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The Riemann Hy pothesis

Bemhard Riemann p i “l’:!bcr dee Anzahl der Prim«ZQ’Lhn- unfer einer 3,¢f¢b¢n¢n, Gt:ﬁt’
1859

power series in ¢t which converges very rapidly. Now since for values of s
with real part greater than 1, log {(s) = =Y log (1 — P™’) is finite and since
the same is true of the other factors of £(1), the function &(¢) can vanish only
when the imaginary part of ¢ lies between {iand —4i. The number of roots of
$(r) = 0 whose real parts lie between 0 and T is about

whose real parts lie between 0 and T'is (up to a fraction of the order of magni-
tude of 1/T) equal to (T log (T/2n) — T)i and is, on the other hand, equal to
the number of roots of {(¢) = 0 in the domain multiplied by 2n;. One ﬁnd in

fact about this many real roots within these bounds/FRF40Ts very ikeld that

-l
W / .jqr .’//;/I’ 4 .
I~ , ..//,‘, o 4

alvol /j‘{jﬁ,ﬁwmggm One would of course like to have a rigorous proof of
this, but I have put aside the search for such a oof after some fleeting vain

iftcmpts(bgﬂ cause it is not ’ncccssarx for the immediate objective of my in-
vestigation.
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SOME CALCULATIONS OF THE RIEMANN
ZETA-FUNCTION
| By A. M. TURING ‘
[Received 29 February 1952.——Read520 March 1952]

Introduction -

Ix June 1950 the VIanchester University Mark 1 Electronic Computer was
‘used to do some ‘calculations concerned with the distribution of the zeros
of the Riemann zeta-function. It wasintended in fact to determine whether |

there are any zeros not on the critical line in certain particular intervals.

The calculations had been planned some time in advance, but had in fact to
be carried out in great haste. If it had not been for the fact that the com- *x
puter remained in serviceable condition for an unusually long period from
3 p.m. one afternoon to 8 a.m. the following mo g it is probable that the
calculations would never have been done at all: As it was, the interval |
97.632 < ¢ < 2m.B42 was mvestlgated during that period, and very little &

more was accomplished.

The calculations were done in an optimistic hope that a zero would be

found off the critical line, and the calculations were re directed more towards

finding such zeros than proving that none existed. The procedure was such
that if it had been accurately followed, and if the machine made no errors

in the period, then one could be sure that there were no zeros off the critical |
line in the interval in question. In practice only a few of the results were
checked by repeatmg the calculation, so that the machine might well have

made an error.

i



If more time had been available it was intended to do some more calcula-

tions in an altogether different spirit. There is no reason in principle why
computation should not be carried through with the rigour usual in mathe-
matical analysis. If definite rules are laid down as to how the computation

is to be done one can predict bounds for the errors throughout. When the |

computations aredone by hand there are serious practical difficulties about
this. The computer will probably have his own ideas as to how certain steps
should be done. When certain steps may be omitted without serious loss
of accuracy he will wish to do so. Furthermore he will probably not see the
point of the ‘rigorous’ computation and will probably say ‘If you want
more certainty about the accuracy why not just take more figures?’ an
argument difficult to counter. However, if the calculations are being done
by an automatic computer one can feel sure that this kind of indiscipline

does not occur. Even with the automatic c'omputer this rigour can be rather
tiresome to achieve, but in connexion with such a subject as the analytieal -
theory of numbers, where rigour is the essence, it seems worth while.

Unfortunately, although the details were all worked out, practically nothmg

was done on these lines. The interval 1414 < ¢ < 1608 was investigated

and checked, but unfortunate ely at this point the machime broke down and
no further work was done. Furthermore this inter val was subsequently

found to have been run with a wrong error value, and the most that can
consequently be asserted with certainty is Is that the zeros lie on the critical
- line up to ¢ = 1540, Titchmarsh having investigated as far as 1468 (Titch-

\ marsh (5)).

‘This paper is divided into two parts. The first part is devoted to the

analysis connected with the problem. All the results obtained in this part
are likely to be applicable to any further calculations to the same end,
- whether carried out on the Manchester Computer or by any other means.

'The second part is concerned with the means by which the results were
~ achieved on the Manchester Computer.




The principal investigation concerned the range 632 < 7 < 642 i.e. the
interval in which m = 63. Working at full efficiency it should have taken
about 4 hours to calculate these values, the number of zeros concerned being
about 1070. Full efficiency was not,-however, achieved, and the calculation

took about 9 hours. Only a small amount of this additional time was

accounted for by duplicating the work. The special investigations in the

neighbourho,od of points where the unexpected sign oceurred took a further |

8 hours. The general reliability of the machine was checked from time to
time by repeating small sections. The recorded cumulants were useful
in this connexion. These cumulants were the totals of the values of Z(r)
" computed since the last recorded value. If a calculation is repeated and
there is agreement in cumulant value then there is a strong presumption
that there is also agreement in all the individual values contributing to it.
The result of this investigation, so far as it can be relied on, was that there
are no complex zeros or multiple real zeros of Z(r) in the region

632 < T < 642

i.e. all zeros of {(s) in the region 27.63* <t < 27,642 are simple zeros
on the critical line. ' ‘

Another investigation was also started with a view to extending the
range of relatively small values of ¢ for which the Riemann hypothesis holds.
Titchmarsh has already proved that it holds up to ¢ = 1488, i.e. to about
+ = 231. The nev?inve?oigation started somem—r-ﬁa?c before = 225 to allow

- a margin for the application of Theorem 5. It was intended to continue the
work up to about r = 500, but an early breakdown resulted in its abandon-
ment at - — 256. After applying Theorem 5 it would only be possible to
assert the validity of the Riemann hypothesis up to about = = 250. "All

 this part of the calculations was done twice, the unrecorded values being
- confirmed by means of the ‘cumulants’.

Unfortunately 0-31F was given the inappropriate value of {5 and con- |

sequently we are only able to assert the validity oi the Riemann hypothesis |

as far as t = 1540, a negligible advance.

gp—
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consecutive eigenvalues, denoted s,,=x,, — x,,_;
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Fig. 4. Spacing autocovariances C(n) for Riemann zeros for three different ranges of n
to illustrate several regimes and phenomena. Circles, from theory (Eq. (3.1), see caption
of Fig. 2). The last part of Fig. 4c corresponds to Fig. 3.
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Fig. 1. Distribution of computed numeri-
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