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1. (Urn process) The urn process is a simple but not trivial one dimensional random walk. In later
classes we will come back to it to see how it goes over to the Ornstein Uhlenbeck process in the
limit m — oo, T'— oo, but m and T related by a scaling that we will figure out.

(a) Calculate the transition probabilities ¢; = P(i — ¢+ 1) and a; = P(i — i — 1). Here i is the
number of red balls. The formulas depend on m (the total number of balls), and p (the probability
to put back a red ball).

Sol: The transition probability ¢; means that in this process you choose a red ball and replace

it with a blue ball, thus ¢; = mﬁf p. If one choose a blue ball and replace it with a red ball, then the
transition probability a; = --(1 — p). Also
m—1

1
= (1—p)+—p
m m
=1- a; — C;
(b) Figure out the forward equation for w41, in terms of w1, upn;, and uy, 41, and the
numbers a;, b;, and ¢; from part a.
Sol: Let uy; := P(X,, = 1), then the forward equation is a formula for the number
Unt1 = P (Xpy1 =1)

= ZP(Xn—H =i| Xy =y) P(Xn =y)
yeSs

= un7i_1P(Z’ —1— Z) + Un,iP(i — 7,) + umiHP(i +1— Z)

= Up,i—1Ci—1 + Unib; + Up it+10i41.

(c) Write the equations satisfied by the steady state probabilities 7;. Show using algebra that
these equations are satisfied by (possibly a small variation on)

m=pa-pm (), 1)

7

(%)=

Hint: you can relate neighboring binomial coefficients using reasoning such as (approximately)

(i—n:l > :(i+1)!(nn~:!—z’—1)!:T+_1i<nZ)‘

Sol: A probability distribution, w, is stationary, or steady state, or statistical steady state, if
Up = T = Upy1 = 7. That is the same as saying that X,, ~ m = X,41 ~ 7 . The forward
equation implies that a stationary probability distribution must satisfy the equation 7 = w P, which

The binomial coefficient is




determines m. Let us consider the equations
(1-p)+ ! (1-p)
mo = mo(1 — m— (1 —
0 0 p 1 p

1 m-1 p)
T = mop + T (p+ — —p)> +m—(1-p)
m m m

m — 2

m—1 2 3
Pt (p+ mo2 —p>) F (1)
m m m

9 — T

1
T = Tm—1—P + TmD,
m

combined with the constrain ), m; = 1. Solving above system by the tridiagonal matrix algorithm
we would have

as claimed.

(d) Give a more conceptual derivation of the solution formula (1) as follows. Imagine that when
you start, all the balls in the urn are "stale". Each time you put a new ball in, that ball is "fresh".
The colors on the fresh balls are independent of each other, and each fresh ball has probability p of
being red. Eventually, all the balls will be fresh. When that happens, the probability distribution
of the number of red balls is binomial.

(e) Stirling’s formula is the approximation

n! ~ V2rnn"e " = /2rnemlosm—n,

Use Stirling’s formula (treating it as exact) to write an approximate formula for m; when m, i, and
m — ¢ are all large. Write this in the form

m___—(im)

TS 2mi(m —4)

Maximize ¢ over i (use calculus, differentiate with respect to ¢, ...). Show that you get i, = pm,
and argue that this is the right answer, using part c¢ if necessary. Make a quadratic approximation
to ¢ about i, and use that to make a Gaussian approximation to w. Just substitute ¢, into the
pre-factor. Do you get the same result as the CLT? Note (not an action item) that you find from
this a scaling that i — iy is on the order of y/m.



Sol: Straightforward calculation,

- . om)!
o z m—1
i p) (m —i)!

mlogm m—ilogit+i—(m—i)log(m—i)+(m—i)+ilog p+(m—i) log(1—p)

\/ 27rz —1)
mlogm—H log B4-(m—1) log & —L
27rz —1)
m
2mi(m — 1

1—
,)exp —(—mlogm—z’logl,)—( —z)log p>
i i

:=¢(i,m)

To maximize ¢, we differentiate ¢ w.r.t. 1,

0;¢ =logp —logi — 1 —log(l —p) +log(m —1i) +1

which means
p(m —ix) = ix(1 - p),

and thus 7, = pm.
Notice that

1—
@d(isx, m) = —mlogm — m]nlogi — (m — mp) logip
mp m—mp
= —2pmlogm,
and
1
e -
¢ (Z*) - 0_2'

Consider the Taylor expansion of ¢(i) around i,

(i) ~ d(in) + ¢/ (is) (i — i) + %gb"(i*)(i — i) + hot.

Then we can approximate

m = Cexp (—qﬁ(i*) + @' (i4) (i — ix) + %qﬁ”(i*)(i — i)+ h.o.t.) .

2. The ansatz method for solving equations is to guess the form of the solution, then find the
precise solution by plugging your guess into the equation. It is not always satisfying, but it is
great when it works. Consider a simple random walk on Z with transition probabilities a, b, and ¢
independent of 1.

(a) Write the backward equation for this process.
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Sol:
fri = E[fo1| Fal (2n = 1)
= Z P (Xn+1 = $n+1| X'n, - xn) fn+1 (':En‘i’l)

a:n+163
= afn+1($n+l =1i- 1) +0fnt1 (anrl = 'L) + Cfn+1(fl:n+1 =i+ 1)
= afnt1i—1 T b0fni1i + Cfnriivt (2)

(b) Show that the backward equation has solutions of the form f,; = ay, + (i — Bn)?. Find the
recurrence relations for a,, and 3, in terms of an4+1 and Byy1.
Sol: Plugging f, ; into (2),
an 4 (i = Bn)® = acng1 + a(i — 1 — Bng1)?® + bani1 + b(i — Bng1)? + cangr + c(i + 1 — Bngr)*.
(c) Directly from the process, derive equations for p, = F[X,], and 02 = var (X,,). You may

assume po = 0 and o9 = 0.
Sol:

H=c—a

ol =c+a—(c—a)?

o = 2a® + 2ab — 2bc — 2¢*
=2[(a+c¢)(a—c)+b(a—c)
=2(a—c)(a+b+c)
=2(a—c)

02 = 4a® + 4¢® + 2bc + 2ab — 4 (a — ¢)
= 2bc + 2ab + 8ac
=2(1—a—c)(a+c)+8ac
=2(a+c—a* — 2ac — ¢*) + Sac
= 2(c+a) — 2(a® — 4ac + ¢?)
:2[c+a—(c—a)2]
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We can conclude that,

:un:ZMi
i=1
:n(c—a),
and
oz =nlcta—(c—a)?].

(d) Show that parts (b) and (c) are consistent, using the definition of the quantity f,; in the
backward equation.



