
Probability Limit Theorems, II, Homework 2

(1) Suppose that dµ(x) is a probability measure with
∫

xndµ(x) =
1√
2π

∫
xne−x2/2dx

for all positive n. Show then that dµ(x) = 1√
2π

∫
xne−x2/2dx. Hint:

Applying Tchebychev’s inequality to appropriate moments yields

Pr (|X | ≥ R) ≤ Ce−Rp

for some p > 1.

This implies that the Fourier transform (characteristic function)

µ̂(ζ) = Eµ

[
eiζX

]

is an entire analytic function of ζ = ξ + iη. The moment conditions then
imply that

µ̂(ξ) = e−ξ2/2 .

Now, for any interval, (a, b), express µ((a, b)) as an integral involving µ̂(ξ).

(2) Let D be a bounded open set and q ∈ ∂D. For any x ∈ D and R > |x− q|,
define

τ = inf {t | W (t) + x ∈ ∂D or |W (t) + x− q| ≥ R} .

Define h(x, R) = Pr (W (τ) + x ∈ ∂D), and p(α, R) = inf
|x−q|=α

h(x, R), and

l(R) = lim inf
α→0

p(α, R). Show that if l(R) > 0 then l(R) = 1.

(3) As in problem (2), let E be the complement of D, the closure of D. For
any set A, |A| will be the Lebesgue measure of A. For q ∈ ∂D. let

v(q) = lim sup
R→0

|E ∩BR(q)|
|BR(q)| .

Use problem (2) to help show that if v(q) > 0 then q is a regular point. In
particular, show that if q satisfies the exterior cone condition then q is a
regular point. Remember that if W (t) + x ∈ E, then τ < t. Try to show
that Pr (W (t) + x ∈ E) > 0.


