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1 Introduction

There are many large system problems that are hard to

model exactly or in a computationally tractable fash-

ion. Examples include the mapping of human DNA,

speec h recognition, and automated learning in computer

chess. T raditionalarti�cial in telligence solution tech-

niques for such problems rely on a combination of cus-

tom encoding of expert knowledge and heuristic search.

They take muc h time to hand craft and then often are

unable to tak e adv an tageof faster computers as they

become available. In this con text,w eexplore the ad-

van tage of usingStatistic alSe archtechniques in which

the kno wledgeis encoded in some form of statistical

model whose parameters are automatically adjusted or

trained with domain data. The bene�ts are faster de-

velopment times, greater solution accuracy (compared

to hand crafted solutions) and the ability to allow the

problem size and desired solution accuracy to be scaled

up with computational resources.

We apply this approach to certain critical computa-

tional problems in mapping the human genome. We use

a Bayesian model to pro vide the best solution accuracy

as a function of the number of parameters. Heuristic

searc h tec hniques derived from arti�cial intelligence are

used to searc h themodel space in an e�cient manner

in the average case.

2 Preliminary

The computational problem to be solv ed is a key step

in producing a physic almap of the human genome us-

ing the optic al mapping technique (See [SLH93]).The

human genome consists of 46 DNA strands called chro-

mosomes. The ultimate object of the Human Genome

project is to decode the entire DNA base-pair (abbrevi-

ated bp) sequence. This sequence totals about 3 billions

bp's and current techniques make decoding the en tire

DNA sequence in a single step unrealistic in the near

�This paper was partly supported by an

future. Instead a preliminary goal is to produce a phys-

ical map of landmarks, which is a sampled version of

the entire base-pair sequence.

The landmarks used by optic al mappingare short 6 bp

sequences of DNA called restriction sites that are di-

gested (brok en)by restriction enzymes and occurring

about ev ery 4000 bp's along the DNA. The starting

point for constructing a ph ysical map of the human

DNA is typically a collection of random human DNA

pieces (called a clone library). Each DNA sequence in

the clone library is reproducible using genetically engi-

neered organisms into which the human DNA sequence

is inserted and reproduced (cloned). The most popu-

lar clone library at this time is based on the Yeast Ar-

ti�cial Chromosomes (Y A Cs)or the related Bacterial

Arti�cial Chromosomes (BACs), and consists of DNA

sequences of about 150 kbp (kilo base pairs) length on

average.The original location on the human genome of

these sequences is unknown, but the library is grown to

con tain a su�cient number of them to cover the entire

human genome about 5 times (5X coverage). The idea

is to produce a physical map for each DNA sequence (or

molecule) in the clone library, and then combine them

in to larger physical maps by inference from the common

overlap regions.

One very promising technique to build ph ysicalmaps

of DNA molecules from the BAC based clone library is

optic al mapping [SLH93, S95 ]. Optical mapping uses

uorescent microscopy to observe the DNA molecules

under an optical microscope. The DNA molecules ad-

here to a glass surface and are treated with restriction

enzymes and a suitable uorescent dye. The locations

at which the DNA molecules are digested (the restric-

tion sites referred to earlier) by a particular restriction

enzyme are visible as gaps and can be used to compute

a restriction map of the DNA molecules. One adv an-

tage of optical mapping is that it can be automated

and therefore carried out rapidly.
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The key optical mapping computation problem is com-

puting the restriction map from the optical image data

described previously. The computational problem is

har d because of a number of error sources that are un-

avoidable. We need to consider following categories of

errors in image data: 1) Misidenti�cation of spurious

materials in the image as DNA, 2) Iden tifyingmulti-

ple DNA molecules as one, 3) Identifying partial DNA

molecules as complete, 4) Errors in estimating sizes of

DNA fragments, 5) Incomplete digestion of DNA, 6)

Cuts visible at locations other than digest sites, and 7)

Orientation of DNA molecule is not always known.

The published BAC maps [CHYS95], produced using

optical mapping are generated by manually selecting the

best molecules in the image, extracting the partial maps

of eac h suc h molecule with simple image processing soft-

w are that integrates the illumination of each fragment

as a relative estimate of its size in base-pairs, and com-

bining them manually like a jig-sa w puzzle. The �nal

map is then obtained by a veraging the location of the

restriction sites (or the sizes of fragments bet ween re-

striction sites).

It has pro vensurprisingly hard to duplicate this map

computation in a fully automatic manner. Given the

ability of human mappers to solve this problem, albeit

at a rate of 1-2 weeks per map of one DNA molecule,

this problem can be considered a suitable candidate for

AI solution techniques.

3 Bay esianSearch Technique

The Bayesian model and a gradient optimization algo-

rithm that ha vebeen used successfully is summarized

here [AMS96], and is similar to algorithms used in max-

imum likelihood estimation. The following notation will

be used to describe the parameters of the independent

processes responsible for the statistical structure of the

data:

� pci = Probability that the ith sequence speci�c restric-
tion site in the molecule will be visible as a cut. �i is
the standard deviation of the position of the observed

cut when present.

� �f = Expected number of false-cuts per molecule ob-

serv ed.

� pb = Probability that the data is invalid (\bad"). In

this case, the data item is assumed to be an unrelated

piece of DNA or a partial molecule. The cut-sites (all

false) on this data item are assumed to have a Poisson

distribution with parameter = �n.
By Bayes' rule

Pr[HjD] = Pr[DjH] Pr(H)

Pr[D]

Assuming that the prior Pr[H] distribution is giv en in

terms of just the number of restriction sites, we wish to

�nd the \most plausible" hypothesis H by maximizing

Pr[DjH].

In our case, H is simply the �nal map (a sequence of

restriction sites, h1, h2, : : :, hN ) augmented b y the aux-

iliary parameters such as pci, �i, �f , etc. When we com-

pare a data item Dj with respect to this hypothesis, we

need to consider every possible way thatDj could have

been generated by H. In particular we need to consider

ev ery possible alignment, where the kth alignment, Ajk ,

corresponds to a choice of the orientation for Dj as well

as identifying a cut on Dj with a true restriction site on

H or labeling the cut as a false cut.

As a consequence of the pairwise independence and the

preceding discussion, we ha ve the following:

Pr[DjH] =

MY
j

Pr[DjjH];

Pr[DjjH] = ((1� pb)=2)
X
k

Prjk + pbe
��n�n

Mj

where j and k range over the data set and the align-

ments, respectively, and Prjk = Pr[D
(k)
j jH], with D

(k)
j

denoting the \interpretation of Dj with respect to the
alignment Ajk ." In the most general case, we proceed
as follo ws.Let

N � Number of cuts in the hypothesis H.

hi � The ith cut location on H.

Mj � Number of cuts in the data Dj .

Kj � Number of possible alignments of the data Dj against

the h ypothesisH (or its rev ersal, the ipped alignment

H
R).

sijk � The cut location in Dj matching the cut hi in H,

giv en the alignment Ajk.

mijk � An indicator variable, taking the value 1 i� the cut

sijk in Dj matches a cut hi in the h ypothesisH, giv en

the alignment Ajk. It tak es the v alue 0, otherwise.

Fjk � Number of false (non-matching) cuts in the data Dj

for alignment Ajk, that do not match any cut in the

hypothesisH.

Using this notation one can express Prjk as follo ws:

Prjk =

NY
i=1

"
pci

e�(sijk�hi)
2=2�2i

p
2��i

#mijk

�
NY
i=1

[1� pci]
1�mijk e��f �f

Fjk (1)
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The log-lik elihood can then be computed as: L �P
j logPr[DjjH]: The prior Pr[H] used is a function of

N only and takes the shape of a Poisson distribution pa-

rameterized by the expected number of restriction sites,

which in theory can be estimated by a kno wledgeof

the restriction site size and DNA molecule size as de-

scribed in [W95], but in practice the average number of

actual observed restriction sites in the data is a better

estimate.

3.1 Gradient Search Algorithm

In order to �nd the most plausible restriction map,

w e shall optimize the cost function deriv ed earlier,

with respect to the follo wing parameters: cut sites

= h1; h2; : : : ; hN ; cut rates = pc1; pc2; : : : ; pcN ; standard
deviation of cut sites = �1; �2; : : : ; �N ; and auxiliary pa-
rameters = pb; �f and �n:

Here w ejust list the set of update equations that can

be iterated to �nd such an extremal point [AMS96]. We

�rst de�ne the following:

�jk � ((1� pb)=2) (Prjk=Prj)

This is the relative probability of the alignment Ajk for

data item Dj . We write 	�i to denote

	�i � P
j

P
k �jkmijks

�
ijk ; � = 0; 1; or 2:

Also, �g � P
j

P
k �jk

g � P
j

P
k �jkMj

Using this notation the update rules are:

hi:=(	1i=	0i): (2)

F orpc = pc1 = � � � = pcN (Constraine d)

pc:=((
X
i

	0i=N)=�g): (3)

This constraint is easily justi�ed for ph ysicalreasons.

Similarly for � = �1 = � � � = �N (Constraine d)

�2:=((
X
i

	2i �	2
1i=	0i)=

X
i

	0i): (4)

�f:=(g=�g)�
X
i

(	0i=�g): (5)

(Note that the molecules are already normalized to unit

length.)

3.2 Update Algorithm: (DP)

In eac h update step, we need to compute the new values

of the parameters based on the old values of the param-

eters, which a�ect the \moment functions:" 	0i, 	1i,

	2i, �g and g . F or the ease of expressing the compu-

tation, we shall use additional auxiliary expressions as

follo ws:

Pj �
X
k

(Prjk=e
��f );

��ij �
X
k

(Prjkmijks
�
ijk=e

��f );

where � = 0, 1, or 2. Note that, the original moment

functions can now be computed in terms of these auxil-

iary parameters. F or instance:

Prj = ((1� pb)=2)e
��f � Pj + pbe

��n�n
Mj

	�i = ((1� pb)=2)e
��f

X
j

(��ij=Prj)

(� = 0, 1, or 2). The de�nitions for Pj and ��ij involv e

all alignments bet ween eac h data element Dj and the

hypothesisH. This number is easily seen to be exponen-

tial in the number of cuts N in the hypothesis H, even

if one excludes such physically impossible alignments as

the ones involving cross-overs (i.e., alignments in which

the order of cuts in H and Dj are di�erent). First we

present a recurrence equation for computing Prj :

Pq;r � �fPq+1;r +

NX
t=r

Pq+1;t+1

�t�1Y
i=r

(1� pci)

�

� pct
e�(ht�sq)

2=2�2t
p
2��t

; (6)

where 1 � q � Mj and 1 � r � N + 1. The re-

currence terminates in PMj+1;r =
Qn

i=r(1 � pci) and

Prj = P1;1. By computing Pq;r in descending order of r,
only two new terms needs to be computed for each Pq;r,

giving a time complexity of O(MjN). The complex-

ity can be further improved b y taking advan tage of the

fact that the exponential term is negligibly small unless

ht and sq are su�ciently close (e.g., jht � sq j � 3�t).
It can be sho wn that this reduces the complexity to

O(�MjN) (where � is an upper bound on all the �t
values). Summing over all moleculesDj the total time

complexity is O(�MN), where M =
P

j Mj . The space

complexity is trivially bounded by O(MmaxN) where

Mmax = maxj Mj . The recurrence equations for other

terms are similar.

3.3 Global Search Algorithm

Recall that our prior distribution Pr[DjH] is multi-

modal and the local searc h based on the gradients by

itself cannot evaluate the best value of the parame-

ters. Instead, we must rely on some sampling method

to �nd points in the parameter space that are likely
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to be near the global maxima. F urthermore, examin-

ing the parameter space, we notice that the parameters

corresponding to the number and locations of restriction

sites present the largest amount of multi-modal variabil-

ity and hence the sampling may be restricted to just
�h = (N ; h1, h2, : : :, hN). The conditional observation

probability Pr[DjH] can be evaluated pointwise in time

O(�MN) and the nearest local maxima located in time

O(�MN2), though there is no e�cient w ayto sample

all local maxima exhaustively.

Thus, our global searc h algorithm will proceed as fol-

lows: w eshall �rst generate a set of samples (�h1, �h2,
�h3, : : :); these points are then used to begin a gradient

searc h for the nearest maxima and provide hypotheses

(H1, H2, H3, : : :); the hypotheses are then rank edin

terms of their posterior probability Pr[HjD] (whose rel-
ativ e values also pro vide the con�dence value of eac h

hypothesis) and the one (or more) leading to maximal

posterior probability is presented as the �nal answer.

We use a global searc h over an approximate posterior

distribution. The approximate score for a map with

N cuts is the score for the w orst submapwith 2 cuts.

Scores for all 2 cut maps can be precomputed if the

space is discretized (for instance, eac h hi 2 f0, 1=D,

2=D : : :, 1g). Branch and bound can no wbe used to

search o ver the approximate score for larger maps, using

the follo wing bounds: (1) If a 2 cut map scores worse

than the best N cut map so far, no N cut map with those

2 cuts need be considered; and (2) If the best 2 cut map

involving cut h scores worse than the best N cut map so

far, no N cut map with cut h need be considered. These

tw obounds are su�cient to allo w exhaustive searc hes

up to about 8 cuts on a Sun-SS20, and larger maps can

be searched by �xing some of the best cuts found so far

so that no more than 8 cuts are varied at a time.

4 Experimental Results

Pure Lambda DNA (I): Deposited manually using the

peel tec hnique. (June 1995).

R. Enz. Cuts Conf. Map Err.

Sca I 6 100% 0.67%

A vaI 9 99% 0.83%

Pure Lambda DNA (II): Deposited by a robot as a grid

of spots. (July 1996).

R. Enz. Cuts Conf. Map Err.

BamH I 5 37% 1.07%

BamH I 5 100% 0.79%

BamH I 5 100% 0.22%

BamH I 7 9% Wrong Map

Human DNA Clones: Using a Cosmid Vector, and de-

posited as a grid of spots. Map veri�ed b y con tig and Gel

as ha ving 6 cuts, with one small fragment (< 1kB, and op-

tically undetectable in most of the images) missing [Marked

(�) in the table below]. (October 1996).

R. Enz. Cuts Conf. Map Err.

Mlu I 6 50% (�)

Mlu I 6 100% (�)

Mlu I 5 72% 1.45%

Mlu I 10 8% Wrong Map

5 Conclusion

In this paper, we ha ve made three critical contributions

tow ards the solution of the assembly problem for optical

mapping data: (1) We pro vide the �rst detailed model of

the data produced by the optical mapping process and

use it in a Bayesian approach that hinges on the fact

that the model is complete. (2) We formulate an e�-

cien t statistical algorithm that implements the update

rules for the model parameters iteratively using dynamic

programming. As the multi-modal structure of the prior

excludes purely local search algorithms, we necessarily

rely on good heuristics (e.g., branch-and-bound). This

is consistent with our prior NP-completeness results for

this problem [AMS96]. (3) Finally, experiments based

on an implementation (in C, running on Sparc 20's)

produce highly accurate maps over wide range of ex-

perimental v ariations.
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