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Constrained Optimization

Formulation

Optimization means finding z, that minimizes a function u(x). An equality constraint is an equation
g9(x) =0.

If there are m > 1 equality constraints, then g(z) is a vector with m components

Im ()
There also may be inequality constraints, which are formulated as
h(z)>0. (1)

If there are r > 1 inequality constraints, then h has r components and the inequality is supposed to
hold for each component:

ha(x)
h(z) =
h.(x)
The vector inequality constraint denotes the r scalar inequalities
hip(x) >0 fork=1,---,r.
The feasible set is the set of z € R? that satisfy all the constraints
x€F <= g(x)=0 and h(z)>0.

The official goal of constrained optimization is to find

T, = arg gggu(m) .
Unofficially, the goal may just be to find a point with better “performance”. If zq is an initial guess,
this would mean finding feasible iterates x,, with x,, € F and u(z,) < u(xg).
As with ordinary differential equations, constrained optimization problems may not be presented
in this form precisely. For example, suppose the problem is to find a point on an ellipse closest to a
point (a,bd) (here, H is a positive definite 2x 2 matrix)

min (z —a)? + (y — b)? with (z y) H (;) =2,

This is put in the general constrained optimization form by taking

u(z,y) = (r —a)* + (y—b)?, and g(z,y) = (z y)H (;) _ 2
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A portfolio optimization problem might be to minimize the variance of an investment subject to a
budget constraint and the constraint that all the “positions” must be positive. This may be formulated
using portfolio weights wy, for k = 1, -+ , d representing the “weight” (percentage of the funds) invested
in asset k. The budget constraint is wy + - - - + wg = 1. The variance of the portfolio is (here X is the
covariance matrix of the individual assets)

w'Sw.

The positivity constraints are wjy > 0 for all k. For this example, suppose there is also the policy that
no more than p percentage of the total goes to any particular asset. This optimization problem is put
in the generic form above using (here, 1 is the column vector of all ones, 1 = (1 1 .- l)T, SO

wl'l =wy + -+ wq)

wl'Sw

g(w) =w'1

wy fork=1,---.,d

p—wg_gq fork=d+1,---,2d.

u\w

(w)
g(w)
hi(w)
b (w)

There is one equality constraint and there are 2d inequality constraints. The first d represent positivity
of portfolio weights. The second d represent the balancing condition that no asset gets more than p
of the total.

Constraint surfaces

The feasible set defined by equality constraints only will be called the constraint surface and denoted

S
S={zwith g(z)=0} .

It is helpful to describe the constraint surface using geometric language even though in the end all the

algorithms are algebraic and analytic. Normally (at non-degenerate points) the constraint surface is

smooth. You can think of a constraint surface as being like a surface (sphere, etc.) or a curve in 3D.
We use J to denote the jacobian matrix

%91 Oa1 ... Oam
oxq Oxo dxq
992 992 .. 992
J = 83.61 Ox2 89'601 ) (2)
9gm 9gm . 9gm
oxq Oxo Oxg

This is an m x d matrix whose (7, k) entry is

0g;

Jig = ==L .
gk 6xj

Row j of the jacobian matrix describes how g; changes with a small change in x

9 dg;
Ags(w) = g At 5l Aag +O(|A])



Column £ describes the changes in the g; corresponding to a change Axy. In matrix form,

991 9¢1 . 991 Azy

Agl 8ZD1 6w2 8Id AxQ
A 992 Og2 . 992
Ag _ :92 _ 39.61 Oxo dxg
Agm 0gm  Ogm . 9gm

é)zl 612 8Id Axd

The jacobian is a “short and fat” matrix because the number of constraints is less than the number
of variables.

Let T be a point on the constraint surface (T € S, g(T) = 0). The constraints are non-degenerate
at T if

rank(J(Z)) =m .

Non-degenerate means that the rows of J, which are the (transposes of) the gradients of the constraint
functions g;, are linearly independent at . We say that J has “full rank” because the rank of a short
and fat matrix cannot be more than m. If T is a non-degenerate point on S, then there is a tangent
space to S defined at Z. We denote it by T'(T), but people use other notations such as T or Tiz. This
is the set of vectors v € R? that are in the null space of J(Z).

T(z)={v with Ju=0} .

The dimension of T(Z) is d — m. This is because the rank of J plus the dimension of its null space is
d. The v € T(T) are directions you can move from T that are tangent to S in the usual sense.
For example, the unit sphere in 3D is described by m = 1 constraints z? + y? + 22 = 1. The
jacobian is the 1x3 matrix
J = (Qx 2y 2z) .

The dimension of T'( (z,,y, z) ) should be d —m = 3 — 1 = 2. You can see that the vectors vy and ry
are a basis for T'((z,,y, z) ) at most points

,y 0
Ty = T , T2 = z
0 -

The vectors r; and 79 are linearly independent and have Jry =0 and Jre = 0.

As another example, consider two unit spheres on 3D, one centered at the origin and one at
(1,0,0). The intersection of these spheres is a circle parallel to the (y, z) plane equi-distant from the
centers of the spheres. The constraint functions are

@.9.2) (glu,y,z)) ( 2yt 1 )
$7 ’Z: fry
gy g2(2. 9, 2) (=12 +y2 4221

The jacobian matrix is

/= (2(gc2i 1) ;Z Z) ' )



Algebraically, you can describe the constraint “surface” S by subtracting the two constraint equations

2

2 4y 42 =1
(x—1)2+y*+22=1
2 — (x—1)2 =0
2x =1
1
x ==
2
1 3
2 2
= 1 _—_ = —
Yy +z 1°1
A tangent vector to this circle at the point T = % and 72 + 22 = % is
0
r=| z (4)
-y

You can check that J((Z,7,%z)) = 0. The dimension of the tangent space in this example is d — m =
3 — 2 =1. The vector r is tangent to the circle in 3D.

Vectors perpendicular to the tangent “plane” (T(Z) does not have to be two dimensional) are
normal to S. The gradients Vg; are a basis for the vector space of normal vectors if  is a non-
degenerate point of S. This is “trivial” but possibly confusing. The (transposes of the) gradients Vg;
are the rows of J, and each row of J is perpendicular to every v € T, which was the definition of T
Thus T is the set of vectors normal to the vector space spanned by the gradients. The normal space
to the normal space is the space itself (draw a picture). Thus, the normal space is

N (@) = span{ Vg1 (Z), - ,Vgn(T) } .

Since A is spanned by m linearly independent vectors, it has dimension m. In the circle example
above, the normal space to the circle at a point (Z,7,z) is spanned by two vectors such as

o

1
ny = 0 ) ng =
0

SRS

You can check that both of these are normal to r in and that they are linearly independent. You
can also check that they span the same space as the (transposes of the) rows of J in :

2T 2(z—1)
Vg1 = 2@ = 2577,1 + QTLQ 5 V92 = 2@ = 2(f - 1) ny + QTLQ .
2z 2z

Linear projection

The gradient descent algorithms involve a sequence of iterates x,, € S. These are found using the
gradient Vu but only to move along S. We view “moving along S in two steps. First, take the “part
of” the gradient in the tangent space at the current iterate, T(x,). Moving in this direction keeps
you close to § but not exactly on it. Next, you take a point near S and find a corresponding point in
S. These steps are a linear projection (defined below) followed by a nonlinear projection.

A linear projection is a linear map that takes any vector y to its “projection” in a subspace T
We call it P(z,). In principle, we could compute the dx d matrix that represents P. Instead, we
create an algorithm that finds Py for any y € R%. To be a projection, P must not move any vector



v € T, which is Pv = v for any v € T. A perpendicular projection (also called normal projection) is
a projection that acts on y by removing the components of y in directions normal to 7. We present
two approaches to this, one involving finding the components of y in a basisﬂ of T'. The other involves
subtracting away the part of y perpendicular to T. Both of these approaches to projection may be
familiar from solving linear least squares problems. Orthogonal projection is essentially equivalent to
linear least squares.

In the second projection approach, you have a subspace A/ and a vector y € R%. The projection
“along A/ modifies y using vectors in N to get v perpendicular to A. Suppose hq,--- , h,, is a basis
of N. The modification along N is

v:y—ijhj v=y— Hw.

Jj=1

The matrix form uses the matrix H whose columns are the basis vectors and the vector whose com-
ponents are the weights w;:

| | w2
R=|h - hwl| , w=

Wm

The condition that v is perpendicular to h; may be written h]Tv = 0 The condition that v is perpen-
dicular to all the vectors r; may be written

H'v=0.
We can plug in the definition of v to get an equation for w:
HT (y—Hw)=0.

This leads to o
w=(H"H) y. (5)

The symmetric matrix M = HT H is the Gram matrix of inner products hJThk. It is positive definite
(hence invertible) if R has full rank m. In the “real” computer world, M will be hard to invert if it
is poorly conditioned, which happens if the h; are almost linearly dependent.

The gradients of the constraints form a natural basis of A/. The definition of T' was that v is
tangent to S if Jv = 0. This equation also says that every row of J is perpendicular to every
tangent vector v € T. This is geometric/algebraic theorem of linear algebra. If T C R? and A is the
subspace perpendicular to T', then T is the subspace perpendicular to A/. The perpendicular to the
perpendicular is the original subspace. This doesn’t depend on T' and N being tangent and normal
spaces to a surface. These gradients may be thought of as columns of the (tall and thin) gradient
matrix | |

G = Vgl e v.gm
| |

You can see that the rows of the jacobian matrix J in are the transposes of the gradients, so
J = G". Thus, the projection equation may be written

w=(GE")'Vu, v=Vu-G(GG") ' Vu.

IThis basis of T has d — m elements. Tt is not a basis of R%. If ¢ is a unit vector, which means ||q||, = 1, then the
component of y in a direction q is qTy. If this ¢ were one vector in an orthonormal basis of R%, then quy would be the
coefficient of y multiplying q. If there are d — m ortho-normal vectors ¢; € T', then the part of y in 7" is the sum of the
components in the g; directions.



The other projection approach uses an ortho-normal basis for 7. This may be found using the QR
decomposition of JT = G. This factorization is

L (R

G=QR=[Q1 | Q] |—
o 0

The matrix blocks in this equation are @, is the first m columns of () and @5 is the remaining d —m
columns, R; is the m xm upper triangular matrix and the lower block of R is the (d — m)xm zero
matrix. We assumed that G has full rank m, which implies that R; has full rank. Since R; is upper
triangular, this is equivalent to the diagonal entries of R; being non-zero. Transpose this and you get

T Q- T AT
G :J:(R1T| 0) v =R Q5 .
—QT-
If you multiply J with a column ¢; from @), then you get non-zero or zero depending on whether g;
is a column of @ or Q). This is because

Qqu =e; , e; being the ™ standard basis vector.

This, in turn, is because the columns of Q) are ortho-normal. ¢ ¢; = 0 if k # j and q;quj = 1. These
are the entries in the basis vector e;. Now,

(RT| 0)e; #£0
if j < m because the diagonals of R; are not zero, and
(RT| 0)e;=0

if j > m, clearly. To summarize, the column space of Q2 (the space spanned by the columns of Q2)
is the normal space to N/, which is the tangent space, T'. The vectors g;, for j =m+1,--- ,d, are a
basis of T'. Finally, if y is any vector in R¢, then y may be written in terms of the Q basis as

n
y=> ajq , aj=qy. (6)
J=1

The “part of” y in the tangent space T is the part of this sum involving the basis vectors for 7"

n

w=Py=Zajqj= Z (45 ) 4 - (7)

j>m j=m+1

This is a different way to compute the orthogonal projection of y onto T.

The discussion of convergence below uses the fact that orthogonal projections do not change inner
products taken with respect to vectors v € T. That means that if v € T and y € R? (any vector),
then

vTPy =Ty . (8)

You can see this in 2D or 3D by drawing pictures. You can see it in formulas by using a basis g;
where the g; for j > m are a basis for 7" and the 4; for j < m are orthogonal to T'. In particular, if



7 < m, then quj =0, because v € T" and ¢; is perpendicular to T'. Therefore,
d
’UTy = Z CL]"UTq]'
j=1

_ S oy
= E :a]v 4j
j>m
_ TE .
=0 ajqj
j>m

= TPy .

[Another way to see is to see that the matrix representing P is symmetric. In fact

P= Z qjqu . (9)

j>m

This is a way to express the projection formula , since matrix/vector multiplication is associative,
and so

Py=> ¢y
ji>m

=> ¢ (qy)

j>m

This shows that Py is the w of . The formula @D implies that PT = P because the terms in the

sum satisfy
T ™T T T
(04;) = () 4 =495 -
The equation @D also implies that P? = P, as you can check by writing the formula once with index

7 and again with index k then treating PP as a double sum, where only the terms j = k are different
from zero. We knew P? = P already, because Py € T and Pv = v for any v € T

Nonlinear projection

Now suppose T satisfies the constraints and v is a tangent vector at Z: T € S, and v € T(Z). If v
is small, then z = T + v is a point close to but not on . Analytically, g(T) is small but not zero.
Nonlinear projection is the problem of projecting z onto S, which means finding 7 € S with ¢g(g) = 0.
A convenient way (but not the only way) to find such as 7 is to project perpendicular to T'(Z). This is
convenient because we have a basis of vectors perpendicular to T'(Z). We can take the vectors Vg;(T)
as this basis. Remember that S is curved, so the gradients Vg; at z are different from those at = or
at the point 7 that we hope to find. Choosing to project perpendicularly to T'(Z) means keeping the
basis vectors Vg, (Z) fixed during the process of finding y.

We find 3§ by formulating a nonlinear system of equations that y satisfies and then solving those
equations using Newton’s method. To formulate the equations, we express “moving from z perpen-

dicular to T'(Z) analytically as
y=z+ ijng(E) =G@ w.
j=1

Here, G is the matrix whose columns are Vg; and w € R™ is the vector of coefficients. The right
w =w will give 7 € S. The equations g(7) = 0 may be expressed in terms of w as

h(w) = g(z+ G(T)w) =0.



The jacobian matrix of h is the m xm matrix

This is found using the chain rule

H(w) = 0 = (0,) (9uy) = J(z + CEW) G() (10)
To explain the arguments of J and G on the right, the derivatives of g need to be evaluated at the
point z + G(T)w, but the jacobian matrix of y with respect to w is the constant matrix G(z). Note
that when v = 0 and w = 0, then z =7 = 2 + G(T)w, so Hy = JJ*. This is an m|timesn symmetric
matrix. Assuming J has full rank, this is positive definite. Therefore, if v and w are small, H(w) ~ Hj.
Thus, H should be non-singular, but the matrix is probably not symmetric.
Newton’s method, with the default step size/learning rate s = 1, is

Wil = Wy — H(wn)*lh(wn) .

With initial guess wg = 0, which is z = x + v, if v is small enough, the iteration will converge to w
withy =2+ Gw € S.

Projection gradient descent

The overall gradient descent algorithm for equality constrained optimization has an outer iteration
and an inner iteration. The outer iteration uses finds the new iterate z,41 from the current iterate
Zn using Vu(z,). To do this it moves by v, in the tangent space T'(x,) and then projects (tries
to project) x, + v, back to the constraint surface S. If the inner Newton iteration does find y, =
Ty 4+, + G(xy)w, € S then it can do a step size/learning rate check similar to that of unconstrained
gradient descent. The predicted decrease is

Aup = =Vu(zn)(yn — xn) -

The actual decrease id7]
Au = —(u(yn) — u(xy,)) .

We choose the step size s so that

Au > aAup  (sufficient decrease) (11)
Au < BAup  (try a bigger s). (12)

This is a version of line search. If the sufficient decrease condition is violated, replace s with %s and
try again. If the “try a bigger s” condition is violated, that’s because the algorithm thinks the step
size is too small, and that a larger s would give more improvement. In that case, replace s with 2s
and try again. Be careful here. A naive code based on these ideas could lead to an infinite loop in
which first s — %s and then s — 2s because first one then the other condition is violated. The code
should detect this and do something else to satisfy and in some other way. You can start
this line search process with the s that worked at the previous iterate.

For each s, you first find the tangential step v = —sVu(z,) and then do a projection Newton
iteration to find y,. The initial guess should be w = 0. If the Newton iteration fails (which it will if s
is too large), then replace s with %s and try again. It is a consequence of the inverse function theorem
that there is a projection if v is small enough. One proof of this involves showing that Newton’s
method converges if v is small enough. If you draw a diagram it should be clear why this is true, and
why w = 0 is a reasonable initial guess.

2This clumsy choice of sign is to emphasize that u is supposed to decrease each iteration. We hope Au = w(yn)—u(zn)
is negative. The decrease will be positive in that case.



Convergence and stopping criteria, Lagrange multipliers

There must be some halting criterion. A simple one would be to do a specified number of iterations.
This can be restated as using up a given computational budget. More commonly, particularly in
casual computing, is to keep iterating until “the algorithm” thinks it is close to the optimal . Two
things that can be checked are the size of the step and the size of the projected gradient. There could
be two numbers ¢, and ¢, and the algorithm would halt if these conditions are satisfied:

Znt1 — In”z < € (13)
[P (zn) Vu(zn)|l, < € - (14)

The tolerance numbers €, and €, would be supplied to the optimization function by the user.

The user could be expected to have a reasonable idea how close they would like to be to the true
optimizer, and €, is an indicator of this distance. It is not a perfect indicator because, as we saw in
the analysis of optimizing a quadratic function, the learning rate might have to be very small relative
to the distance to the optimizer if the hessian is ill conditioned. This means that the step taken, as
measured in might be much smaller than the distance to the optimizer. Thus, is a useful
halting criterion but probably should not be the only one.

The projected gradient, P(z,) Vu(x,), is the direction of steepest ascent in the tangent space of
the current iterate T'(xz,). This is because if v is any vector, then

d T
£u(x + sv) =Y Vu(zx) .
If v € T, the property allows us to write this as
d (x + sv) vTP Vu(x)
—u v = .
ds s=0

In particular, this shows that if the projected gradient is zero, then x is a stationary point of u in
the constraint surface S. In summary, “gradient descent” is a natural way to describe taking the the
tangent space step to be v = —sP Vu. Therefore, if the projected gradient is small, which is the
condition , then you can hope you’re near to a stationary point. Stationary points that are not
local minima are unstable, so you have to be very unlucky to converge to a stationary point that is
not a local min.

The method of Lagrange multipliers can be thought of as a way to look for points z € S where the
projected gradient vanishes. If PVu(z) = 0 then Vu € N (this is the definition of the normal space).
Any vector in NV is a linear combination of the basis vectors Vg;(x). Thus, if Vu € N, then we may
express Vu(z) as

m
Vu =Y \Vgr(z) . (15)
k=1
It is traditional to denote the coefficients of Vg by Ax and to call them Lagrange multipliers. The
Lagrange multiplier approach to equality constrained optimization is to formulate d + m equations
for the d + m unknowns z; and A, for j = 1,--- ,d and k¥ = 1,--- ,m. The Lagrange multiplier
formula is d equations (one for each component of Vu. The other m equations are the constraint
equations gx(x) = 0 that define the constraint surface S. There are fancier algorithms for constrained
optimization that use Lagrange multipliers in a more fundamental way, but you don’t have to think
about Lagrange multipliers to understand gradient descent on a constraint surface.



