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Main ensembles

• Poisson ensemble of diagonal matrices

Mij = pjδij with pj = i.i.d. random variables

• Standard Random Matrix Ensembles

M ≡ Mij = real symmetric, complex Hermitian,

or quaternion matrices

Measure: e−aTrMM†

is invariant over conjugation

M −→ U MU−1

of a group of orthogonal, unitary, or symplectic matrices.

Joint distribution of eigenvalues

P (λ) ∼
∏

j<k

|λk − λj |βe−
∑

s
V (λs)

β = 1, 2, 4 for GOE, GUE, and GSE



Well accepted conjectures

• Berry, Tabor (1997):

Integrable systems =⇒ Poisson statistics
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• Bohigas, Giannoni, Schmit (1984):

Chaotic systems =⇒ Random Matrix Statistics
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3d Anderson model

H =
∑

i

εia
†
iai −

∑

j=adjacent to i

a†
jai

εi=i.i.d.r.v. between −W/2 and W/2. Wc = 16± 0.5

• When W < Wc states are delocalized (metal) and spectral

statistics = RMT

• When W > Wc states are localized (insulator) and spectral

statistics = Poisson

• When W = Wc (metal-insulator transition) states have

fractal properties and a new intermediate type of spectral

statistics has been observed numerically Shklovskii (1993)



Characteristic features of intermediate statistics

• Level repulsion at small distances as for RMT

p(s) → 0 when s → 0

• Exponential decrease of p(s) at large distances

as for Poisson

p(s) ∼ e−as when s → ∞

• Linear asymptotics of the number variance

Σ2(L) ≡ 〈(n(L) − n̄(L))2〉 → χL when L → ∞

χ = spectral compressibility. χ = 1 for Poisson, χ = 0 for RMT

• Multi-fractal character of eigenfunctions

〈|Ψ|2q〉 → L−(q−1)Dq when L → ∞

Dq = 0 for Poisson, Dq = 1 for RMT



Random matrix models of intermediate statistics

Mij = εjδij + V (i − j) , typically V (i − j) ∼ g

|i − j|α
εj = i.i.d.r.v. between −W/2 and W/2.

States i and j are in resonances provided

|εj − εi| ≤ |V (i − j)|

Number of resonances connected with a cite i

Nresonances(i) ∼
∑

j

|V (i − j)|

If

• α > 1 =⇒ localization

• α < 1 =⇒ delocalization

• α = 1 =⇒ intermediate statistics



Critical band random matrix ensemble

N × N random matrices (e.g. Evers, Mirlin (2008)):

Hij are i.i.d. Gaussian variables (real for β = 1 and complex for

β = 2) with zero mean 〈Hij〉 = 0 and with variance

〈|Hij |2〉 =

(

1 +
(i − j)2

b2

)−1

Perturbation series

• b ≫ 1: Dq = 1 − q
2πβb , χ = 1

2πβb

• b ≪ 1:

For β = 1

Dq = 2b
Γ(2q − 1)

22q−3Γ(q)Γ(q − 1)
, χ = 1 − 4b

For β = 2, b → π
2
√

2
b



Short-range Dyson gas model

Standard RMT

P (λ1, λ2, . . . , λN ) ∼ exp



β
∑

i<j

ln |λj − λi| −
∑

j

V (λj)





β = 1, 2, 4 for GOE, GUE, and GSE

Short-range gas model: λ1 < λ2 < . . . < λN

P (λ1, λ2, . . . , λN ) ∼ exp



β
∑

j

ln |λj+1 − λj | −
∑

j

V (λj)





Similar for finite number of nearest levels

All correlation functions are calculated analytically



Semi-Poisson statistics

n nearest-neighbor spacing distribution

P (n, s) ∼ sβ+n(β+1)e−(β+1)s

2-point correlation formfactor

K(τ) =

[

(

1 +
τ

β + 1

)β+1

− 1

]−1

Level compressibility

χ = K(0) =
1

β + 1

For β = 1, p(s) = 4se−2s, R2(s) = 1 − e−4s, χ = 1/2



Polygonal billiards

π mi

in

π
n

g = 1 +
N

2

∑

i

mi − 1

ni

N = the least common multiple of ni

Large variety of different behaviors
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Semi-Poisson formulas:

Nsp(s) = 1 − (2s + 1)e−2s, R2(s) = 1 − e−4s



Analytical calculation of level compressibility

E.B., Giraud, Schmit (2001)

π
n

χ ≡ K(0) =
n + ǫ(n)

3(n − 2)

ǫ(n) =















0 when n is odd

2 when n is even but not divisible by 3

6 when n is divisible by 6

Calculations are based on the existence of the Veech group



Rectangular billiard with a flux line

Aharonov−Bohm flux line Aharonov-Bohm flux line

Aφ = α
r at point x0, y0

Ψn(r, φ) = 0 on a rectangle a, b

[

∂2

∂r2
+

∂

r∂r
+

1

r2

(

∂

∂φ
− iα

)2

+ En

]

Ψn(r, φ) = 0

α̃ = fractional part of the flux

χ ≡ K(0) = 1 − 4α̃(1 − α̃) + 6α̃η

η = explicit function of e1 = x0/a and e2 = y0/b

For irrational e1, e2, η = 1/6 and

χ ≡ K(0) = 1 − 3α̃ + 4α̃2



Classical mechanics of pseudo-integrable billiards
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The simplest interval exchange map: (I1, I2) −→ (I2, I1)

Consider a sequence of parabolic 2-dim maps

Φ0 :





p

x



 7−→





p

x + f(p)



 mod 1

ρα :





p

x



 7−→





p + α

x



 mod 1

Φα :





p

x



 7−→





p + α

x + f(p + α)



 mod 1



Rational α = m/q

p = p + k/q and Φq
α = “pseudo-integrable” map

Φq
α :





p

x



 7−→





p

x + C



 mod 1 , C =

q
∑

j=1

f(p + jα)

Simplest interval-exchange map of two intervals :

x 7−→ x + C mod 1

0 1

1

1−C

C



Quantization of map

≈ a unitary matrix whose saddle points = classical map

〈Q′|U(Φα)|Q〉 =

=
1

N

N−1
∑

k=0

exp[2πi(−NΦ(
k

N
) +

k

N
(Q′ − Q)) + 2πiαQ]

Φ(k)′ = f(p) - Giraud, Marklof, O’Keefe (2004) for Φ(p) = p2

Momentum representation

Unitary N × N matrix :

Mkp = eiΦk
1− e2πiαN

N[1− e2πi(k−p+αN)/N]
.

Φk = −NΦ(k/N) , k, p = 0, 1, . . . , N − 1



M =

















eiΦ1

eiΦ2

. . .

eiΦN

















µ

µkp =
1 − e2πiαN

N(1 − e2πi(k−p+αN)/N)

Two cases

• Non - symmetric (analog of GUE):

Φk are i.i.d. random variables with uniform distribution

between 0 and 2π.

• With ’time-reversal’ symmetry (analog of GOE):

Only a half of coefficients is independent. The other are

obtained from the symmetry : ΦN−k = Φk.



Main results: E.B., Schmit (2004)

For α = m/q and mN ≡ ±1 mod q spectral statistics of the main

matrix = the semi-Poisson statistics with parameter

β =







q − 1 for non-symmetric matrices

1
2 (q − 2) for symmetric matrices

The nearest-neighbor distribution:

p(s) = Aβs
βe−(β+1)s

Dyson’s dogma:

In random matrices one gets level repulsion (p(s) ∼ sβ) with only

three values of β

β = 1 , 2 , 4.

In pseudo-integrable maps it is not correct.



Non-symmetric matrices
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α = 1/3, 1/6, 1/9.

Solid line: α = 1/3

p(s) ∼ s2 e−3s

Dotted line: α = 1/6

p(s) ∼ s5 e−6s

Dashed line: α = 1/9

p(s) ∼ s8 e−9s



Non-symmetric matrices
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The two-point correlation function

for α = 1/4, 1/7, 1/10.

For integer β:

R
(β)
2 (s) = e−(β+1)s

∑β
k=0

exp[(β + 1)se2πik/(β+1) +

e2πik/(β+1)]



Symmetric matrices
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The nearest-neighbor distribution for

symmetric matrices with

α = 1/2, 1/3, 1/5, 1/7.

• α = 1/2 :

p(s) = e−s

• α = 1/3 :

p(s) ∼ s1/2 e−3/2s

• α = 1/5 :

p(s) ∼ s3/2 e−5/2s

• α = 1/7 :

p(s) ∼ s5/2e−7/2s



Spectral statistics when N 6= ±1 mod q

For α = m/q and N ≡ −k mod q with k = 1, . . . , q − 1 correlation

functions are calculated from a transfer matrix of dimension

Ck−1
q−2 (E.B., Dubertand, Schmit (2008))

Example: For non-symmetric matrices with α = 1/5 and

N ≡ ±2 mod 5 the transfer matrix is

T (x) =









3x4

4! 5x5

5! 5x6

6!

3x3

3! 5x4

4! 5x5

5!

2x2

2! 3x3

3! 3x4

4!









exp(−5x).

p(s) = (a2s
2 + a3s

3 + a4s
4 + a5s

5 + a6s
6)e−5s

a2 = 625/2 − 275
√

5/2 ≈ 5.041, a3 = 3125/2 − 1375
√

5/2 ≈ 25.203,

a4 = 71875/48 + 33125
√

5/48 ≈ 45.724,

a5 = −15625/3 + 9375
√

5/4 ≈ 32.451,

a6 = 1015625/288 − 453125
√

5/288 ≈ 8.357.



Transfer matrix for α = 1/7 and N ≡ ±3 mod 7

For non-symmetric matrices: pr ∼ xre−x

For symmetric matrices: pr ∼ x(r−1)/2e−x/2













































10p6 35p7 70p8 84p9 56p8 168p9 252p10 210p10 462p11 462p12

10p5 35p6 70p7 84p8 56p7 168p8 252p9 210p9 462p10 462p11

6p4 20p5 40p6 49p7 30p6 91p7 140p8 112p8 252p9 252p10

3p3 8p4 15p5 19p6 10p5 30p6 49p7 35p7 84p8 84p9

4p4 15p5 30p6 35p7 26p6 77p7 112p8 98p8 210p9 210p10

3p3 12p4 25p5 30p6 20p5 61p6 91p7 77p7 168p8 168p9

2p2 6p3 12p4 15p5 8p4 25p5 40p6 30p6 70p7 70p8

0 3p3 8p4 10p5 6p4 20p5 30p6 26p6 56p7 56p8

0 2p2 6p3 8p4 3p3 12p4 20p5 15p5 35p6 35p7

0 0 2p2 3p3 0 3p3 6p4 4p4 10p5 10p6















































Another example

Lkr = prδkr + i
(a

2

) 1− δkr

k − r

pr = i.i.d.r.v. uniform between −1 and 1, k, r = −N/2, . . . N/2
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a = .1, .5, 1, 2, N = 301

P (s) = Ae−B2/s2−Cs



Difficulties with intermediate-type
ensembles

• Matrices and related physical problems are not
invariant over the basis change

• Analytical results are rare and one has rely on

numerics

• Large variety of different behaviors and absence of

universality



Classical integrable systems

Calogero-Moser models

Inr H(p, q) =
N
∑

j=1

1

2
p2

j + a2
∑

1≤j<k≤N

1

(qj − qk)2

IInr H(p, q) =
N
∑

j=1

1

2
p2

j +
1

4
a2µ2

∑

1≤j<k≤N

1

sinh2(µ
2 (qj − qk))

IIInr H(p, q) =

N
∑

j=1

1

2
p2

j +
1

4
a2µ2

∑

1≤j<k≤N

1

sin2(µ
2 (qj − qk)/2)

Ruijsenaars-Schneider model

IIIb H(p, q) =
N
∑

j=1

cos(pj)
∏

k 6=j

(

1 − sin2 πa

sin2 µ
2 (qj − qk)

)1/2



Integrability

A N -dim system = integrable, if ∃ N integrals of motion Ij(~p, ~q )

{Ij(~p, ~q ), Ik(~p, ~q )} = 0

Angle-action variables: Ij = Ij(~p, ~q ), φj = φj(~p, ~q )

İj(~p, ~q ) = 0 , φ̇j = ωj(~I(~p, ~q ))

Canonicity: d~pd~q = d~Id~φ

Lax matrices

Pair of matrices Lkr(~p, ~q ) and Mkr(~p, ~q ) such that the equations

of motion are consequence of the Lax equation

L̇(~p, ~q ) = [L(~p, ~q ) , M(~p, ~q )]



Lax matrices for Calogero-Moser models

• Rational

Lkr = prδkr + ia
1 − δkr

qk − qr

• Hyperbolic

Lkr = prδkr + ia
µ(1− δkr)

2 sinh(µ(qk − qr)/2)

• Trigonometric

Lkr = prδkr + ia
µ(1− δkr)

2 sin(µ(qk − qr)/2)



Lax matrix for Ruijsenaars-Schneider model

Lkp = eipk+i(qk−qr)/2Ckp(a;~q)

C(a;~q) is an orthogonal matrix (C · Ct = 1)

Ckp(a;~q) = W
1/2
k (a;~q)

sinπa

sin
(

qk−qp

2 + πa
)W 1/2

p (−a;~q) .

where

Wj(a, ~q) =
∏

s 6=j

sin
(

qj−qs

2 + πa
)

sin
(

qj−qs

2

)



General construction

Lax matrix L(~p, ~q ) = a random matrix depending on random

variables ~p and ~q distributed according to a ”natural” measure

dL = P (~p, ~q ) d~pd~q

Integrability: canonical action-angle variables Iα(~p, ~q ) and

φα(~p, ~q ):
∏

j dpj dqj =
∏

α dIα dφα .

Usually Iα(~p, ~q ) = eigenvalues λα of the Lax matrix or a simple

function of them. The canonical change of variables

dL = P(~λ, ~φ ) d~λd~φ

The exact joint distribution of eigenvalues

P (~λ ) =

∫

P(~λ, ~φ ) d~φ

This scheme can be adapted to many different models



Angle-action variables for the Calogero model

Lkr = prδkr + ig
1− δkr

qk − qr

∑

r

Lkrur(n) = λnuk(n),
∑

m

u∗
k(m)ur(m) = δkr

Direct calculations: Lkrqr − qkLkr = −ig(1 − δkr) .

Qmn(λm − λn) = −ig(e∗men − δmn)

Qmn =
∑

k

u∗
k(m)qkuk(n), em =

∑

k

uk(m),
∑

n

Qmnu∗
k(n) = qku∗

k(m)

One can choose em = 1. Then

Qmn = wmδmn − ig
1− δmn

λm − λn

Ruijsenaars proved that wm = φm are angle variables and

λm = Im are action variables



Natural measure of random ensemble

Consider Lkr as a random matrix depending on p and q with the

natural measure

dL ∼ exp

[

−αTrL†L − β
∑

k

q2
k

]

dpdq

≡ exp



−α





∑

k

p2
k + g2

∑

i 6=j

1

(qi − qj)2



− β
∑

k

q2
k



dpdq

In variables λ and w this distribution can be rewritten as

dL ∼ exp

[

−α
∑

m

λ2
m − βTrQ†Q

]

dλdw

≡ exp



−α
∑

m

λ2
m − β





∑

m

w2
m + g2

∑

m6=n

1

(λm − λn)2







dλdw .



Exact joint distribution of eigenvalues for
Calogero-Moser ensemble

P (λ1, . . . , λN ) ∼ exp



−α
∑

m

λ2
m − βg2

∑

m6=n

1

(λm − λn)2



 .

Wigner-type surmise for the nearest-neighbor distribution

p(s) = Ae−B2/s2−Cs

In thermodynamic limit when N → ∞ coordinates qk are in a box

of length L → ∞ with N/L = constant the exact Lax matrix can

be simplified by fixing qk ∼ k

L̃jk = pkδjk + ia
1− δjk
2(j − k)

Here pk are i.i.d. random variables with uniform distribution

between −1 and 1 and j, k are integers from -N/2 till N/2



Numerics for Calogero-Moser ensemble
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Wigner-type surmise p(s) = Ae−B2/s2−Cs

Fit B = .096, .618, 1.46, 3.11 for a = .1, .5, 1, 2



Fractal properties of eigenfunctions for
Calogero-Moser ensemble

〈|Ψ|2q〉 → N−(q−1)Dq when N → ∞

-1 0 1 2 3
q

0

0.5

1

1.5

2
D

q

a = 0.1, 0.5, 1.0, 1.5, 2.0, 5.0



Angle-action variables for Ruijsenaars model

Lkp = eipk+i(qk−qr)/2Ckp(a, ~q)

Ckp(a, ~q) = W
1/2
k (a;~q)

sinπa

sin
(

qk−qp

2 + πa
)W 1/2

p (−a, ~q )

Wj(a, ~q) =
∏

s 6=j

sin
(

qj−qs

2 + πa
)

sin
(

qj−qs

2

)

∑N
p=1 Lkpup(γ) = λγuk(γ), λα = eiθα ,

Qγξ =
∑N

n=1 un(γ)eiqnu∗
n(ξ)

Qγξ = eiφγ+i(θγ−θξ)/2Cγξ(−a,~θ )

When L is unitary, θα and φα = action-angle variables



Natural measure for Ruijsenaars model

R-S Hamiltonian is self-adjoint and the Lax matrix is unitary not

on the whole ~q-space but only on a subset of it when for all j

Vj(a, ~q ) ≡
∏

k 6=j

(

1 − sin2 πa

sin2[(qj − qk)/2]

)

= Wj(a, ~q)Wj(−a, ~q) > 0

R(a, ~q ) = the characteristic function of this subset

R(a, ~q ) =







1 when Vj(a, ~q ) > 0 , j = 1, . . . , N

0 otherwise

”Natural” measure for the RS ensemble = the uniform measure

dL ∼ R(a, ~q ) d ~pd~q

By transforming this expression to action-angle variables one gets

P (~θ ) ∼ R(a,~θ )



Main lemma

Lkp = eipk+i(qk−qr)/2Ckp(a, ~q) ,

Ckp(a, ~q) = W
1/2
k (a, ~q)

sinπa

sin
(

qk−qp

2 + πa
)W 1/2

p (−a, ~q )

If this matrix is unitary then its eigenvalues are such that after the

rotation by ±2πa in-between of any pairs of nearest eigenvalues

there exist one and only one rotated eigenvalue

Identity

e±i(qk−qp+2πa) = 1 ± e±i((qk−qp)/2+πa) sin((qk − qp)/2 + πa)

Two rank-one deformations

N
(±)
kp = Lkpe

±i(qk−qj+2πa)

with known eigenfunctions and eigenvalues

N
(±)
kp Ψ(±)

p = Λ(±)
α Ψ

(±)
k , Ψ

(±)
k = e±iqkuk(α) , Λ(±)

α = e±2πiaλα



N = 7, a = 1/5
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Geometrical unfolding

1
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3
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N ≡ −2 mod q

Lemma: For α = m/q and mN ≡ −k mod q with k = 1, . . . , q − 1

eigenphases of matrix Lkp can be described as follows. Fix q

horizontal lines, put arbitrary points at the lowest line. Draw

staircase non-intersecting lines going only up and to the right with

the condition that they start at the lower line and end at last line

but with the shift by k units. Points at horizontal lines are situated

at the corners of the constructed lines.



Variation: a =⇒ b/N

Lemma: When α = b/N and N > N∗ at the angular distance of

2πb/N from each eigenvalue there exist exactly [b] eigenvalues

• When 0 < b < 1 the minimal distance between 2 eigenvalues is

2πb/N .

• When b > 1 the maximal distance between 2 eigenvalues is

2πb/N . Example: 1 < b < 2

x
k

x
kxk+1 +2
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2
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Transfer operator

Let θ1 < θ2 < . . . < θN , ξk = θk+1 − θk and

f(x) =







1 when 0 < x < b

0 otherwise
, g(x) = 1 − f(x),

Joint probability of RS eigenphases inside an interval ∆

P (ξ) ∼
N
∏

j=1

f(sj)g(sj + ξj+n)δ(∆ −
N
∑

k=1

ξk) ,

where sj = ξj + . . . + ξj+n−1 and n = [b].

Exactly as a 1-d gas where each particle interacts with n = [b]

nearest-neighbors. Solution by transfer operator

In thermodynamic limit: qk −→ 2πk/N

Lkp −→ eipk
1 − e2πib

N [1 − e2πi(k−p+b)/N ]



0 < b < 1

Poisson distribution shifted by b
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b = 0.1, 0.2, . . . , 0.9



Fractal properties for 0 < b < 1

〈|Ψ|2q〉 → N−(q−1)Dq when N → ∞
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q
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b = 0.1, 0.2, . . . , 0.9



1 < b < 2

p(s) =















A sinh2(ρs) when 1 < b < 4/3

81
64s2 when b = 4/3

A sin2(ρs) when 4/3 < b < 2
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N=701
al=7/6, 8/6, 9/6, 10/6 (resp. black, red, green, blue)



b = 4/3

p(s) =
81

64
s2 , 0 < s < 4/3

p(2, s) = (−3

2
+

27

16
s − 81

512
s3)e3s/4−1 , 4/3 < s < 8/3

p(3, s) =







( 3
4 − 81

32s + 81
512s3)e3s/4−1 + 81

64s2, 4/3 < s < 8/3

(− 9
4 + 27

32s − 81
512s3)e3s/4−1 + 9e3s/2−4, 8/3 < s < 4
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a=9/4
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Summary

• Physical problems giving rise to intermediate statistics

– Anderson model at MIT

– Pseudo-integrable billiards

– Integrable systems with flux line

– ...

• Large varieties of intermediate statistics

Absence of universality

• Lax matrices of integrable classical systems give new soluble

ensembles of random matrices with intermediate statistics

• Fractal properties of eigenfunctions for investigated models

• New perspectives for intermediate statistics


