MAXIMUM OF DIRICHLET L FUNCTIONS ON A SHORT INTERVAL
OF THE CRITICAL LINE

CAMIL L SUCIU

1. INTRODUCTION

Following the groundbreaking paper [2] in which strong probabilistic bounds on short in-
tervals of the critical line were established for the Riemann zeta function, we extend the
main theorem there to L functions corresponding to Dirichlet characters, obtaining both
upper and lower bounds for individual L functions on random intervals of constant length
on the critical line. Our results do not take into account dependence on the modulus ¢ of
the character which is treated as a constant, but a more careful analysis of the method of
proof should allow for results in which this dependence is made explicit.

In [2], Arguin, Belius, Bourgade, Radziwill and Soundararajan showed that for any & > 0,
as T'— oo the following holds:

1
Tmeas{T <t<2T:(1—¢)loglogT < ma}i(l log ‘C (% + 1u)| <(l+¢) loglogT} — 1.

[t

Let now ¢ > 3 and x a fixed non-principal character on (Z/qZ)*. Hence x is completely
multiplicative, periodic with period ¢, x(n) = 0,(n,q) > 1 and |x(n)| = 1,(n,q) = 1, while
x non-principal implies that >, x(n) = 0.

As usual we define

— x(n) X(p),

L(s) = ; = Ty prime (1 < )™l Res > 1
the L function associated with y. The fact that Y ?_, y(n) = 0 implies that L originally
defined and analytic for Re s > 1 where the series above is absolutely convergent, extends
analytically to Res > 0 with conditional convergence on 0 < Res < 1. It is well known
that L extends to an entire function which satisfies a functional equation relating L(s) with
L(1 — s) but since our results concern only the critical strip 0 < Res < 1 and actually the
critical line Re s = % and its immediate neighborhood, we will not be needing that.

Our main result is:
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Theorem 1.1. For any e > 0, as T — oo we have

1
Tmeas{T <t<2T:(1—¢)loglogT < ‘malué log ’L (5 + 1u)| <(l+¢) loglogT} — 1.
t—ul<1

The proof will follow closely the proof of the result above in [2], using corresponding re-
sults for the second and fourth momentum of L, L’ as well as for various approximations
of L, L' by Dirichlet polynomials and related functions that are well known and proven in
literature for the Riemann zeta function. We will sketch proofs of these results as we proceed.

First let’s note that we can reduce the proof of Theorem to the case of x primitive
character, which means that x is not induced by a character x; with modulus ¢;|¢, ¢1 < ¢,
where x would be induced by x; if x(n) = x1(n) when (n,q) = 1.

In the induced case one clearly has that

x1(p)
Ly (s) = Ipe(1 — ?)Lm(S)
for all s by analytic continuation from the Euler product for Re s > 1. Since there are finitely
many primes p|g and for each of them we have A < |(1 — X;—(Sm)| < B for Res > 6 > 0 and
some constants A, B > 0, it follows that

Ay <log | Ly (& +it)] — log| Ly, (3 +1it)| < Ay

for some constants A;, Ay so the result for x; implies the result for xy. So from now on, we
assume Y primitive.

1.1. About the proof. Theorem asserts two statements: first an upper bound that for
typical ¢ € [T, 27T one has maxj_q<1 log |L(3 + iu)] < (1 +¢)loglog T, and second a lower
bound that this maximum is also typically > (1 —¢)loglogT. The upper bound in Theorem
admits a short proof based on a Sobolev type inequality and second moment estimates
for L(s) and L'(s). This argument is given in section [2| and indeed in Proposition we
establish the stronger assertion that for any function V' = V(7T') tending to infinity with T
we have

1

Tmeas{ \trflﬁ}gil log ‘L (% + 1u)| < log(V log T)} — 1.

The lower bound in Theorem requires substantially more work, and forms the bulk
of the paper. In Section 3, we reduce the proof of Theorem to two propositions. The
first step, Proposition [3.1] transforms the problem to the study of Dirichlet polynomials
supported on the primes below X = exp((logT)!™") for a suitable x = k() > 0. The sec-
ond step, Proposition 3.2, establishes lower bounds for the Dirichlet polynomials over primes.

Acknowledgements. The author thanks Professor P. Bourgade for suggesting the prob-
lem and for all the advice that led to this paper.
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2. PROOF OF THE UPPER BOUND

The upper bound implicit in our theorem will be a simple consequence of estimates for the
second moment of L functions and their derivatives, together with a Sobolev-type inequality.
Let f (possibly complex valued) be continuously differentiable on [—1,1]. For any v € [—1, 1],

note that ) 2 . .
f(u)2 — f(1> + f(_ ) + y f’(v)f(v)dv _/ f/(v)f(v)dv

2
so that using the triangle inequality we get the Sobolev inequality'
fOP+[f(=D]
) e (Gt < FOEEIEDE L 1) pan

Proposition 2.1. Let V = V(T) be any function that tends to infinity as T — oo. Then
IP( max |L(1/2 + iu)| > VlogT) O(1/V?) = o(1),

t—u
where we recall that t is sampled uniformly in the range [T, 2T).

Proof. Chebyshev’s inequality implies that

1

2) P(ltmax IL(1/2 + iu)| > VlogT) Tl TP" |:|tm3)<<1 IL(1/2 + iw)| } .

Applying (1)) with f(v) = L(1/2 + it + iv), we obtain
1

Jmax, |L(1/24iu)]* < |L(%+i(t+1))|2+1L(§+i(t—1))|2+/ |L' (3 +i(t+v)) L(3+i(t+v))|do,

< 1
Integrating the above on [T, 2T and switching the double integral gives:

1 2T+1
E {max IL(1/2 + iu)] } < —/ <]L(%+it)\2+ |L’(%+it)L(%+it)\>dt.
‘t u|<1 T T—1

Now we use bounds for the second momentum of L, I’ which follow similarly to the ones for
the Riemann zeta function and for which we will sketch a proof below.

2T+1 2T+1
(3) / |L( +it)]?dt < T'log T, and / L' (1 +it)Pdt < T(log T)°.
T-1 T—1
Using these estimates and Cauchy-Schwarz inequality, we conclude that
B | o [£01/2-+ 0] < Qog 77",
t—u

which, in view of , yields the proposition. 0

Proof of Second Momentum Bounds for L,L’

First we prove using approximations (proven below) of L, I by a Dirichlet polynomial
similar to Theorem 4.11.1 in [11]. So we assume:

(@) L) = 3 M o)

n<qx



4 CAMIL L SUCIU

uniformly for s = o +it, 0 > 6 > 0, [t| < 2Z* for a given constant C' > 1.

Now in ,Weletcr:%,ézi,C:%”,x:T.

Letting Q(s) = anqT%, we see that L(1 +it) = Q(3 + it) + R where R > 0 and
R=0(T"z) for all t € [T — 1,21 + 1] since our choice of C gives us [¢| < 37. Hence:

2T+1 1 2T+1 1 2T+1 1
(5) / |L(§+z't)|2dt§/ QU5 +it)Pdt + 2R O + i)t + (T + 2)R?

T-1 T—1 T—_1 2
By Cauchy-Schwarz:

1 M 3 M1 3

2R/ |Q(5 +it)|dt <2RVT +2 / Q(z +it)Pdt | < / 1Q(5 + it)[*dt
T-1 2 T—1 2 T—1 2

while (T +2)R* < 1

So to prove our estimate for L, it is enough to prove f;ffl |Q(% +4t)|2dt = O(T'logT)

Since |Q|? = QQ and |x(n)| = 0 or 1, multiplying and integrating term by term, we get:

2T+1 1 1 .
/ |Q(§+z‘t)|2dt<<(T+2) ZEJF 3

T-1 n<al | <nah<ql log(k/n)vnk
But (T+2) >, <.z L <« (T+2)log(¢qT) < TlogT. We split the second sum into £ > 2 and
k_ 3
= < =

n 2
Now the subsum when % > % is at most:
1

1 1, 9
Z m<<( Z %) < (V)< T

log 3
083 1<n<k<qT 1<n<qT

For the second subsum, when % < %, we split it further into sums where k£ — n = ¢ for some
constant 1 < ¢ < ¢T. Since £ < 3, £ < 150 log(£) =log(l+ <) > <.

So for a fixed ¢, the corresponding subsum is at most % since \/% < 1. Thus the full subsum
over all ¢'s for % > % is at most: ¢T ZngqT% L qTlogT < TlogT.

So the estimate is proved.

For L', instead of , we have:

—log(n)x(n) -
/ — _ TN TIANTT o
(6) L'(s)=) w +O(z 7 log x)
n<qx
uniformly for s = o +it, 0 > § > 0, |t| < 2 for a given constant C' > 1 with the proof

following by applying Cauchy to .

With the same choices as above and a similar procedure with Q1(s) = -, .7 M,

it follows that:
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/2T+1|Q1( +zt)|dt<<(T+2)ZM+ Z M«

1 n<gl 1<n<k<qT log(k/n)vnk
1
< (log qT)*((T +2) + — )< T(logT)*
n<ZqT 1<n§<qT log(k/n)vnk

Hence,
2T+1 1
/ /(5 + it) Pdt < T(log T)’
T—-1

as the error is negligible as above. This completes the proof of bounds for the second mo-
ments of L and L'.

Note that by using the more precise mean value theorem for Dirichlet polynomials, The-

orem 5.2 in [3]
[ P =T 3 ol 00 )

n<N n<N n<N

we can actually obtain asymptotics for the second momentum of both L, L. We also note
that here we do not need that x is primitive, but only non-principal, though we will need
primitivity in the lower bound part.

Sketch of Proof of . @

Define the Hurwitz zeta function ((s,a) = >, (n+a for 0 < @ <1 and Res > 1 where

((s,1) is the Riemann zeta function. It follows that

(7) Lis) = a3 x(r)¢(s -

Applying Euler’s summation formula with f(t) = (¢t + a)~° we get for Res > 1:

(8) (o) =D L o) ‘S-s/“’ﬂdx

—~ (n+a)’ s—1 Ny (x+a)st!

Since 0 < x — |x| < 1, it follows that the integral is absolutely and uniformly convergent
for Res > 0 > 0. So the above equation is valid for Re s > 0 and can be used to define the
analytic continuation of ((s,a) up to Res > 0.

Similarly to the proof of Theorem 4.11.1 in [11], we have (with [¢t| < 222, C' > 1):

S grar =) e roE = al) e OE)

z<n<N

Hence ((s,a) =" 1 (ete) 7 +O(z77) +O(

n<z (n+a)s 1—s
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Taking N to infinity, we get:

(9) e = 3¢ LT o)

n+a)y 1—s

n<x

r+a 175_1175 o
because % =0(z77).

Applying @D for each a = %,...,q;—l,l and plugging into , we get noting that
Zizl x(k) = 0.

For proving @, we note that gives us (under the corresponding assumptions on z, o, t)

that
Ls) = 3 X2 )

n

n<qx
where f is analytic and f(s) = O(2~7). Applying Cauchy to a small circle around s of radius

1
Togz We get that

__cos@

27
f'(s)=0(x""7 logx/ x sz df) = O(x™ 7 log )
0

and we are done by differentiating term by term.

3. PLAN OF THE PROOF OF THE LOWER BOUND

Here we assume y is a primitive character with modulus ¢. Given ¢ > 0, we will fix a
large integer K = K (), and divide the primes below

(10) X = exp((log T)' %)

into K — 1 ranges depending on their size, as follows. Take Jy = [2, exp((log T)%)], and for
1<) <K —2set

r it
(11) Jj = (exp((log T) ), exp((log T') " )].
For each 0 < 57 < K — 2, we define the Dirichlet polynomial

(12) P;(u) = Re Z X(p)

po'OJriu ’

pEJj
where

1 (logT)2x
1 I - S Sl
(13) 7073 * log T

By taking T large enough we can assume that all primes p|q are in Jy.

Using the prime number theorem (see for example Theorem 6.9 of [7]) and partial sum-
mation it follows that for some constant ¢ > 0, and any o = % + 6 with 6 >0

1 vl _eJogT log y _eyogT
(14) - = [ —S——du+0(e 8%) =log —= + O(dlogy + ¢ 8.
vty P2 . Uu*logu log x
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Since (0p — 1/2) x log(sup Jx_3) = (log T')~2x it follows that, for all 1 < j < K — 3,

1 1 1
(15) > il loglog T 4 O((log T) 2% ),
pEJj
and the sums above for j = 1... K — 3 are all on primes that do not divide ¢ by our

assumption above.

Proposition 3.1. Let ¢ > 0 be given, and let K = K (&) be a suitably large integer. Then

IP’( max log |L(5 +iu)| > (1 — 2¢) 1oglogT>

[t—u|<1

< max ZP (1—¢) loglogT) +o(1).

[t— u\<1
Proposition 3.2. Let K > 3 be a natural number, and 0 < A < 1 be a real number. Then

(16) IP( max ( min P](u)> > %loglogT> =1+o0(1).

t—ul<t \1<j<K-3
Once Propositions 3.1, 3.2 are proven, Theorem 1.1 follows immediately:

Proof of Theorem [1.1]. If Proposition [3.2] holds, then

K-3 3
max Pj(u) > )\(1 — ?> loglog T

1
lu—t|<3 =1

Taking A sufficiently close to 1, and K large enough, the lower bound of the theorem now
follows from Proposition 0

Before proceeding to the proofs of the proposition, we record some results on mean values
of Dirichlet polynomials which will be repeatedly used below and are proven in the main

paper [2].

Lemma 3.3. For any complex numbers a(n) and b(n), and N < T we have

/;T(Z _”><Zb n')dt = T2l bn)+O (Nlog N 3 (la(m) P+[b(n)]?)).

m<N n<N

Lemma 3.4. Let x > 2 be a real number, and suppose that for primes p < x, a(p) and b(p)
are complex numbers with |a(p)| and |b(p)| both at most 1. Then for any natural number k
we have

~+o(7)

where Iy(2) = 37,50 27" /(2*"(n!)?) denotes the Bessel function. In particular, the expression
is O (22*/T) for odd k.

E[(% S (el + b(p)pit>)’“} = 3 (TT fo(Va)olp)2))

p<z p<z
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Lemma 3.5. Let © > 2 be a real number, and suppose o > % Let k be a natural number
such that 2% < T(logT)~t. Then, for any sequence of complex numbers a(p) defined on the

primes p below x,
L2 alp) 2 la(p)]?\*
il ) ! Lt I
T/T \;W dt<<k.<z<: )
p=x p<x

4. PROOF OF PROPOSITION [3.1]

4.1. Step 1. We divide the proof of the proposition into three parts, the first of which
bounds the maximum of the L function over intervals of the critical line in terms of the
maximum over intervals lying slightly to the right of the critical line.

—1/2—¢

Lemma 4.1. Let ¢ > 0 be given, and suppose % <o< %—l— (logT) . Then, for any real

number V. > 2,

IP( max |L(1/2 +iu) | > V) > IP’( max |L(o +iu)| > 2v) +o(1).

|t—u|<1 lt—u|<7
Proof. From we recall that for o > %
o x(n) 1
(17) L(o +it) = ot T O(T2).
n<qT

Using knowledge of the Fourier transform of the function e !*l, we may write

1 L[~ . (0—1/2) 1/T/2 . (0—=1/2) .
—— i dv == w dv+O(T).
no—% w/;ﬁ -122+2 " "7 )’ -1t (™)

Thus by multiplying both sides by % and adding n = 1, ..., ¢I' we see that

+it

N , oc—1/2 1
(18) Lo +it) = ;/_T/2L(1/2—|—1(t+v)) = 1/2)24_1)2dv4—O(T ).

Consider ¢ € [T, 2T such that max, <1 |L (o +i(t +v)) | > 2V but maxy« |L(1/2+i(t +
v))| < V; we must show that the measure of the set of such points ¢ is o(T"). If ¢ is such a
point, then denote by v* = v*(t) the v € [—3, 1] where the maximum of |L(o +i(t + v))| is

Taa
attained. Applying to the point o +i(t + v*) we obtain

2V < |L(o +i(t +v"))| < ! /m |L(1/2+i(t+v* +v))| o —1/2) dv + O(T"2)
o+i(t+wv — i(t+v* + v v 2).
e (= 1/2)7+ 0
Since |L(1/2 + iu)| < V for |t — u| < 1 (by assumption), the portion of the integral above

with [v] < 2 is less than V. Therefore it follows that
1
V+O(T‘5)§—/ |L(1/2+i(t +v* +v)) ]|
i<li<3

™

(0-1/2)
(0—1/22+02

Using the Cauchy-Schwarz inequality, we deduce that for such ¢,

(ﬁf < (ﬁ<|v<

4

Lajz+ire o)) < [ Lz,

2
v|<

Sl
Sl

2
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Therefore, by Chebyshev’s inequality, the measure of the set of such points t € [T, 27T is
1 2 2T d _1/9)\2 [5T/2
(o / / / |L(1/2+i(t40)) P S dt < (u) / |L(1/2+it)|dt,
1 z v V /2
2
which, by (3 and the assumptlon on o, is
< (0 —1/2)*TlogT = o(T).
O

4.2. Step 2. The second part of the attack will consist of showing that on the oy line, one
can typically invert L(oy + it) and replace it by a suitable Dirichlet polynomial. We define

(19) M(s) = Z u(n)ag:)x(n)’

where the factor a(n) equals 1 if all primes factors of n are smaller than X and Q(n) <
100K loglog T =: v, while a(n) = 0 otherwise. Recall that 1 denotes the M&bius functlon
Q(n) counts the number of prime factors of n (with multiplicity), and X was defined in

Lemma 4.2. With the above notation

27 ) T
/T |L(oo +it)M (09 +it) — 1[°dt = O ((logT)wO)'

Proof. From its definition, a(n) = 0 unless n < X” < T¢ (¢ > 0 is a fixed arbitrarily small
constant), and therefore estimating trivially one has M (o + it) < T¢. Combining this with
(17)), we see that

[ o i [ 5 A 5 Mo

T

Carrying out the integral over ¢ and using x(1) = 1, |x(n)| < 1, this is

1 %+z—: _ %+s
r+o( Y (mn>ao)+o<:r ) =T + O(T3+).
nSqT,m%X”
mn>

Thus, expanding out the square in the desired integral, we see that it equals

2T
(20) / |L(00 + it)M(0q + it)[2dt — T + O(Tz ).
T

To estimate the second moment in (20]), we invoke a restricted L version of the classical
Selberg lemma for which we will sketch a proof at the end of the section using Selberg’s
method from [9] (one can find 9] as 15 in Selberg’s Collected Papers, Vol 1, [10]).

Proposition 4.3. For any fitede >0 and 1 < h,k <T¢ (h,q) = (k,q) =1 and 1/2 <o <
1, we have

[ xmsw (1) 1o+ inkar -
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/TQT(LM(Q(;) <%>” n <%> 1720L07q(2 —20) (%) ligdt N O(Tl_"/2+45)

Where Loq(o +it) = ((o +it) [[,,(1 — pi) is the L function corresponding to the triv-
ial /principal character of modulus q.

Using this result, we may write

/ [Lloo + )0 (e + it 2t = 3 PR | xmxw (3) 1L+ )ar
T P T
1) — S+ S+ E,
say, with
_ ph)a(h)u(k)a(k) ((h, k) oo
(22) Si=TLoy(200) Y. O (=)

(h,q)=1,(k,q)=1

(23) Sy = Loy(2 — 20—0)( /

T (hya)=1,(k,q)=1 (hk)oo hk
and
. 1 3
. E=0(Tit — O(Ti+%).
(24) (7 h,;s(hk)"”) (7

Now consider the quantity S;. Here the sum is over all h and k£ whose prime factors do
not divide ¢, are below X, and with Q(h) and Q(k) below v. If we drop the Q condition,
then the contribution to S; would be (upon considering whether a prime p divides neither h
nor k, or divides exactly one of h or k, or divides both h and k)

TLo,(200) > “(h)’“‘(@((h’k)Q)m:TLo,q(zaO) I1 (1—p1 LI 1)

hk)eo hk 200 200 200
(h‘z;c:l,(k,qg):{l ( ) p<X,(p,q)=1 p p
plhk = p<

(25) = T¢(200) [ (1 _ ! )

200
p<X p

since X is large, ¢ < X hence all the primes p|q satisfy p < X too.

The difference between S; and comes from the terms with either Q(h) or Q(k) being
larger than v, and these terms give a contribution bounded by (assuming that Q(h) is larger
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than v)

(W) (k)] 7 (h, k)2 o0
< T'Lo4(200) hzk: (hk)oo < hk )

Q(h)>v

plhk = p<X
. [(h) (k)] ( (A, k)*Noo g
<<TL0,q(20'0)6 ;}; (h/{)ao ( hk ) € ’

plhk = p<X

since e~ > 1 when Q(h) > v, and is non-negative for other terms. As Ly ,(200) = ((209),
the sum over h and k£ may now be expressed as a product over the primes below X, yielding

T€(200)e‘”pg( (1 + pfao + p;ao + pfﬂo) < T(log T)e—”pg( (1 + zz9> < ﬁ.
Thus
S = T¢(200) [T (1- pjoo) +O((logT ) = T H (1- 2 0) +0 (ﬁ)
p<X

Recalling the definitions of g and X, we find (o9 — 1/2) log X = (log T')2x , and so

-1 1 (o 1 _
Slog(1-—52) <Y o < XY s < (1o T) ™,

p>X p>X p>X

which enables us to conclude that S; =T + O(T/(log T')'%).
Arguing similarly, we see that

2T
qt \ 1-200 2 1 o om T
52 ~ L07q(2—20'0)</ <%) dt) H (1—5—1-]%) LT 0 logT < W

T p<X,(p.q)=1
Inserting the evaluation of S; with the estimates for Sy and E into (21f), and then into (20]),
we obtain the lemma. O

Lemma |4.2| ensures that for most ¢ one has L(og + it) M (0g + it) ~ 1, and we next refine
this to ensure that for most ¢ one has L(og + iu)M (0o + iu) ~ 1 for all u with |u —t| < 1.

Lemma 4.4. For any € > 0, we have

]P( max |M(og + iu)L(og + iu) — 1| > e) =o(1).

[t—u|<1

Proof. We deduce this from Lemma and a Sobolev inequality argument. Note that by
(1), we have

|tm8\0<(1 |LM(0g +iu) — 1]* < |LM (09 +i(t + 1)) — 1> + |[LM (00 +i(t — 1)) — 1]?

t+1
+/ |LM (00 + iv) — 1||(L'M + LM")(0p + iv)|dv.
t

-1
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Ignoring the end cases t € [T,T + 1] or t € [2T — 1,2T], by Chebyshev’s inequality the
probability we want to bound is (using the above estimate)

1 1 2T
<7t ar (JILM (o9 +i(t + 1)) — 1|* + |LM (00 + it) — 1||(L'M + LM")(0o + it)|)dt.
T
Applying the Cauchy-Schwarz inequality and Lemma [4.2] this is

1 1 1 2T %
- L'MP + |LM]? it dt> .
< e2(log T7)100 + e2(log T)%0 (T/T (’ "+ | )(UO +it)

We use the Cauchy-Schwarz inequality once again to bound that term by

2T 1 2T 1
< (l/ (LI + 1) (o + it)dt) (l/ (IM]* + M) (o + it)at)
T Jr T Jr

Since M2, M"* are Dirichlet polynomials of length X2 <, T" for all > 0 and coefficients
O(log® T) the mean value theorem for Dirichlet polynomials, Lemma above, gives us that
the second term is < log? T.

Since we need only estimates and not asymptotics for the fourth momentum of L, L', we
can use the method of proof for Theorem D in [4] to show that for 1/2 < ¢ < 1 we have
(uniformly in o):

2T
(26) / |L(o +it)[*dt < T'log* T
T

or
(27) / |L' (o +it)|*dt < T'log® T
T

For L the proof of Theorem D in [4] translates directly using the Approximate Functional
Equation for L, below, since everything is done by direct majorization which works the
same for L as for ¢, while for L' we use its Approximate Functional Equation, below,
and we majorize all extra logn,logs terms by log 7T and the method of proof in [4] applies
then too. This completes the proof. U

Note: we believe that following carefully the methods of Conrey, [3], one can actually prove
asymptotics for the fourth momentum of L, L’ using the respective Approximate Functional
Equations below.

4.3. Step 3. The last stage in our proof involves connecting log |M (oq + it)| (for most )
with (close relatives) of the Dirichlet polynomials over primes P;(t). For 0 < j < K — 2,
define the Dirichlet polynomials

2 PO =Y i wd B - 3 A

neJ; PEJ;

Note that P;(t) is simply the real part of ]Bj(t), and the difference between P; and 15] is only
in the prime powers; estimating the contribution of prime cubes and larger powers trivially
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we see that

V]

(20) Q) = S (PO - By -5 3 2L o)

Jj=0 p<vX

Our goal is to show that for most ¢ one has max),_y <1 |M (0o + iu) — exp(— ZJI'(;()Z Pi(u))| is
small, and we begin with the following preliminary lemma.

Lemma 4.5. With notation as above,

IP’( max |Q(u)| > logloglogT> =o(1),

[t—u|<1

and
~ 1
(u)| > 10K~ 3 — o(1).
IP’( |trflﬁ}§<1 o hax |P;(u)] > 10K 2 loglog T) o(1)
The proof is identical to the proof of Lemma 4.4 in the main paper |2 since everything is
done by majorization and |y(n)| < 1.
We are ready to connect M (o + it) with exp(— Z]K:_(f P;(t)) for most values of t.

Lemma 4.6. We have

IP( max | M (oo + iu) —exp( ZP >’ (logT)~ ) o(1) .

|t—ul<1

Proof. Recalling that v = 100K loglog T', we define the truncated exponential

(30) M(t) = Z (Z Pt )

k<v

By Lemma we know that with probability 1+ o(1) (in ¢) one has

K-2 K—-2
max ;0 Pifu)] < max (1G] + ;0 [Py(w)]) < 10K loglog T.

For such a typical ¢, one has

max
lu—t|<1

M(u) — exp ( Z Pi( )‘ Z %(10[( loglog T)* < (log T) ™.

k>v

Therefore, the lemma would follow once we establish that

(31) IP’( max [M (o +iu) — M(u)| > (1ogT)—3) = o(1).

[t—ul<
Since by definition

cp(— S A,y g XD

noo +it lOg n pcro +it

pln = p<X

the quantities M (oy + iu) and M (u) are almost identical, differing only in a small number
of terms. More precisely, if we write M(u) =Y, b(n)n=7°"", it follows that (i) |b(n)] < 1
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always, (ii) b(n) = 0 unless n < X" is composed only of primes p below X with (p,q) = 1,
and (iii) b(n) = p(n)a(n)x(n) unless Q(n) > v, or if there is a prime p < X, (p,q) = 1 such
that p*|n with p* > X. Therefore, an application of Lemma [3.3| gives

E[|M(op +it) - M@B)F] < Y %+(Zik)( 3 %)

pln = p<X p<X p pln = p<X
Q(n)>v pF>X

The second term above is < (log X)/vX < (logT)~'%. Since e(X™=")/2 is > 1 when
Q(n) > v, and is positive for all other n, we may bound the first term above by

e /2 Z < (logT) ™K H ( Z > < (logT)™®

pln = p<X p<X

o0Un) /2

We conclude that
E[|M (00 + it) — M(t)]] < (log T')~°

A simple application of Lemma also shows that E[|M’(oy + it)|?] and E[|M’(t)|?] are
< (logT)3. The estimate follows as in Lemmas and by a successive application
of the Sobolev inequality, Chebyshev’s inequality and the Cauchy-Schwarz inequality, proving
the lemma. 0

4.4. Finishing the proof of Proposition From Lemma [4.1] we obtain for any V' > 2
P( max |L(5 +iu)| > V) > P( max ]L(Uo +1iu)| > 2V) 4+ o(1).

[t—u|<1 [t—u|<
By Lemma [£.4] this quantity is
> P( max |M(op+iu)|"t > 4V) + o(1),

[t— u|<—

and by Lemma [£.6] the above is

( max Z Re Pj(u) > log(SV)) +o(1).

[t— u|<1

Invoking Lemma we may replace ReP;(u) by P;(u) with the appropriate error, and also
discard the terms with 7 = 0 and j = K — 2: thus, the quantity above is

( max Z Pj(u) > log(8V') +logloglog T + 20K~ 2 loglog T> +o(1).

[t— u|<1
Taking V = (log T')'~2¢, the proposition follows.

Proof of Selberg Lemma for L Functions: Prop

Lemma 4.7. Approximate Functional Equation for the L Function
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For s = o+ 1it, A a positive constant, 0 < o < 1, t > 100, 2y =t, x > A,y > A, x a
primitive character of modulus q, and L = L., we hcwe

ZX

n<qr n<y

1

(32) L(s) = _"logt—i—t2 Ty 1—|—y2x 277)

where

c(s) = x(=1)G (1)e™ =220 (1 — s) (2q

) = (Z)"7 (14 00/m)

and G, (m) is the Gauss sum associated with x,

q
_ Z X(n)€2m’nm/q
n=1
Proof. Recall that x primitive implies that G, (m) = X(m)G,(1). Hence
q q
(33) D x(n)e M=y (=1) Y " x(—n)e T = x(=1)x(m)Gy (1)
n=1 n=1
Let N much larger than ¢t. From we have
x(n) - - 1 .
)= FOWN ) =g 3 x(0) Y e + O(N )
P A0 T

Now for 0 < @ < 1, Lemma 4.10 from [11] shows that

1 N 627rimu
34 = d O(x™ 7 log(t 2
3 X o > [ e O ot 2)
z<n<N T P e — 1
2r(N+a) 2 — 27 (z+a)

Since 5 < = is small, the first integral is for m = 0 hence it is
(N+a)t= - (z+a)*
1—s
But
q _ _
N h 1-s __ h 1-s
x(h)< + h/q) (z +h/q) 0@
1—s
h=1
since
r4+a l—s _ g1=s . g
O O and Y (k) =
Now for 0 < o < 1 and t positive,
oo 2mimu ) oo 2mimu ) wi(l—s)/2
(35) / (e ~du = 6_2’”"“’/ ¢ —dv = e 2mmap (] — s)—e —
o (u+a) 0 v (2mm)

which is well known and easy to prove with residues.
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Sincele,m—%Z%,uZNso
U

/ 6i(27rmuftlog(zhLa))du — O(l/m)

N

by the first derivative test for integrals (Lemma 4.2 in [11]) hence the upper tail of
satisfies:

o] e2m’mu
36 ——du=0O(N"°
(36) | itu = 0y
We have
T ermimu (u+a)=* . 2mim [* L om
- —_ > 7 TIMuU | _ —S TI"Lmud
(37) /a(u—i—a)sdu [ T, ¢ . T 7a(u+a) e u

We now recall that in the sum of integrals in we have m < Qﬂ(z ) + 5

If we restrict only to m < m ; we can again estimate the integral above by the first

derivative test for integrals since ¢/(2m(z + a) — m > 1/2 so the lower tail of satisfies:

T 627rzmu .ZEI_U mxl—a
38 ———du=0 O
(38) /a(u+a)s v= 0= )+ O e 1 a))
For the unique ; (t e i < m < 27r(x yvn) + = 80 m =~ y we can use the second derivative
test for integrals (Lemma 4. 5 in [11]) and obtam a lower tail error
l1—0 1—0o
O($ )+ O(W (t/xQ)—1/2) _ O(xl_”t_1/2) _ O<t1/2—0'y0'—1)

t

Adding all the errors (which are &~ y in number) and remembering that N is very large so
the upper tail errors are smaller than the lower tail ones, while ¢ ~ zy, we have:

1 671'1'(1—5)/2 e—2mima
39 — =11 — _ - O(x™ % loct tl/?*ﬂ' o—1
(39) Z< (n+a)® ( ) (2m)1=s Z ml—s + O(x™7 logt + Y’ )
s<nN 1<m<27r(a:+a)+2
Using that
wi(1—s)/2
e
1—‘ 1 _ ]~ tl/Q o
(-9 G|~
727'r7,ma 727rzma

we can replace ), I

O<<t/x2>t1/27ayafl> _ O(yl/Zx 1/270)

S by Xicney, S With an error of

since there are clearly at most & ¢/z* extra terms in the second sum, each with m =~y

But now taking a = h/q,h = 1,...,q in the relation (39) where we replace all summations
to be up to y as above and summing on h, relation (33| gives us precisely equation ,
so the main part of Lemma is proved, while remembering that |Gy (1)| = /g gives the
claimed asymptotic for |c(s)|

O
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Lemma 4.8. Approximate Functional Equation for the Derivative of the L Function

Forlarge T > 0 and s = o+ it,t ~ T,0 < o < 1, 2rey = t,x =~ VT,y =~ VT, x a
primative character of modulus q, and L = L,,, we have

x(n)logn qs X(n logn Y
)= —%—c(s)mg—, ()Y == +0(T " log’ T)
n<qz n n<y n<y "

Proof. gives us that

n<qw n<y

where f(s) is analytic and satisfies f(s) = O(T~/?logT) by our choices for t,x,y. Since
L'(s) = 2&(o +it) we can keep t, z,y constant (so the sums do not change since their length

depends only on t, z y) and differentiate each sum term by term, noting that (logc(s))’ =
c(s) _

o —log 5% + O( ) by the Stirling approximation, so we obtain the main three terms
above.
Applying Cauchy to a small circle around s of radius @ we get that

2w
f'(s) = O(T~*log® T / T~ 37 d0) = O(T~"?1og> T)
0
O

Let’s now prove our result (Proposition following the method of Selberg with the
simplifications allowed by our assumption that h, k < T°

For any fixed ¢ >0 and 1 < h, k <T% (h,q) = (k,q) =1 and 1/2 < 0 <1, we have

[ xmsm(E) 12 P

T

o7 2 _ 21—
(hv k) 7 qt 1=20 (h7 k) 1= 1—0/2+4e
/T (L07q(20)< - ) + (%> Lo, (2 — 20)( - ) dt + O(T )
Proof. Wlog we assume (h,k) = 1 also since if h = dhy, k = dki,h/k = hy/ki, x(h)x(k) =

x(hi)x(k1), & h11k1 so the result for (h, k) follows from the one for (hy, ky).

Let 7 = /5. We will apply relation for  =7y/2y = T\/% and for z = 74/ %,y =
T\/% and we notice that in both cases the error in is O(T~7/%¢). We use directly

with x = 7'\/% and conjugate with x = T\/%, SO

(41) L= > Xéfuc(s) §5”2+0(T-0/2+E)
ngq‘r\/g ng‘r\/g
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(2 - Y W@ Y Ao
nﬁqr\/% HST\/%

Using the standard majorization (Lemma 1 in [9]): for 0 <o <1,R > 2

(43) ) S——Ty g R

s (mn)7 log ™
we immediately see that (here R = O(T/?*¢), 0 > 1/2)
27T 2T
(44) (/ > X)) g2 T/ By X 20 — 012 10g T)
ns ns

and similarly for the other expression with x = 7 %

Similarly using |c(s)| = O(TY?77) we get

(45) / le(s) Y ig—@|dt)2§T2‘2" / > zgqj2|2dt:0(T2logT)
! ’nST\/% T nS’T\/%

So using the expansion |L(s)|* = L(s)L(s) given by and respectively and

it
|X(h)y(k:)<%) | = 1 we get that all terms that have O(T~7/2*¢) as at least one factor

are O(Tlfa/2+2s)
Next we deal with

P [Cxoxw (RO MOy X,

T ma—zt

nsary/E m<ar/E

We note that each off-diagonal term where hm # kn is

1
— O T20’6
(mn)°|log ’7’;‘—2 ) (

1
(mhnk)?|log ™

)

So renaming mh = M,nk = N << v/Thk << T'/?*¢ and noting that each M, N is uniquely
determined by m, n respectively, another application of shows that the sum of the off-
diagonal terms is O(T(1/2+9)(2=20)+20¢ |62 T') = O(T1-o+3)
Since (h, k) = 1, the diagonal part hm = kn is parametrized by m = kM,n = hM, M <
1/2
q| 357 and of course the crucial (M, q) = 1 due to the fact that x(m) = x(n) = 0 if
(M, q) # 1. Hence we get that

= M)(hk)—°
(46) P — /T Z XO,q( ]\4)2(0 ) dt + O(T1—0+35>
1/2
1§M§q<ﬁ>
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But using the method of proof for the equation and noting that for y, we have
> 1 Xo,q(h) = ¢(q) we obtain that for any R > 1,0 # 1,1/4 < 0 < 2 we have

(47) Log(o) = > XO;?L(E”) DR or)

1—0
n<qR

1/2
Substituting the above with R = (ﬁ) ,0 — 20 in we get

L\ /2o
(48) b /ZT((hk)aLo,q(2a) . (hk)*l/Q o(q) <§> dt + O<Tlfa/2 + Tlfa+35)

T 1—-20

1/2—c
Since |c(s)| = <q—t) (1 + O(l/t))) it is clear that in dealing with the second main

term '
P= [P (3) (X 200 Y S

/2—0o
we can replace |e(s)| with (£ and majorize the error trivially using (|44
place [c(s)] o y y using

For the off-diagonal terms we need to use the second Mean Value Theorem for integrals
applied to the real and imaginary part respectively and note that for A # 0 real and 1/2 <
o <1 we have

2T ) T1—20
(49) / 172Nt = O )
T Al

and then as above for P (with 0 — 1 — o) we get that the sum of the off diagonal terms is
O(T1—20T0+3e) — O(Tl—a—i—?)a)

The diagonal main term is parametrized again by

toN1/2
— kM, :hM,M<< ) (M.q) =1
" " < \gmpe) 09
and we get that
o7 _ o—1

qi\1=% Xo,q(M)(hk) 1—0+3
50 P=[ (&) ’ dt + O(T" -7+
(50) 1 /T o Z » N[220 +0( )

e )
1/2
We apply again but this time with 2 — 20 and R = é(zwthk;> and we notice that
the error now is O(T'~2°T7~1/2) = O(T"/?77), while in the oscillating term % the
1-20

new ¢ term from R precisely cancels with the ¢ from c¢(s), hk again appear at power
0 —1—0+1/2=1/2, & also appears again at power 1 —20 + 0 —1/2=1/2 — ¢ and the
denominator 20 — 1 is precisely the negative of 1 — 20 from P so the two oscillating terms
cancel out! Hence:
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2T

(Lag20) (k)" + (22)7 1 (2 — 20) (k)7 )t + O(T'7+%)

™

(51) P+ P = /
T

It remains to deal with the cross product of the two main terms which is more delicate
since it involves the argument of ¢(s); since up to exchanging h with k, one is the conjugate
of the other, we need to deal with only one and will majorize everything by absolute values

once we estimate the integral of ¢(s)(h/mnk)". We use again that for T < t < 2T we have

1/2—0c
c(o+it) = a(a—l—it)é%) (1 +O(1/T))>, |a(s)] = 1 and estimate the error integral from

the O(1/T') using (44]) as before.

From Stirling’s approximation it follows precisely as 4.12.3 of [11], that up to the argu-
—it
ments of x(—1), Gy (1) we have that a(o + it) = (t—q> :

2me

If r = 2“;2”'“, applying the first derivative and the second derivative test respectively we

get that for any T' < T7 < 2T, r < T} we have

52) /2T <ﬂ>itdt _ /2T <i)itdt _ O(min(; \/T))

r, \2memnk 7, \er log(Ty/r)’

Since a pair (n,m) appears in the product
x(n) x(m)
(53) ( 0D )
n<ary/} m<ry/%
272k 2rm2k

< t we first assume n/q > m and call T, = hZ > Tho SO

ce 2mn2k 2rm2k
only if e ST

TQ/T’:%]>1

If o < T then clearly T'/r > - and the corresponding (n,m) appears in for all
t € [T,2T) hence with 77 = T gives the bound

/T (%)itdt = O(m) = O(@)

If T'< Ty, < 2T we again apply with T} = T and get the same bound O(%) as

log(5:)
above.

If T5 > 2T then clearly the (n, m) term doesn’t appear in our integral as the corresponding
t =T, is too large.

Introducing (either applying the first derivative test to the complete function or using the
second MVT for integrals for the real and imaginary parts separately) the monotonic term
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1/2—0c
<%> in the oscillating integral we get (for n > mgq) the bound

2T 1/2—0 it 1/2—c
(54) / (q—t) (—tqh )= o(—T )
r \27 2memnk log ()
Similarly for n < mq we get the bound
2T 1/2—0 it T1/2—0
) LG )=o)
T \2m 2remnk log(™4)

For n = mq we use the square root bound from hence we get
27 -
gt \1/2-0 th it .
6 ()27 (Y~ o
(56) /T 27 2mrem?k ( )
Putting all together we get that the cross term is
L TR 11
O( n=m°" (—m> + m— T
2 Nogm) + 2
n/qAm<<T1/2+ m<<T1/2+
Since m?~' = m™Im? 1 << T°"V2+ ;=7 applying {@3)) (with mq — m) we get

T1/270
Z n—ama—l( o ) << Tl—a+35 10g2T << T1—0+4€
log(|%2)]

n#Emg<<T1/2+e

while

Z m—lTl—U) << Tl—a IOgT << T1_0.+E
m<<T1/2+e
so the cross terms are << T1—o+4e

Hence looking at all the errors obtained in the various terms above, we see that they are
all at most O(T"~7/2+%) and the proposition is finally proved! O
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