CURVATURE AND THE THEOREMA EGREGIUM OF GAUSS

DEANE YANG

In this note, we describe a simple way to define the second fundamental form of a hypersur-
face in R™ and use it to prove Gauss’s Theorema Egregium, as well as its analogue in higher
dimensions.

The basic idea is to approximate a hypersurface, near a given point, by the graph of a
quadratic polynomial near its critical point. In particular, given any point p in a hypersurface
S C R™, the hypersurface can be positioned so that p is at the origin and S is tangent to the
hyperplane T' = {2™ = 0}. It follows that S is locally the graph of a function f(z!,... 2" 1)
satisfying f(0) = 0 and df (0) = 0. The second order Taylor expansion of f is therefore

fw) =H(v,v) +o(|jv]"), veT,

where H is a symmetric tensor. The second fundamental form at p is defined to be H. The
uniqueness of H implies that it is an extrinsic geometric invariant tensor of S.

The statement of the Theorem Egregium then falls out of a straightforward calculation that
seeks to identify a tensor invariant, defined in terms of the second fundamental form, that is
independent of the extrinsic isometric embedding. It therefore is an intrinsic geometric invariant
of the hypersurface. Another straightforward tensor calculation leads to an intrinsic definition
of Gauss curvature for a surface in R® and, more generally, the Riemann curvature tensor.

Note that neither the Levi-Civita connection nor the Gauss map is used explicitly below.

The discussion below has a straightforward extension to submanifolds of higher codimension.

1. RIGID MOTIONS

Let ey, ..., e, denote the standard basis of R". Given a nonzero vector v € R”, let v+ denote
the linear hyperplane normal to v.
A rigid motion is a map R: R" — R" given by

R(z) =p+ Az - p),
where A € SO(n) and p € R™.

2. DEFINITION OF A HYPERSURFACE

Define a hypersurface to be a subset S C R"™ such that for each z € S, there exists a linear
subspace T" C R" of codimension 1 such that S near x is graph of a smooth function of the
plane x + T. In other words, there exists neighborhood N C R"™ of 0 and a smooth function
f: NNT — R such that

(1) SN(z+N)={z+v+ f(v)u : ve TNN},

where u is a nonzero vector normal to 7" and f(0) = 0.
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3. TANGENT SPACE

For each z € S, there is a unique choice of T', which will be denoted T..S and called the tangent
plane to S at x, such that the corresponding function f satisfies f(0) = 0 and df(0) = 0. If §
is orientable, then there exists a smooth map u : S — S"~!, where u(x) is normal to T,,S. This
is called the Gauss map. We will not use the Gauss map below.

4. THE SECOND FUNDAMENTAL FORM

For each z € S, let f be the function be the one in (1), with 7' = T,.S. The second fundamental
form of S at x is defined to be the Hessian H(z) of f at 0. The Hessian H(z) is a symmetric
tensor on 1S, where, for any v € T,.5,
d2
i,

Since f is uniquely determined by S and = € S, so is H. It is therefore a geometric invariant
of the surface S. Since it depends on the embedding of .S, it is an extrinsic invariant.

Given x € S, we can apply a rigid motion to S so that z = 0, u(z) = e,, and therefore, in a
neighborhood of 0 € R",

H(x)(v, ) = i)

S =A@, ()},
where f(0) = 0 and df(0) = 0. For each v =v'e; +--- +v" le, 1 € TyS(=ey),

H(0)(v,v) = v"v! H(0)(e;, €;) = Hijv'v?, where Hy; = Hj; = H(0)(ej, ).

5. ISOMETRIC HYPERSURFACES

Let T denote e;-.
Two hypersurfaces S and S are isometric if there exists a smooth diffeomorphism

d:5 S

such that the length of any smooth curve C' C S is equal to the length of the curve ®(C') C S.

Given z € S, let & = ®(x) € S. Applying rigid motions to both S and :9\, we can assume
that that £ = x = 0 and the respective tangent hyperplanes are T@:S’\ =T,S =T. This in turn
defines uniquely the functions f : T — R, whose graph near 0 is .S, and f : T — R, whose

graph near 0 is S.
Moreover, there is a diffeomorphism ¢ : T" — T such that, for each v € T,

O(v+ f(v)en) = ¢(v) + f(D(v))en.
The diffeomorphism & : S — S preserves the lengths of all curves if and only if
959 - 059 = Oy - Oy,

where, for each v € T',

y(v)

¢*(v) + f(d(v))en
y(v) =v

+ f(v)en,

for each v € T'. In other words,

(2) 0;p - D;¢ + O, fO;0PD, ;07 = 6,5 + 0 £, f.
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Note that

0:(0) = 9,£(0) =0

0,07 (0) = &7,
for all 1 <1i,5 <n — 1. Therefore, if we differentiate (2) and evaluate at v = 0, we get

5 + 8J2‘k¢i = 0.
This implies that, at v =0,
(3) aizk¢j = _a?k¢i = 8‘722'¢k = _63k¢j7
and therefore
9%.90'(0) =0, forall 1 <i,j,k <n—1.

If we differentiate (2) again, evaluate at = = 0, and cycle through the indices i, j, k, [, we get

(4) D’ + a?k@i + azzkfa?lf + a?zfafkf = agkfﬁjzlf + a?zfa]?kf
(5) 050" + 03, + D fOR S + 05 fOR T = 0% SO f + O3 f O S
(6) i@ + 05y 0" + ORfOLf + OF fOLf = RSO f + Oy fOL S
(7) Ot + O + O} O3S + 030 f = O fO5f + D51 O3 1

Therefore, the equation

(8) (4) = (5) +(6) = (7)

eliminates ¢ and gives

(9) 0 f O3 f — 03 fOf = D505 — 04 fOL S,

Ig follows that, if H and H are the second fundamental forms of S and S at 0, then
(10) Riji = Riju,

where

(11) Riji = HixHy — HyH jy,

(12) Riju = HiHy — HyHy.

This leads to the definition of the tensor R, where, for any vy, vy, v3,v4 € TS,
R(vy,v2,v3,v4) = H(v1,v3)H(v2,v4) — H(v1,v4) H(va, v3).

What (10) shows is that the tensor R for a surface S depends only on its intrinsic geometry
and not on the isometric embedding. The tensor R is, of course, the Riemann curvature tensor,
and the equations (11) are the Gauss equations.

If n = 2, then the only nontrivial component of the Riemann curvature tensor is

K = R(e1, €2, €1, €2) = Hi1 Hyp — H1227
which is known as the Gauss curvature, and equation (10) is the Theorem Egregium of Gauss.

Example 1. We can show that the standard sphere in R? is not locally isometric to the plane
2% = 0 using this. Using the definition of the second fundamental form, we can verify that, for
the plane, H;; = 0 and therefore Rj2;2 = 0. On the other hand, for the sphere, H;; = d;; and
therefore Ris19 = 1. Therefore, the two surfaces are not locally isometric.
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6. TENSOR IDENTITIES

Most of the proof above involves only differentiation and straightforward calculations. The
only significant steps are the following;:

(1) Definition of a hypersurface

(2) If a map between two hypersurfaces preserves lengths of curves, then the map satisfies
equation (2).

(3) Most importantly, the tensor calculations done in (3) and (8). These are equivalent to
the following tensor identities:

(T ® S*T)N (A*T ®T) = {0}
(T ® S*T) N (A*T @ A°T) = {0}.

7. INTRINSIC FORMULA FOR RIEMANN CURVATURE

The embedding of S as a graph over T is given by v € T' — v + f(v)e, and therefore, the
Riemannian metric is given by

9ij(v) = Oi(v + f(v)en) - (v + f(v)en)
= (ei + 0if (v)en) - (ex + 0;f(v)en)
Therefore, since df (0) = 0, it follows that at v = 0,
Oxgij = Ok(0ij + 0: f0; f)
= OnfOif + 8ifal%jf
=0.
0290 = 0750 fOLS)
= 8z‘2kfaj21f + ai%fafkf'

Permuting the indices, we get

(13) 5951 = afjfalzlf + aizlfa?kf
(14) g = 05, fORf + 023 SO
(15) gk = 87;2jfalzlf + 8@‘2kfag2lf
(16) ajzkgil = ijfaizlf + 8jzzfai2kf~
Therefore, the equation

(17) — (13) — (14) + (15) + (16)

implies that, at x = 0,

— 05,951 — agzlgik + 059k + aJQ'k;gil = —Q'%fagzkf - ajzkfa?zf + aizkfa?zf + ajzlfazzkf
= 2Rijkl'
This proves, at least for a Riemannian manifold that can be isometrically embedded as a

hypersurface in Euclidean space, that the Riemann curvature tensor is an intrinsic geometric
invariant.
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8. THE RIEMANN CURVATURE OF AN ABSTRACT RIEMANNIAN MANIFOLD

Let M be a n-manifold with Riemannian metric g. Given local coordinates z!,..., 2", the
metric is
g = gij(x) da’ da?,
where g;;(z) = g(0;,0;). The calculations in the previous section suggest the following: Given
p € M, let z = (z',...,2™) be coordinates such that z(p) = 0, ¢;;(0) = &;; and 9,g;;(0) = 0,
for all 1 <14,j,k < n. Then define the Riemann curvature tensor at p to be given by

_ i,.7,.k,l
R(vy,v2,v3,v4) = Rijiivi05050y,

where, at x = 0,
1
Rij = —= (0595 + 0219k — 059k — Oirgun)-

2
To prove that this is a well defined tensor, it suffices to prove the following lemmas, which

have straightforward proofs.

Lemma 1. Let g be a smooth Riemannian metric on an n-manifold M. For each p € M, there

exist local coordinates x = (x',...,x"™) such that x(p) =0 and g = g;; da* da?, where, for every
1<i,5,k <n,
9i(0) = 0y
9kgi5(0) = 0.

Remark. Exponential or normal coordinates satisfy Lemma 1. However, a direct proof of
Lemma 1 is a lot simpler than the construction of exponential coordinates.

Lemma 2. Let M and N be smooth n-manifolds, h be a Riemannian metric on N, ® : M — N
a smooth map, and g = ®*h. Let x = (x',...,2™) be local coordinates on a neighborhood of
peM andy = (y',...,y") be local coordinates on a neighborhood of ®(p) € N such that

Then at x =y =0,

8kgij(0) =0
2 2 2 2 a2 2 2 2
Oi9i1 + 59ik — ik — 059 = Oihji + Oyhix — Oyhj — Ojha.
The proofs of these lemmas can be found in A simple way to discover the Riemann curvature
tensor.
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