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From SABR to Geodesics

A systematic approach for modeling volatility 
curves with applications to option market-making and 

pricing multi-asset equity derivatives

Marco Avellaneda 
Courant Institute, New York University

© Marco Avellaneda  2005

The Importance of Having a Listed Derivatives
Historical Database

� Equity derivatives analysts can now access historical databases
on listed options at relatively low cost. They can:

� Back-test models, especially  calibration aspects

� Debunk myths about option models (there are plenty of them!)

� Back-test option strategies systematically, as is done for cash
trading

� Test the stability of a skew and vol surface model with
real data

� Learn more, by observation, get ideas…

Recommendation: IVY OptionMetrics



2

Fitting Volatility Skews

SPX JUN04 (PRICING DATE MAY 22)
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Blue line= average implied vol (puts/calls)
Pink line= fitted parabola

Zoom into the region -0.2<ln(K/F)<0.2

0%

5%

10%

15%

20%

25%

30%

35%

40%

-0
.2

0
-0

.1
3

-0
.1

0
-0

.0
7

-0
.0

3
-0

.0
2

-0
.0

1
0.

01
0.

03
0.

04
0.

06
0.

07
0.

10
0.

15

If you zoom into the region of interest, the parabolic fit is
seen as clearly inadequate

Reason: the out-of-the money options ``lift’’ the curve

Parabolic fits are not consistent with arbitrage-free pricing



3

Parabolic fitting requires Delta Truncation!

Fit only volatilities such that -0.2<x<+0.2
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Truncated Parabolic Fit: a look at the full
curve
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Out of the money options are not guaranteed to be well-fitted



4

Using a better spline to fit the data (from SABR)
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Sigma, beta and kappa are adjustable parameters

Formula is derived from a stochastic volatility model so it 
does not violate arbitrage conditions

SPX JUN06 SABR spline
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to the SPX front-month curve
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Green=parabolic
Red= SABR
Blue = Mid-Market

Evolution of the slope of the 30-day implied 
volatility curve, 1996-2004

Avellaneda & Lee, 2005
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Evolution of ratio [slope/leverage coefficient]
The ``roaring 90’s’’!

Fair value line (SV) 2/ βγ =

Avellaneda & Lee, 2005

Differential Geometry and 
Implied Volatility Modeling
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Factor Models and Diffusion Kernels

CIR-type setting,
X= state variables
W= m-dim Brownian

motion

Diffusion 
kernel

Fokker-Planck Equation and
Dimensionless Time
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Varadhan Asymptotics for the 
Diffusion Kernel
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Heuristically: Diffusion Kernels ``resemble’’
Gaussian Kernels with |x-y| replaced by L(x,y)

We shall use this approximation to compute option p rices 
and implied volatilities assuming tau is small
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Example 1: Local volatility model

( )

( )

( ) ( )
( )( ) ( ) ( )

( )
( )

( ) ( )xGyG
u

du
yxL

x

dx

x

dx

x

dx
dL

dtdWtxdx

F

F
xdWtF

F

dF

y

x

ttt

tt
t

t

−==














=









==

+=









==

∫ ~

2

~2

2

2

22
2

0

,

0,0,

(...),

ln,

σ

σ
σ

σσ
σ

σ

σ

1-dimensional
distances are 
always `trivial’

Special solvable 2-D case: the CEV Model
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Stochastic Volatility Models
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Leverage

Equivalent Model 
with Independent Brownian Motions (SABR)
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SV for tails
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Riemann Metric for SV / SABR:
The Poincare Upper Half-Space Model

( )

2

22

2

2

2

0,
1

σ
ση

κ
σ

σσ
β

κη
β

dd
dL

e x

+⋅=

≡






 −≡
−

η

σ

P

Q

Geodesics are
half-circles with center 
on the horizontal axis

( ) ∫=
Q

P

d
QPL

θ

θ θ
θ

κ
σ

sin
,

Using the asymptotics to compute option  
prices

( ) ( )

( )( ) ( )

( )( )
( )

( )( )
( ){ }

( )

( )
( )

( ){ }
y 

y y

y 0,ymax

y,y;0,0 0,ymax

0                        x

y:y

2
y,0

y
1

ln

2
y,0

y:y

2
y,0

0

2

2

2

n

KF

L

KF

n
L

KF

n
L

R

n

R

TT

dec

deKFc

deKFc

dTKFCALL

KFPFF

n

n

∫

∫

∫

∫

>












+








−
−

−

>

−

≈

−≈

−≈

−=

<==

τ

τ

τ

π



12

Steepest-descent approximation for 
computing implied volatilities
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Approximation for Implied Volatility 
for general diffusion model
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Example 2: Constant Elasticity of Variance
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Example 3: Stochastic Volatility / SABR

( )









=






















 −++−
≈

−−

0

2

0

2

0

imp

ln

1
1

1
ln

F

K
x

ee

x
x

xx

βσ
κ

βσ
κ

κ
σ

ββ



15

η

σ

( )0,0 σ

( )ση,

( )
*implied

2/
*

22
0

sin

1

1

L

x
x

d
L

R

R

e

i

x

≈

=

=

+=








 −=

∫

−

σ

θ
θ

κ

σ

ησ

β
κη

π

θ

β

R

Minimizing the distance to the line 
eta =const. in the Poincare plane

Example 4: the Heston Model
A variant of the Poincare Half-Space
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Closed-form solution for geodesics
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Multi-Asset Derivatives: Index Options, 
Rainbows
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Implied Volatility Skews 
Multiple Names, Multiple Expirations
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What is the `fair value’ of the index volatility reconstructed 
from the components?
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Riemannian metric 
for the multi-D local vol model 
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Exact solution: Euler-Lagrange Equations
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DJX: Dow Jones Industrial Average

DJX Nov 02    Pricing Date: 10/25/02
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DJX Jan 03    Pricing Date: 10/25/02
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DJX June 03    Pricing Date: 10/25/02
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BBH Dec 02 Date: Oct 25 02
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Is dimensionless time is too long? (Error bars: Juyoung Lim)

Is correlation causing the discrepancy?
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Expiration: Sep 02
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S&P 100 Index Options
(Quote date: Aug 20, 2002)
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Implied Correlation:  a single correlation 
coefficient consistent with index vol
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strikes, using SDA

Approximate formula:

Dow Jones Index
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Dow Jones Index: Correlation
Skew
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A model for ``Correlation skew’’:
Stochastic Volatility Systems
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Most likely configuration for
Stochastic Volatility Systems
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Method I: Dupire & Most Likely
Configuration for Stock Moves

N-dimensional
Equity market
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• Step 1: Local volatility
for each stock consistent
with options market

•Step 2: Find most likely
configuration for stocks
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Method II: Stochastic Volatility System and 
joint MLC for Stocks and Volatilities

N-dimensional
Equity market ( )txI ,loc,σ

•Only one step: compute the
most likely configuration of
stocks and volatilities at the
same time

Methods I and II are not 
`equivalent’
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Stochastic Volatility Systems give rise 
to Index-dependent correlations
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Open (and very doable) problems

� Apply this technology for pricing swaptions based on the
volatility skew of LIBOR rates or forward rates

� If we use a Local Volatility model (e.g. BGM with square-
root volatility), the answer is identical to the previous
formula

� The ``full’’ SABR multi-asset model gives rise to a complicated
Riemannian metric

� Credit default models for pricing CDOs are amenable to the 
same approach, especially copula-type models. I am not
aware of any solutions
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