
Differential Equations, Spring 2026
https://math.nyu.edu/∼goodman/teaching/DifferentialEquations2026/DifferentialEquations.html

Assignment 6, due March 10, 2pm
Correction: “= δ(t)” and “= f(t)” → “+δ(t)” and “+f(t)”, and f(x) → f(s) in Exercise 1(b) part
2. The matrix A in Exercise 3 (4) completely replaced.

About homework assignments

• Upload one PDF file with homework solutions to the Brightspace page for the appropriate
assignment.

• You may write assignments on paper then photograph or scan them. If you do that, please
collect all the images into a single pdf file to upload. You may use handwriting or typing on
a tablet and upload it in pdf format. You may use LaTeX, but this is not encouraged because
LaTeX is less expressive than handwriting and (for me) takes longer to prepare.

• Solutions must be uploaded before class starts on the day assignments are due.

• Solutions must be uploaded before class starts on the day assignments are due.

• Please check the Brightspace forum corresponding to the assignment before you start working
on the assignment and from time to time while you are working on it. There may be questions,
comments, or (alas!) corrections that will help you.

• Please post any comments or questions or possible corrections on the Brightspace forum for the
assignment.

• Please email the instructor director directly with personal matters including requests for a
homework deadline extension.

• Be follow the academic integrity policies that apply to this class as explained on the class
web page. In particular, do not submit solutions prepared by AI tools.

1. (Various approaches to linear ODE with forcing) The ODE is

ẍ = −5x− 4ẋ+ 1 . (1)

We want the solution with initial condition x(0) = 0, ẋ(0) = 0. This is the same as solving

ẍ = −5x− 4ẋ+H(t) , H(t) =

{
0 if t ≤ 0

1 if t > 0 .
(2)

This forcing function that “turns on” at t = 0 is called the Heaviside function. The condition
x(t) = 0 for t < 0 holds because the oscillator has friction so it doesn’t move if something doesn’t
push it, and nothing pushes it before t = 0.

General plus particular solution approach

(a) The general solution is the vector space of solutions of the homogeneous problem
ẍ = −5x − 4ẋ for all t. The general solution is the vector space of solutions of the
homogeneous problem ẍ = −5x− 4ẋ for all t. Find two linearly independent exponen-
tial solutions (either in complex form involving complex exponentials or in real form
involving real exponentials and sines and cosines) and express the general solution as a
linear combination of these: xg(t) = au1(t)+ bu2(t), with u1 and u2 being exponential
solutions.
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(b) A particular solution is any solution to the forced problem (1). Find a particular
solution of the form xp(t) = Const.

(c) Find a and b so that x(t) = xg(t)+xp(t) satisfies the initial conditions given. Give the
corresponding formula for x(t).

Impulse response integral approach

(a) The impulse response is the solution of the initial value problem ẍ = −5x−4ẋ for t > 0
with x(0) = 0 and ẋ(0) = 1. Show (by integration from t = −ϵ to t = ϵ and taking the
limit ϵ → 0) that this is the solution to the ODE with “impulse” forcing

ẍ = −5x− 4ẋ+ δ(t) ,

and x = ẋ = 0 for t < 0. Call this solution R(t).

(b) Consider the general forced problem

ẍ = −5x− 4ẋ+ f(t) .

The solution is given by the impulse response integral

x(t) =

∫ t

−∞
R(t− s)f(s) ds .

Use this to express the solution of (1) with the initial conditions given as an integral
involving R. It might be helpful to use the Heaviside function formulation.

(c) “Work” the integral (find a closed form formula for it). If all the algebra is correct,
this should agree with the solution by the “general plus particular solution” method.

2. (Practice with the phase plane) Consider the spring mass system with friction

mÿ = −ky − γẏ . (3)

Reformulate this as a system of two first order differential equations in the form ẋ = Ax,
x(t) ∈ R2. For each set of parameter values, make a large (about half a page or so) phase plane
diagram showing the corresponding vector field. Use the vector field to determine the nature of
the solution (periodic, spiral in/out, sink, saddle point, source, ... . Determine whether there
are real eigenvectors. If so, draw the corresponding lines through the origin and indicate by little
arrows whether solutions along those eigen-lines flow toward or away from the origin. Identify
the set of initial conditions so that x(t) → 0 as t → ∞.

(a) m = 1, k = 2, and γ = 1.

(b) m = 1, k = 1, and γ = 4.

(c) m = 1, k = −1, and γ = 1. Comment. An actual spring probably cannot have a negative
spring constant, but the equation (3) models an unstable pendulum which is a mass on top
of a rigid stick balancing on a point (as drawn in class).

3. (Practice with eigenvalues and eigenvectors) Consider the 3×3 system

ẋ = Ax , x =

x1

x2

x3

 ∈ R3 , A =

 5 3 −1
−6 −4 2
−1 −1 −1

 . (4)

(a) Find the characteristic polynomial of A and its roots. Hint. If you find one root r1 of a
polynomial p(r), you can deflate by computing q(r) = p(r)/(r − r1). This is the same as
factoring p(r) = (r− r1)q(r). If p is cubic than q is quadratic, so you can use the quadratic
formula on q. A cubic polynomial with real coefficients has at least one real root. Try
to find one by figuring where p changes sign, by evaluating p(r) at various r values. This
trial-and-error method isn’t pretty or quick, but it works.
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(b) Find an eigenvector corresponding to each eigenvalue, Avj = rjvj . Let V be the 3×3 matrix
whose columns are the eigenvectors.

V =

 | | |
v1 v2 v3
| | |

 .

Compute det(V ) to see whether V is invertible.

(c) Use the eigenvalues and eigenvectors to find first a complex basis (with complex exponen-
tials) and then a real basis (with real vectors and sines and cosines) for S, which is the
vector space of all solutions of (4). The set of all elements of S is called the general solution.

(d) A left eigenvector1 with eigenvalue r is a row vector w = (a, b, c) so that wA = rw. Let W
be the 3×3 matrix whose rows are the left eigenvectors:

W =

 − w1 −
− w2 −
− w3 −

 .

Find a left eigenvector for each eigenvalue and construct the matrix W . It is important
that wj and vj correspond to the same eigenvalue rj .

(e) Show that A is any n × n matrix and if wj and vk are left and right eigenvectors corre-
sponding to different eigenvalues (rj ̸= rk), then wjrk = 0. It is common in linear algebra
to think of a row vector as a 1×n matrix and a column vector as an n×1 matrix. This
makes product wjvk a 1×1 matrix, which is a number. Hint. Matrix multiplication is asso-
ciative, (BC)D = B(CD), as long as the terms in the product have the right dimensions.
Therefore (wjA)vk = wj(Av), which gives a contradiction unless wjvk = 0 or rj = rk.

(f) Compute the matrix product D = WV . If all the arithmetic is correct, D is a diagonal
matrix

D =

d1 0 0
0 d2 0
0 0 d3

 .

Explain why the fact fro part (e) forces WV to be diagonal. Find V −1 = D−1W . Hint. It
is a theorem in linear algebra (a non-trivial theorem) that if C and B are n×n matrices
with CB = I then BC = I. Either way, B = C−1.

(g) Let be the exponential solutions uj(t) = vje
rjt. Let U(t) be the 3×3 matrix whose columns

are the uj :

U(t) =

 | | |
u1(t) u2(t) u3(t)
| | |

 .

Show that if M is any 3×3 matrix, then P (t) = U(t)M satisfies the matrix differential
equation

Ṗ = AP .

Find a matrix M so that P (0) = I. This is the fundamental solution

(h) Carry out the algebra for this example and give an explicit expression for P (t).

(i) Show by explicit calculation that P (t + s) = P (t)P (s) for any times t and s. Comment.
The solution to the scalar equation ṗ = ap with p(0) = 1 is p(t) = eat. This satisfies
the equation p(t + s) = p(t)p(s). The matrix fundamental solution P (t), by analogy, is
often written as a matrix exponential P (t) = etA. This exercise verifies the multiplicative
property of this matrix exponential. But be careful, it is not true that eAeB = e(A+B) in
general.

1Column vectors v with Av = rv are right eigenvectors because the eigenvector is on the right of the matrix.
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