Probability, homework 2, solutions.

Exercise 1. Let A be a o-algebra, P a probability measure and (4,,),>1 & sequence
of events in A which converges to A. Prove that

(i) Ae 4

(ii) lim,— o P(A4,) = P(A4).

Solution. As a first step, note that A,, — A can be rephrased as
A =limsup A,, = liminf A,
o0

n—o00 n—
where we remind that limsup A, = Np>1Um>nAm and liminf A, = Up>1Np>n A,
In particular this implies that A € A
We therefore known that (B), = (Un>nAm)n decreases to A and (Cy), =

(Nm>nAm)n increases to A, so P(B,) — P(A) and P(C,,) — P(A4). As B, C A, C
C,, this implies P(4,,) — P(A).

Exercise 2. Suppose a distribution function F' is given by
1 1 1
F(z) = Z]l[o,oo)(l‘) + 51[1,00)@) + 1]1[2,00)(95)

What is the probability of the following events, (—1/2,1/2), (-1/2,3/2), (2/3,5/2),
(3,00)7

Solution We have

P((—1/2,1/2)) = F(1/2) — F(~1/2) = 1/4 — 0 = 1/4,
P((—1/2,3/2)) = F(3/2) — F(~1/2) = 3/4 — 0 = 3/4,
P((2/3,5/2)) = F(5/2) — F(2/3) =1 — 1/4 = 3/4,

P((3,00)) = F(o0) — F(3) =1 —1 = 0.

Exercise 3. Let p be the Lebesgue measure on R. Build a sequence of functions
(fn)n>0, 0 < f, <1, such that [ f,du — 0 but for any z € R, (f,(z))n>0 does not
converge.

Solution Define f,(z) = L,c[f(n),g(n)) Where, for n € [27,2P+1), f(n) = (n — 2P —
20=1)/p, g(n) = f(n) +1/p. Cleatly [ f, = 1/p — 0 and for any  we have
fn(z) =1, and 0 i.0.

Exercise 4. Let X be a random variable in L' (Q, A, P). Let (A,)n>0 be a sequence
of events in A such that P(Ay) — 0. Prove that E(X1,4,) — 0.
n— 00 n—oo
Solution For any C > 0 we have
|E(XTa,)| <E(X[Lix|>c) + CP(An).

Let € > 0. By monotone convergence, there exists C' > 0 such that E(|X[1|x|>¢) <
e. For this C, there exists a ng such that for any n > ng we have P(4,) < ¢/C.
Thus we have proved that for n > ng, |E(X14,)| < 2¢, which concludes the proof.

Exercise 5. Let (d,)n>0 be a sequence in (0,1), and Ky = [0,1]. We define
iteratively (K,)n>0 in the following way. From K, which is the union of closed
disjoint intervals, we define K, 1 by removing from each interval of K, an open
interval, centered at the middle of the previous one, with length d,, times the length
of the previous one. Let K = N,>oK, (K is called a Cantor set).
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(a) Prove that K is an uncountable compact set, with empty interior, and whose
points are all accumulation points
(b) What is the Lebesgue measure of K7

Solution. (i) Each K, being closed, so is K. Moreover K C [0, 1], so it is compact.

To prove that K is uncountable, consider the following bijection ¢ : K — {0, 1}:
If € K, then z is either in the left or right interval from K7, and define p(x)g =
if z is in the left interval, 1 otherwise. Iterations on Ky, etc defines p(z), and ¢ is
easily shown to be a bijection.

To prove that K has empty interior, assume x,y € I for some interval I C K.
Then for any n we have z,y in the same interval from K, , i.e. p(z), = @(y)n. As
@ is a bijection this imposes * = y, so I needs to be a point, i.e. K has empty
interior.

Finally, for any = € K, the set {y € K : Vk < n,¢(y)r = p(2);} is infinite and
its points are at distance at most 2~**1 from xz, so z is an accumulation point.

(ii) An easy induction shows that the Lebesgue measure of K, is (1 —dp)...(1—
dn,1) So

Leb(K) = lim (1 —dp)...(1 —d,—1).

n— o0
This is 0 if the series of d,,’s diverges, a number in (0, 1) otherwise (for this analysis,
take the logarithm and Taylor-expand).

Exercise 6. Let X be a nonnegative random variable. Prove that E(X) < +oo if
and only if 3 P(X >n) < oo.

Solution. By monotone convergence we have E(X) = > - (E(X1x¢pm,nt1)), 50
that -

—14) (n+D)P(X € [n,n4+1)) = > nP(X € [n,n+1)) <E(X) < Y (n+1)P(X € [n,n+1)).

n>0 n>0 n>0

The result follows by noting that 3, - (n+1)P(X € [n,n+1)) =3 yP(X > n).

Exercise 7. Convergence in measure. Let (Q,.A, u) be a probability space. and
(fr)n>1, f : @ — R measurable (for the Borel o-field on R). We say that (fy,)n>1
converges in measure to f if for any € > 0 we have

pllfo = F1>2) = 0.

(i) Show that [ |f — f,|dp — O implies that f,, converges to f in measure. Is the
reciprocal true?
(ii) Show thatif f,, — f p-almost surely, then f,, — f in measure. Is the reciprocal
true?
(iii) Show that if f,, — f in measure, there exists a subsequence of (fy,)n>1 which
converges p-almost surely.
(iv) (A stronger dominated convergence theorem) We assume that f, — f in mea-
sure and |f,,| < g for some integrable g : 2 — R, for any n > 1.
(a) Show that |f| < g p-a.s.
(b) Deduce that [ |f, — f|dp — 0.

Solution.



(i) For any € > 0 we have 1|;_y 5. < |f_6f”|, so that

p([f = fal > ) < %/Qlfn—f|du—>o.

The reciprocal is wrong, as shown by the example (f,,)n>1 defined on ([0,1], B, Leb)

by fn =nljo,1/n]-
(ii) For any € > 0 we have

Nn>1 Umsn {[fn — fI > e} C{fu = [}

so that w(Nyn>1 Um>n {|fm — f| > €}) = 0. The sequence (Upm>n{|fm — f] > })n>1
decreases, so this implies that

nlgr;o (Ul fm — f| > €}) =0,

and in particular lim, . pu({|fn — f| > €}) = 0.
The reciprocal is wrong, as shown by the example (f, x)n>1,1<k<n defined on

([07 1]7 Ba Leb) by fn,k = ﬂ[(k—l)/n,k/n]~
(iii) From the hypothesis, for any & > 1 there exists an index nj such that
w(|fn, — f| > 1/k) < 27%. Summability in k easily implies

p(Nm>1 Uksm {|fn, — f| > 1/k}) = 0.

As f,, - f is included in the above set, this concludes the proof.
(iv) (a) For any € > 0 we have

plfl > g +e}) <u(lf1> [fal +€}) + n({lf = ful > €})

so that p({|f| > g +¢}) = 0. Therefore u-a.s. for any n > 1 we have |f| < g+ 1/n,

so |f| <g.
(b) We have

/Ifn—f\du:/ Ifn—fldu+/ Ifn—fldu§5+2/ lgld.
Q ‘fnff‘<5 \fn*f\26 |fn7f‘25

As g is integrable, f‘ lgldi — 0 as n — oo (e.g. by dominated convergence

fn_f‘zs
or uniform continuity of the integral), and the conclusion follows as ¢ is arbitrary.

Exercise 8. Consider a probability space (2, A, 1) and (A,,),, a sequence in A. Let
[ : Q2 — R be measurable (for the Borel o-field on R) such that [, [14, — fldux — 0
as n — o0o. Prove that there exists A € A such that f = 14 p-a.s., ie. pu(f =
14) = 1.

Solution. We first prove that |f| < 2 p-a.s.: {|f] > 2} C {|f —1a,| > 1}, so that

W({f] > 2) < pn({1f — Lag] > 1}) < / La, — fldp—0,

where for the second inequality we used (X > 1) < E(X) for any positive random
variable. This proves |f| < 2 p-a.s.



We now prove that f = f2 p-a.s., so that the expected result follows from the
choice A = {f = 1}. We have

/|f—f2|dus/|f—mn|du+/ 12— 14, |du
Q Q Q
=/|f—11An\du+/|f—nAn\-|f+nAn|dug4/|11An—f|dwo.
Q Q Q

where we used that p-a.s. |f + 14, | <|f|+ 1 < 3. This concludes the proof.

Exercise 9. Consider a probability space (E, A, u) and f,, : E — R measurable,
n > 1. Assume f,, — f p-almost surely. Prove that for any € > 0 there exists a set
A € A such that u(A) < e and the convergence f,, — f is uniform on A°.

Solution. Let

Bip = Nyzaf{lfi — f1 < 27%)
As f; = f as. , (Egn)n>1 is an increasing sequence converging to £ — N for some
measurable N with u(N) = 0. For any k let ng be such that pu(Ey,,) > 1 — 5,
and let

A=NU (Uk21(E — Ek,nk))'
Then p(A) < e and f,, converges to f uniforly on A°: for any w € A° we have
T € Ejp, so that |f,(x) — f(z)| <27F for all n > ny.



