Ordinary Differential Equations Homework 2 Childress, Spring 2002
Due February 5

1. The simple pendulum equation as given in class is

d?6
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Verify the phase-plane integral given in class by multiplying (1) by df/dt and integrating, to obtain
Lo
§<I> +(1—cost)=E (2)

where the “total energy” FE is a positive constant, and ® = y/L/g(df/dt). For E < 2 show that the curves
defined by (2) are closed, and, using the symmetry of the orbit, that the period of the orbit once around the

curve is given by
Or
T =+/8L/ /
vVE - VE—1+cosb + cosé

where 8 = cos™1(1 — E), Or > 0. Verify that for small oscillations about § = 0, where cosf ~ 1 — 6?/2, the
period is approximately L= \/g /L. Show that as E — 2 the period of the pendulum becomes arbitrarily

large. (Hint: T > /8L/ f 1+COS

2. Show that a non-autonomous first-order system of n ODE’s, for

y = (yl(x)) te Jyn(x)

say, is equivalent to an autonomous first-order system on n + 1 ODE’s, by introducing y,+1 = .

3. Smoothness of f(z,y) does not insure that Picard iterates converge. Consider the IVP

dy 2

— =1 -z 0)=0.
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(a) In the rectangle R : |z| < a,|y| < b, identify a suitable Lipshitz constant L in terms of a,b and find
(using elementary estimates) the largest a that you can which insures the Picard existence and uniqueness
on I (b) Observe that the unique solution is y = z. Show that the Picard iterates can be obtained from

I (z fo n2_,(€)d€, mp = yn — T, Mo = —z. By studying this recursion, show that the y,(z) converges to
the above solution if |z| < ro but diverges when |z| > ro where ro = [[°0,(2" —1)> " ~ 2.5748.

4. Let M be and an n X n real matrix and define
M-

M| = sup 7| |
yl

in terms of real n-vectors y. (a) Show that for [y| = max; |y;|, then [M| = max; > ;_, |M;;|. (b) Show that
this also defines a norm on the space of n X n matrices.

5. Consider the first-order Ricatti equation dy/dr = x + y?, with y(0) = 0. (a) Find, again using
only elementary estimates, suitable L and largest a for Picard existence and uniqueness, in terms of a,b
defining R. (b) Let y = —u/(z)/u, and show that d?>u/dz? + xu = 0. This is the Airy’s differential equation.
Regarding it as a vector first-order equation, dy/dx = f(z,y), with |y| = |y1| + |y2|, and add the initial
conditions 4(0) = 1,4/(0) = 0.. Again find, for given a,b, suitable L and largest a for Picard existence and
uniqueness of the solution to the second-order system.



