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Assignment 6
1. Consider the change of variable z = log(s).
(a) Show that if X; = log(S:), and S; is a geometric Brownian motion,

then X; is an ordinary Brownian motion with constant drift.

(b) Show directly using the partial differential equations that the log
change of variable changes the backward equation for geometric Brow-
nian motion into the backward equation for Brownian motion with
drift.

2. Let S; be a geometric Brownian motion with zero expected return dS; =
0SidWy. Show that S; is a martingale (clearly) but S; — 0 as t — oo.
For the second part, show that S} is expressed as an exponential of a sum
of two terms, one of order 1/(t) and one of order ¢.

3. Suppose dS; = pSidt + 05;dW,;. Suppose t is measured in years and
define the annualized returns Define discrete times ¢, = kAt. Suppose t
is measured in years. Define the annualized period k return as

R — Stk+1 - Stk
¥ At S,

Use the Euler Maruyama approximate formula for ASy = S;, ., — S, to
find the approximate distribution of Ry. The sample average estimator of
w over a period [0,77] is

1
= ZRk, n=max{k |t <T} .
tp<T

Find the limiting distribution & in the limit At — 0. Show that for fixed
T, the variance of 11 does not go to zero as At — 0.

4. Suppose X1+ and X5 ; are independent Brownian motions, and that

R, = ,/Xft + X22,t .

Show that R; is an Ito process and a Markov process, which means that
R; is a diffusion process. Find the infinitesimal mean and variance

1
a(r) = EE[RM —r| Ry =]
-
At
Write an SDE that R; satisfies.

b2(r) E[(RM — )| Ry=r



5. Let S1+ and Sy be distinct but correlated geometric Brownian motion
processes. A “weighted portfolio” of these assets is

P, = w51 +weSay .

The portfolio weights w; and ws are fixed. Decide whether P; is an Ito
process, a Markov process and/or a diffusion process. Explain your an-
swer.



