Differential Equations, Spring 2026
https://math.nyu.edu/~goodman/teaching/DifferentialEquations2026/Differential Equations.html

Assignment 5, due March 3, 2pm

About homework assignments

Upload one PDF file with homework solutions to the Brightspace page for the appropriate
assignment.

You may write assignments on paper then photograph or scan them. If you do that, please
collect all the images into a single pdf file to upload. You may use handwriting or typing on
a tablet and upload it in pdf format. You may use LaTeX, but this is not encouraged because
LaTeX is less expressive than handwriting and (for me) takes longer to prepare.

Solutions must be uploaded before class starts on the day assignments are due.
Solutions must be uploaded before class starts on the day assignments are due.

Please check the Brightspace forum corresponding to the assignment before you start working
on the assignment and from time to time while you are working on it. There may be questions,
comments, or (alas!) corrections that will help you.

Please post any comments or questions or possible corrections on the Brightspace forum for the
assignment.

Please email the instructor director directly with personal matters including requests for a
homework deadline extension.

Be follow the academic integrity policies that apply to this class as explained on the [class
web pagel In particular, do not submit solutions prepared by Al tools.

. (Normal modes of oscillators) Figure 7.1.1 on page 288 and Exercise 14 on page 292 of the

textbook explain the second order ODE system that models two masses coupled to each other
and to walls by linear springs and without friction. This exercise explores the behavior of these
models using eigenvalues and eigenvectors. The vector space of solutions, S is spanned by modal
solutions given by complex exponentials or in sine/cosine form . The general ODE system
# = Az has modal solutions of the form z(t) = ve™ where r could be any complex number.
That is because A could be any square matrix. The matrix used for the coupled oscillator
problem here has “special structure”, it is symmetric and positive definite. This means that its
eigenvalues are positive and real and that its eigenvectors are real and orthogonal. This exercise
explains some of these facts and illustrates their importance. Some of the exercise involves a
general nx n symmetric positive definite matrix, K. Other parts are only about the specific K
relevant for the two mass system of Figure 7.1.1.

(a) Show that, if m; = mg = 1, the ODE system of Figure 7.1.1 can be expressed in the form

T

r=-Kzx , x= <x> , K is a 2x2 symmetric matrix . (1)
2

Find an expression for K in terms of the spring constants ki, ko, and k3.
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(b) Consider an ODE system of the form but with x € R™ and K being a symmetric nxn
matrix with positive eigenvalues. Show that if Kv = w?v, then has complex solutions of
the form z(t) = v e*?* and real solutions of the form x(t) = v cos(wt) and x(t) = v sin(wt).
This notation e* " means that there are two solutions

oo (t)=vet™t | 2 (t)=ve .

Terminology. The eigenvector is a wvibrational mode or oscillation mode or just mode. The
corresponding w is the vibration frequency.

(¢) Find the two oscillation frequencies, w; and ws, and corresponding modes, v; and v, if
k1 = ko = k3 = 1. The frequencies are unique if you take them to be positive. The modes
are not unique because if v is an eigenvector then cv is also an eigenvector for any constant
c.

(d) Find a formula for the solution of the initial value problem with initial conditionsﬂ

x(())((l)) . #(0)=0.

Hint The vector space S of solutions is spanned by the four solutions
vy cos(wit) , wvysin(wit), v cos(wat), vesin(wat) . (2)

Therefore the solution we seek can be written as a linear combination of these. You can
write this linear combination as

x(t) = aq cos(wit) v1 + by sin(wit) v1 + ag cos(wat) v + bg sin(wat) vy .

Find the four coefficients a1, b1, as, b by linear algebra using the four initial conditions
(two vectors with two components each). It’s easiest to do this using vectors (rather than
individual numbers) as far as possible. The initial condition 4(0) = 0 eliminates two of the
coefficients right away.

(e) Show that if all the spring constants are positive then the eigenvalues of K are both positive.
Hint. The eigenvalue is w?, which satisfies a quadratic equation with coefficients involving
k1, ko, and k3. Once you have w?, you can use w = +w?, so find a formula for w? first and
get w second. The quadratic formula involves a square root. To show w? is real, notice
that k7 + k3 — 2k1ks = (k1 — k3)? > 0. Here are possible approaches to showing w? > 0.
Choose one or invent another approach.

o Clever tricks with inequalities (I'm terrible at this).

e Write w? = a+ /b, find expressions for a and b in terms of k1, ko, and k3 and then use
the slow and boring method of Lagrange multipliers to find the maximum of b with a
fixed. Then you can see whether a — \/byax is negative.

e The potential energy is
1
PE = i(klx% + kQ(ZL'l — 1'2)2 + kgl'g) .

Show that PE = %:cTKx by direct calculation. Since PE > 0 if z # 0 (assume that at
least one spring constant is positive), this implies that 27Kz > 0 for any non-zero z.
A matrix like that is called positive definite. Show that a positive definite symmetric
matrix has positive eigenvalues by showing that if Kv = \v, then v"Kv = Av™v > 0.

1The vector of all zeros is denoted by 0 no matter what dimension it has.



(f) Show that modes corresponding to different frequencies are orthogonal to each other. That
is, if w? # w3 then vivy = 0. Hint. First, vlv; = v{ve. The eigenvalue formula w?v = Kv
implies that w%vgvl = vaKvl, and that w%vaz = U?Kvg.

(g) Use part (f) to show that the two mass coupled oscillator has one mode in which the
masses always move in the opposite direction and one mode where the masses always move
in the same direction. “Always move in the opposite direction” means that if & (¢) > 0 then
Z2(t) < 0 and conversely. Here i (¢) is the velocity of the first mass, not the time derivative
of the vector z(t) in the first mode. A “modal solution” is any of the four solutions .

2. (Weakly coupled oscillators, beats) The beating phenomenon happens when two identical oscil-
lators are “weakly coupled” to each other. The oscillators, in the notation of Figure 7.1.1, are
identical if k; = k3 = w?. They are weakly coupled iiﬂ ko = €. The frequency wy is the frequency
both masses would have if there were no coupling (e = 0). Suppose only the first mass is “in
action” at time ¢ = 0, which means x2(0) = 0 and 43(0) = 0. Then for a while z; moves much
more than xo. Most of the energy is in the first mass. Then, slowly, the energy “leaks” from z
to xo. After a long time, x5 has most of the energy and x; has almost none. Then the process
reverses and the energy flows slowly back to 1. The beating phenomenon is the slow periodic
transfer of energy back and forth between x1 and x5. The beating frequency gets slower as the
coupling gets weaker. There are many Youtube videos about this. Many involve the Wilberforce
pendulum, in which the two modes involve two ways a mass can move hanging from a spring.
Here is one of the better ones: Wilberforce pendulum.

(a) Show that when e > 0 there are two distinct frequencies, w; < wy separated by a small
“detuning” Aw = wo — w1. Find a formula for Aw.

(b) Give a “physical explanation” for the fact that w; = wy. Why does the coupling spring
not effect the motion in the mode where the masses move “together” (always in the same
direction)? Give an explanation for the fact that adding a coupling spring increases the
frequency of the mode where the masses move in opposite directions.

(c) Adapt the solution from Exercise 1(d) to write a formula in terms of cosines in this case.

(d) To interpret the formula from part (c), writ w; = — +Aw and wy = © + $Aw. Next,
verify the formula cos(f — §) + cos(8 + &) = 2cos(d) cos(f). Next, write the formula for
21(t) in the form

x1(t) = A(t) cos(wt) , A(t)=---.

Use the formula for A(t) to show that the amplitude of the x; oscillation slowly goes back
and forth from its largest value to zero. This slow, long “time scale” behavior is the beating
phenomenon.

(e) Show that x5(t) can be written in the form zo = B(t) cos(wt) and show that B is large
(positive or negative) when A is small and conversely.

3. (Facts about permutations and determinants) Suppose F represents some “operation” on some-
thing. For example, F' could be a linear transformation z — y = Az. Also, F' could be a permu-
tation (1,2,---,n) — (1,79, ,7,). The inverse transformation is the transformation that
undoes whatever F does. For example the inverse of a linear transformation is y — = = A~ 1y.
If you apply F and then F~!, you get back what you started with. The inverse of a permutation
puts the numbers back in their original order. That is, if kK = m;, then j = p;. For example, the
inverse of the permutation 7 :(1,2,3,4) — (2,1,4,3) is p: (1,2,3,4) — (2,1,4, 3). Some checks:
me = 1 and p; = 2, my = 3 and p3 = 4. You should check this also works for m; and 7w3. We
write 7! for the inverse permutation of .

2Using € to denote a number is a mathematician’s way of saying the number is small.
3A bar over a variable can refer to the average value of that variable. Here, @ is the average of w1 and wa.
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(a)

(b)

Show that 7 and 7~! have the same parity: sign(m) = sign(7~1!). Hint. If a sequence
of transpositions makes 7 then the same transpositions make 7! if done in the opposite
order (why?).

Show that if p = 7~ !, then

n n
Ha‘j,ﬂj = H Qpy .k -
j=1 k=1

The determinant is

det(A) = Z sign(m) H ajrx, | - (3)

s

Here, aj is the (j, k) entry of A. The sum is all n! permutations. The (j,k) entry of AT
is ay;j. Use part (b) to show that det(A) = det(AT).

Show that det(A) is “linear in the first column of A”. This means, among other things,
that if

a1l aiz -+ Qip
a1 Q22 -+ G2p
A:
anl an2 e Ann
and
bii a2 -+ a
bor  aze - aon
B:
bnl an2 e Ann
Then det(A + B) = det(A) + det(B)
ain +bui a2 - a,
as1 +ba1  aze - ag,

det(A) + det(B) = det(A + B) = det
apl +’bn1 [ R Ann

Combine parts (c) and (d) to show that det(A) is also linear in the top row of A. Show
that sign(n’) = —sign(m) and that the determinant changes sign if you interchange the first
and second columns:

a2 aix - QAin ail a2 - Qip

G2 A21 -+ Q2p a21 Q22 - G2pn
det . . . = —det

ap2 Ap1  *°°  Opn apn1 Qp2 - Apn

Let T be the transposition that interchanges elements 1 and 2 of n elements. Thus,
T(4,6,5,2,1,3) = (6,4,5,2,1,3). For any permutation m, let 7' = T'm, which is the
same permutation as 7 but with the first and second elements switched. Show that
sign(n’) = —sign(m) and that the determinant changes sign if you interchange the first
and second columns:

a2 aixz -+ Qin a1l a2 -+ Gln

G2 A21 -+ Q2p a21 Q22 -+ G2pn
det . . . = —det

an2 an1 Tt Ann an1 An2 tee Ann



(2)

(h)

Show that if the top two rows of A are identical then the determinant is zero

aix a2 - A1n
aixz a2 - A1n

det . . . =0.
ap1  QAp2 - Ann

Combine the facts above to show that elementary row operations on a matrix do not change
the determinant. It will be enough to do it for an operation involving the top two rows. If
the row operation is subtracting ¢ times the top row from the second row (a typical row
operation) then you need to show that

a1l ai2 ce Q1n ai;p a2 - Aain
a21 —Cayx1 G2 —Cayz - G2p — Chlp a1 Q22 -+ G2p

det . . . = det
an1l an2 et Ann anl an2 et Ann

A matrix is upper triangular if all its entries below the diagonal are zero. We picture this
by using * to represent non-zero elements (elements that do not have to be zero).

0 % % -+ *x x
0 0 * ok
0 0 T
0 0 - 0 %

In formulas, a matrix B is upper triangular if b;; = 0 if 7 > k. Show that if B is upper
triangular, then only the term with m = id in the sum is different from zero. Here, “id”
refers to the identity permutation (1,2,--- ,n) +— (1,2,--- ,n). Show that the determinant
of an upper triangular matrix is equal to the product of its diagonal entries. Comment.
Gauss elimination is a process that makes a general matrix A into an upper triangular
matrix B using row operations. This exercise shows that you can compute the determinant
of A by reducing it to upper triangular form and then multiplying the diagonal entries.
Using the form directly involves n! terms, which makes it impractical for, say, n = 30.
Using Gauss elimination, it is easy to evaluate the determinant of a 1000 x 1000 matrix.

Special request. Just before you upload, please estimate the time you spent on this class this week
(in hours) in the following activities

e Reviewing class notes

Reading the textbook
Reading supplementary notes
Solving and writing up exercises

Finally, if you found helpful (to you) online materials, please include a link or a URL.



