Differential Equations, Spring 2026
https://math.nyu.edu/~goodman/teaching/DifferentialEquations2026/Differential Equations.html

Assignment 4, due February 19, 2pm

About homework assignments

Upload one PDF file with homework solutions to the Brightspace page for the appropriate
assignment.

You may write assignments on paper then photograph or scan them. If you do that, please
collect all the images into a single pdf file to upload. You may use handwriting or typing on
a tablet and upload it in pdf format. You may use LaTeX, but this is not encouraged because
LaTeX is less expressive than handwriting and (for me) takes longer to prepare.

Solutions must be uploaded before class starts on the day assignments are due.
Solutions must be uploaded before class starts on the day assignments are due.

Please check the Brightspace forum corresponding to the assignment before you start working
on the assignment and from time to time while you are working on it. There may be questions,
comments, or (alas!) corrections that will help you.

Please post any comments or questions or possible corrections on the Brightspace forum for the
assignment.

Please email the instructor director directly with personal matters including requests for a
homework deadline extension.

Be follow the academic integrity policies that apply to this class as explained on the [class
web pagel In particular, do not submit solutions prepared by Al tools.

The assignment, corrected Feb. 13, to fix exerciss 2a and 3e.

1.

2.

(Functional relations defined by differential relations) Suppose x(t) and y(t) are differentiable
functions of ¢ and the differentials satisfy the differential relation

(dx+y)dr + (z+2y)dy=0. (1)
Suppose that 2(0) = 1 and y(0) = 1.

(a) Find a formula of the form f(z,y) = 0 that holds for all (x(¢), y(t)).

(b) If #(0) = 2, find y(0).

(c) What are the possible values of y(t) if you know x(t) = 17 Is the ¢ = 0 value y(0) = 1 the
only possibility?

(d) What is the largest value of x(t)? Hint. First find a relation between x and y that makes

dx:Oin.

(Practice with overdamped spring mass ODE) Consider the spring mass friction system
mi = —yi — kx . (2)

Take parameters m =1, v = 3, and k = 2.
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(a) Find the two simple exponential solutions x1(t) = et and z5(t) = e™.

(b) Find the a formula for z(t) under the initial conditions x(0) = 0, and #(0) = 1. Express
that solution in the form x(t) = c121(t) 4+ coxa(t). Find ¢ and cs.

(¢) Suppose z(0) = 1. Find #(0) so that x(t) has the faster decay rate as t — oc.

3. (Another two dimensional vector space of exponential solutions) The Fibonacci numbers are a
sequence x, starting with o = 1, z; = 1. The Fibonacci numbers, z,, for n = 2,3,--- are
determined by the Fibonacci recurrence relation

Tpatl = Tp + Tpoq - (3)
The first few are
xo=x1+rx0=1+1=2
.’E3:£L'2+£L'1:2+1:3
I4:l‘3+l‘2:3+2:5
Ts =4 +23=5+3=28
Txe =5 +x4=8+5=13

The ratio of successive Fibonacci numbers is

Ln
Ty = .
Tn—1
Here are some values (thanks to a computer)
n Tp | Thn
2 2|2
3 3|15
4 5| 1.667---
5 81 1.6
6 13 | 1.625
7 21 |1.6154---
10 89 | 1.6182---
15 987 | 1.618033 - - -
20 | 10946 | 1.618040- - -

You can see that the x,, grow rapidly, with x5y more then ten thoudsand. Also, the ratios
quickly approach a limiting value. This limiting value is called the golden mean, or golden ratio.
It’s value is v = 3 + $v/5 = 1.61803398 - - -

We use the notation
T = (fo,ﬂﬂl,xz,"' affn,"')

for an infinite sequence of numbers starting with xg. Such a sequence is a fibonacci sequence if
the x,, satisfy the fibonacci recurrence relation for n = 2,3,---. The Fibonacci numbers are a
fibonacci sequence, but you get different fibonacci sequences if you change the values of zy and
x1. For example, if zo = 1 and 7 = —1 then x5 = 0, z3 = —1, etc. The corresponding fibonacci
sequence is ¢ = (1,—1,0,—1,—1,—2,---). The zero sequence is 0 = (0,0,---). It is a “trivial”
fibonacci sequence, but the numbers x,, = 0 do satisfy the recurrence relation.

(a) Let S be the set of all fibonacci sequences. Show S is a vector space.

(b) A sequence is a geometric sequence if it has the form z, = ™. Find the characteristic
polynomial that r must satisfy for the geometric sequence x,, = r™ to be in S. Show that
there are two such sequences with r values r,. = v (this is the golden mean) and ro = —y~1.



(c) Show thatifz € Sandy € S, and if 9 = yo and 1 = y1, then x = y. Comment. Specifying
zo and x; then using the recurrence relation to determine the rest of the sequence is the
recurrence relation equivalent of solving the initial value problem for an ODE.

(d) Let v € S and w € S be the two distinct geometric Fibonacci sequences. Show that they
are linearly independent and that they span S. Hint. Feel free to review the concepts of
basis, linear independence, and span from your linear algebra class. Linear independence
means that if 0 = cv + dw (c and d are numbers and 0 is the zero sequence) then ¢ = 0 and
d = 0. For this it is enough to show that cvyg + dwy = 0 and cv; = dw; = 0 implies that
¢ =d=0. Why? To show that v and w span S (the space of all fibonacci sequences), it is
enough, for any = € S to find ¢ and d so that o = cvg + dwg and x1 = cvy + dw;. Why?

(e) Find a formula for the Fibonacci numbers, x = (1,1,2,3,---), of the form
T (e

(f) Show that x, (the Fibonacci number) is “exponentially” close to ¢y™ for large n. Hint.
Part of this exercise is giving a mathematical meaning to “exponentially close” that is more
precise than just “very very very close”.

(g) Show that r, — v as n — oo for the Fibonacci numbers.

4. (Unstable “active” oscillators) Consider the spring/friction/mass system (2)). The trajectory is
the curve that the points z(t), £(¢)) make in the “z, & plane”.

(a) Let the parameters be m = 2, v = 0 (no friction), and k = 4. Show that the trajectory is
an ellipse. That is, the solution (z(t),4(t)) “traces out” the same ellipse over and over as
t increases.

(b) Show that if v < 0 but ~ is close to zero with m = 2 and k = 4, then the trajectory is an
outward moving elliptical spiral. More technically, solutions have x(t) = e* cos(w(t — to)),
with A slightly bigger than zero, and a related expression for @(t). If At (in the exponent)
were fixed, it would be an exact ellipse, but with At slowly increasing with ¢, the ellipse
slowly spirals outward. Comment. A passive spring/mass system cannot have negative
friction, but a mass with a motor or some external force could act like a system with
negative friction. We will see examples of that later in the class.

5. (ODE problems as linear algebra) Suppose x(t) satisfies a second order linear ODE with unknown
coefficients but whose solutions can be measured in experiments. The experiment measures
solutions z1(t) and z2(t). The experiment is set up so that the initial condition is set and the
corresponding solution and its derivative at time T are measured. Suppose initial conditions
21(0) = 1 and 41 (0) = 0 gives solution z1(T) = 2 and %1 (T') = —1 and initial condition x5(0) = 0
and 2(0) = 1 gives solution z2(T) = —1 and #2(7) = 1. Find the initial conditions that give
z(T) = 1 and &(T) = 0. Method. Because the ODE is linear and the solution space is two
dimensional and spanned by x; and zs, you can write x = ci1x1 + cax2. This allows you to find
x(T) and &(T) in terms of the measured data and the coefficients ¢; and ¢s. Formulate this in

matrix/vector form
z(T)
s~ (Gm)

Here c is the vector of unknown coefficients to be determined

c= (2) .



You need to identify the 4 entries of the 2x2 matrix S so that (We write * to represent a matriz
element that needs to be identified.)

- (: ) ()

The last step is to solve the system, either by Gaussian elimination or by finding S~! (or another
method?) to find (explain why the vector on the right is correct)

()-0)

(Real and complex forced oscillator solutions) Consider the “steady” solution of the “sinusoidally
forced” oscillator, either in exponential form or in real form

s BT
m m
IP=——x— la'c + cos(wt) .
m m

The corresponding solutions are written (we assume A, > 0)
2(t) = A (w) et | z(t) = Ay (w) cos(w(t — tp(w))) .
The phase and amplitude of the response are functions of the driving frequency.

(a) Show that A, (w) = |A,(w)].
(b) Use the answer to part (a) to write a formula for the frequency response function A, (w).
(¢) Fix m = 1 and k = 1 (which can be done by normalization). Describe the frequency
response function, when ~ is small, in as much or little detail as you have time for. Simple
approximate answers are preferable to complicated exact formulas. For example, Apax =~ %
(if that’s right) is preferable to Apax = /1 +7v + 7% (if that’s right). Even “A,ayx is large
when v is small” is preferable to a big exact formula. Of course, an exact complicated
formula can be a way to find a simpler more useful approximation. Your answer may
address some or all of the following questions or related questions:
e What does the frequency response curve look like for small v (make a sketch)?
e Where is its peak?
e How high is the peak, Ay ax?
e What is the frequency of the maximum response, wyax?
e What is the half-width of the response peak? This is Aw so that
Ag(Wmax £ Aw) = %Amax .

(The full width is 2Aw, which 18 wWpax + Aw — (Wmax — Aw).) This Aw is how much
you can “de-tune” the forcing frequency and still get a large response.

Special request. Just before you upload, please estimate the time you spent on this class this week
(in hours) in the following activities

Reviewing class notes

Reading the textbook

Reading supplementary notes
Solving and writing up exercises

Finally, if you found helpful (to you) online materials, please include a link or a URL.



