 6.1.1,
we then construct the predictable indicators and the event used in the trace estimate.

Lemma 6.1. There is an event Ωg
n, independent of E and η, such that

P((Ωg
n)

c) ≤ Cn−782. (6.1)

On this event, writing z = E + iη, uniformly for E ∈ J , η∗ ≤ η ≤ 1, and |S| ≤ 3,

|sS(z)− sc,n(z)| ≤ Cn−23/85, (6.2)

µ(S)
n (J ) ≤ Cη6∗. (6.3)

Moreover, uniformly for E ∈ I, η∗ ≤ η ≤ 1, and r = 1, 2, 3,

1

n
Tr
(
TRr

ST (R
∗
S)

r
)
≤ C. (6.4)

Under the same restrictions on E and η, for every j /∈ S with |S| ≤ 2,∣∣∣∣1 + 1

n
Tr(TRS∪{j})

∣∣∣∣−1

+
∣∣1 + r∗jRS∪{j}rj

∣∣−1 ≤ C. (6.5)
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Proof. It suffices to consider all sufficiently large n; for the finitely many remaining values, take
Ωg

n = ∅ and increase C. Recall η⋄ = n−3/34 from (2.3) and L0 from (IG6). Choose deterministic
meshes of J and [η⋄, L0], each of cardinality at most Cn5 and mesh size at most n−5. For |S| ≤ 2,
j /∈ S, and every mesh point, apply Proposition 3.3 to the three Gj-measurable matrices

Ip, RS∪{j}, RS∪{j}P (uS∪{j}).

For each of these matrices A, define

Zj,S(A) =


|x∗jT 1/2AT 1/2xj − Tr(TA)|

∥T 1/2AT 1/2∥F
, ∥T 1/2AT 1/2∥F > 0,

0, ∥T 1/2AT 1/2∥F = 0.

Applying Proposition 3.3 to A, using rj = n−1/2T 1/2xj , and conditioning on Gj gives

EZj,S(A)Qg ≤ CM2Qg,n ≤ Cn5.

The number of tests is at most
Cn2 · n · n10 = Cn13.

Markov’s inequality at threshold n1/5 and a union bound therefore give

P
(
maxZj,S(A) > n1/5

)
≤ Cn13n5n−Qg/5 = Cn18−800 = Cn−782.

Let Ωg
n be the event that every normalized test is at most n1/5. The remainder of the proof

of Lemma 4.1 uses only this threshold, the mesh, the rank-one identities, and the deterministic
stability assumption. At each mesh point on Ωg

n, the bound ∥T 1/2RST
1/2∥F ≤ C

√
n η−1 gives

|r∗jRS∪{j}rj − n−1Tr(TRS∪{j})| ≤ Cn−1√nn1/5η−1 = Cn−3/10η−1.

This tends to zero uniformly for η ≥ η⋄ = n−3/34. The estimates (4.10)–(4.11) for βj,S , the bound
at η = L0 in (4.13), and the continuation argument therefore apply with (IG6) in place of (IC6).
Continuing from L0 to η⋄, and then applying the interval-covering and weighted-trace estimates in
the proof of Lemma 4.1, gives (6.2)–(6.5). The bound on P((Ωg

n)c) is (6.1).

6.1.1 Predictable indicators

As in § 4.1.1, we use the bounds in Lemma 6.1 to construct indicators measurable with respect to
the column filtration. Recall the factor K(v, uc) defined in the proof of Lemma 4.1:

K(v, uc) =
1

vuc
− y

∫
t2 dHn(t)

(1 + tv)(1 + tuc)
.

The lower bounds in (IG6) and the bounds on y and ∥T∥op give, for v sufficiently close to uc,
uniformly in n and the stated spectral parameters,

|K(v, uc)−K(uc, uc)| ≤ C|v − uc|.

Indeed, subtracting the reciprocal factors bounds the left-hand side by

|v − uc|
|v||uc|2

+ y|v − uc|
∫

t3 dHn(t)

|1 + tv||1 + tuc|2
.
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For a sufficiently small fixed neighborhood, all denominators here are bounded away from zero.
Since K(uc, uc) = f ′

n(uc), one can therefore choose a fixed 0 < ρg ≤ 1. For z = E + iη, where E ∈ U
and 0 ≤ η ≤ L0, set

Vg(z) = {v ∈ C : |v − uc(z)| < ρg}.

Uniformly over these values of z,

v ∈ Vg(z) =⇒ ∥P (v)∥op ≤ C, |v| ≥ c, |K(v, uc)| ≥ c.

Choose Kg large enough to bound the sum in (6.6) using Lemma 6.1 and the preceding bound for
P (v). For each k, let Cg

k ∈ Gk be the event on which, uniformly for E ∈ I and η∗ ≤ η ≤ 1,∣∣∣∣1 + 1

n
Tr(TRk)

∣∣∣∣−1

+
2∑

r=1

1

n
Tr(TRr

kT (R
∗
k)

r) + ∥P (uk)∥op ≤ Kg, |uk − uc| ≤
ρg
2
. (6.6)

Every quantity in (6.6) is Gk-measurable, and Lemma 6.1 gives

Ωg
n ⊆

n⋂
k=1

Cg
k , P((Cg

k)
c) ≤ Cn−782.

Set D0 = 200 and

Bg
k = 1{E(1

(Cg
k
)c
|Hk−1)≤n−D0}, Bg

n =
n⋂

k=1

{Bg
k = 1}. (6.7)

Each Bg
k is Hk−1-measurable, and Markov’s inequality gives

P((Bg
n)

c) ≤
n∑

k=1

P
(
E(1(Cg

k)
c | Hk−1) > n−200

)
≤ n201max

k
P((Cg

k)
c) ≤ Cn−581. (6.8)

Define
Ag
n = Ωg

n ∩ Bg
n. (6.9)

Equations (6.1) and (6.8) imply
P((Ag

n)
c) ≤ Cn−581. (6.10)

6.2 Trace fluctuation

On Ag
n, defined in (6.9), the minor bounds hold and every Bg

k = 1. Column independence gives the
decomposition (4.31), now estimated under Assumptions 2.3. Lemma 6.2 gives the second-moment
and higher-moment estimates. Theorem 6.3 then bounds the fluctuation s− Es on Ag

n by applying
the Burkholder–Rosenthal inequality.

For fixed z = E + iη, define

tk =
1

n
Tr(TRk), β̄k = (1 + tk)

−1,

βk = (1 + r∗kRkrk)
−1, γ̂k = r∗kRkrk − tk,

ak =
1

n
Tr(TR2

k), αk = r∗kR
2
krk − ak.
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Sherman–Morrison and column independence give the exact decomposition

s− Es = −1

p

n∑
k=1

(Ek − Ek−1)Z1k +
1

p

n∑
k=1

(Ek − Ek−1)Z2k, (6.11)

where
Z1k = αkβk, Z2k = akγ̂kβ̄kβk.

Lemma 6.2. Uniformly for E ∈ I, η∗ ≤ η ≤ 1, 1 ≤ k ≤ n, and h = 1, 2,

Bg
kEk−1|Zhk|2 ≤ Cn−1+1/400 + Cη−6(n−1995 + n−200), (6.12)

E|Bg
kZhk|200 ≤ Cn−100+1/4 + Cη−600(n−1995 + n−200). (6.13)

Proof. On Cg
k , the weighted Hilbert–Schmidt bounds and Proposition 3.3 give, for 2 ≤ r ≤ Qg,

E(|γ̂k|r | Gk)1Cg
k
+ E(|αk|r | Gk)1Cg

k
≤ Crn

−r/2+r/800. (6.14)

Indeed, the squared Hilbert–Schmidt quantities are bounded by Cn, and the moment factor in (3.8)
is bounded by Crn

r/800.
Let K be a deterministic bound, on Cg

k , for |β̄k|, |ak|, and the quantities in (6.6), and set
Sk = {|γ̂k| ≤ (2K)−1}. On Cg

k ∩ Sk, the identity

βk = β̄k − β̄kβkγ̂k

implies |βk| ≤ 2K, and hence

|Z1k| ≤ C|αk|, |Z2k| ≤ C|γ̂k|.

At moment order Qg = 4000, (6.14) gives

P(Sc
k | Gk)1Cg

k
≤ Cn−Qg/2+Qg/800 = Cn−2000+5 = Cn−1995. (6.15)

The estimates (4.34) and (4.35) give |Zhk| ≤ Cη−3. They follow from the rank-one identities and
deterministic resolvent bounds, so they also hold under Assumptions 2.3.

For the portions supported on Cg
k , first condition on Gk, apply (6.14) and (6.15), and then

condition on Hk−1. The tower property transfers these estimates to the column filtration. On (Cg
k)

c,
the definition of Bg

k gives
Bg

kE(1(Cg
k)

c | Hk−1) ≤ n−200.

Split each conditional moment over Cg
k ∩ Sk, Cg

k ∩ Sc
k, and (Cg

k)
c. For the first part, (6.14) at r = 2

gives Cn−1+2/800 = Cn−1+1/400. The second part is bounded by Cη−6n−1995 using (6.15). After
multiplication by Bg

k , the third part is at most Cη−6n−200 by (6.7). This proves (6.12).
At order 200, the first part is

Cn−200/2+200/800 = Cn−100+1/4.

The portion on Cg
k ∩ Sc

k is at most Cη−600n−1995, and the portion on (Cg
k)

c, after multiplication by
Bg

k , is at most Cη−600n−200. This proves (6.13).

We now apply the moment estimates in Lemma 6.2 to the martingale decomposition (6.11).

35



Theorem 6.3. Uniformly for E ∈ I and η∗ ≤ η ≤ 1,

E
[
|s(E + iη)− Es(E + iη)|2001Ag

n

]
≤ Cn−200+1/4. (6.16)

Proof. On Bg
n, every Bg

k = 1. Since Bg
k is Hk−1-measurable, (6.11) bounds |s − Es| by

p−1
∑2

h=1 |
∑n

k=1Dhk|, where

Dhk = (Ek − Ek−1)(B
g
kZhk), h = 1, 2.

The estimates in (4.47), with BkZhk replaced by Bg
kZhk, bound the conditional second moments

and the unconditional 200th moments of Dhk by the corresponding quantities in Lemma 6.2.
At η ≥ η∗ = n−1/68,

n∑
k=1

Ek−1|Dhk|2 ≤ Cn1/400 + Cnη−6(n−1995 + n−200) ≤ Cn1/400,

because

1 +
6

68
− 200 < 0, 1 +

6

68
− 1995 < 0.

Likewise,

n∑
k=1

E|Dhk|200 ≤ Cn1−100+1/4 + Cnη−600(n−1995 + n−200) ≤ C,

since

1 +
600

68
− 200 < 0, 1 +

600

68
− 1995 < 0.

The complex Burkholder–Rosenthal inequality (4.46), applied to (Dhk)
n
k=1 at order 200, therefore

gives

E

∣∣∣∣∣
n∑

k=1

Dhk

∣∣∣∣∣
200

≤ C

E( n∑
k=1

Ek−1|Dhk|2
)100

+

n∑
k=1

E|Dhk|200


≤ C(n1/400)100 + C ≤ Cn1/4.

Multiplication by p−200 ≤ Cn−200, summation over h = 1, 2, and Ag
n ⊆ Bg

n prove (6.16).

6.3 Approximate self-consistent equation

Theorem 6.3 controls s − Es on Ag
n. To compare s with sc, we next estimate the residual wn in

(4.49). § 6.3.1 separates a sum of conditionally centered quadratic forms from a remainder, whose
bound is given in Lemma 6.4. § 6.3.2 uses this expansion to estimate the equation at Es, then
combines that estimate with Theorem 6.3 to obtain the moment bound for wn.

Throughout this subsection, fix z = E + iη with E ∈ I and η∗ ≤ η ≤ 1.

6.3.1 Expansion of the residual

We use the residual identity from § 4.3.1, retaining the moment factor from Proposition 3.3 when
estimating its terms. The product of two quadratic-form errors accounts for the factor n1/400 in the
remainder bound (6.21). We first recall the definitions needed for the expansion.
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Put

qj = p−1/2xj , sj =
1

p
TrRj , uj = −1− y

z
+ ysj ,

and define
P = P (u), Pj = P (uj).

Set

dj = q∗jT
1/2RjPT 1/2qj −

1

p
Tr(PTR),

wn(z) = − 1

zp
TrP − s(z),

bj = 1 +
1

n
Tr(TRj),

εj = r∗jRjrj −
1

n
Tr(TRj).

The exact residual identity is

wn(z) = − 1

n

n∑
j=1

dj
z(bj + εj)

. (6.17)

The exact decomposition dj = d
(1)
j + · · ·+ d

(4)
j is

d
(1)
j = q∗jT

1/2Rj(P − Pj)T
1/2qj ,

d
(2)
j = q∗jT

1/2RjPjT
1/2qj −

1

p
Tr(PjTRj),

d
(3)
j =

1

p
Tr(PjT (Rj −R)),

d
(4)
j =

1

p
Tr((Pj − P )TR).

To estimate expectations on (Ag
n)c, we use bounded Gj-measurable replacements for Pj and b−1

j that
agree with them on Ag

n, as in § 4.3.1. Choose a smooth map ϱgz : C → C that equals the identity on
{v : |v − uc(z)| ≤ ρg/2} and whose image is contained in Vg(z) (as defined in § 6.1.1). Let

P̃ g
j = (Ip + ϱgz(uj)T )

−1.

Let cgb > 0 be the lower bound for |bj | on Ag
n, choose χg

b ∈ C∞([0,∞); [0, 1]) with χg
b(t) = 0 for

t ≤ cgb/2 and χg
b(t) = 1 for t ≥ cgb , and put

Ig(b) =

{
χg
b(|b|)b

−1, b ̸= 0,

0, b = 0.

Define

Ŷj =
Ig(bj)

z

[
q∗jT

1/2RjP̃
g
j T

1/2qj −
1

p
Tr(P̃ g

j TRj)

]
. (6.18)

The matrix T 1/2RjP̃
g
j T

1/2, its normalized trace, and the factor Ig(bj)/z are Gj-measurable. By

(IG3)–(IG4), E(qjq∗j | Gj) = p−1Ip. Together with Proposition 3.3, this gives

E(Ŷj | Gj) = 0, EŶj = 0, ∥Ŷj∥Qg ≤ Cη−1nδ. (6.19)
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The norm estimate uses ∥T 1/2RjP̃
g
j T

1/2∥F ≤ C
√
p η−1 and M

1/Qg

2Qg,n
≤ Cnδ, where δ = 1/800 as in

(2.3). On Ag
n, ϱ

g
z(uj) = uj and Ig(bj) = b−1

j , so Ŷj = (zbj)
−1d

(2)
j .

Lemma 6.4. Uniformly for E ∈ I and η∗ ≤ η ≤ 1,

wn1Ag
n
= − 1

n

n∑
j=1

Ŷj1Ag
n
+Rn1Ag

n
, (6.20)

where
∥Rn1Ag

n
∥200 ≤ Cn−1+1/400. (6.21)

Proof. On Ag
n, Lemma 6.1 bounds P, Pj , b

−1
j , and (bj + εj)

−1. For the conditional estimates, first
work on Cg

j ∈ Gj , defined in (6.6). The coefficient bounds hold on this event. Apply Proposition 3.3,
take expectations, and then use Ag

n ⊆ Cg
j . At order 400, this gives

∥d(2)j 1Ag
n
∥400 + ∥εj1Ag

n
∥400 ≤ Cn−1/2+1/800. (6.22)

The exact denominator identity

1

bj + εj
=

1

bj
− εj

bj(bj + εj)

therefore produces ∥∥∥∥∥∥ 1n
n∑

j=1

d
(2)
j εj

zbj(bj + εj)
1Ag

n

∥∥∥∥∥∥
200

≤ C

n

n∑
j=1

∥d(2)j 1Ag
n
∥400∥εj1Ag

n
∥400 ≤ Cn−1+2/800. (6.23)

Thus the sum in (6.23) has L200-norm at most Cn−1+1/400, which is the bound required in (6.21).
With βj = (bj + εj)

−1, as in Subsection 6.2, the remaining exact identities are

u− uj = −yβj
n

q∗jT
1/2R2

jT
1/2qj ,

P − Pj = (uj − u)PTPj , Rj −R = βjRjrjr
∗
jRj .

The quadratic form containing R2
j in the first identity, together with (6.4) and Proposition 3.3 at

order 800 < Qg, gives
∥(u− uj)1Ag

n
∥800 ≤ Cn−1.

For d
(3)
j , use the representation

d
(3)
j =

yβj
p

q∗j (KjPjKj)qj , Kj = T 1/2RjT
1/2,

and put A3j = KjPjKj . The coefficient satisfies

|TrA3j | ≤ Cn, ∥A3j∥F ≤ Cη−1√n on Cg
j .
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These are the same coefficient estimates used in the proof of Lemma 4.3. The conditional application
of Theorem 3.1 with coefficient p−1A3j , as in the proof of Proposition 3.3, gives∥∥∥(q∗jA3jqj − p−1TrA3j

)
1Cg

j

∥∥∥
200

≤ Cn−1/2+1/800η−1 ≤ C.

The final inequality uses η−1 ≤ n1/68 and −1/2 + 1/800 + 1/68 < 0. The normalized trace is

bounded, and βj is bounded on Ag
n. Hence ∥d(3)j 1Ag

n
∥200 ≤ Cn−1.

For d
(4)
j , write

d
(4)
j = (u− uj)

1

p
Tr(PTPjTR).

Cauchy–Schwarz and (6.4) bound this normalized trace on Ag
n. The preceding bound for u − uj

therefore gives ∥d(4)j 1Ag
n
∥200 ≤ Cn−1.

For d
(1)
j , put ∆j = u−uj and A1j = T 1/2RjPjTPjT

1/2. Substitution of P = Pj −∆jPTPj gives

d
(1)
j = −∆jq

∗
jA1jqj + ej , |ej |1Ag

n
≤ Cη−1|∆j |2q∗jTqj1Ag

n
.

As in the proof of Lemma 4.3, ∥A1j∥F ≤ C
√
n and |TrA1j | ≤ Cn on Cg

j . The conditional quadratic-

form estimate at order 400, with its factor n1/800, gives

∥q∗jA1jqj1Cg
j
∥400 + ∥q∗jTqj∥400 ≤ C,

because the centered parts are bounded by Cn−1/2+1/800. Hölder’s inequality now yields

∥∆jq
∗
jA1jqj1Ag

n
∥200 ≤ Cn−1,

and
∥ej1Ag

n
∥200 ≤ Cη−1∥∆j1Ag

n
∥2800∥q∗jTqj∥400 ≤ Cn−2+1/68.

Consequently,

∥d(h)j 1Ag
n
∥200 ≤ Cn−1, h = 1, 3, 4.

Inserting the denominator expansion and the four-term decomposition of dj into (6.17), then
combining these O(n−1) estimates with (6.23) by the triangle inequality, proves (6.20)–(6.21).

6.3.2 Moment bound for the residual

Lemma 6.4 bounds the remainder in the expansion of wn. Taking expectations uses the centering in
(6.19) and the bound on P((Ag

n)c) in (6.10). The resulting estimate at Es, together with Theorem 6.3,
gives the following bound.

Theorem 6.5. Uniformly for E ∈ I and η∗ ≤ η ≤ 1,

E
[
|wn(E + iη)|2001Ag

n

]
≤ Cn−200+1/2. (6.24)

Proof. Let s̄ = Es and ū = −(1− y)/z + ys̄. Recall from (4.61) that

Fz(ζ) = − 1

zp
Tr

(
Ip +

[
−1− y

z
+ yζ

]
T

)−1

− ζ,

whenever the inverse exists, and that wn = Fz(s). As shown after (4.61), the positive imaginary
parts of u and ū ensure that s and s̄ lie in this domain. Lemma 6.1 places u(z) ∈ Vg(z) on Ag

n. As in
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(4.62), split E(u−uc) over A
g
n and its complement. Lemma 6.1, the Stieltjes bound |u|+ |uc| ≤ Cη−1,

and (6.10) give

|ū− uc| ≤ Cn−23/85 + Cη−1n−581 ≤ Cn−23/85 + Cn−581+1/68 −→ 0.

Thus ū(z) ∈ Vg(z) for all sufficiently large n, uniformly in the stated spectral parameters. If
ζ1, ζ2 ∈ C satisfy

−1− y

z
+ yζh ∈ Vg(z), h = 1, 2,

then the resolvent identity for P (v) gives

|Fz(ζ1)− Fz(ζ2)| ≤ C|ζ1 − ζ2|. (6.25)

Taking expectations in (6.20) and using EŶj = 0 from (6.19) gives

|E(wn1Ag
n
)| ≤ Cn−1+1/400 +

1

n

n∑
j=1

|E(Ŷj1(Ag
n)c

)|

≤ Cn−1+1/400 + Cη−1n1/800P((Ag
n)

c)1−1/4000

≤ Cn−1+1/400.

The second term on the penultimate line is bounded, using η−1 ≤ n1/68 and (6.10), by
Cn1/68+1/800−581(1−1/4000). Its exponent is less than −580, which proves the final inequality.

Put w̄n = Fz(s̄). Equations (6.25) and (6.16) imply

|w̄n|P(Ag
n) ≤ |E(wn1Ag

n
)|+ CE(|s− s̄|1Ag

n
)

≤ Cn−1+1/400 + Cn−1+1/800 ≤ Cn−1+1/400.

Since P(Ag
n) ≥ 1/2 for all large n,

|w̄n| ≤ Cn−1+1/400.

On Ag
n, (6.25) now gives

|wn| ≤ C|s− s̄|+ Cn−1+1/400.

Taking the L200-norm, invoking Theorem 6.3, and using

∥(s− s̄)1Ag
n
∥200 ≤ Cn−1+1/800,

we obtain
∥wn1Ag

n
∥200 ≤ Cn−1+1/400.

Raising this estimate to the 200th power proves (6.24), because

200

(
−1 +

1

400

)
= −200 +

1

2
.
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6.4 Stieltjes transforms and spectral exclusion

The residual estimate in Theorem 6.5, the bound for |s− sc,n| in Lemma 6.1, and the local stability
condition (IG6) give the bound for mn −mc,n in Theorem 6.6. Lemma 6.7 uses this estimate to
bound integrals against the test functions uniformly over the family, while Lemma 6.8 gives a
deterministic criterion for spectral exclusion. We combine these results with estimates on a finite
net in I to complete the proof of Theorem 2.4.

Theorem 6.6. Uniformly for E ∈ I and η∗ ≤ η ≤ 1,

E
[
|mn(E + iη)−mc,n(E + iη)|2001Ag

n

]
≤ Cn−200+1/2. (6.26)

Proof. Fix E ∈ I and η∗ ≤ η ≤ 1, and write z = E + iη. Put u = u(z) and uc = uc(z). For
Dn = fn(u)− z, the exact identities (4.73) and (4.74) give

Dn(z) =
zy

u
wn(z)

and

Dn(z) = (u− uc)

[
1

uuc
− y

∫
t2 dHn(t)

(1 + tu)(1 + tuc)

]
.

On Ag
n, Lemma 6.1 and (IG6) bound u−1 and the inverse of the factor in brackets. Therefore

|u− uc|1Ag
n
≤ C|wn|1Ag

n
.

By (4.68) and (4.69), mn −mc,n = u− uc. Theorem 6.5 proves (6.26).

To use this transform bound in the exclusion argument, we first control integrals against the
test functions from Lemma 5.1. We use the cutoff χ from (5.1), which is zero on J and one outside
U , and the family

Fout = {Fη,u : u ∈ I, 0 ≤ η ≤ η0}.

Here η0 ∈ (0, 1] is fixed. For η > 0, Fη,u = χKη,u, where

Kη,u(λ) =
34∏
k=1

1

(u− λ)2 + kη2
.

At η = 0, F0,u is given by the piecewise definition (5.2), which is zero on J .

Lemma 6.7. For every fixed ε > 0,

P

(
sup

f∈Fout

∣∣∣∣∫ f d(µn − µc,n)

∣∣∣∣ > ε

)
≤ Cε

(
n−399/2 + n−581

)
. (6.27)

Proof. The total-boundedness and density arguments in the proof of Lemma 5.1 depend only on
the deterministic family Fout. The resolvents used there have heights in [1/2, 3/4], and η∗ ≤ 1/2
for all sufficiently large n. For the resulting finite collection of resolvent combinations g1, . . . , gK ,
Theorem 6.6 and Minkowski’s inequality give

E

[∣∣∣∣∫ gℓ d(µn − µc,n)

∣∣∣∣200 1Ag
n

]
≤ Cℓn

−200+1/2.
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The number K is independent of n, and both measures have total mass at most d+. The bound
|
∫
gℓ d(µn − µc,n)| ≤ 2d+∥gℓ∥∞ allows the finitely many remaining n to be included by increasing

Cℓ. The uniform approximation with error ε/(4d+), as in Lemma 5.1, contributes at most ε/2 to
the difference of the two integrals. Markov’s inequality, the finite union bound, and (6.10) then
prove (6.27), since −200 + 1/2 = −399/2.

Lemma 6.7 controls the contribution multiplied by χ. The following deterministic criterion
combines this with the bounds for mn −mc,n to show that Bn has no eigenvalues in I.

Lemma 6.8. There are constants cD, εD > 0 such that, for all large n, the conditions

sup
u∈I

1≤k≤34

|mn(u+ i
√
kη∗)−mc,n(u+ i

√
kη∗)| ≤

cD
nη∗

,

sup
f∈Fout

∣∣∣∣∫ f d(µn − µc,n)

∣∣∣∣ ≤ εD

imply spec(Bn) ∩ I = ∅.

Proof. For x ≥ 0 and h > 0, identity (5.7) at M = 34 reads

34∑
k=1

(−1)k−1
(

33
k−1

)
x+ kh

=
33!h33∏34

k=1(x+ kh)
.

With x = (u− λ)2 and h = η2∗, this identity expresses the product kernel as a linear combination of
((u− λ)2 + kη2∗)

−1, 1 ≤ k ≤ 34, with coefficients η−66
∗ (−1)k−1

(
33
k−1

)
/33!. The first hypothesis and

|ℑ(mn −mc,n)| ≤ |mn −mc,n| bound the imaginary part of the transform difference at each of these
spectral parameters. Dividing the k-th bound by

√
kη∗, summing with the coefficients above, and

using n−1 = η68∗ gives

sup
u∈I

∣∣∣∣∣
∫ [ 34∏

k=1

1

(u− λ)2 + kη2∗

]
d(µn − µc,n)(λ)

∣∣∣∣∣ ≤ CcD.

For all sufficiently large n, η∗ ≤ η0, so χKη∗,u = Fη∗,u ∈ Fout. By (IG6) and (5.1), (1− χ)µc,n = 0.
The second hypothesis and the preceding bound give

0 ≤
∫
(1− χ)Kη∗,u dµn ≤ CcD + εD (u ∈ I).

If Bn had an eigenvalue λℓ ∈ I, choosing u = λℓ would make the summand corresponding to this
eigenvalue contribute

1/n∏34
k=1 kη

2
∗
=

1

34!
.

Choosing CcD + εD < 1/34! gives a contradiction.

Proof of Theorem 2.4. The event and transform assertions follow from (6.10) and Theorem 6.6. To
prove (2.4), we verify the two conditions in Lemma 6.8 using Theorem 6.6 and Lemma 6.7.

With β∗ = 277/272 and η∗ = n−1/68 from (2.3), choose an n−β∗-net of I, with at most Cnβ∗

points, and use the 34 imaginary parts
√
kη∗. For all sufficiently large n,

√
34η∗ ≤ 1, so all these

heights lie in the range of Theorem 6.6. The derivative bound (5.11) gives the interpolation estimate

Cn−β∗η−2
∗

(nη∗)−1
= Cn69/68−277/272 = Cn−1/272 −→ 0.
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For each grid point and each imaginary part, Markov’s inequality and (6.26) give

P
(
|mn −mc,n| >

cD
2nη∗

, Ag
n

)
≤ C(nη∗)

200n−200+1/2 = Cn−200/68+1/2.

After summing over the net and the 34 imaginary parts, the exponent is

β∗ −
200

68
+

1

2
=

277

272
− 800

272
+

136

272
= −387

272
. (6.28)

The exponents −581 and −399/2, coming respectively from the event complement and the uniform
test-function estimate, are both strictly smaller than −387/272. Lemma 6.8 therefore gives (2.4).
Finally,

387

272
= 1 +

115

272
> 1,

so Borel–Cantelli proves (2.5).

6.5 Choice of moment order

The preceding proof uses qg = 200 in the transform estimate. To explain this choice, we compare
the probability exponents at a general moment order.

At a fixed moment order 2 ≤ q ≤ Qg/4, the second-moment contribution to the trace estimate

has the factor nqδ = nq/800. The product d
(2)
j εj in (6.23) contributes the larger factor n2qδ = nq/400.

If the residual and transform estimates are obtained at order q with these factors, the final finite-net
calculation gives the probability exponent

β∗ −
q

68
+

q

400
=

277

272
− q

83

6800
. (6.29)

Summability requires this exponent to be less than −1, equivalently

q >
(1 + 277/272)6800

83
=

13725

83
= 165.361 . . . .

Thus any integer 166 ≤ q ≤ Qg/4 makes the final probability bound summable, provided the
preceding moment estimates are proved at order q. The q-dependent residual estimates at qg = 200
use quadratic-form moments only through 4qg = 800 < Qg. The construction of Ag

n and the tail
estimate (6.15) use moment order Qg = 4000.

The moment order q0 = 164 from Theorem 2.2 does not give a summable bound by the same
argument:

277

272
− 164

68
+

164

400
=

6925− 16400 + 2788

6800
= −6687

6800
> −1.

7 Conclusion

Independent sample columns with martingale-difference coordinates satisfy, under the stated moment
assumptions, the conditional Hilbert–Schmidt quadratic-form estimates used by the leave-one-column-
out resolvent method. Under the assumptions of Theorem 2.2, the estimate

∥
(
mn(E + iη)−mc,n(E + iη)

)
1An∥164 = O(n−1)
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holds uniformly for E ∈ I and n−1/68 ≤ η ≤ 1, where An is the high-probability event in that
theorem. The probability that Bn has an eigenvalue in I is summable. Theorem 2.4 permits the
polynomial moment bound

max
i,j

E|Xij |8000 ≤ Cn5,

and gives the summable bound Cn−387/272 for the probability that Bn has an eigenvalue in I.
An extension of this proof to dependent sample columns would require control of the conditional

expectations of the centered quadratic forms in Propositions 3.2 and 3.3, together with a replacement
for the cancellation (4.29) in the martingale argument. A separate quantitative problem is to lower
the coordinate moment orders while preserving a summable spectral-exclusion estimate.
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