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SOME CALCULATIOI \S  OF THE RIEMAi \ I \
ZET A.FUI\ C TIOI{

By A. M. TURII{G

fReeeived 29 February f 952.-Read 20 ]Iarch 19521

Introduction
Ix Jr:ne 1950 the Manchester IJniversity Mark 1 Eiectronic Computer was

used. to do some calculations concerned with the distribution of the zeros

of the Riemann zeta-function. It was intend.ed in fact to determine whether

there are any zeros not on the eritical line in ce.rtain particular intervals.

The cal.culations had been planned some time in advance, but had in fact to

be carried out in great haste. ff it had not been for the fact that the con-

found off the critical li and.
-culations 

were di more tow
inq such existed. The procedure was su

ih"tlf it ha,d be"tr 6c@-rouowea, ana if the rnachine mrae no'errott
in the period, then one could be sure that there were no zeros off the critical

Iine in the interval in question.' In practice only a few of the results were

checked by repeating the calcula.tion, so that the rnachine might well have

made an e ror.

'1?-,ff 
_

iceable '1o from

3 p.m. one aft-ernoon to 8 a.m. the following nor4i bable

caleulations woul have been done ' As it was, the i:rterval
Zn.OZz < t < 2tr .642 was investigated. during that period, and very little

more was accomplished.
The calculations were an optimistic hope that a zero would bedone in

I
c



If more time had been available it was i:rtended to do some more calcula-

tions in an aitogether different spirit. There is no reason in principie why

computation should. not be ca.rried through with the rigour usual in mathe-

matieal anqlysis. If definite rules are iaid. do:rn as to how the computation

is to be done one can prediet bounds for the errors throughout. When the

eomputations aredone by hand. there are serious practicai diffi-culties about

this. The eomputer will probably have his own ideas as to how certain steps

should. be done. lVhen certain steps may be onitted without serious loss

of aeeuracy he wiil wish to do so. Furthermore he will probabiy not see the

point of the 'rigorous' computation and will probably say 'If you want

-or. eertainty about the aceuracy why not just take more figures ?' an

argument difficult to counter. However, if the calculations are being done

by an automatic computer one ean feel sure that this kind of indiscipline

does not occur. Even with the automatic eomputer this rigour can be rather

tiresome to achieve, but in connexion with such a subject as the analytieal

theory of numbers, where rigour is the essence, it seems worth while.

IJnfortunately, although the details were all worked out, practically nothing

was done on these lines. The interval I4L4 < t < 1608 was invqqti

but unfortuna ke d.ownt t
t

WOIK WAS this subsequen

found to have been a wrong error value the t that
certaln that the zeros lie on the critical

' litr" rro to t : 15+0 (Titch-

marsh (5)).
This pa,pex is divided into two parts. The first part is devoted to the

analysis connected with the problem. All the results obtained in this part

are likely to be applicable to any further calculations to the same end,
whether carried out on the Manchester Computer or by any other means.
The second. part is concerned with the means by which the results were

aehieved on the Manchester Computer.

ii
ii
i 1
i i



The prineipal investigation concerned the range 632 < r ( 642, i.e. the

intervalinwhich7,,:63.Workingatful leff 'ciencyitshouldhavetaken
about 4 hours to ealculate these values, the number of zeros conce ned being

about 10?0. Full efficiency was not;.howeYel, achieved, and the calculation

took about g hours. Ooly a small amount of this additional time was

accounted. for by d.uplicating the work. The speciai investigations in the

neighbourhood of points where the unexpected sign oceurred took a further

g hours. The general reliability of the machine was checked from time to

time by rep"aiing small seetitns. The recorded. cumulants were useful

in this eonnexion. These cumulants were the totals of the values of Z(")

: computed since the last recorded value. If a calculation is repeated and

there is agreement in cumulant value then there is a strong presumptign

that there is also a,greement in all the individual values contributing to it.

The result of this investigation, so far as it can be relied on, was that there

are no cornplex zeros or multiple real zeros of Z(r) iir the region

6 3 2 < r ( 6 4 2 ,

i.e. ali zeros of ((s) in the region 2n.632 < t < 2n.642 are simple zeros

on the critical line.
Another investigation was also started with a view io extending the

ra,nge of relatively small values of t for which the Ridmann hypothesis holds.

Titchmarsh has alread.y proved that it holds up i.e. to about

fiCffiiffi;iir" rta@ before t - 225 to allow

a marginilr the *ppllffi-o of Theorem 5. It was i*]len4e4 to gontlinue"the
work up to about r - 500, ibut an early breakd.ow-:r resulted in its abandon-

frZ"t *t r : 256. After applying Theorem 5 it v-ouid oniy be possible to

assert the validity of the Riemann hypothesis up to about r : 250' All

this part of the calculations was d.one twice, the unrecorded values being ]
confirrqed by rneans of the 'cumulants'.

Ilnfortunately qftE v'as given the inappropriate "@-

sequentlY \4-e are only e assert the vaiiditv o emann y1rothesis

as far as i : 1540, a negiigible advance.
a - -  

,  *  r '  '  t t '  
'  

'  
"  "  t
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