MA-GY 7043: Linear Algebra Il

Quasisolutions to System of Linear Equations
Moore-Penrose Quasi-Inverse Operator
Unit Ball of Inner Product Space
Operator and Frobenius Norms of Linear Map
Condition Number of Linear Map

Deane Yang

Courant Institute of Mathematical Sciences
New York University

March 13, 2025

1/39



Outline |

2/39



System of Linear Equations

» Consider a system of n equations with m unknowns,

apxt 4 alxm =yt

alxt 4 A x™ =y
» Usually, there is no solution
» And, even if there is a solution, it is usually not unique
» Basic examples
» 1 equation in 1 unknown

3x=1
» 1 equation in 2 unknowns
x+y=1
» 2 equations in 2 unknowns
x+y=1
xX+y=2
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Matrix Equation

vvyVvVyy

Given A € M, m(C) and y € C", we want to solve for x € C™
such that
Ax=y
The matrix A definesa map A: C™ — C”
There is a solution if and only if y € image A
If a solution exists, then it is unique if and only if ker A = {0}

It is possible that y ¢ image A, because A and y are from
inexact measurements

Instead, we look for best possible approximation
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Quasi-Solution with Least Error

v

Given x € C™, define the error to be
e=Lx)—yeC”

Goal: Solve for x that minimizes the magnitude of the error, ||¢||
An x € X that minimizes ||¢|| is called a quasi-solution

If y € image L, then a quasi-solution is a solution

vvyyvYyy

A quasi-solution need not be unique
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Geometric Perspective

) image A
ker A*

» If Ax is closest to y, then
> y — Ax is orthogonal to image A

> Recall that (image A)* = ker A*
» Therefore, A is closest to y if

A*(y = Ax)) = 0
or, equivalently,
A*Ax = A%y
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Example

» Consider the system of equations

x+y+z=3
x+y=3
z=3
» Equivalently,
1 1 1f |x
1 1 0f |y| =
0 0 1| |z

» There is no solution
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Quasi-Solution

> Let

> (x,y,z) is a quasi-solution if
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Quasi-Solution Via Row Reduction

» (x,y,z) is a quasi-solution if
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Quasi-Solution Error

O R
o

X
[2 — x] is a quasi-solution to [
2

» The error of the quasi-solution

SR IE NN R RS

10/39



Error Comparison

» The error for any other (x,y,z) is

» The error magnitude squared is

X+y+z—4 2 17

171P
e=11-1 + X+y—2 > 1|1
-1 z—2 -1

11/39



Quasi-Solutions of L(x) =y

» [(x) is closest to y if
L*L(x) = L*(y)
» For any y € Y, there is always a quasi-solution x, because

image(L*L) = image L*

» Recall that ker(L*L) = ker L
» Therefore, since L*L is self-adjoint,

image(L*L) = (ker L"L)" = (ker L) = image L*
» If v € ker L*L = ker L, then x 4 v is also a solution
» The quasi-solution is unique only if ker L = {0}

» Because the domain and range of L*L have the same dimension
» If dim X > dim Y, this is not possible, because

dimker L = dim X — dim(imageL) > dimX —dimY >0
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Error Comparison

> A quasi-solution of the equation L(x) = y satisfies
L*L(x) = L*(y)

and therefore L*(L(x) —y) =0
» The error of the quasi-solution x is

e=L(x)—
» The error of any x’ € X is
€=LxX)—y=LKx—x)+Lx)—y=LKX —x)+e
» On the other hand,
(L = x),€) = (' = x,L°(6))

= (' =x, L"L(x) = L*(y))
=0

> Therefore, [[¢||? = [l€]® + [|L(x" — x)|?
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Quasi-Solution when L*L : X — X is Invertible

» If x is a quasi-solution, then
L*L(x) = L*(y)

» If the map L*L : X — X is invertible, then the unique
quasi-solution is
x = (L) (y)
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Solution with Minimal Magnitude

» Suppose x € X is a solution (not just a quasi-solution) of
Ax =y
> |If v € ker A, then x + v is also a solution,
Alx+v)=y

» There is a unique solution x with minimal magnitude
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Minimal Magnitude Solution Via Orthogonal
Projection

» For any x’ € X, there is a unique way to decompose x’ into a

sum

x'=x+ (¥ — x),

where x € (ker A)* and x — x’ € ker A

» If x’ is a solution to
Ax =y,

then
Ax=Ax —x)+Ax' =y

> If x;,x; € (ker A)L are both solutions, then
X1 — X € (kerA)L and x; — xo € ker A,

because
Axi—x)=Axx—Ax=y—y=0
Therefore, x; — xo =0
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Quasi-Solution with Minimal Magnitude

» A quasi-solution to
Ax =y

is a solution of
A*Ax = A%y

» There is a unique quasi-solution x € (ker A*A)L = (ker A)-
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Example

» The quasi-solutions of the equation
1 1 1| |x 3
1 1 0] |yl=13
0 0 1| |z 3

are

» The magnitude squared of each quasi-solution is

2
X

2—x||| =x®*+(2-x)?+4=2((x—1)2+3)
2

» The magnitude is minimized when x = 1 and therefore the
Moore-Penrose quasi-solution is (1,1, 2)
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Moore-Penrose Quasi-Inverse Operator

» Let X and Y be inner product spaces and L : X — Y be a linear
map

» Thereisamap LT : Y — X such that forany y € Y,
x = LT (y) is the unique quasi-solution with minimal magnitude

of the equation
L(x)=y

» The map LT is called the Moore-Penrose quasi-inverse of L
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Moore-Penrose Quasi-Inverse Operator

» The map
L|(kerL)J- : (ker L)L — image L

is an isomorphism.
> Let

m:Y — imagel

be orthogonal projection
» The Moore-Penrose quasi-inverse operator is the map

LYY = X,

given by

L) = (Lgernye) (7)) € (ker L)* € X
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Quasi-Inverse of Diagonal Matrix

» Let ¥ : R™ — R™ be the diagonal matrix such that for each

1< k<m,
- {30 TSNS
» Therefore,
Y(evi4 -+ emvm) = asivi 4+ esv"
» The quasi-inverse of ¥ satisfies the following:
YHevi 4+ emv™) = sy v s vt
» In particular,
Y (E(evr + - emv™)) = T (esiv - F 6,5 v")

=evi4 - Fev
= 7 (v),

where 7, : R™ — R™ is orthogonal projection onto the subspace
spanned by (e1,. .., €) 21/39



Quasi-Inverse Via Singular Value Decomposition

v

Let the singular value decomposition of L: X — Y be

L=WxV,

v

Foreach 1 < k < m, let ex = V/(ex)
For each 1 <j < n, let f; = W(ej)
Then for any x = e;x! + - + e,x™ € X,

vy

L(x) = L(erx! + - + epx™) = fsixt + - + frs,x"

v

Therefore, for any y = iyl +---+fy" €Y,

L(y) =L (Ay' +- -+ fy") =es 'y + - 4 a5ty

v

In other words,
LT =wztv*
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Image of Unit Ball

» The closed unit ball centered at the origin in R” is

B={xeR": x-x<1}

» Consider the image of B under a linear map A: R" — R”

» If Ais diagonal, then

% x! o 0
y? x2 0 r? 0
y" x" 0 O r"

X rix
x2 r?x2
x" rxn
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Ellipse

> If

then
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3-Dimensional Ellipsoid
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n-Dimensional Ellipsoid in R”

» Given rl,...,r" £0,

E:{(yl,...,y")G]R":

is called an n-dimensional ellipsoid

» If Ais a diagonal matrix with nonzero diagonal entries

rl ..., ", then

)

AB = E
={yeR": (Aly,Aly)<1}
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Ellipsoids in Inner Product Space

» A subset E of an n-dimensional real inner product space is an

n-dimensional ellipsoid if there is a unitary basis (u1, ..., u,)
and nonzero scalars r1,. .., r" such that
1)2 n2
N -0 ")
B Rl
» A subset E of an n-dimensional realinner product space is an
k-dimensional ellipsoid if there is a unitary set (uy, ..., ux) and
nonzero scalars r!, ..., r¥ such that
1)2 k2
_Ia -0 )
E= {y by U Gyt e <1
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Unitary Transformation of Ball is Ball

» If X and Y are inner product spaces with the same dimension, a
map U : X — Y is a unitary transformation, if, for any v € X,

(U(x), U(x))y = (x;x)x

» Therefore, if
Bx ={xe X: (x,x) =1},

then
U(Bx) C By

» On the other hand, if y € By, then U*(y)) € Bx and
U(U*(x)) = x, which implies

By C U(Bx)

> It follows that U(Bx) = By
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Singular Value Decomposition

» Let X and Y be real inner product spaces such that
dim(X) = m and dim(Y) =n

» L : X — Y be a linear transformation

» The singular value decomposition of L can be described as
follows:

> There exists a unitary basis (e1, ..., em) of X and a unitary basis
(f,...,fa) of Y such that if r = rank(L), then

i F1<k<
T

0 ifr+l1<k<m’
where si,...,s, are the singular values of L
> In particular, (e1,...,e) is a unitary basis of (ker(L))* and

(fi,...,f) is a unitary basis of image(L)
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Linear Transformation of Ball is an Ellipsoid (Part

1)

» The unit ball is
B={x'e; + - +x"e,: (x})2+---+(x"2<1}
» If x € B, then

L(x) = x*L(e1) +---+ x"L(ep)
=sx'fi+ -+ 5xf

=yttt yh,

where

30/39



Linear Transformation of Ball is an Ellipsoid (Part

2)

» The set

(r')? (y")?
2 T sy

= (x})? 4+ (x)? < 1} Cimage(L)

is an r-dimensional ellipsoid in Y such that

L(Bx) C E

31/39



Linear Transformation of Ball is an Ellipsoid (Part
3)

» Conversely, if y = y'fi +---+ y'f, € E, then

L(x) =y,

1 r
x:<y>e1+-~-+(y>eneB
S1 Sr

> It follows that £ C L(B)
» Therefore, E = L(B)

where
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Operator Norm of Linear Map

> Let X and Y be inner product spaces and L : X — Y be a linear
map
» The operator norm of L is defined to be
ILII = sup{[L(x)| : x € Bx}

> Let s < s, <. <5, be the singular values of L
» Forany x =x'e; + -+ x"e, € B,

(L(x), L(x)) = (x*s1fy +--- + x's o, x s+ + x"s,1,)
= (5120 4+ (5P ()
(s (<) + -+ (x)?)
(

Sr)

INIA

» Moreover,
(L(er), L(er)) = (srfr, 50fr) = (Sr)2

» Therefore, ||L|| is equal to the largest singular value of L
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Change of Basis Formula

» Let L: X — X be a linear endomorphism (codomain is domain)
» Given a basis E(ey, ..., en) of X, there is a matrix M such that

L(ex) = Miej,i.e., L(E) = EM
» If F=(f,...,fy) is another basis such that
fi = Alej, i.e, F=EA,

then
L(F)=L(EA) = L(E)A=EMA = FA~MA
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Trace of a Linear Endomorphism

» If L(E) = EM, then the trace of L is defined to be
trace(L) = M} +--- 4+ M™
> If L(F) = EN, then N = A"1MA, ie.,
Ny = (A)IMA,
» Therefore,
Ni+ -+ NP = N
= (A)IMIA,
= A (A}
= 8/M;
— MY
=
= M]:-l + ce. + Mrrnn

» The definition of trace(L) does not depend on the basis used
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Frobenius Norm of a Linear Transformation

» Let X and Y be real inner product spaces

v

Let L: X — Y be a linear map

» Recall that the adjoint of L is the map L* : Y — X such that for
any x € X andy €Y,

(L(x),y) = (x, L*(¥))

» The Frobenius norm or Hilbert-Schmidt norm of L is defined

to be ||L||2, where
|L||3 = trace(L*L)
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Frobenius Norm With Respect to Basis

> Let (er,...,en) be a unitary basis of X and (f1,...,f,) be a
unitary basis of Y such that

Skfk |f1§k§r
L(ek): X
0 ifr+1<k<m,
» The adjoint of L is given by
ifl<k<
NOES S
0 ifr+1<k<n

» Therefore,

2 ifl1<k<
L*L(ek) _ {Skek | SKSr

ifr+1<k<m
» |t follows that
|L||3 = trace(L*L) = s? +--- + 52

» Observe that the operator norm is always less than or equal to
the Frobenius norm, 37/39



Solving a Linear System with Errors

» let L: X — Y be a linear map between inner product spaces
» Suppose that, given y € Y, we want to solve

L(x) =y,

for x but the exact value of y is not known
» If the measured value of y is y + Ay and

X+ Ax = L7y + Ay),

then
Ax = L7HAy)
» The relative error of x can ye estimated in terms of the relative
error of y:
|AX| _ |L_1(Ay)| M — |L_1(Ay)| ‘L(X)| < ”L—IHHL” |A}/|
|x] lyl Xl lyl x|~ lyl
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Condition Number of Linear Map

» ||[L71||||L] is the condition number of the linear map
» |t shows how sensitive the error in x is to the error in y
» A linear map is ill-conditioned if the condition number is large

» The condition number can be changed by changing the inner
product
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