Eigenvalue Exclusion for Sample Covariance Matrices
with Dependent Entries

Alex Hassett

Faculty Mentor: Dr. Simona Diaconu

October 2, 2026

Abstract

Let )
By = S TPXa X010, pa=xm,

where X,, = (X;;) € RP»*" is a random matrix and T;, € RP»*P» is deterministic and positive
semidefinite, with sup,, || Ty |lop < 00. We assume that the sample columns are independent, while
the coordinates within each column form a conditionally standardized martingale-difference
sequence. Under a uniform 2626th coordinate-moment bound, we prove a conditional quadratic-
form estimate at the covariance-weighted Hilbert—Schmidt scale. On compact intervals satisfying
the stated deterministic support and stability conditions, we obtain, on an event of high
probability, a 164th-moment bound for the difference between the random and deterministic
Stieltjes transforms at imaginary parts down to n~1/8. For each such interval, the probability
that B, has an eigenvalue in that interval is bounded by Cn=379/272_ yielding eventual almost-
sure exclusion. We also treat the polynomial moment bound max; ; E|X;;|%9°° < Cn®, for which
the corresponding probability is bounded by Cn=387/272,
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1 Introduction

A covariance matrix records the variances of the coordinates of a random vector with finite second
moments and the covariances between those coordinates. Its eigenvalues give the variances along
orthogonal principal directions. In principal component analysis, the directions associated with
the largest eigenvalues are used to summarize the dominant variation in the data [2]. Since the
population covariance matrix is typically unknown, it is estimated from observations. Understanding
how sampling affects the spectrum of the resulting sample covariance matrix is therefore important
for covariance estimation and dimension reduction.

For each n, set p = p,, and consider a random matrix X,, = (x1,...,x,) € RP*" together with
a deterministic positive semidefinite matrix 7,, € RP*P. We study the eigenvalues of

1
B, = —TY/?X,X:T}/?
n

when p and n grow at comparable rates. A basic problem in this regime is to identify a deterministic
measure that approximates the empirical spectral distribution of B,,. Such convergence alone does



not rule out finitely many eigenvalues lying in a compact set disjoint from the deterministic support.
The question addressed here is whether eigenvalues can occur in such a set.

For sample covariance matrices formed from data matrices with independent entries, Bai and
Silverstein proved, under suitable hypotheses, that fixed compact subsets of the complement of the
deterministic limiting support eventually contain no eigenvalues [1,2]. Their argument combines
leave-one-column-out resolvent identities, high-moment resolvent estimates at spectral parameters
FE +in, with n, | 0, and an argument using a nonnegative kernel. For dependent data, quadratic-
form criteria and martingale-type assumptions yield global spectral limits in several settings [4,6,7],
while blockwise dependence can also be compatible with Marchenko—Pastur laws [3]. These global
results do not supply the quantitative moment estimates at vanishing imaginary parts used in the
spectral-exclusion argument.

In the present model, the sample columns are independent and the coordinates within each
column form a martingale-difference sequence with conditional variance one. Deleting a column
therefore leaves a minor resolvent that is independent of the omitted column, while dependence
among the coordinates of that column is handled by a martingale quadratic-form estimate. To state
the conditional form of this estimate, write

ry = n_l/zTﬁ/zxj, gj = U(.%'k 1k 7é j)

Under conditions (IC3)—(IC5) of Assumptions 2.1, Proposition 3.2 shows that every G;-measurable
matrix A; € CP*P satisfies

#(

where Cy is independent of n, j, and A;. The Hilbert—Schmidt dependence on A; is the probabilistic
input needed for the leave-one-column-out resolvent estimates.

Theorem 2.2 is the principal result under uniformly bounded coordinate moments. Under
Assumptions 2.1, which include the uniform bound on the 2626th absolute coordinate moments
in (IC5) and the deterministic support and stability conditions in (IC6), it gives a 164th-moment
comparison of the random and deterministic Stieltjes transforms down to imaginary part n=/68 on
a high-probability event. For every compact interval Z considered in that theorem,

. 1
TjAj'l“j — ﬁ TI‘(TnAj)

q
) gj> < Con {Tr(T, AT, A2, 2<q<1313,

P(spec(Bn) NT # @) < Cn~379/272,

so T is almost surely free of eigenvalues for all sufficiently large n. Theorem 2.4 permits the
polynomially growing moment bound

max | Xij\SOOO <o’
27]
and yields the summable estimate
P(spec(B,) NI # @) < Cn~—387/272

The resulting factor n/8% in the L7-norm estimate of Proposition 3.3 enters the estimates in the
second proof. The moment orders and exponents used below are sufficient for these arguments and
are not claimed to be optimal.

The proof retains the rank-one resolvent identities, finite-dimensional self-consistent equation,
deterministic stability argument, and use of a nonnegative kernel from the Bai—Silverstein method
[1,2]. The probabilistic input for the present model is developed in Section 3. There, a martingale



quadratic-form inequality is applied conditionally on all columns except the omitted one. Bounds
for the resulting minor resolvents then permit a martingale estimate for the fluctuation of the
normalized trace about its expectation. This controls the random fluctuation but does not yet
compare the expectation with the deterministic transform. For this, we express the error in the
self-consistent equation as centered quadratic forms and remainder terms, estimate its mean, and
use the trace bound to control the random error. The deterministic stability assumptions, together
with a preliminary continuation argument that locates the relevant solution, convert this error
estimate into the bound for m,, — m., in Theorem 4.5. Finally, we combine this bound with the
estimate for a compact family of test functions in Lemma 5.1 to control the integral of a nonnegative
kernel near Z. An eigenvalue in Z would contribute more than this bound allows.

Section 2 gives the model, assumptions, and main results. Sections 3-5 prove Theorem 2.2
through the sequence just described. Section 6 proves Theorem 2.4 by adapting these estimates to
polynomially growing moments. Section 7 summarizes the results and discusses possible extensions.

2 Model and main results

The two main results concern the same sample covariance construction, with different bounds on
coordinate moments. Subsection 2.1 introduces the notation and states the result for uniformly
bounded moments; Subsection 2.2 allows a moment bound that grows polynomially with n. We
then explain the deterministic spectral conditions in Subsection 2.3 and the dependence permitted
among coordinates in Subsection 2.4. Subsection 2.5 verifies the assumptions in an i.i.d. special
case.

2.1 Uniformly bounded moments

We first define the sample matrices and their comparison transforms. The notation introduced here
will also be used for polynomially growing moments in Subsection 2.2.
For each n, fix a positive integer p,, set y, = p,/n, and write [n] = {1,2,...,n}. Consider a
random matrix
Xp= (@, ey eren g = (x (™ XN

together with a deterministic, real symmetric, positive semidefinite matrix T,, € RP»*Pn_ TIts
empirical spectral distribution is

1 &n
Hy=—> 6,1,
Pn a=1

For j € [n] and 2 € Ct = {w € C: Sw > 0}, write
Tn,j = n71/2T$/2$§‘n)7 Bn = Zrn,jr;,ﬁ Rn(z) = (Bn - len)il'
j=1

For S C [n], use the notation

Br,(LS) = Bn - Z’rn,j,r:l,j7 Rn,S(z) = (B’r(LS) - ZIp'rL)il'
jes

The spectral measures in the two normalizations are

1 Pn s 1 Pn
Un,s = ]T Z(sA[(B;S))) /J’£L ) = E Zé)\é(BéS))a Hn = :U’ng)
™ o=1 =1



Thus v, g is a probability measure and Mﬁf) = YnVn,s has total mass y,. The latter normalization

gives the Stieltjes transform n~! Tr R, (z) and assigns mass 1/n to each eigenvalue, counted with
multiplicity.
On the underlying probability space (£, .4, P), define

Gn,j = 0(1‘,(6”) ck #£7j), Ho i = a(fng"), e ,:B,(C")), Enr=E(- | Hnk)s
for j € [n] and 0 < k < n, with H, o = {&,2}. The coordinate filtration in column j is

Fnji= O'(X(n)

1]77X2(]n))7 1S/L§pn7

with ]:n,j,O = {Q, Q}

The normalized traces are

1 1
sn(2) = o Tr Ry, (2), sn,s(2) = o Tr R, 5(2).

The corresponding transforms are

1 1_yn l_yn
Mn(2) = Ynsn(z) = - Tr R, (2), up(z) = — . +mp(2), Un,s(2) = — .

+yn5n,3(z)'
For v € C satisfying v # 0 and 1 4 tv # 0 for every ¢ € supp H,,, define

1 / t dH,(t)

fn(v) = _; + Yn

14ty

For z € C*, the deterministic comparison transform u.,(z) is the solution in C* of the finite-
dimensional sample-covariance equation [2, (6.1.5)—(6.1.6)]

fuluen(2)) = 2.

Here z is the spectral parameter, whereas v is the argument of the function f,. The deterministic
transforms in the two trace normalizations are

1 1— 1—
son(z) = = (uc,n<z> ; y) L Men(2) = gusen(z) = ton(2) + 1Y,
Yn z z

Thus s, uses the normalization p,, ITr R,,, whereas Mep USES n~!Tr R,. Denote by fen the
deterministic measure of total mass y, whose Stieltjes transform is m.,. Multiplying a measure by
the positive number 1, does not change its support, so the support condition below is equivalent in
either normalization. For v € C for which the inverse exists, write

P,(v) = (I, +vT,)~ "

When n is fixed, we suppress its index in the notation; for example, p = p,, z; = xg-n), Xij=X Z-(TL),
and ue = Uepn. We also write Rj = Ryjy, Rk = Ry, 85 = sgj), and uj = ug;y. We use |[|[|op and
||| for the operator and Frobenius norms, respectively, ||V, = (E|Y|?)'/? for the L¢-norm of a
random variable, and 1¢ for the indicator of an event £.

Assumptions 2.1 (Uniformly bounded moments).

(IC1) There are constants 0 < d_ < d4 < oo such that d_ < p,/n < dj.



(1C2) sup,|[Tallop < oo
(IC3) The columns l'gn), . ,xﬁ{‘) are mutually independent; they need not be identically distributed.
(IC4) For the filtration F, ;; (as defined in Subsection 2.1),

(IC5) For @ = 1313,
sup max E\Xi(n)FQ < 00.
n 1<i<pn,1<j<n J
(IC6) There are compact intervals Z, J,U satisfying
ZcCintJ, J CintU, U c (0,00),

and constants Lo, cst > 0 such that U N supp pe, = @ for all large n, and, uniformly for
EFcland 0 <n < Ly,

e (E +in)| = et inf |14 tuc,(E+in)| > c,
tesupp Hyp,
1 t2 dH,(t)
— e Y — | > e
Uen (E +1in) (14 tuen(E +1in))

For the uniformly bounded moment regime, set

_ 277 _
qo = 164, Ne =1 1/68, Bs = 79 No = TIS =n "33,

The following theorem is our first main result. It gives a moment estimate for the difference of

the random and deterministic Stieltjes transforms on an event of high probability, and a summable

bound on the probability that B,, has an eigenvalue in Z. The deterministic conditions that make

this comparison possible are explained in Subsection 2.3.

Theorem 2.2 (Uniformly bounded moments). Under Assumptions 2.1, there are events 2, such
that
P(AS) < Cn~243/5

and, uniformly for E € T and n=/%8 < <1,
E [|mn(E +in) — men(E +in)[**19,] < O~

Moreover,
P(spec(Bn) NI # &) < Cn=379/272 (2.1)

and therefore
spec(B,) NZ =@  for all sufficiently large n, almost surely. (2.2)

2.2 Polynomially growing moments

We next allow the bound on the coordinate moments to depend on n. The assumptions below use
moment order 8000 and permit a bound of order n°. The resulting concentration estimate contains
an additional power of n, whose effect on the estimate for m,, — m,, and the resulting probability
bound is quantified in the second main theorem.



Assumptions 2.3 (Polynomial moment growth).

(IG1) There are constants 0 < d_ < d4 < oo such that d_ < p,/n <d,.

(IG2) The matrices T,, are deterministic, real symmetric, and positive semidefinite, and
sup,, || T ||lop < 0.

(IG3) The columns a;gn), e ,x%n) are mutually independent; they need not be identically distributed.
(IG4) For the filtration F, j; (as defined in Subsection 2.1),

E(XS) | Fagic) =0, E((XI)? | Fagi) =1 as.

ij

(IG5) For Qg = 4000,

M. = max E|X ™20 < cn®.
R P B Xy 17 <

(IG6) There are intervals Z, J,U with compact closures satisfying
T CintJ, J Cintl, U c (0, 00),

and constants Lo > 1 and ¢ > 0 such that, for all large n, U Nsupp pc,n = &, and uniformly
for Eeld and 0 <n < Lo,
e (B +in)| > cst,

inf |1+ tuen(E +in)| > ¢y,

tesupp Hy,
1 t2 dH,(t)
—.2 - yn N 2 Z CSt’
Ue,n (E + 177) (1 + 75uc,n(E1 + 177))
Set
1 ~1/68 6 _ . —3/34 277
qg:200’ 6:%7 n*:n / s 770:7’]*:71 / , B*:ﬁ (23)

Under these assumptions, the next theorem gives a transform estimate that still yields a summable
bound on the probability that B, has an eigenvalue in Z, and hence eventual almost-sure exclusion.
Its proof in Section 6 keeps track of the additional moment factor throughout the resolvent estimates.

Theorem 2.4 (Polynomially growing moments). Under Assumptions 2.3, there are events A3 such
that
P((25)°) < Cn ™™

and, uniformly for E € T and n='/%8 <5 <1,
E [|mn(E + i) — men(E + in)|*P1ys ] < On 200712,

Moreover,
P(spec(Bn) NI # &) < Cn~387/272, (2.4)

and therefore
spec(Bn,)NZ =@ for all sufficiently large n, almost surely. (2.5)



2.3 Deterministic spectral assumptions

Conditions (IC6) and (IG6) combine separation from the support of the comparison measure
with bounds on the solution of the deterministic equation f,(ucn(2)) = 2z (recall its definition in
Subsection 2.1). The interval Z is the target for spectral exclusion; [J provides a larger interval for
the covering and cutoff arguments, and the analytic bounds hold on the still larger interval ¢. Since
U is disjoint from the support of fi., the representation

() = [ el

extends analytically across ¢ and is real-valued on ¢. The same holds for ., (2) = men(2) — (1 —
Yn)/z, because U C (0,00). At n =0, the expressions in (IC6) and (IG6) are evaluated using these
analytic continuations.

The first lower bound controls uc_’}l, which appears in the deterministic equation and the residual

identities. The second controls the inverse of I,, + u.,7T,. Indeed, diagonalizing T;, gives
—1

<cst .

I Tn)  lop = [T+ tun|
|(Lp,, + tenTn) ™ lop tegprH”Htuam -

These two conditions keep the reciprocal terms in f,, bounded. Differentiation with respect to its

, 1 t2 dH,(t)
falv) = 02 _yn/W~
The third lower bound is therefore |f;, (uen(2))] > cst; it controls the local inverse of the deterministic
equation. All three bounds hold with one positive constant independent of n, E, and n on the
specified parameter set. Nonvanishing for each fixed n alone would not give this uniform control.
Including n = 0 makes the bounds applicable as the imaginary parts in the proof tend to zero.
The role of the derivative can also be seen from the exact identity

argument v gives

1 t2dH, (t)

falv) =2 = (v =ten(2)) [vucvn(z) a yn/ (14 tv)(1 + tucn(2))
At v = ucp,(2), the factor in brackets equals f),(uc(2)). The uniform denominator and derivative
bounds keep this factor bounded away from zero in a sufficiently small neighborhood of u. (z). On
the event Q,, constructed in Lemma 4.1, the continuation argument keeps u, s(E + in) (as defined
in Subsection 2.1) in that neighborhood for £ € J, n. <17 <1, and |S| < 2. Theorem 4.5 then
uses this factorization to convert the residual estimate into a bound on m,, — m¢, = Up — Uep.
Lemma 6.1 and Theorem 6.6 use the same deterministic argument under (IG6).

2.4 Dependent coordinates

We now turn from the deterministic spectral conditions to the dependence structure of the sample
vectors. Conditions (IC3)—(IC4) and (IG3)—(IG4) distinguish independence across sample columns
from dependence among the coordinates of a single column. For k < ¢, the martingale-difference
property gives

E(Xij Xkj) = B[ X E(Xy5 | Fji1)] = 0,

while conditional standardization gives IEX% = 1. Hence

* * 1
E(:Uj:zj) =1, E(Tj’l”j) = ﬁTn'



The conditional distribution of X;; beyond its first two moments may nevertheless depend on
X1j,...,X;-1,; in particular, the coordinates within a column need not be independent or identically
distributed.

The two principal uses of independence across columns are conditional quadratic-form con-
centration and the trace martingale. Conditioning on G; leaves the law of x; unchanged and
makes a leave-one-column-out resolvent deterministic relative to that conditional law. The same
independence makes (Ex — E;_1)Y = 0 whenever Y is integrable and measurable with respect to
all columns except the kth. No independence among the coordinates of one column is used in
Theorem 3.1.

2.5 The i.i.d. case

The probabilistic conditions simplify for independent entries. We verify the deterministic conditions
explicitly in the square case with identity population covariance.
Let the entries of X,, be i.i.d. copies of a real random variable £ satisfying

E¢ =0, Ee&? = 1.

Independence gives (IC3)—(IC4) and (IG3)—(1G4).
For this calculation, take p, = n and T,, = I,,; the general aspect-ratio conditions (IC1) and
(IG1) require only p, < n. Then y, = 1, H, = 1, and the deterministic equation becomes
1 1 1

Uce,n 1+ Ue,n Uc,n(l + uc,n) ( )

The corresponding measure is the Marchenko—Pastur law with aspect ratio one, whose support is
[0,4] [2]. Choose compact intervals Z, J,U with

ZCintJ, J Cintl, U C (4,0) (2.7)

and fix Lo > 1. On
Z={E+in:E€U, 0<n< Lo},

the solution of (2.6) is the continuous branch

1+ /1 -4z
N 2

Uen(2)

that tends to zero as z — oco. It does not take the values 0 or —1 on Z. Moreover,

I u _ _ — C7n . 2;8
Fal C’n) u%’n (1+ Uc,n)2 ug,n(l + UC,N)Q =

If the right-hand side vanished, then u., = —1/2, and (2.6) would give z = 4, which does not
belong to Z. Since this solution is independent of n, compactness of Z gives a constant c¢g > 0 for
all three bounds in (IC6) and (IG6). The choices p, = n, T,, = I,,, and (2.7) consequently satisfy
(IC1), (IC2), (IC6), (IG1), (IG2), and (IG6).
If E|£]?626 < 0o, then (IC5) holds and Theorem 2.2 applies with these choices of p, and T},. If
E|¢[8% < oo, then
Msgooo0,, = E[¢[* < Cn®,

so (IG5) holds and Theorem 2.4 applies as well.



3 Quadratic-form concentration

This section establishes the probabilistic estimate used in the subsequent resolvent arguments.
Theorem 3.1 treats a deterministic coefficient matrix and depends only on the martingale-difference
and moment conditions within one column. Proposition 3.2 conditions on all other columns to
obtain the form used in Sections 4 and 5, while Subsection 3.1 retains the moment factor needed in
Section 6.

Theorem 3.1 (Quadratic forms of martingale differences). Let Q > 2 be an integer and let
r=(X1,...,Xp)T be a real random vector. For F; = o(X1,...,X;), with Fo = {@,Q}, suppose

E(X;| Fii1) =0, E(X?|Fii1)=1 as.,
and put Mag = max; E|X;|?? < co. Then, for every deterministic A € CP*P and every 2 < q¢ < Q,
E|a" Az — Tr A" < CooMZ)? | Al (3.1)

The constant Cy g depends only on q and Q; in particular, it is independent of p, A, and the
distribution of x.

Proof. 1t is enough to prove the estimates for ¢ = (), because Lyapunov’s inequality then gives the
result for every ¢ < Q. We first treat a real symmetric matrix A normalized by [|A||p = 1. Write

2T Az —TrA=D+ 0,

where

p p
i=1 =1

k<i

For the diagonal term, the summands d; = a;;(X? — 1) form a martingale-difference sequence.
The Burkholder—Rosenthal inequality for real-valued martingales gives

Q/2
E|D|° < Cq |E (ZEi1|di|2> + Z]E|d,-|Q ) (3.2)

where E;_; = E(- | Fi_1); see Bai-Silverstein, Lemma 2.13 [2]. Since Mg > (EX?)? = 1 and
3. a% < 1, the weighted convexity inequality

Q/2
2
) )

followed by conditional Jensen gives

Q/2
B (Z afEi1| X7 - 112> < > aiE|XE -1
K i

< CoMag.

Also, because @ > 2 and >, a% <1,

Y Eldi|? < CoMag Y Jaii? < CoMag.
% %

9



Equation (3.2) therefore gives
E|D|? < CoMag. (3.3)

For the off-diagonal term, L; is F;_i-measurable and X;L; is a martingale difference. Burkholder—
Rosenthal gives

Q/2
E|O|® < Cq |E (Z L?) +) EIX;Li|| . (3.4)
7 %
Let L = (Ly,...,Ly)T. It is the martingale transform

p
L= ZXkUka Vg = (alkl{k<1}, ce ,apkl{k<p})T
k=1

The vectors vy are deterministic, so (Xpvg) is an RP-valued martingale-difference sequence with
respect to (Fi). Conditional standardization gives

Ep—1 || Xxvrl3 = [lvgll3-
Apply the Hilbert-space case of [5, Theorem 4.1] at moment order @, using

EmgXHXkUkHzQ < EXG oS
k

The theorem bounds the maximum of the norms of the partial sums, and therefore also ||L||2. These
substitutions give

Q/2
BILIS < Co (znvknz> S B2
k k

< Cq (1 + My Zl!wl!?) < CoMyy’ < Colag. (3.5)
k

Here >, vkl < ||A||% = 1, and ZkHvkﬂg < 1. Thus the first term on the right of (3.4) is at most
CoMsg.
For the second term in (3.4), Cauchy—Schwarz gives
SUEIXLI? < 3 EIXPYAEILP)Y < Myy Y (EILP) .
i i

7

Apply the Burkholder-Rosenthal inequality at order 2Q to L; = >, _; aXy. If r? = D oh<i afk, then

%4 Mag |az‘k|2Q] :
k<i

E|Li|*? < Cq

Consequently,

i 1/2
STEILP)V? < O | Y+ M) (Damw)

7 k<i

i Q/2
< Cq <Z Tf) + M;é; Z TiQ

< CQMQIC/;.

10



Here ||(ai)k<ill2g < (i )k<illz =75, D72 < 1, and 3, riQ < (32, 72)9/2 < 1. The second term in
(3.4) is therefore at most CgMag, and

E[O|? < CqoMag. (3.6)

Combining (3.3) and (3.6) proves (3.1) at ¢ = @ for real symmetric A with ||A|F = 1.

For a real matrix A, 27 Ar = 27 (A + AT)x/2, and ||[(A + AT)/2||r < ||A||r. If A is complex,
write A = A + 1Ay with real Ay, A, replace each Ap, by (Ap, + AL)/2, and apply the real estimate
to the resulting two real symmetric matrices. Their Frobenius norms are bounded by a universal
multiple of | A||r. Homogeneity removes the normalization, and Lyapunov’s inequality completes
the estimate for 2 < g < Q. ]

Conditioning on all columns except the omitted one fixes the coefficient matrix in a leave-one-
column-out quadratic form. The next proposition records the resulting estimate under Assump-
tions 2.1.

Proposition 3.2. Fiz j € [n]. If A; € CP*P is G;j-measurable, then, for every 2 < q < Q (recall
Q = 1313 from (IC5)),

“(

The constant Cy is uniform in j.

N 1
Tj AjT‘j — E TI"(TA])

' ( gj> < O {Te(TA;TAD 2. (3.7)

Proof. Condition on G;. The matrix A; is then fixed, while column independence leaves the law of
x; unchanged. Apply Theorem 3.1 to

n~ TV ATV,
The identities
|TY2A;TV?3 = Te(TA;TAS),  Te(TY?A;TY?) = Te(T A;)

give the assertion. O

3.1 Polynomial moment growth

Under Assumptions 2.3, the conditioning argument in Proposition 3.2 retains the factor contributed
by M>q, n- The second conclusion below is the form used for the resolvent coefficients in Section 6.

Proposition 3.3. Fiz j € [n]. Let A; € CP*P be Gj-measurable. For every 2 < q < Qg (recall
Qg = 4000 from (1G5)),

il

Consequently, if £ € G; and Tr(TAjTA;f) < Cn on &;, then, with 6 = 1/800 as in (2.3),

. 1

6,) < Coriglds (REATA) 6
* 1 -
I (TjAjTj T Tr(TAﬂ) L[l < Cn™!/2%7. (3.9)

11



Proof. Condition on G;. By (IG3), the conditional law of z; is its unconditional law, while A; is
fixed. Theorem 3.1, applied with C = n_lTl/QAjTl/z, gives

E (|ojCa; = T CI7 | G) < CuMEL% 1%

Since
ICI3 = n 2 To(T A, T A3),
this is (3.8). Multiplying (3.8) by 1¢,, taking expectations, and using the stated Hilbert—Schmidt

bound gives
* -1 q —q/259/Q
E HrjAjrj -n Tr(TAj)‘ 15].] < Cyn a/ MgQgi.
Taking the ¢-th root yields

B _ 1
(75 Ajry —n~ ' Te(TAj)) 1g,[lg < Cyn 1/2M2c/?§,gn'

Finally,
leéQg < O'pB/4000 _ (,,1/800
g — ’

which proves (3.9). O

4 Resolvent estimates

Under Assumptions 2.1, we apply the conditional quadratic-form estimate to bound m,, — my,
as needed for spectral exclusion. Subsection 4.1 first bounds the minor transforms, weighted
traces, and reciprocals of the rank-one denominators on a common event. These bounds allow the
martingale argument in Subsection 4.2 to control the fluctuation of the trace about its expectation.
To identify the deterministic approximation, we estimate the residual in the self-consistent equation
in Subsection 4.3. Subsection 4.4 then uses deterministic stability to obtain the comparison with
Men.-

4.1 Estimates with at most three deleted columns

The Hilbert—Schmidt quantities on the right of Proposition 3.2 must be controlled when the coefficient

matrix is a minor resolvent or one of its powers. The following lemma bounds these weighted traces

and the reciprocals of the denominators in the rank-one resolvent identity on a common event,

uniformly over the indicated column deletions and spectral parameters. We then use its probability

estimate to construct the predictable indicators needed for the column martingale in § 4.1.1.
Recall Q = 1313 from (IC5) and n, = n~ Y%, 5, = 1% from Subsection 2.1.

Lemma 4.1. There is an event €, such that
]P)(Q%) < Cn_Dreg, Dreg =——-13= ) (41)

and on Qy,, writing z = E + in, uniformly for E € J, n. <n <1, and |S| < 3,

s5(2) — se(2)] < Cn23/85 (4.2)
vs(J) < Cnf.

12



Moreover, uniformly for E€Z, n, <n<1,andr=1,2,3,
1
— Tr(TRgT(Rg)T) <. (4.4)
n

Under the same restrictions on E and n, for every j ¢ S with |S| < 2,

1 -1 i 1
1+ ﬁ TI‘(TRSU{]-}) + ‘1 + TjRSU{j}Tj| < (. (4.5)

Proof. We first obtain simultaneous quadratic-form estimates on finite meshes. These estimates
initiate a comparison of the minor transforms at a large imaginary part, which is then continued
down to 7,. The resulting comparison gives the spectral-mass and weighted-trace bounds, together
with the reciprocal denominator bounds in the statement.

Choose deterministic meshes of J and [1, Lg], each with at most Cn® points and mesh size at
most n~°. For |S| <2, j ¢ S, and a mesh point, apply Proposition 3.2 to the three G;-measurable
matrices

I Rsugy BsogyPlusuggy)-

For each of these matrices A, set
|23 T2 AT 25 — Te(TA)|

Zjs(A) = |TY2ATY2| R ’
0, |TY2ATY?||p = 0.

1T AT > 0,

Since
i AT) — n ' Tr(TA) =nt (ij1/2AT1/2a;j — Tr(T4)),

Proposition 3.2, applied to A and conditioned on G;, gives
EZ;5(A)9 < C.

There are at most
Cn?-n-n'%=0on'

tests. Therefore the event on which all normalized tests are at most n!/? satisfies
P(Q;) < Cn137Q/5 — Cn71248/5'

On the resulting event, Sherman—Morrison gives, for j ¢ S,

Rs = Rgujy — BisRsugyriri Rsuggys Bis = (L4715 Rsugjyri) (4.6)
The rank-one trace estimate is
| <—<& (4.7)
sg— squrin| < — < —. .
Su{j} =
Also ) 9|
JjEs

We first work at the mesh points on {2,,. The normalized test with coefficient Rg;, gives

* 1 - -
TjRSU{j}rj — 5 TI'(TRSU{J})’ < Cn 3/1077 1' (49)

13



Here we used ||Rgugillop < 7' Deleting one column from the data matrix changes the sample

covariance resolvent by a matrix of rank at most one, by (4.6), and of operator norm at most 2n~".

For this difference D,
| Te(TD)| < T |lopl| Pllop < 21T llopn™".

For distinct indices j,k ¢ S, apply this bound to the two comparisons through Rgyyj,ky to obtain

1 1 C
~Tr(TRsugy) — - Tr(TRsupry)| < ot

For gj.s = r; Rsugjyr;, the preceding two estimates imply

< Cn_g/lon_l +Cn~n~ L

2,5 — ks

Since
Bi,s — Br,s = B5,58k,5(ar,s — 4j,5)

and the resolvent bound gives |8; s| < |z|/n,

rr’igé 18,5 — Br.s| < C’{n_3/10n_3 + n_ln_3}. (4.10)
]7

At 1 = 7, the right-hand side equals Cn=3/8 4+ Cn=2/3* = o(1). If |ug — u.| < 1, equation (4.8)
bounds the mean of the ;5. Equation (4.10) bounds the difference between each ;s and this
mean; hence
sup |Bj.s| < C (4.11)
Jj¢s
whenever |ug — u.| < 1.
For later use, define

1 t2 dH, (1)
Koyue) = 2= y/ 1+ to) (1 + tuy)

Uniform continuity and (IC6) give a fixed 0 < p < 1. For z = E +in, where E € Y and 0 < n < Ly,
set
V(z) ={v e C:|v—uz)| < p}.

Uniformly over these values of z,

veV(z) = |[[PW|op<C, u>¢, [K(v,ue)|l>c. (4.12)

We begin the continuation argument at a fixed value n = Lg. The stability bounds in (IC6)
persist if Ly is increased to another fixed value. To verify this, write u. = a + ib and take imaginary
parts in its defining equation. Then

b t2bdH, (1)
N=v"m9"Y | 7wV 12>
el |1+ tug|

so |ue] <1~ On any additional bounded interval of imaginary parts, the defining equation and
|T)|op < C bound |u.| away from zero; moreover

1 2 dH, (t
2ol |- [ R

> n2.
2 (14 tue)? =1

14



Thus we may and do assume that the Ly used in the mesh above was chosen sufficiently large.
The radius p can be chosen together with Lg. Fix a sufficiently large H, independently of n. For

n > H, the defining equation gives (21) 7! < |uc| <57t If [v — ue| < (8n)7 %, then

2 2

8n 4n
[P(v)|lop <2, K (v, ue)| > o T2, > o

Indeed, |v| < 9/(87n), and both |1 + tv| and |1 + tu.| are at least 1/2 for t € spec(T), after
increasing H if necessary. Let pg > 0 be a uniform radius on 0 < n < H. For Ly > H, the choice
p=min{pgy, (8Lg) !} therefore gives (4.12) on the whole interval [0, Lo).

The test with A = I, and [|T|p < C/p gives zjTz; < Cn on this event. Consequently,
p 1 Tr B < C for |S| <2, and at z = F +iLy,

|s5(2) + 271 = ’/ Advs(A)

zZ(A—2) =

Hence |ug(z) + 27| < CLy?. If he = y [t(1 + tu.) "' dH,(t), then u. = —(z — he)~" and, for
sufficiently large Lo, |he| < C and |u.(z) + 27! < CLy?, with constants independent of Ly > H.
Since C'Ly 2 < imin{pH, (8Lo)~!} for sufficiently large fixed Ly, this gives

sup  |us(E +1iLg) — uc.(E +1Lo)| < p/4. (4.13)
EcJ,|S|<2

Let P = P(ug). Multiplication of (BY) — 2I)Rg = I by Ps, followed by a normalized trace,
gives the exact identity

1 5]
ws =~ Z Bjsdjs + wep Tr(PsTRs), (4.14)
igs
where

1 1
wg = —— Tr Pg — = Tr Ry, (4.15)

zp p

1, 1

djs = ];ijl/zRSU{j}PSTl/%j - Tr(PsTRg). (4.16)

Put Pjs = P(ugsyy,y)- Replacing Ps by the Gj-measurable P; g, using

P(us) — P(usugsy) = (usugyy — us)P(us)TP(usugy),

gives the exact decomposition

Lr .
dj7,5' = 5 [ij1/2RSU{j}Pj,ST1/2$j — Tr(Pj,STRsu{j})

1 *
+ o T Reugsy (Ps = Pys) T2,

1 1
+ » Tr((Pj,s — Ps)T Rsuyjy) + » Tr(PsT(Rsugjy — Rs))- (4.17)

To estimate these terms at a mesh point, suppose ug € V(z). Equation (4.12) bounds Ps. Also,
lusugy — us| < C(nn)~t = o(1), uniformly for n > n,, and

-1
Pj7s = [Ip + (USU{j} — uS)PsT] Pg.
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For all large n, the matrix perturbing I, has norm at most 1/2, so || Pj s|lop < C. The three quadratic-
form tests and the rank-one resolvent bounds now bound the four terms in (4.17), respectively,
by

Cn—?)/lon—l’ Cn~ln72, Cn~1n2, Cn~tnL.

The definitions of wg and ug give the identity
zyws = usDs(2),

where

1+tuS.

Whenever ug € V(z), both ug and z are bounded above and away from zero. Combining this
identity with (4.14) and the preceding estimates gives

D(2) = —» — 1+y/thn(t)

Ds(2)] < Cdreg(n),  Oreg(n) =010~ 2 4 0=ty 72, (4.18)
The residual admits the factorization
Ds(2) = (us — ue)K(ug, ue). (4.19)
The factor K(ug, uc.) is bounded away from zero whenever |ug — u.| < p, by (4.12). At n = .,

Oreg (710) < Cn3M0 73 L on g3 = o(1).

Mo

Order the mesh in n from Ly down to 7,. Equation (4.13) places every ug, |S| < 2, in the
p/4-neighborhood at n = Ly. For adjacent mesh points z, 2/, resolvent continuity gives

IRs(2) = Rs(2)|lop < |2 — 2|02,
and the same estimate holds for the deterministic transform. Thus
lus(2) — ug(2')] + [ue(z) — ue(z')] < Cn~"n;? = o(1).

Suppose that z is the first mesh point at which |ug(z) — u.(z)| > p/2 for some S with |S| < 2. The
estimates at the preceding mesh point and the continuity bound imply |ug(z) — uc(2)| < p for all
large n. Equations (4.18) and (4.19) then give

lus — te| < Clrg (o) = C{n~2/1T0 4 n=W/1TY — (1),

contradicting the choice of that mesh point for all large n. Hence |ug — u.| < p/2 at every mesh
point. Applying (4.18) and (4.19) there gives |ug — uc| < Cdreg(n). For an arbitrary point £ + in
in the parameter rectangle, choose a nearest mesh point E’ +in’. Then n’ < 7, and the continuity
estimate yields

lus(E +1n) — uc(E +in)| < Cdreg(n) + Cn~n, 2.

Here n=°n;% = n=%%/17 is o(n,) and o(n=23/8%). In particular, |ug — u.| < p/2 throughout the
rectangle for all large n. At n > n,,

n—S/IOn—Q < n—3/10+2/68 — n—23/85’
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and ug — u. = y(sg — s¢). Since y is bounded away from zero, this proves (4.2) for |S| < 2. If
|S| = 3, delete one index from S and apply (4.7); since (nn,)~' = n=67/68 = o(n=23/8%)  the same
estimate holds for matrices with three deleted columns.

At 1 = n, = n®, support separation and the transform bound imply the following estimate for
|S| < 2. The rank-one comparison extends it to |S| = 3, because (n7,)~! = n=31/3% = o(n,):

sup Sss(E +ino) < Cno.
EcJg

Cover J by at most Cng Uintervals of radius 7, centered at points E, € J. If A — E,| <1, then

"o Zi

(A= Ea)*+m3 ~ 210
The spectral representation of sg therefore gives
vs([Ea = 1oy Eq + 1)) < 216S55(Eq + ine) < Cn3.

Summing over the covering intervals proves vg(J) < Cn, = CnS, which is (4.3). For E € Z, the
spectral theorem then yields, for r = 1,2, 3,

%Tr(TRET(RE)T) = C/ (X —dgigAl n?)"

<Cnfr 4o <.

This proves (4.4). To obtain (4.5), first work at a mesh point. The continuation just proved allows
us to apply (4.11), so |1 + ¢;,5| > c. Equation (4.9) then gives

1 1
1+ Tr(TRSU{j})‘ 2 [1+gjs] = |azs — — Tr(TRsugsy) | 2 ¢ — o(1).

Both denominators vary by at most C|z — 2’|n; 2 between neighboring parameters. For the quadratic-
form denominator this uses ||r;||3 < C, supplied by the test with A = I,;; for the trace denominator
it follows from p < n and ||T'||op < C. The mesh spacing therefore extends both positive lower
bounds to all E € Z and 7, <n < 1, proving (4.5). O

4.1.1 Predictable indicators

Conditioning on all columns except zj fixes the coefficient matrix in the quadratic-form es-
timate. The martingale estimate below instead uses multipliers measurable with respect to
Hi—1 = o(x1,...,25-1) (as defined in Subsection 2.1). We use the conditional probabilities
of the events below to construct such multipliers.

For z € Z +i[n, 1], define

t0(2) = - THTRi(2)), Belz) = (1 + 14(2) ™,

B, (z) = %Tr(TRk(z)’"T(Rk(z)*)’"), r—1,2.

Choose a constant K larger than the constants in Lemma 4.1, and let C, € G be the event on
which, uniformly over this parameter set,

Bkl + @1+ Pop + |P(ur)lop < K, |ug — ue| <

RS

(4.20)
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Here p is the stability radius selected in (4.12). Every quantity in (4.20) is a function of the columns
other than xy, so Cr € Gr. Lemma 4.1 gives

Qn C (G P(CE) < Cn2855, (4.21)
k=1
Set Dy = 200 and define
Br = Lgag e sa-poy Ba=[|{Br=1} (4.22)
k=1

Each By is ‘Hj_1-measurable. Markov’s inequality and (4.21) give

P(B;) <> P (E(leg | Hi1) > n ")
k=1

< n?20 max P(CF) < Cn=283/5, (4.23)
Define the event
A = Uy N By, (4.24)
Then
P(AC) < Cn 24375, (4.25)

The sequence (By) is predictable with respect to the column filtration, since By is Hy_1-
measurable. In contrast, the event C; may depend on future columns and need not belong to
Hi—1-

4.2 Trace fluctuation

On 2, defined in (4.24), we now estimate s —Es. The rank-one identity in § 4.2.1 gives a martingale
decomposition with respect to the column filtration. § 4.2.2 estimates its terms using the predictable
indicators Bj. The second- and higher-moment bounds are then combined in § 4.2.3 to prove
Theorem 4.2.

4.2.1 Exact decomposition

The trace difference caused by deleting one column can be written as a quadratic form. Column
independence then removes the terms that depend only on the remaining columns from the martingale
differences.

For fixed z = F + in, define

B = (1+ i Ryry) ™, = i Rerk — th, (4.26)
1

ar, = — Tr(TR3), o = i Rirg — ay. (4.27)
n

Here Ei, = E(- | Hg), with Hy = o(z1,...,xk) (recall the notation in Subsection 2.1). Sherman—
Morrison gives

Tr(R — Ry) = —BrriRiry. (4.28)

If Y is integrable and Gg-measurable, column independence implies

(Ey — Ep_1)Y = 0. (4.29)
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Since

Bk = Br — BrBie, (4.30)
equations (4.28) and (4.29) yield the exact identity
1o I
s—Bs=——> (B —Ep1)Zip + = Y _(Ex — Ex—1) Zok, (4.31)
Pio Pio
where B
Zik =By, Zok = axVkBrBr- (4.32)

4.2.2 Pointwise and conditional estimates

We estimate the terms in (4.31) separately on Cj and its complement. On Ci, the weighted-trace
bounds give the required conditional moments; on its complement, global resolvent bounds are
combined with the small conditional probability in the definition of Bj.

Two global estimates will be used on the complement of Cy. First, (4.7), with S = @ and j =k,
and the identity (4.28) give

|Brri Rire <n . (4.33)
Moreover,
<0l <L
Hence
| Z1k| < O3, (4.34)

Let (vg)lgzl be an orthonormal eigenbasis of B} with corresponding eigenvalues \g. Then

vy Tv 1< viTw
Z/\i—i “’“:n;(A;—;)T
Since v;Tvy > 0, it follows that
|Br| St <1, lar| <0~ Sty
Therefore |a x| < n~'. Since 3iLkBk = Br — B,
| Zok| < |awBe| + larBr| < Cn~°. (4.35)

On Cy, Proposition 3.2 gives, for 2 <r < @,

E(|Ak]" | G)1e, < Cpn /2, (4.36)
E(|ar|” | Gr)le, < Crn™/2 (4.37)

Indeed, the two Hilbert-Schmidt quantities in (3.7) are n®;; and n®yy, respectively. On Cy,
1Bkl < K, and

lag| < % {Tr(TRzT(RZ)Q)}l/Q _ \/g@;’/; <C. (4.38)

Define
Sk = {7kl < 2K)7'}. (4.39)
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On C N Sk, one has || < K and |Bx3k| < 1/2. Equation (4.30) therefore gives

Br
= || < 2%
Consequently, on the same event,
| Z1k| < Clagl, | Zok| < CFkl. (4.40)
At order @, (4.36) also gives
P (|3 > (2K) ™ | Gx) 1¢, < Cn~ 9/ (4.41)

Combining (4.22), (4.34)—(4.41), for h = 1,2, gives the conditional second-moment estimate
BiEr 1| Zni? < Ont + Cp S (n= /2 4 Do), (4.42)

For the portions supported on Cg, first condition on Gy, where the matrices and the event Cj are
fixed and (4.36)—(4.41) apply. Then condition on Hj_; and use the tower property. The portion
supported on Cj, is controlled directly by the definition of the Hj_i-measurable variable Bj. To see
the three contributions explicitly, split

| Znl" = | Znk|"Leyns, + 1 Znl Lepnse + [ Znkl " Leg -

For r = 2, the conditional expectation of the first term is at most Cn~! by (4.40), (4.36), and (4.37).
The second is at most Cn~5n~%/2 by the global estimates and (4.41). After multiplication by By,
the third is at most

Cn_GBkE(lcg | Hp_1) < Cnp~n~Po,

This proves (4.42). The same splitting at order gy = 164 (recall the parameters in Subsection 2.1)
gives
E| By, Zni | < Cn~%/2 4 =390 (n=Q/2 4 = Poy, (4.43)

The constants in (4.42) and (4.43) are uniform in k.

4.2.3 High-moment trace estimate

The preceding bounds control the conditional second moments and the go-th moments needed in
the martingale inequality. Applying that inequality to (4.31), with the predictable multipliers By,
gives the following trace estimate.

Theorem 4.2. Uniformly for E € Z and n, <n <1,

El|ls(E+in) —Es(E +in)|?1y, ] < Cn~%. (4.44)
Proof. Because By, is Hj_1-measurable,

(Ex — Ex—1)(BrZnk) = Br(Er — Ex—1) Znk.

On B, every By equals one. Thus

n

2
Z Ek — Eg—1)(BrkZnk) | - (4.45)

|s —Es|1p, <

@\H
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Lemma 2.13 of Bai-Silverstein [2] is the complex Burkholder—Rosenthal inequality: for a complex
martingale-difference sequence (Dy) and ¢ > 2,

q q/2
> Dy <C E(ZEkl\DkF) +) E|Dy|?] . (4.46)
k k k

Put Yy = BxZp, and Dy, = (Ex, — Ex_1)Y). Conditional Jensen’s inequality and the tower property
give

E

Ei_1|Dp|? < Ep_1]Yi|?, E|Dy|% < 290R|Y}|%. (4.47)
Indeed, the tower property gives Ei_1E;Yr = Ex_1Y;. Expanding the square and applying condi-
tional Jensen’s inequality therefore yields
2 2 2
Ep—1|Dg|” = Ep—1|ExYe|” — [Ep—1Y%|

< Ego1|Eg Yy

< By 1 Eg|Vi* = B |Vi)%.
The second inequality in (4.47) follows by applying |a — b|%° < 290~1(]a|% + |b|%) and conditional

Jensen to E.Y; and Ei_1Y;.
Since n > n~1/68 one has % < n3/34. Using Q = 1313, equation (4.42) gives

n
> BiEi-1| Zunil* < C + Cr b(n=9/% 4 n72%)
k=1

<C (1 4 oplt3/34-1313/2 n1+3/34—200)

—C (1 Lo l1142/17 n76763/34> <C

Likewise, gy = 164 gives n!=%/2 = n=81 and =390 < p30/68 — p123/17 Thys (4.43) yields

n
> E[BpZpi|® < Cn'm%/2 4 Cp 390 (n =2 4 n7200)
k=1
<C (n—Sl 4l H123/17-1313/2 n1+123/17—200)

Every power of n in these final expressions is at most one for n > 1, so both bounds hold with a
constant C’ independent of n, F, and n. Equation (4.46) therefore gives, for h = 1,2,

n q0
E\> (B —Ep1)(BeZu)| <C.
k=1
Since p < n, (4.45) proves
E[ls —Es[*1p,] < Cn™%.
Finally, ,, C B,,, which proves (4.44). O
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4.3 Approximate self-consistent equation

Theorem 4.2 bounds s — Es on 2,,, but does not yet compare Es with s.. We next rewrite the

resolvent equation as an approximate self-consistent equation. Lemma 4.3 separates its centered

leading term from lower-order remainders in § 4.3.1. § 4.3.2 uses this expansion to control the

equation at the expected trace, then combines that control with (4.44) to prove Theorem 4.4.
Throughout this subsection, fix z = F +in with E € Z and n, <n < 1.

4.3.1 Exact residual identity

The rank-one identities below isolate a quadratic form centered with respect to G;. The other terms
are estimated using the minor bounds from Lemma 4.1.

Let
¢ =p Y2z, P = P(u), Pj = P(uy),
and define

1
dj = ¢;T"*R;PT"*q; — - Te(PTR), (4.48)

b

1
= ——TrP— . 4.4

w(z) o T s(z) (4.49)

The exact residual identity is

1 n
— 4.
n;zl-i-rRrj) (4.50)
Split dj = dg-l) +- 4+ d§~4), where
1 *
AV = TV R; (P — P)TY g,
1
d? = q*Tl/QRijTl/qu — > Tx(PTRy),
p
' = TP TR = R)),
4 1
'Y = TPy = P)TR).
Also set 1 1
bj =1+ E TI‘(TR]‘), €5 = T;RjTj — E TI‘(TRj).
Then ] 1
€j
=— - — 4.51
bj+ej  bj  bjbj +¢) 450
Define the leading centered term by
Y, = d@). (4.52)

zb;

The coeflicient in d§2)’ as well as b;, is Gj-measurable. Column independence and the covariance
calculation in Subsection 2.4 give E(qjq]’f | Gj) = p~1I,. Consequently,

E(Y; | G;) = 0. (4.53)
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Multiplication by 1g, need not preserve the conditional centering in (4.53), because 2, need
not be G;-measurable. To estimate the expectation contributed by 2, we replace P; and bj_1 by
bounded Gj-measurable functions that agree with them on 2(,,. Choose a smooth map g, : C — C
that equals the identity on {v : [v — u.(2)| < p/2} and whose image is contained in V(z) (as defined
in the proof of Lemma 4.1). Set

Py = (Ip + 0:(uj)T) ™",

S0 HﬁjHop < C everywhere. Let ¢, > 0 be a lower bound for |b;| on 2,,. Choose x;, € C*°([0, 00); [0, 1])
with x4(t) = 0 for ¢ < ¢/2 and x3(t) = 1 for t > ¢, and define the bounded smooth function

3(b) = {gb(!bbbl, I;ig

Thus J(b) = b~ whenever |b| > c;. Define

3(b5)

z

. ~ 1~
Y, = [Q;TW R; P;TY?q; — ; Tr(P;TR;)| - (4.54)

The matrix T/ 2RjﬁjTl/ 2| its normalized trace, and the factor J(bj)/z are G;-measurable. The
same conditional second-moment identity gives

E(Y;16)=0, EY;=0, [Vllg<Cn" (4.55)
The last bound follows from Theorem 3.1 and HT1/2RjﬁjT1/2HF < Cypn~*. On A, one has
0-(u;) = uj and J(b;) = bj_l, S0 lA/J =Y.
Lemma 4.3. Uniformly for E € Z andn. <n <1,
oo -1
wly, = _n;m% +Rola,, Rl llg < Cn (4.56)

Proof. On 2,,, Lemma 4.1 bounds P, P}, b;l, and (b; + sj)_l. For the conditional quadratic-form
estimates, first work on C; € G, defined in (4.20). Its bounds on P;, ® ;, and ®5; control the
coefficient norms. Take expectations and then use 2, C C; to restrict to 2l,. Proposition 3.2
therefore gives, for 2 < r < 4qy < Q,

413, [l + lleja, I < Con ™. (4.57)
Therefore Holder’s inequality and (4.51) give

Ly A
n ij(bj —|—€j)

J

1y, || <Cnl. (4.58)

q0

Recall that 8; = (b; + )71, by (4.26). For the remaining terms, the exact identities are

Ybi .
U—u; = —qujTl/QR?Tl/qu,

P~ P; = (u; = u)PTP,,
Rj —R= BjRjTjT;Rj.
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Lemma 4.1 and Proposition 3.2 imply

[ (u — uj)1g, [l < Crn™t (4.59)

They also give
[ 10, [l < Cn™' h=1,3.4. (4.60)

For the third term, put K; = TY szTl/ 2 and A3j = K;P;K;. The rank-one resolvent identity gives

On 2,,, the weighted Hilbert-Schmidt estimate (4.4) with r = 1 and || R;|lop < 77" give
|TI‘A3]'| S C’n, ”AngF S C’I’}_l\/ﬁ.

These bounds also hold on C;. Apply Theorem 3.1 conditionally on G; with coefficient p_lAgj. Since
qj = pil/ij, this gives

(g5 Asjaj — p~" Tr Azj) 1¢, g < Cn™ 27t < C.

Together with the normalized trace bound and 2, C Cj, this proves | ¢} As;jq;1a,[l¢ < C, and hence

the claim for dg-?’)

For d§-4), the inverse identity gives

1
AV = (u— u;)TH(PTETR).

On 2, Cauchy—Schwarz and (4.4) with S = @ and r = 1 bound this normalized trace by C.

Equation (4.59) therefore proves the bound for d§-4)

Finally, put A; = v —uj and Ay; = Tl/ZRijTPjTl/Q. Substituting P = P; — A; PT'P; gives

1 * — *
d; ) = —qujAqu]' + e, |€j|1g[n < Chn 1’Aj‘2quq]‘1Q[n.

On Cj, ||Aijllr < Cy/n and |Tr Ayj| < Cn. The conditional application of Theorem 3.1, now
with coefficient p~1 A1}, gives 145 A1jq51c;ll2qp < C. The same theorem with coefficient p~ T gives
Hq;quHQqO < C. Hélder’s inequality and (4.59), at orders 2go and 4qo, yield

14545 Avjgila, [l < Cn7,
lejLar, llgo < CﬁleA‘jlmnHZqOHq;‘quH%O < On~2t1/68,
Since 4qp < @, all these moment orders are available. This proves the remaining bound in (4.60).

Insert (4.51) and d; = Zi:l d§-h) into (4.50). Equations (4.58) and (4.60), followed by the

triangle inequality for the normalized sum, prove (4.56). Indeed, Y; = }A’j on 2, so the leading sum
from the expansion is the one in (4.56). O
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4.3.2 Control of the deterministic residual

We use the centered expansion in Lemma 4.3 to estimate the self-consistent equation at Es.
Theorem 4.2, which bounds s — Es on 2, then transfers this estimate to the random trace.

Write

5(z) = Es(z),  a(z) = —1_79 +y5(2).
For ¢ € C such that I, + [~(1 — y)/z + y¢]T is invertible, define
1 1— -1
F.(¢) = % Tr (Ip + [Zy + yC] T) —¢. (4.61)

The nonzero eigenvalues of n ! X*T X and B, counted with multiplicity, coincide, so

u(z) = %Tr(n_lX*TX - zIn)_l.

For 3z > 0, it follows that Su(z) > 0 and Su(z) > 0. Since T is positive semidefinite, both s(z)
and §(z) lie in the domain of F,. In particular, w(z) = F,(s(z)).
Lemma 4.1 and (4.25) imply
[5(2) = sc(2)] < E(]s — sclla,) + E(ls — sclLag)
< Cn~ /% L o IP(AS) < Cn 2%, (4.62)

For all large n, Lemma 4.1 places u(z) € V(z) on A,. Equation (4.62) also gives u(z) € V(z). If
(1, (o € C satisfy
1—
_7y+y§h GV(Z)7 h=1,2,
then the resolvent identity for P(v) gives

|F.(G) — F2(¢2)| < ClG — G- (4.63)

Indeed,
P(’Ul) — P(’Uz) = ('UQ — ’l)l)P(’Ul)TP('UQ),

the normalized trace of the product is bounded, and |v; — vo| = y|¢1 — (2.
Taking expectations in (4.56) and using (4.55) gives

1K s
[E(wly,)| < Cn'+ - D E(Yj1a,)]
j=1

IR S HES
=Cn~t+ =3 [E(Y1ag)|
j=1

< Cn7l+OnTIPARAS) YR < on (4.64)

The equality follows from E)A/J =0.
Let w(z) = F,(5(%)). By (4.63), Theorem 4.2, and (4.64),

[@|P(2Ay) = |E(wly,)]
< [E(wly, )|+ E(jo - w[1g,)
< On~' + CE(|5 — s[1q,) < Cn~ 1.
By (4.25), P(2(,,) > 1/2 for all large n, and hence
[w(z)| < Cn~t (4.65)
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Theorem 4.4. Uniformly for E € Z and n. <n <1,
E[lw(E +in)|?1y,] < Cn™%. (4.66)
Proof. On 2, equations (4.63) and (4.65) give
lw| < |F.(s) — F.(3)| + |@| < C|s — 5 + Cn~ L.
Raise this inequality to the go-th power, take expectations, and apply Theorem 4.2. ]

4.4 Comparison of Stieltjes transforms

The residual estimate (4.66) can now be converted into a comparison with the deterministic transform.
The preliminary continuation in Lemma 4.1 places the random transform in the neighborhood where
the deterministic equation is stable. We first recall the trace normalizations used in this comparison:

1
mu(z) = —Tr R(z) = ys(z), (4.67)
n
and
l—-y
u(z) = - + mp(2). (4.68)
The deterministic transforms satisfy
1 1—y
Sen(2) = s¢(2) = ; ue(2) £ ——= 1, Men(2) = me(2) = ysen(2), (4.69)
where ) JH, (1)
tdH,(t
z=— + —_—. 4.70
Ue(2) y/ 1+ tue(2) (4.70)
Below, w,, denotes the residual w defined in (4.49).
Theorem 4.5. Under Assumptions 2.1, uniformly for E € T and n, <n <1,
E[|mn(E +in) — men(E +1in)|[%1g,] < Cn™%. (4.71)
FEquivalently,
1(mn (B + i) = me.n(E + 1)) 1o, [lgo < O
Proof. Fix E € 7 and 0, <17 <1, and write z = E + in. For brevity put
u=u(z), Ue = uc(2), H = H,.
Define the residual in the self-consistent equation by
1 tdH(t)
D =—z—— . 4.72
n(2) ? u+y/1—|—tu ( )

We first derive its exact relation to w,. Since

1 [ dH(1)
;TrP(u) = / T
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equations (4.68) and (4.49) give

/ dH (t)
2YWy = — — 2ys
Ytn Y 1+tu Y
dH (t)
= _ — ou— (1 —
Y / ikt
The elementary identity
r 1 tu
L+tu 1+tu
implies
/dH(t) /th(t)
=y —yu )
Y Tvt VT Tt
Substitution yields
tdH(t
2YWy, = —y—|—yu/ 1+£u) — 22U — (1—y)

tdH (t)
=—1- 7
zu+yu/ 1+ tu

= uDy(2).

Thus .
Dp(z) = Eywn(z). (4.73)

Equation (4.70) states that D,, vanishes when u = u.. Subtracting this value from (4.72) gives

2
Dn(Z)Z(u—uc){ ! —y/( +*dH{7) (4.74)

Ul

1+ tu)(1+tue) |
Indeed,
1,1 _u-u
u U Ule
and
¢ t 2 (u — ue)

1+tu  1+tue (L4 tu)(1+tu)
On 2, equations (4.2) and (4.69) give

U — | = y|s — sepn| < COn ™2/,

The preceding estimate places u in V(z) for all large n. The uniform bounds in (4.12) therefore give

2
1 y/ " dH{t) >c¢ on U, (4.75)
Ul (

>
ul z ¢, 1+ tuw)(1 + tup)

for a constant ¢ > 0. Since z, y, and u~! are uniformly bounded on the parameter set, equations
(4.73)—-(4.75) give
|u — ue|Ly, < Clwp|ly,.

Finally.
Y
My — Mep = U — Ue

by (4.68) and (4.69). Raising the last inequality to the go-th power, taking expectations, and
invoking (4.66) proves (4.71). O
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5 Spectral exclusion

Theorem 4.5 gives a pointwise transform estimate at positive imaginary parts. Lemma 5.1 first
extends this control to a compact family of test functions that vanish on a neighborhood of Z. This
bounds the contribution away from the target interval in the kernel argument of Subsection 5.1.
There, estimates for m,, — m, at finitely many imaginary parts rule out an eigenvalue once this
contribution has been controlled. Since the location of a possible eigenvalue is unknown, we also
extend the pointwise estimates to a finite net in Z and use resolvent continuity between net points.
A union bound then completes the proof of Theorem 2.2.
Choose a continuously differentiable function 0 < x < 1 satisfying

x=0onJ, x =1on [0,00)\U. (5.1)

Such a function exists because J is a compact subset of intU. Fix ny € (0,1]. For v € Z and
0 <1 < no, define

0, reT,
Fpu(X) = i 1 (5.2)
X(A)kli[l e R ULORVE

Let
gout:{Fn,u:ueza OSWS??O}

Lemma 5.1. For every fixed § > 0,

<sup [t en)
fegout

do = dist(Z, J¢) > 0

> 5) < Cs (n*qo + n*243/5) . (5.3)
Proof. Set

For A\ ¢ J and u € Z, |[u — A| > do, so
|[Epu(N)] < dg®.

The two formulas in (5.2) agree on the boundary of 7, and the functions vanish uniformly as A — oo.
Hence
(u,m) — Fyu

is continuous from the compact set Z x [0,10] into Cy([0,0)), equipped with the uniform norm.
Therefore Fout is totally bounded.

Assume 7 # @, since otherwise the assertion is immediate. Fix Ey € Z and 29 = Fy +i/2. The
nonunital self-adjoint algebra generated by

A— (A —20) 7!

separates points of [0, 00) and vanishes nowhere. By the Stone—Weierstrass theorem, it is dense in
Co([0,00)). For integers a,b > 1, partial fractions give

1 b
(/\—Z())a(A—Zo)b_jz::( A— 2 +Z —20




Indeed, subtracting the right side after choosing the two principal parts leaves an entire rational
function that tends to zero at infinity. Thus every element of the generated algebra is a finite linear
combination of powers at zy and Zy. Moreover,

1

(=27 = G

N —2)7L

The case k = 1 is already a resolvent. For k > 2, put ¢x(t) = (A — Ep —it) ltand r =k -1 > 1.
Write Apé(t) = ¢(t + h) — ¢(t). Applying this operator r times gives the rth forward difference

io(0) = (-0} ote-+ ).

=0

Then
A} or(1/2)
irrlhr

uniformly for A > 0. Indeed, repeated application of the fundamental theorem of calculus gives

— (/\ — Zo)_k

ALa(1/2) = / 6O (1)24 514+ o+ 87) dsy - - dsy.
[0,h]"

Since
dV () =i A= By —it) " U @) < (e + 11272 (8> 1/2),

comparison with hT¢g\r)(1/2) bounds the error by r(r +1)2"2h. If 0 < h < (47)~L, all poles used by
the difference have imaginary parts in [1/2,3/4]. Conjugation gives the same assertion for powers
at Zg. Consequently, finite linear combinations of the resolvents

A— ()\ _EO - inﬁ)_lv Ne € [1/273/4]>

and their complex conjugates are dense in Cp([0, 00)).
For all sufficiently large n, n. < 1/2, so the heights in these resolvents lie in the range of
Theorem 4.5. For each fixed linear combination g of this form, that theorem and Minkowski’s

inequality imply
E H/gd(un — He,n)

The measures fi,, and pic,, both have total mass y < d;. Thus | [ gd(pn — pren)| < 2d4||gloo, and
increasing C, extends (5.4) to the finitely many remaining values of n. By total boundedness and
density, there are finitely many ¢1,...,9x, with K independent of n, such that every f € Fout
satisfies

q0
1an] < an—qo‘ (5.4)

0
_ <
I = gl < 37
for some £. The contribution of f — g, to integration against ji,, — fic,p, is then at most 6/2. Markov’s
inequality applied to (5.4), a finite union bound, and (4.25) prove (5.3). O
5.1 Excluding eigenvalues with a nonnegative kernel

The preceding lemma controls integrals against z,, — fic,n, after multiplication by the cutoff. Combined
with the transform estimates, this gives an upper bound for the remaining, nonnegative integral
against p,. If an eigenvalue lies in Z, we may center the kernel at that eigenvalue. The corresponding
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atom of i, has mass at least 1/n and provides a lower bound. The next lemma shows that these
bounds are incompatible at n = 7, when the two comparison errors are sufficiently small.
For n > 0 and u € Z, define

34 1
KouwlX) = —_—
nul(A) I};[l(u—)\)Q—i-knz

Lemma 5.2. Let n = n,. There are constants cp > 0 and dp > 0, independent of n, such that, for
all large n, the following two conditions imply spec(B,) NZ = &:

sup |mg,(u+ i\/%n) — Mepn(u+ i\/En)| < C—D, (5.5)
uel nn
1<k<34
sup /fd(,un — fen)| < 0p. (5.6)
fESout

Proof. For x > 0, h > 0, and an integer M > 1, the partial-fraction identity

o~ CDHGE) (-
vkh TRl (e + kh)

(5.7)
k=1

follows by multiplying both sides by Hﬁil (z + kh) and evaluating the resulting polynomials at
Write vy, = py, — plen. Equation (5.5) and |(my, — mep)| < |my, — mey|, followed by division by
= 2

Vkn, give
/ dvn(N)
(u—A)2+ kn? nn

Apply (5.7) with M =34, h = 7%, and = = (u — A\)?, then integrate. Since n~! = 1%,

/ K dvm

Assumption 2.1(IC6) and (5.1) imply (1 — x)pe,n = 0. Therefore

Cec
< XD

sup < Csqcp. (5.8)

uel

/IC,W dv,, = /X’Cn,u dv,, + /(1 — X))o u dpn,. (5.9)

The last integral is nonnegative. For all sufficiently large n, n = n. < ng, so xKy.u = Fyu € Sout-
Conditions (5.6) and (5.8) give

sup/(l — X)Kpudptn, < Caacp + 0p.
uel

If B,, has an eigenvalue Ay € Z, choose u = Ay. Since x = 0 on Z, the summand corresponding to Ay
contributes
1/n 1

Hiil kn? B

to the preceding nonnegative integral. Choosing Cs4cp + dp < 1/34! produces a contradiction. [J
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Proof of Theorem 2.2. The event and transform assertions follow from (4.25) and Theorem 4.5. It
remains to prove the spectral-exclusion estimate.

If Z = @, there is nothing to prove. Assume Z # &, and let ¢p and ép be supplied by Lemma 5.2.
With £, = 277/272 from Subsection 2.1, choose an n~?*-net S, of Z with

S| < O (5.10)
The spectral representation of the Stieltjes transforms gives
|0Em, (B +in)| + [05men(E +in)| < On~2. (5.11)

Indeed, both measures have mass at most d, and |A — F —in|~2 < n~=2.

At n = n, = n~ /% normalize the interpolation error by the threshold in Lemma 5.2:
Cn=Pen2 — COnl =Byt
()~ :
= OnS/68=8 — o122 ), (5.12)
Thus, for all large n,
Cn_ﬁ*n*_Q S CiD
2nmn,

Also, v/34n, < 1 for all large n. Hence all 34 imaginary parts v/kn, belong to the parameter range
of Theorem 4.5.
Define

34 )
Gn = ﬂ ﬂ {|mn(8+i\/E7]*) — Mo (s +iVEn)| < — }

s€Sy k=1 27”7*

Equations (5.11)—(5.12) imply that (5.5) holds on G,.
For each grid point and each imaginary part, Markov’s inequality and Theorem 4.5 give

P <\mn(s + 1\/E77*) - mcm,(S + 1\/E77*)’ > 2;7]?77 an)

q
< <2n7]*> OCnqu S Cn7q0/68'

> D

Using (5.10) and summing over the 34 imaginary parts,

P(GE NAy,) < CnP90/68 — 0 =379/272, (5.13)
The arithmetic is
@ _ 164 65 277 65 _ 379
68 68 272’ 272 272 272

Let

Cn = { sup /fd(:un - ,uc,n) < 5D} .
fegout
On A, NG, NC,, both hypotheses of Lemma 5.2 hold. Therefore

{spec(B,)NZ # @} C A U (G, NA,) UC:.
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Equations (4.25), (5.13), and (5.3) imply

P(spec(B,) NI # @) < Cn~23/5 4 Cn=379/272 1 O(n =164 4 =243/5)
< O 379/272

because 243 379 379
—_— > — 164 > —.
5 = 272’ 04 > 272

This proves (2.1) for all sufficiently large n; enlarging C' absorbs the finitely many remaining values.

Since
@—1+£7>1
272 272 '

the series of the probabilities in (2.1) converges. The Borel-Cantelli lemma proves (2.2). O

6 Proof under polynomial moment growth

We now prove Theorem 2.4 under Assumptions 2.3, with the parameters in (2.3). Proposition 3.3
replaces the conditional quadratic-form bound used in Sections 4-5. The additional factor n'/3% in
its L?-norm estimate changes the moment estimates and the resulting probability bounds.

Subsection 6.1 first establishes the estimates for deleted columns and constructs the predictable
indicators and the event used in the martingale argument. On this event, Subsection 6.2 bounds
s — Es. Subsection 6.3 then estimates the residual in the deterministic equation, including the
comparison at Es needed to identify the deterministic approximation. These estimates yield a bound
for m,, — m.,, and the exclusion probability in Subsection 6.4. Finally, Subsection 6.5 explains the
choice of moment order in this argument.

6.1 Estimates for deleted columns

The next lemma supplies the same types of minor bounds as Lemma 4.1, with a probability estimate
obtained from the growing-moment assumption. The deterministic identities and continuation
argument apply under (IG6); the quadratic-form tail probabilities are recomputed below. In § 6.1.1,
we then construct the predictable indicators and the event used in the trace estimate.

Lemma 6.1. There is an event QY independent of E and n, such that
P((Q8)°) < Cn~"82. (6.1)

On this event, writing z = E + in, uniformly for E € J, n. <n <1, and |S| < 3,

|55(2) = sem(2)] < Cn=2/%, (6.2)
u(T) < Cnf. (6.3)

Moreover, uniformly for E € Z, n, <n <1, andr=1,2,3,
1
—Tr(TRST(RS)") < C. (6.4)
n

Under the same restrictions on E and n, for every j ¢ S with |S| < 2,

1 -1 N 1
14— Tr(TRsugy)|  + |1+ 75 Rsuppnrs| < C. (6.5)
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Proof. 1t suffices to consider all sufficiently large n; for the finitely many remaining values, take
0% = @ and increase C. Recall 7, = n~%/34 from (2.3) and L¢ from (IG6). Choose deterministic
meshes of 7 and [1,, Lo|, each of cardinality at most Cn® and mesh size at most n=>. For |S| < 2,
j ¢ S, and every mesh point, apply Proposition 3.3 to the three Gj-measurable matrices

Iy, Rsugy,  RsugrPlusugy)-
For each of these matrices A, define

|23 T2 AT 2 — Te(TA)|
Zj,S(A) = ||T1/2AT1/2HF ’
0, |TY2ATY?||p =0

|TY2ATY?|| > 0,

Applying Proposition 3.3 to A, using r; = n-Y27Y/ %z, and conditioning on G; gives
EZ;s(A)% < CMsg, » < Cn.

The number of tests is at most
cn?-n-n'% = cn's.

Markov’s inequality at threshold n!/5 and a union bound therefore give
IP’(maX Zjs(A) > n1/5> < Cn'3nPn=Qs/® = o188 — o782,

Let Q8 be the event that every normalized test is at most n'/®. The remainder of the proof
of Lemma 4.1 uses only this threshold, the mesh, the rank-one identities, and the deterministic
stability assumption. At each mesh point on Q%, the bound | TV2RsT"/?||p < Cv/nn~" gives

73 Rsugyri — nt Tr(TRsugy)| < Cn~'Wnn'/Pn=t = cn=3/10y~1,

This tends to zero uniformly for n > n, = n~3/3%. The estimates (4.10)-(4.11) for ; 5, the bound
at 7 = Lo in (4.13), and the continuation argument therefore apply with (IG6) in place of (IC6).
Continuing from Lg to 71,, and then applying the interval-covering and weighted-trace estimates in
the proof of Lemma 4.1, gives (6.2)—(6.5). The bound on P((23)°) is (6.1). O

6.1.1 Predictable indicators

As in § 4.1.1, we use the bounds in Lemma 6.1 to construct indicators measurable with respect to
the column filtration. Recall the factor IC(v, u.) defined in the proof of Lemma 4.1:

2
K(Uauc) = L - y/ ( ! dHn(t)

VU 1+ tv)(1 + tu.)

The lower bounds in (IG6) and the bounds on y and ||T'||op give, for v sufficiently close to u.,
uniformly in n and the stated spectral parameters,

IK(v,ue) — K(te, ue)| < Clo — uel.

Indeed, subtracting the reciprocal factors bounds the left-hand side by

] [
|v\|uc|2 ll—i—thl—i-tucP
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For a sufficiently small fixed neighborhood, all denominators here are bounded away from zero.
Since K(uc, ue) = f},(uc), one can therefore choose a fixed 0 < pg < 1. For z = E +in, where E € U
and 0 <n < Lo, set

Vol2) = {v € C: o —uel2)] < p).

Uniformly over these values of z,

veVe(z) = [[PO)llp <C, ol Z e, [K(v,uc)| > e

Choose K, large enough to bound the sum in (6.6) using Lemma 6.1 and the preceding bound for
P(v). For each k, let C; € Gy, be the event on which, uniformly for £ € Z and n, <7 <1,

—1 2

1 1 o
\1 IR + 3 S ORI ) + P lop < K Juk—ue 25 (66)
n —n 2
Every quantity in (6.6) is Gg-measurable, and Lemma 6.1 gives
05 C (cE  P(C) <Cn™
k=1
Set Dy = 200 and
B]% = 1{E(1(c%)c‘7{k_1)§n_D0}’ B;gL = ﬂ{BI% = 1} (67)
k=1
Each B,% is ‘Hy_1-measurable, and Markov’s inequality gives
P((BE)) < > P(B(1epye | Hyr) > n~20)
k=1
< n20t m]?XP((le)C) < Cn8L, (6.8)
Define
A = Q8 N BS. (6.9)
Equations (6.1) and (6.8) imply
P((A8)¢) < Cn 8L, (6.10)

6.2 Trace fluctuation

On 25, defined in (6.9), the minor bounds hold and every Bf = 1. Column independence gives the
decomposition (4.31), now estimated under Assumptions 2.3. Lemma 6.2 gives the second-moment
and higher-moment estimates. Theorem 6.3 then bounds the fluctuation s — Es on A% by applying
the Burkholder-Rosenthal inequality.

For fixed z = E + in, define

1 = _
b= Tr(TRg), Br =1+t ",
Be =1+ riRyre) ", Mk = Ry — tg,

1
ar = — Tr(TR?), o = iRy — ay.

n
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Sherman—Morrison and column independence give the exact decomposition

n

1 1 —
s—Es = —]; Z(Ek—Ek—l)Zlk‘F;Z(Ek _Ek—l)Z%a (6.11)
k=1 k=1

where
Zik = 0B, Zok, = VBB

Lemma 6.2. Uniformly for E€Z, n.<n<1,1<k<n,and h=1,2,

BE]Ek—”thF S Cn—1+1/400 + 077_6(n_1995 + ,,,L—QOO)7 (612)
E’B%thPOO S Cn_100+1/4 4 Cn—GOO(n—lggf) 4 n—QOO). (613)

Proof. On Cg, the weighted Hilbert—Schmidt bounds and Proposition 3.3 give, for 2 < r < Q,,
E(Fikl" | Gr)les + E(lar|” | Gr)1es < Cpn"/2H0/500, (6.14)

Indeed, the squared Hilbert—Schmidt quantities are bounded by Cn, and the moment factor in (3.8)
is bounded by C,n"/8%,

Let K be a deterministic bound, on C§, for |Bg|, |ax|, and the quantities in (6.6), and set
Sk = {[7x] < (2K)~'}. On C; N S, the identity

Bk = Br — BrBik
implies || < 2K, and hence
|Z1k] < Clou], | Zak| < C'kl.-
At moment order @, = 4000, (6.14) gives
P(S§ | gk)lcg < COn~Qe/2+Qa/800 _ (71, =2000+5 _ v, ~1995 (6.15)

The estimates (4.34) and (4.35) give |Z| < Cn~3. They follow from the rank-one identities and
deterministic resolvent bounds, so they also hold under Assumptions 2.3.

For the portions supported on C%, first condition on Gy, apply (6.14) and (6.15), and then
condition on Hi_1. The tower property transfers these estimates to the column filtration. On (C]%)C,
the definition of Bf gives

BRE(1(csye | Hi—1) < n 2%

Split each conditional moment over C§ NSk, C§ NS, and (CF)°. For the first part, (6.14) at r = 2
gives Cn~112/800 — Oy =14+1/400 - The second part is bounded by Cn~n=19% using (6.15). After
multiplication by BY, the third part is at most Cn~51n72% by (6.7). This proves (6.12).

At order 200, the first part is

(' —200/2+200/800 _ ) ~100+1/4

The portion on C,% N S is at most Cn=699,,7199 "and the portion on (C,f)c, after multiplication by

B¢, is at most Cn~59,7209, This proves (6.13). O

We now apply the moment estimates in Lemma 6.2 to the martingale decomposition (6.11).
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Theorem 6.3. Uniformly for E € Z and n. <n <1,
E[|s(E + in) — Es(E + in)|*P1ye | < On~ 200714, (6.16)

Proof. On Bj, every Bf = 1. Since Bf is Hj_j-measurable, (6.11) bounds |s — Es| by
p > |20, Dil, where

Dy = (Ex — E—1) (B Zns), h=1,2.

The estimates in (4.47), with By Zp, replaced by B,%th, bound the conditional second moments
and the unconditional 200th moments of Dy by the corresponding quantities in Lemma 6.2.
At >, =n- /68

n
ZEk—1|th|2 < Opl/400 4 Cnn’6(n’1995 4 nfzoo) < Cn1/400,

k=1
because 6 ;
1+ ——200<0, 1+ _——1995<0.
+ 68 + 68
Likewise,
n
ZE\th\QOO < Opl—100+1/4 4 Cnn~ 090 (=199 47200y < O
k=1
since 600 -
1+—-200<0 1+ ——1995 < 0.
T 63 <0, + %3 <

The complex Burkholder-Rosenthal inequality (4.46), applied to (Dp)7_; at order 200, therefore
gives

n 200 n 00,
E|> Dl <CI|E (Z Ek_1|th|2> + ) E|Dp*
k=1 k=1 k=1
< C(n*/A90)10 L o < opt/4,
Multiplication by p~2%0 < Cn =29 summation over h = 1,2, and A% C Bj prove (6.16). O

6.3 Approximate self-consistent equation

Theorem 6.3 controls s — Es on 5. To compare s with s., we next estimate the residual w, in
(4.49). § 6.3.1 separates a sum of conditionally centered quadratic forms from a remainder, whose
bound is given in Lemma 6.4. § 6.3.2 uses this expansion to estimate the equation at Es, then
combines that estimate with Theorem 6.3 to obtain the moment bound for ws,,.

Throughout this subsection, fix z = F +in with E € Z and n, <n < 1.

6.3.1 Expansion of the residual

We use the residual identity from § 4.3.1, retaining the moment factor from Proposition 3.3 when
estimating its terms. The product of two quadratic-form errors accounts for the factor nt/400 in the
remainder bound (6.21). We first recall the definitions needed for the expansion.
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Put . .
_ -y
g =p ' aj, SJ:ETYRJ" uj = s

and define
P=P(u), Pj=Py).
Set

dj = T *R;PT"?q; — ;Tr(PTR),

1
wp(z) = — %TrP —s(2),

1
bj =1+ ﬁ TI‘(TR]'),
1
€5 = T;Rjrj — ﬁ TI‘(TRj).

The exact residual identity is

() 1 o d;

wp(z) = —— _
n = 2(bj +¢5)

(6.17)

The exact decomposition d; = dg.l) + e+ d§.4) is
V) = ¢ T'V?R;(P — P))T"?;,
1
d? = TV R;PyTY?; — S THPTH),
5 1
@) = T(PT(R; ),

1
Y = S TPy = P)TR).

To estimate expectations on (7)€, we use bounded G;-measurable replacements for P; and b;l that
agree with them on 2%, as in § 4.3.1. Choose a smooth map 0% : C — C that equals the identity on
{v:]v—wuc(z)| < pg/2} and whose image is contained in Vy(2) (as defined in § 6.1.1). Let

PF = (Ip + o(uy)T) "

Let ¢ > 0 be the lower bound for [b;| on A, choose x; € C*([0,00);[0,1]) with xF(¢) = 0 for
t <cf/2and xp(t) =1 for t > ¢, and put

g —1
~ X (16", b #0,
Jg(b) — {Ob(‘ D o

Define (b;) 1
~ T : " ~ D

The matrix Tl/szJSJSTl/Q, its normalized trace, and the factor J4(b;)/z are G;-measurable. By
(IG3)-(IG4), E(g;q; | G;) = p~11,. Together with Proposition 3.3, this gives

EY;|G)=0, EY;=0, |Yjllg, <COn 'n’. (6.19)
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The norm estimate uses ]]Tl/QRjJBJ-ng/QHF < Cpn ! and M;éfgn < Cn®, where § = 1/800 as in
~ - o 142
(2.3). On &, 05(u;) = u; and Jg(b;) = b, s0 ¥ = (2b;)'d'?.

Lemma 6.4. Uniformly for E €7 and n. <n <1,

1 <o
wnlgs = == Vilgs + Rolgs, (6.20)
ni
where
R g [l200 < O~ F1/400, (6.21)

Proof. On 2%, Lemma 6.1 bounds P, P;, b;l, and (b; + 5j)_1. For the conditional estimates, first
work on Cf € Gj, defined in (6.6). The coefficient bounds hold on this event. Apply Proposition 3.3,
take expectations, and then use 2§ C C;z. At order 400, this gives

|Id§2)1m§;”400 + |lej 1o [la00 < Cn~1/2+1/800 (6.22)

The exact denominator identity

therefore produces

200

n
> 11 Lo la00lle; 1 flaoo < O 2/500, (6.23)

Thus the sum in (6.23) has L?*%-norm at most Cn~'+1/40% which is the bound required in (6.21).
With g; = (b; + ej)_l, as in Subsection 6.2, the remaining exact identities are

YyBi .
U —uj = —#qulﬂR]lemqj,

P— P] = (’LL]' - U)PTP], R]’ —R= BjRjTjr;Rj-

The quadratic form containing RJQ- in the first identity, together with (6.4) and Proposition 3.3 at
order 800 < Qg, gives
I(u = uj) 1o lso0 < Cn™ "

For dg-g), use the representation

§ : p] qj( VR j)qjv J 1/2 J 1/27
and put A3] = K]_P]KJ The coeﬂicient satisﬁes

| Tr Az;| < Chn, | As;]lr < Cn~'v/n on C]g.
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These are the same coefficient estimates used in the proof of Lemma 4.3. The conditional application
of Theorem 3.1 with coefficient p_lAgj, as in the proof of Proposition 3.3, gives

H (¢ Asjq; — p~ " Tr Asy) Lce

The final inequality uses n~' < n'/%® and —1/2 4+ 1/800 4+ 1/68 < 0. The normalized trace is
bounded, and ; is bounded on 2. Hence Hd§3)1m%|]200 <Cn L

For d§-4), write
1
AV = (u— u;) T (PTPTR).
Cauchy—Schwarz and (6.4) bound this normalized trace on 2%. The preceding bound for u — u;

therefore gives ||d§4)1mg 200 < Cn~1.
For d"), put Aj = u—u;j and Ay; = TV/>R;PyTP;T"/?. Substitution of P = P; — A;PTP; gives

1 * - *
dg- ) = —qujAqu + €5, |€j|1m§L <Cn 1|AJ‘2quqj12l§L'

As in the proof of Lemma 4.3, ||Ay;||r < C'y/nand | Tr Ay;| < Cn on C]g. The conditional quadratic-

1/800

form estimate at order 400, with its factor n , gives

"q;Aquch§f”400 + 11g;T'q;l400 < C,
because the centered parts are bounded by Cn~1/2+1/800 Hglder’s inequality now yields
14;q; A1jgjlge [|l200 < Cn,

and
lejLagg ll200 < C | A Logg 300l 4 Tgj 1400 < Cn 21/,

Consequently,
1" 1z [la00 < O™t h=1,3,4.

Inserting the denominator expansion and the four-term decomposition of d; into (6.17), then
combining these O(n~!) estimates with (6.23) by the triangle inequality, proves (6.20)-(6.21). [
6.3.2 Moment bound for the residual

Lemma 6.4 bounds the remainder in the expansion of w,. Taking expectations uses the centering in
(6.19) and the bound on P((%)€) in (6.10). The resulting estimate at Es, together with Theorem 6.3,
gives the following bound.

Theorem 6.5. Uniformly for E € Z and n. <n <1,
E[jwn(E +in)[*P1gs ] < Cn=200+1/2, (6.24)

Proof. Let § =Es and u = —(1 — y)/z + y5. Recall from (4.61) that

1 1—y -1
F.(¢) = —%TT <Ip+ [—Z +yC] T) -G,

whenever the inverse exists, and that w, = F;(s). As shown after (4.61), the positive imaginary
parts of u and @ ensure that s and s lie in this domain. Lemma 6.1 places u(z) € Vg(2) on A%. Asin
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(4.62), split E(u—u,) over 25 and its complement. Lemma 6.1, the Stieltjes bound |u|+ |u.| < Cn~!,
and (6.10) give

‘?TL _ uc’ < C’n_23/85 + C’n_ln_581 < Cn_23/85 + Cn_581+1/68 —0.

Thus @(z) € Vy(z) for all sufficiently large n, uniformly in the stated spectral parameters. If
C1,C2 € C satisty

1—
Py € Ve(a), h=12,

then the resolvent identity for P(v) gives

[F=(C1) — F2(Q)] < ClG — Gl (6.25)

Taking expectations in (6.20) and using E?, =0 from (6.19) gives

_ 1~ o
B (wnlgg )| < Cn~1H1/400 4 - Z|E(Yj1(m§l)c)’
j=1
< Cn_1+1/400 + Cn—lnl/SOOP((m%)c)1—1/4000

< COp—141/400

The second term on the penultimate line is bounded, using n=' < n'/% and (6.10), by
C'p1/68+1/800-581(1-1/4000) ' Ttg exponent is less than —580, which proves the final inequality.
Put w,, = F,(5). Equations (6.25) and (6.16) imply
|0n|P(A7) < [E(wnlys )| + CE(|s — 5[1yg)
< Op~1H1/400 4 o =141/800 (), ~141/400
Since P(3) > 1/2 for all large n,
|U_1n’ < CTL_1+1/400.

On 28, (6.25) now gives
lwp| < C|s — 5| + Cn~1F1/400,

Taking the L?%°-norm, invoking Theorem 6.3, and using

(s — 5) Ly [laoo < Cn /890,

we obtain

Hwnlmﬁ HQOO < Cn_1+1/400.

Raising this estimate to the 200th power proves (6.24), because

1 1
200 (—1+— ) =—200 + =.
oo( + 4oo> 00+ 3
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6.4 Stieltjes transforms and spectral exclusion

The residual estimate in Theorem 6.5, the bound for |s — s | in Lemma 6.1, and the local stability
condition (IG6) give the bound for m,, — m., in Theorem 6.6. Lemma 6.7 uses this estimate to
bound integrals against the test functions uniformly over the family, while Lemma 6.8 gives a
deterministic criterion for spectral exclusion. We combine these results with estimates on a finite
net in Z to complete the proof of Theorem 2.4.

Theorem 6.6. Uniformly for E € Z and n. <n <1,
E[|mn(E +in) — men(E + in)|*P1ys | < On~20071/2, (6.26)

Proof. Fix E € T and n, < n < 1, and write z = E +in. Put u = u(z) and u. = u.(z). For
D,, = fn(u) — z, the exact identities (4.73) and (4.74) give

Da(z) = = wn(2)

and

_ 1 t2 dH,(t)
Dn(2) = (u = uc) {uuc - / 1+ tw)(1+ tug) |

On 2%, Lemma 6.1 and (IG6) bound u~! and the inverse of the factor in brackets. Therefore
[u — ue|lge < Clwp|lge.
By (4.68) and (4.69), my, — m¢, = u — u.. Theorem 6.5 proves (6.26). O

To use this transform bound in the exclusion argument, we first control integrals against the
test functions from Lemma 5.1. We use the cutoff x from (5.1), which is zero on J and one outside
U, and the family

Sout :{Fn,u:ueza OSWSnO}

Here no € (0,1] is fixed. For n > 0, F,, = x/C;u, where

34 1
Kpul\) = -
nulA) kl_[l(u—>\)2—l-l<:772

At n =0, Fy, is given by the piecewise definition (5.2), which is zero on J.

Lemma 6.7. For every fized € > 0,

Pl sup

fegout

Proof. The total-boundedness and density arguments in the proof of Lemma 5.1 depend only on
the deterministic family §out. The resolvents used there have heights in [1/2,3/4], and 7, < 1/2

for all sufficiently large n. For the resulting finite collection of resolvent combinations g1, ..., gk,
Theorem 6.6 and Minkowski’s inequality give

/ fd(pn — pen)

> 5) < C: (n7399/2 + n7581> : (6.27)

200

E 1o | < C’gn’200+1/2.

‘/gé d(ﬂn - Nc,n)

41



The number K is independent of n, and both measures have total mass at most d;. The bound
|| ged(pen — pren)] < 2d4|gel|oo allows the finitely many remaining n to be included by increasing
Cy. The uniform approximation with error €/(4d4 ), as in Lemma 5.1, contributes at most /2 to
the difference of the two integrals. Markov’s inequality, the finite union bound, and (6.10) then
prove (6.27), since —200 4+ 1/2 = —399/2. O

Lemma 6.7 controls the contribution multiplied by x. The following deterministic criterion
combines this with the bounds for m,, — m., to show that B, has no eigenvalues in Z.

Lemma 6.8. There are constants cp,ep > 0 such that, for all large n, the conditions

. , c
sup |mp,(u + iVEn) — men(u+ivVin)| < D
u€l 1)
1<k<34
sup /fd(/‘n - Nc,n) <€D
fegout

imply spec(B,) NZ = &.
Proof. For x > 0 and h > 0, identity (5.7) at M = 34 reads

i (CDGE) 3w
= THEkh hey (z + kD)

With z = (u — A\)? and h = 5?2, this identity expresses the product kernel as a linear combination of
((u— N2+ Ekn2)~1, 1 < k < 34, with coefficients 77;66(—1)]“*1(,55)’1)/33!. The first hypothesis and
| (M, — mep)| < My —mey| bound the imaginary part of the transform difference at each of these
spectral parameters. Dividing the k-th bound by v/kn,, summing with the coefficients above, and
using n~! = 1% gives

34 1
/ Lgl (= X)% + kg

For all sufficiently large n, 7. < 19, so xKp, v = Fy, v € Jous- By (IG6) and (5.1), (1 — x)pten = 0.
The second hypothesis and the preceding bound give

< CCD.

sup d(,un - Mc,n)(/\)

uel

0< /(1 — X)Kn, wdpn < Cecp +ep (ueI).

If B, had an eigenvalue Ay € Z, choosing u = Ay would make the summand corresponding to this
eigenvalue contribute

I/n 1
[L, kn? o 340
Choosing C'cp + ep < 1/34! gives a contradiction. O

Proof of Theorem 2.4. The event and transform assertions follow from (6.10) and Theorem 6.6. To
prove (2.4), we verify the two conditions in Lemma 6.8 using Theorem 6.6 and Lemma 6.7.

With 8, = 277/272 and 1, = n~'/%® from (2.3), choose an n~%-net of Z, with at most Cn/
points, and use the 34 imaginary parts vk7,. For all sufficiently large n, v/34n, < 1, so all these
heights lie in the range of Theorem 6.6. The derivative bound (5.11) gives the interpolation estimate

W — (B9/68=2T7/272 _ r,—1/272 __, (y
NN
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For each grid point and each imaginary part, Markov’s inequality and (6.26) give

CD
P (mn — Mep| > S Ql%)

< CO(ni, )20 200+1/2 _ (1, ~200/68+1/2

After summing over the net and the 34 imaginary parts, the exponent is

200 1 277 800 136 387

Brm b= — o

68 T2 912 912 T2 a2 (6.28)

The exponents —581 and —399/2, coming respectively from the event complement and the uniform
test-function estimate, are both strictly smaller than —387/272. Lemma 6.8 therefore gives (2.4).

Finally,

387 115
e I apn S |

so Borel-Cantelli proves (2.5). O

6.5 Choice of moment order

The preceding proof uses gz = 200 in the transform estimate. To explain this choice, we compare
the probability exponents at a general moment order.

At a fixed moment order 2 < g < Qg/4, the second-moment contribution to the trace estimate
has the factor n4 = n?/809, The product dg-Q)sj in (6.23) contributes the larger factor n2 = /400,
If the residual and transform estimates are obtained at order g with these factors, the final finite-net
calculation gives the probability exponent
q q 277 83

S ST e 2
68 + 400 272 6800 (6:29)

B

Summability requires this exponent to be less than —1, equivalently

(1+4277/272)6800 13725
83 83

=165.361....

Thus any integer 166 < ¢ < Qg/4 makes the final probability bound summable, provided the
preceding moment estimates are proved at order q. The g-dependent residual estimates at g, = 200
use quadratic-form moments only through 4¢; = 800 < Q. The construction of A and the tail
estimate (6.15) use moment order @, = 4000.

The moment order gy = 164 from Theorem 2.2 does not give a summable bound by the same
argument:

277 164 164 6925 — 16400 + 2788 6687

572 68 T 400 6800 T 6800

7 Conclusion

Independent sample columns with martingale-difference coordinates satisfy, under the stated moment
assumptions, the conditional Hilbert—Schmidt quadratic-form estimates used by the leave-one-column-
out resolvent method. Under the assumptions of Theorem 2.2, the estimate

(2 (E + 1) — e (E +in)) Lo, 161 = O(n ™)
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holds uniformly for E € T and n~1/68 < 5 < 1, where 2, is the high-probability event in that
theorem. The probability that B, has an eigenvalue in 7 is summable. Theorem 2.4 permits the
polynomial moment bound
max E|X;;|*% < Cn®,
0]

and gives the summable bound C'n=387/272 for the probability that B, has an eigenvalue in Z.

An extension of this proof to dependent sample columns would require control of the conditional
expectations of the centered quadratic forms in Propositions 3.2 and 3.3, together with a replacement
for the cancellation (4.29) in the martingale argument. A separate quantitative problem is to lower
the coordinate moment orders while preserving a summable spectral-exclusion estimate.
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