Mathematics of Finance, Courant Institute, Fall 2015
http://www.math.nyu.edu/faculty /goodman/teaching/mathFin/index.html

Always check the class message board before doing any work on the assignment.

Assignment 3, due September 30

Corrections: (None yet. See message board)

1. (a hard evercise in calculus) Consider the equation e** = 1 + x. Suppose
0 < A < 1. Show that for A = 1, the only solution is z = 0. Show (by
picture if necessary) that if A < 1 there is another solution z(\) > 0.
Suppose A < 1 but A is close to 1. Show that there is an approximate
formula of the form

x(A\) = C(1=)).

Find C. Hint: Use the first few terms of the Taylor expansion of e*® to
get an approximation of e*® that is valid when Az is small. Experiment
with the order of the approximation (one term, two terms, three terms,
...) until you get a sensible answer.

2. Suppose U is a random variable that is uniformly distributed in [0, 1].
Suppose A > 0 and T = —5 log(U). Show that the PDF of T is f(t) =
Xe M if t > 0, and f(t) = 0 if t < 0. Make sure to verify both parts of
the formula for f. Hint: The definition of probability density is

P(T € [t,t +dt] = f(t)dt .
If t > 0, find a formula for u and du so that
Teltt+dt] <= U € [u,u+du].

You find the relationship between du and dt by differentiating the rela-
tionship between u and t.

3. The covariance between random variables X and Y is
cov(X,Y) =oxy = E[(X — ux) (Y — py)] ,
where px is the expected value of X and py is the expected value of Y.
The correlation coefficient is
oxXy
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corr(X,Y) = pxy =

Here, 0% = E [(X - ,uX)Q} is the variance of X. Tt is known that |pxy| <

1 for any pair of random variables. Moreover, |pxy| = 1 only if X = aY +b
(X is a linear function of Y, equivalently, Y is a linear function of X). If
Y is non-linear function of X, then |pxy| < 1. Investors often invest in a
combination of assets with returns that have low correlation.



(a) Suppose S is a risky asset whose value is uniformly distributed in the
interval [1,3]. Write a formula for f(z), which is the PDF of S and
calculate its mean (obvious, once you have it) and variance.

(b) Suppose C' is a call option on S with strike price K = 2. Write
a formula for C(S). Use this formula to calculate the mean and
variance of C.

(¢) Calculate pgc. Show that this number is larger than zero (pretty
obvious) and less than one. That might seem surprising. It is possible
for the value of C' to be completely determined by the value of S, and
yvet the correlation coefficient is not equal to one. Chapter 3 of the
textbook explains why this can make people want to put options in
a portfolio.

4. Let Y be the total payment for a risky bond with a principal P and a
coupon rate R. This bond defaults at a random time 7. The maturity
time of the bond is tp;. If T > tps, then the bond makes continuous
coupon payments in the amount Rdt in every interval of time [¢, ¢+ dt] for
t < tpr, and the bond makes a principal payment P at time ¢,;. If the bond
defaults at time T' < tj;, then only the payments before the default time T
are made. We model the default time as an exponential random variable
with rate constant A\. We model different bond defaults as independent’.
Suppose we have a basket of L independent risky bonds with the same
maturity date, principal, and coupon rate. The total payment for the
basket is

X=Y1+---4+Y.

The individual payments are either Y; = Rty +P,if T; > tyr, or Y; = RT),
if Tj < tpr. This formula omits present value calculations. It is wrong to
leave out discounting, but it makes the problem simpler.

Write a script in R that makes a histogram that represents the PDF of
the random variable X. Simulate n independent X values. Choose n so
that it takes your computer a few seconds to run the script. Experiment
with a few different values of the parameters L, A, tys, etc., to get a few
histograms that look different. When L is large and the default probability
is high,

Pr(default) = Pr(T < tp) = 1 — e MM |

the histogram should look roughly Gaussian. If the default probability is
low or if L is not large, the histogram is less “normal”. There may be a
big spike in the histogram corresponding to no defaults.

You can write the script so that the parameters are set in the script rather
than being entered by the user when the script runs. That means state-
ments in the script like L = 10. This will make it less tedious for you

IThis assumption is not only wrong, it was a big part of the misunderstanding of default
risk that led to the financial crisis of 2007-2008. We will discuss more realistic models of bond
default later in the class.



to run the script many times. Hand in a printout of the script and a
few interesting histograms. The histograms should be self-explanatory,
parameter values listed in the histogram title. There is sample code and
explanations of it for you to use in creating your script.



