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Chapter 1

Introduction

This thesis is on anisotropic adaptive finite element methods for numerical solu-
tion of partial differential equations. Adaptive finite element methods place more
fine scale elements where more resolution is needed. Isotropic or shape regular
adaptive methods use only elements with bounded aspect ratio (stretched elements
are avoided). Anisotropic adaptive methods fit high aspect ratio elements (highly
stretched elements) along the regions of rapid variation of the solution for situations
like shocks or boundary layers. Anisotropic adaptive methods give a bigger saving
in terms of computational cost (number of elements and degrees of freedom) than
the isotropic ones if stretched elements are placed appropriately. This research is
about error estimates and adaptive grid generation allowing the use of anisotropic

(stretched) elements.

There are two main aspects in an adaptive method: error estimation and grid
generation (see Babuska [7], Johnson [20], Zienkiewicz [14], among others). Most of
the theory currently available is restricted to the isotropic case, but see [1], [2], [19],
[21], [23], [25], [27]. One reason that makes anisotropic refinements difficult is that
placing high aspect ratio elements in the wrong direction may cause loss of conver-
gence (see [6]). On the other hand, the amount of computing time and memory
that a good anisotropic algorithm may save compared with a good isotropic algo-

rithm (in problems with anisotropies) is the main reason that motivated this thesis.



Grid generation algorithms for isotropic refinements are designed to maintain
the aspect ratio of the new elements below certain bound, see the algorithm of Bank
[9]. In 2-D, for triangular meshes, some anisotropic grid generators are designed to
keep the maximum angle of all elements below a bound smaller than 7 (see [6]).
This usually results in refinement algorithms that do not produce a sequence of
nested finite element spaces, which is a desirable property for error estimation and
for explotation of methods like multigrid to solve the associated system of equations
in an efficient way. The algorithm presented in Chapter 2 generates triangular grids
without any restriction on the angles of the elements and it produces a sequence of

nested finite element spaces.

There are two main difficulties that an error estimator for anisotropic methods
has to handle: (i) grids are not shape regular (ii) the estimator should in addition
to providing information about location also provide information on direction of
stretching in order to improve the current grid. Anisotropic refinements using rec-
tagular elements are of great advantage when there are two directions of anisotropy
(see [23], [25]); triangular elements give more geometric flexibility for more compli-

cated situations. In this thesis we use only triangular elements.

Most error estimates for both isotropic or anisotropic refinements try to esti-
mate the local contributions from each element to the global error. The estimators
used in this thesis are constructed by trying to answer the following question : how
much is the error reduced if we add a single degree of freedom to the current finite
element space? Such an estimator for isotropic refinement has been proposed by
Zienkiewicz (see [14]). In this thesis we prove a theorem about the effectivity of the
estimator in [14] for local quasi-uniform meshes, and we give some results for more
general meshes. We give more robust estimators for the error reduction in Section
2.3.

In Chapter 2 we obtain error estimates for anisotropic refinement in 2-D using



triangular elements. We construct an anisotropic refinement algorithm based on
the error reduction estimators. Although for 1-D problems there is no anisotropic
refinement, several aspects of our 2-D anisotropic refinement algorithm have been
motivated from applying the error reduction estimators to a 1-D model problem.
We present 1-D numerical experiments (see Chapter 4 for 2-D numerical tests). Dif-
ferent approaches can be found in the work of Goodman, Samuelsson, and Szepessy

[19], and for rectangular elements in Rackowitz [23], Siebert [25].

The applications of anisotropic refinements goes beyond finite elements; as
we will see in Chapter 3, there are some other problems where an appropriate
anisotropic refinement strategy can produce optimal results in terms of number of
triangles needed to achieve a given accuracy. In the model problem that we anal-
yse, we prove that using N triangles the isotropic or regular refinement produces
an error of approximation of order 1/N, while the proposed anisotropic refinement

algorithm gives an error of order 1/N2.



Chapter 2

Anisotropic error estimates and
algorithms for the Poisson

equation

In this chapter we analyse an error estimator which will be used in the design
of anisotropic refinement algorithms. What makes this estimator different from
most error estimators is that this one estimates the change of the square of the
error when a single degree of freedom is introduced to the current approximating
space. Another difference is the flexibility in the geometry of meshes allowed by
this estimator (see Section 2.4). The estimators given in this chapter are for 2-
D problems but they can be extended to 3-D. Some numerical experiments are

presented in Chapter 4 to test the performance of the error estimators.

2.1 Notation

We will consider here the model problem
—Au=f inQ, (2.1)
u=0 on 09,

where € is the unit square and the data are given such that the solution u and some

of its derivatives change quickly across an interior layer. Approximate solutions of



the model problem will be obtained by the finite element method using triangular

elements and continuous, piecewise linear functions.

In the usual notation of finite elements (see [11], [20]), a(v,w) is the bilinear
form defining the PDE, < f,v > is the L? inner product, and || v ||2= a(v,v). For
the model problem (2.1), we have a(v,w) = [, Vv - Vwdzdy, for all v,w € H}(Q),
and (2.1) can be reformulated as: find u € HJ(2) such that

a(u,v) = < f,v> forallv e H}(). (2.2)

For the standard finite element formulation of Equation (2.2), we will need a tri-
angulation of €, which is a collection 7 of triangles contained in € such that
Q = Uge, K and where for any two triangles in 7 one of the 3 possibilities holds: a)
their intersection is empty, b) their intersection is a vertex of both triangles, ¢) they
have an edge in common. The finite element space V' C H}(Q) will be the space
spanned by the nodal basis functions vy, ...,vy which are defined as continuous,

piecewise affine functions such that

ilby) = { LoBi=g (2.3)

0 otherwise,

where by, ..., by are the interior vertices of the triangulation 7. The finite element
discretization of (2.2) is then: find uy € V such that

a(uy,vj) = < fiu;> forj=1,..., N. (2.4)

2.2 The error reduction approach

As we mentioned before, an anisotropic adaptive method requires that an error
estimator should provide information about location and direction of stretching in
order to refine the current mesh. This information is used to obtain a new mesh
that is better adapted to the solution, which reduces the computational cost. The

approach to obtain the anisotropic error estimator we use in this thesis is based on



the following question: how much is the error reduced if a single degree of freedom
is added to the current approximating space V? We want to add the degrees of
freedom that produce large error reduction (Fig. 2.1 ). This idea is similar to a
matching pursuits algorithm [22]: from a collection of candidate functions to be
added to V', we select the ones that best match the difference u — uy (with respect
to the bilinear form a), where u is the exact solution and wy is the finite element
approximation. Zienkiewicz proposed that we could get an approximate answer by
a local computation [14]. In this thesis we prove (in Theorem 2.2) the effectivity of
the estimator in [14] for local quasi-uniform meshes, and we give some results for
more general meshes. More robust estimators for the error reduction are given in
Section 2.3.

D

Figure 2.1: Adding node F' reduces the error more than adding node G.

2.3 An anisotropic a posteriori error estimator

In this section we obtain an estimator of the reduction of the error when a single
degree of freedom is added to the current triangulation. The finite element space
consists of continuous piecewise linear functions. Let 7 be the current grid with
approximating space V and let 7 be a refinement of 7 obtained by bisecting an

interior edge of 7 (see Fig. 2.1) where the interior edge AB is bisected), then the



associated finite element space V contains exactly one more degree of freedom than
V, say V = V+span{p}, where ¢ is 0 on all nodes of 7 and 1 on the new node (see

Fig. 2.1) where F'is the new node). We want to estimate the error reduction
Ac® =[lu—uy [ =l u—up [l (2:5)

where u is the exact solution, uy and wy are the finite element solutions on the
triangulations 7 and 7 respectively. The only solution available is uy. We want an
estimator, 5\62, that is of the same order of magnitude and cheap to compute. The

following lemma motivates the error estimator we use:

Lemma 2.1 ,
A€2 _ |< f,(P > _a(uV7(p)|
infoev || v =2
PROOF: Using the facts that V C V and (u —ug) is orthogonal to V (with respect

to the bilinear form a), it follows that (u — ) is orthogonal to (uy — ) and thus

(2.6)

lu =y o=l u—up g + | vy = up [la,
which means from Equation (2.5) that the error reduction can be expressed as
Ae? = uy —up ||*. (2.7)

On the other hand,

| uy —uy [|5 = sup
v wev | w2
— s la(u — up,w) — alu — uy, w)|
wev | w2
o)
wGV H w Ha

Any w € V can be written as w = v — ap with v € V and o € IR.
Thus



2

2 ’CL(U—UV,U—CKQO)’

Uy — Uy = sup
e R P

(2.8)

o’ a(u —uy, o)|°

= sup
veV,aeR—{0} a? H U/Oé - ||Z

ja(u —uv, ¢)|”

= sup

vev v —¢ |2
B < foo > —aluy, p)|
= sup 5

veV [v—¢]?

From (2.7) and (2.8) we obtain Equation (2.6).

The denominator of (2.6) is the a norm distance from ¢ to V. Computing v re-
quires solving a system of equations involving the stiffnes matrix for V. By replacing

V' in (2.6) by a low dimension linear subspace W C V', we get an approximation

_ < fre> —aluy, 9
infoew || v = |3

Ae? ~ Aey, (2.9)
We will analyse the estimator Ae?y, for the cases W = Wy = {0} (the Zienkiewicz
estimator [14]) and W = W, = the space spanned by the nodal basis functions in
V surrounding the edge under analysis (the nodes A, B, C, and D in Fig. 2.1 ).

An estimator @W is effective if Ae? and @W are of the same order of mag-
nitude and it is cheap to compute. For us “cheap to compute” means O(1) compu-
tation, and “same order of magnitude” means that the constants C; and C5 with
Ae? < CiAety < CyAe?, depend only on the geometric constraints. In Theorem
2.2 we show that both estimators A/\eQWO and A/\62W4 are effective for shape regular
triangulations and for triangulations containing high aspect ratio elements with

some geometric constraints.

From Wy, Cc W, C V, it follows that AEQWO < @2% < Ae?. In Section 2.4.3
we construct an example of a mesh where Ae2/Ae?yy, is very big while Ae?/Ae2y,

remains low. In practice, we found useful both estimators for the meshes generated



by the refinement algorithm of Section 2.6.2. See Chapter 4 for a numerical exper-

iments.

The next result establishes the effectivity of the estimator 5\62%. The notation
is as follows: given the triangle ABC), its height through C' will be denoted by C'C”
(see Fig. 2.2); thus CC” is perpendicular to AB and C” belongs to the line through
A and B. F is the middle point of AB, and the triangle ABC is divided obtaining
the triangles AF'C' and F BC'; similarly the triangle ABD produces the triangles
AFD and FBD. The length of the line segment AB will be denoted by || AB|| .

B=(h,0)

Figure 2.2: Triangles used in Theorem 2.2

Theorem 2.2 For any triangulation T and any interior edge AB shared by the
triangles ABC and ABD, with F' the middle point of AB, h =|| AB||, CC" and DD’
the heights through C' and D respectively, with oy =||CC"|| /h, and ag =|| DD'|| /h,
then

_ 1 _
Ae?y, < Ae* < (1 + 4&1&2) Ae2yy,. (2.10)
If |C"F||> Bh and || D'F ||> Bh then

— 1 —
A62W0 S A€2 S <1 + —> A62I/Vo? (211)



for any value of ayan > 0.

PROOF: If W is a linear subspace of V', then from (2.6) and (2.9)

Ae? inf,, - |?
Ac” _ infuew lw = H;. (2.12)
A€2W HlfUGV || V=@ ||a
By replacing W by W, = {0} in (2.12), it follows that
A 2 2
A€2W0 1nfvEV H v—@ Ha
Therefore, it suffices to show that
1
inf —o P> = 2 here M =1+ ————. 2.14
o= B2 g el whee M =14 g (214

Denote by K; and K, the triangles ABC' and ABD respectively. Without losing
generality, assume that A = (0,0), B = (h,0), C' = (r1,01), and D = (r2,d2). Thus
aq, ag > 0 satisfy |01 = aqh, |02] = ash. As before V' is the finite element space
associated to the current triangulation 7, and 7 is the triangulation obtained by
bisecting the interior edge AB of 7. Let V be the finite element space associated
with 7. We can write V = V4span{p} where ¢ is the new nodal basis function
corresponding to the vertex F' = (A + B)/2; thus ¢(F) = 1 and ¢(b;) = 0 for any
node b; in 7. For any v € V' we have

_ 2_ N2 > N2
lo=¢li=Y [ Vo=@l didy> [ V- )P dady.  (215)

Ker

Introducing the space © = {p : K1 U Ky — IR | p continuous and pj, ,p,, affine},
we obtain from (2.15) that

i — o> — ) dxdy. :
infllv—ypllazinf [ V=) dudy (2.16)
Some calculations show that p € © determined by

p(A)=p(B) =1, and p(C)=p(D) =0,
minimizes the right hand side of inequality (2.16), that is,

in V- ) dedy = [ V(- ) dedy. (2.17)

pEO KiUKo KiUKo

10



Now,

2|04 h h
h 27“2 2
1——= 2.1
+2\52|< h> ’ (2.18)
and
h 2r1\ 2 2(101| + [02])
2 _ 1— _1> 1 2UYL Y21
Lol = g ((1-52) 1)+ 2oL
h 27“2 2
1—— 1
35 << h> - )
. 2 h (1 1
= — | —+—=—]. 2.1
Jior, 190 = P oty + 5 (151\ i yaﬂ) 219
Therefore, from (2.16), (2.17) and (2.19)
e la I la
infoey v —9 |2 ~ Jrvore, IV (P — cp)|2dxdy
h 1/|61]+1/16
< 1+(_)< /|1|~+ /|22| ) (2'20)

If |C"F||> fh and || D'F' ||> (h, then |ry — h/2| > Bh and |ry — h/2| Bh, which
implies that |1 — 27 /h| > 20 and |1 — 2ry/h| > 2. Using the last two inequalities

and the relations 01| = aqh, |d2] = ayh, one obtains from (2.18)

_ 2 26 205
/ V(P — )| dedy > — 4+ 2(a1 + a2) + —=. (2.21)
KiUK> (05] 9
From (2.21) and (2.20) we conclude that
I la 1
. a <14 9.92
ey lo-o 2~ A ma) 22

This proves (2.11). Inequality (2.10) follows by setting = 0 in (2.11).

2.4 Shape of triangulations

In this section we analyse the shape of triangles that can be exploited using Theorem
2.2. Let us assume that the triangles ABC' and ABD of Theorem 2.2 belong to

11



a mesh 7 and that a new node F is tested in the middle of the edge AB. The
triangles are divided into three groups according to the size of their interior angles:
a) Triangles in local quasi-uniform meshes

b) Triangles with only one small angle

c¢) Triangles with one angle close to .

2.4.1 Local quasi-uniform meshes

For local quasi-uniform meshes, any pair of triangles ABC and ABD as in Theorem
2.2 have the property that a; &~ 1 and as ~ 1. Thus in this case we get from (2.10)

the estimate
A/EQWO S A62 S OA/E2WO,

with C' =~ 1.25.

2.4.2 'Triangles with only one small angle

When the triangles ABC' and ABD have only one small angle, Theorem 2.2 says
that 5\62% approximates Ae? well. This can be seen as follows:

1) If the new testing node is placed on the short edge, clearly ayas > 1 which
implies from Theorem 2.2 that AeQ/E\eQWO is close to 1 (see Fig. 2.3a).

2) When the new testing node is in one of the long sides, then § as defined in
Theorem 2.2 is close to 1/2, which implies that Ae?/Ae2y, < 2, regardless of how
close ajas is to 0 (Fig. 2.3b).

2.4.3 'Triangles with one angle close to 7

When the triangles ABC' and ABD have one angle close to 7, Theorem 2.2 gives
a small or big bound for Ae?/ 5\62% depending on the shape of the triangles. The
parameter (3 allow us to establish the cases for which the estimate given in Theorem
2.2 is inconclusive. One example of small bound is when 3 > 1/4 as in Fig. 2.4a
where the angle C' can be close to 7 but ||AC||/||AB|| should be close to 1/4 to

have AeQ/A/EQWO < 5. An example of a big bound is when both § and ajay are

12



D

(@ (b)

Figure 2.3: (a) Testing a new node in the short edge gives AeQ/A/\e?WO ~ 1. (b) When the
triangles have only one small angle, Ae?/ &\62WO has a bound independent of the aspect

ratio.

very close to 0 (see Fig. 2.4b where the new testing node is placed at the middle
of the long side of a triangle that has two other sides of length a~ 1/2 of the long
side ) since in this case the bound 1+ 1/(4(3% 4+ ajas)) becomes much greater than
1. One reason for this is that Theorem 2.2 takes into account only the 2 triangles
that share the edge where a new node is being tested, without any information on
the rest of the mesh 7. For this case it is possible to construct a triangulation 7
where Ae?/ 5;2% — 00 as the aspect ratio — co. An example of this is a mesh
containing eight triangles in Fig. 2.4c, where the six surrounding triangles are
almost equilateral and the aspect ratio h/§ — oo. For this same mesh of Fig.
2.4c, it can be shown that there is a constant C' independent of A and ¢ such that
1< Ae?/ @M < C. On the other hand numerical experiments suggest that our
refinement algorithm of Section 2.6.2 generate meshes containing triangles with
very high aspect ratio, including triangles for which Theorem 2.2 is inconclusive
(Fig. 2.4b), and still Ae?/Aey, remains low (less than 6) and Ae?/Ae?y, remains
less than 2. For numerical experiments see Chapter 4.

In addition, numerous numerical experiments suggest that our refinement algo-
rithms generate meshes containing triangles with very high aspect ratio, including

triangles for which Theorem 2.2 is inconclusive (Fig.2.4 b), and still Ae?/Ae2y,

13



h/2
C c C
e i e
A = B A=——8—=8 : B |2
D D D
h/2
h
@ (b) (0)

Figure 2.4: (a) The angle C can be close to 7 but ||AC||/||AB]| should be at most 1/4
to have Ae?/ A/\eQWO < 5. (b) Theorem 2.2 is inconclusive when the angle C' is ~ 7 and
| AC || /|| CB ||~ 1. (c) An example of a triangulation where AeQ/&\e%VO — 00 as

h/§ — oco. In this example Ae?/ A/\62W4 remains bounded.

remains very low (at most 3). For numerical experiments see Chapter 4.

2.5 The estimator for a 1-D model problem

Although for 1-D problems there is no analogue of elements with high aspect ratio,
the error reduction indicator 5\62% makes sense in this case. Moreover, we can

already see a possible complication of the error reduction approach.

For the 1-D problem:

we have )
a(u,v) = / u'v'dxdy for all u,v € Hy(0,1).
0

Let Ty be an initial partition of (0,1) with nodes z; < 9 < ... < xy and let

x9 = 0, zy41 = 1. Denote by ¢1, s, ..., ¢on the corresponding continuous and

14



piecewise linear basis functions. Consider a point z; € (z;, x;11), for i =0,..., N,
and let ¢; be the nodal basis function associated to the partition T, ¢ =Ty+{7;} and
such that ¢;(#;) = 1. Let V' and ffz be the finite element spaces associated to the
partitions 7T and 7:5 respectively. A calculation shows that ¢; € V+ and thus, from
Equation (2.6) we obtain that for the 1-D model problem the estimator &\eQWO is
exactly Ae?. Denoting by Ae? the error reduction Ae? when introducing the node
x; to Ty, we have
Ae? = < fafﬁz‘ >|2'
I & 3

Consider now the situation where the solution v has an interior layer around
w € (x;,x41) of width 2e and that has values close to uy, and ug outside but near

the layer. Consider two cases (see Figs. 2.5a and 2.5b).

u. +

w /
Xi Xi| Xis1 Xi Xi Xjsp
UR+ 1

UR

@ (b)

Figure 2.5: A function with an interior layer of width 2¢ at w € (z;,2;11). (a) The new

node Z; satisfies |Z; — w| > €. (b) The new node ¥; satisfies |Z; — w| < e.

Case a) Z; = %(zl + x;1) and |Z; — w| > €.

For our model problem, the finite element solutions uy and uy, have the prop-
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erties:
uy (v5) = ug,(z;) = u(w;) for j=1,.., N and uy (%) = u(T).

Since Ae} =|| uy — ug, ||2, we conclude that
A2~ 10z = unl

h

Case b) &; = %(3:Z + x;41) and |T; — w| <.

where h = ;41 — x;.

In this case it is possible that Ae? ~ 0, which means that the approximation

error is going to remain almost the same if we introduce the new node z;.

In case a) the values of Ae? for intervals (25, 2;11) where the solution u is much
smoother than in (z;,2;41), we have Aef/Ae? > 1. So Ae? gives information of
intervals that must be refined. In case b), on the other hand, the estimator Ae?

does not give useful information of intervals that must be refined.

To remedy the situation presented in b), we will test new nodes at 1/2, 1/3,

and 2/3 of each interval:

. 1 - 1 . 1
T; = 5(.%1 + xi+1), T; = 5(233'1 + .Tprl), and T; = g(l’z + 233'i+1).

Then, if h/3 > 2¢ we get

lup, — ug|

Ae? ~
€i 2h

for at least one of the three test nodes.

To simplify our refinement algorithm (mainly in 2-D), after comparing all the error
reduction indicators Ae?, the refining will be done by adding nodes in the middle

of the intervals selected for refinement.

The algorithm in 1-D is as follows: let T be an initial partition of (0,1) with
nodes 7 < xy < ... < xy, and compute the finite element solution uy, in the space

Vb of continuous piecewise linear functions associated to Ty. For each interval

~ 2
0,z1), (x1,22), ..., (xn, 1) compute the error reduction estimator |<f’f”2>| for the
[

three test nodes 7; = %(:L‘Z + xi1), T = %(331 + 2x;41) and T; = %(29&1 + x;11) and
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take Ae? as the biggest of the three computed values. If C'is a threshold, 0 < C' < 1
and Ae?zmaxi:07,,.7N(Aef), then if Ae? > CAe?, mark the interval (z,,z,,;) for
refinement. Refine the marked intervals by adding a node in the middle. Let T} be
the new mesh, V) the new finite element space, and N; the dimension of V;. The

procedure is repeated.

Numerical experiments suggest that for the sequence of meshes Ty, 77, ... con-
structed by this algorithm, with associated finite element spaces Vj, V7, ... of dimen-
sions Ny, Ny, ..., the relation

N,
lim 7Zi:]0 Ac} = 3
=0 |l u—uy; |7 4
is satisfied. So, as stopping criterion, given a tolerance T'OL for the approximation
error, we will stop refining when we reach a mesh 7} such that zfﬁo Ae? < %(TOZ)Q;
or when we have reached a maximum admissible number of nodes (see Fig. for a

numerical example).
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Figure 2.6: Initial mesh, refined mesh, and magnification of the refined mesh around the
layer located at z = 0.4. The exact solution is u(x) = sin(7z) tanh((x — 0.4)/0.005). For

66 9
the refined mesh 2o = 0.7361.

lu—uv I3

2.6 An anisotropic mesh refinement algorithm in 2-D

In our 2-D refinement algorithm we will compute for each interior edge n; of the
current triangulation 7 the error reduction estimator Ae¥,, with W = Wy or W =
Wy (see Section 2.3) for three testing nodes located at 1/3, 1/2, and 2/3 of the edge
n;; we will keep the maximum of the three computed values and denote it by Ae?.
If

1=

Ae? = u aXM{Ae?}, M = Number of interior edges of 7,

and 0 < C' <1 is a constant, then we mark edge 7, for refinement if Ae? > CAe?.
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We now have to consider the cases of triangles with one, two, or three marked
edges. To describe the refinement for the case of triangles with two marked edges

we will need a few more estimates which are presented in the next section.

2.6.1 The case of two marked edges

Suppose that in the current mesh 7 there is a triangle ABC with two edges, AB
and AC, marked for refinement. We will choose one of two alternatives (shown in
Figs. 2.6.1b and 2.6.1¢), keeping the one that gives a bigger error reduction. We
will base our selection by estimating the reduction of the error when two degrees

of freedom are added to the current approximating space V.

c C C
E E E
A B A B A B
D D D
@ (b) ©

Figure 2.7: (a) The triangle ABC has two edges marked for refinement. (b) The first
alternative of refinement consists of adding first node F' followed by G. (c) In the second

alternative the node G is added first followed by F'.

Consider the alternative of Fig. b. This is done in two steps (see Fig. 2.8):
1) By testing a new node F' on edge AB we would obtain a new mesh 7 and a new
finite element space V = V+span{y} (see Section 2.3). The corresponding error
reduction can be estimated using the finite element solution uy in the mesh 7.
2) Going one step further, we want to estimate the error reduction obtained by

adding a new node G to the mesh 7 on edge BC.

In order to estimate the error reduction resulting from adding the node G to

7, we need the finite element solution wy which is not available. How can we get
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E E < E

@ (b) (©)

Figure 2.8: (a) Triangle ABC in current mesh 7 has two edges marked for refinement.

(b) Adding node F to 7 produces a mesh 7. (¢) Adding node G to 7 produces a mesh 7.

an estimate of uy? Let W be a linear subspace of V. It can be shown that the
projection § of uy —uy into the space W+span{p} with respect to the inner product

a, satisfies the system of equations

a(g,v;) =0 for v; € W,

a(g, ) = aluy,p)— < f,o > .

So the difference @ = uwy — ¢ is an approximation to wy. Moreover g is related

to the error reduction estimator (2.9) by
9]l = Acw.

In our case we have W = W, = {0} or W = W, =span{vy, vs,v3,vs4}, with
v1, U9, 3, and vy the nodal basis functions in V' associated to the nodes A, D, B,
and C' respectively. We now use @ to estimate the error reduction resulting from
introducing the new node G on edge BC of the mesh 7: let § € W+span{c,5} be

the solution of the system of equations
a(g,v;) = 0 for o, € W,

a(g, @) = a(i, @)— < f, o >,
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where W =span{dy, Uy, 03, 4}, assuming that @, ¥y, 73, and @4 are the basis func-
tions in V associated to the nodes B,C,F, and E respectively (see Fig. 2.8b)
and ¢ the new degree of freedom with value 1 at node G. If V= f/—l—span{gpN} =
V+span{p, ¢}, then by definition (2.5) and Equation (2.7), the exact total error

reduction of adding this way the nodes F' and G to the current mesh is 7 is
| —uy |2 = | U—ug I5= (H u—uy |2 = || u—up ||2)+
(=g 2= 1w —ug 1)
SR R P

Therefore the total error reduction can be estimated by the sum || § |2+ || g ||? .

For the second alternative (Fig. 2.6.1c) the same procedure is applied but now
we add first node GG and then node F. We compare the total error reduction esti-

mated with both alternatives and choose the one with bigger error reduction.

With respect to the function @ = wuy, — g of the first alternative, it can be
computed as follows: for the testing node F' = tB + (1 —t)A, t = 1/3, 1/2, and
2/3, we have

u(F) =uy(F) - g(F)

with UV(F) = tuv(B) + (1 — t)’LLV(A) and g(F) = tﬂg + (1 — t)ﬁl + ﬂ;
ﬂ(PZ):uV(PZ)—@ with Ple,PQZD,szB,P4:O

Here we have used g = 2?21 Bivi + Be.

2.6.2 An anisotropic refinement algorithm

We now describe an algorithm for the 2-D model (3.2) problem using triangular

meshes with continuous piecewise linear functions and the estimators Ae?y, and

o
Ae Wy~

i) Let My be the number of interior edges of the initial mesh 7y. For each interior

edge 7;, compute Ae¥, for the testing nodes located at 1/3, 1/2, and 2/3 of 7; and
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let Ae? be the biggest of the three computed values.

ii) Let Ae? = max;—1__m,{Ae;} and 0 < C < 1 a constant. Mark edge 7, for
refinement if Ae? > CAe?.

iii) If a triangle in 7y has:

1) One marked edge, refine it by joining the middle point of the marked edge with
the opposite vertex (see Fig. 2.9a).

2) Three marked edges, refine it regularly by joining the middle point of the 3 edges
(see Fig. 2.9b).

3) two marked edges, choose one of the two alternatives of Sec. 2.6.1 by computing
the indicators || § || + || 7 ||? for each alternative, and choosing the one with bigger

indicator (see Fig. 2.9¢).

iv) If a triangle has marked edges and has one edge as part of 992 then it is refined
as follows: if it has two marked edges, refine it regularly; for one marked edge 7, and
one boundary edge 7, compare the size of Ae? with the error reduction obtained if
the middle point of n is joined with the opposite vertex and the middle point of 7,
is joined with the middle of 1 (see Fig. 2.10), choose the refinement that gives a

bigger error reduction.
v) Let 7 be the refined mesh and repeat the process until a mesh 7; satisfies

M Ae2 < (Tol)? or the number of triangles in 7, is bigger than a maximum num-

ber of triangles allowed.
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i

@) (b)

Figure 2.9: Refinement of a triangle for the case of 1, 2, or 3 marked edges. For the case

of two marked edges we choose one of two alternatives (see Section 2.6.1).

e,

Boundary edge
A B

Figure 2.10: When a triangle has a boundary edge AB and a marked interior edge BC,

it is refined by choosing one of two alternatives.
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Chapter 3

An optimal mesh refinement
algorithm for an interpolation

problem

3.1 Introduction

There are many approximation problems for functions f of several variables (given
explicitly or implicitly) e.g., as the solution of some equation, where the task is to
find a sequence of triangulations {7;} of the domain of f and functions {f;}, where
fi is linear on each triangle of mesh 7;,. The goal is to make || f; — f|| as small as

possible with a small number of triangles.

To achieve this, the meshes {7;} are genereted adaptively, that is, 7;,1 is gener-
ated by introducing triangles only in some “appropriate” parts of 7;. The “appro-
priate” parts are usually found with a criterium based on calculations on previous

meshes.
As a model problem we consider here a function f with a jump discontinuity

along a closed curve o in the unit square and with constant values (1 and 0) in

the two different regions separated by o. We want to approximate the function
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f with functions that are continuous and piecewise linear on triangular grids; the

approximating error is measured in the L' norm.

For this model problem, it can be shown that if the approximating function
f is the interpolant of f, then the optimal approximating error is O(1/N?) when
using grids with N triangles, contrasting with O(1/N) when using shape regular
grids. For a long time it was an open problem to find a hierarchical algorithm that
achieves O(1/N?). We analyse here shape regular refinement and an anisotropic

refinement algorithm that achieves the optimal order.

3.2 The model problem

Our model problem is the following: Let o : [a,b] — IR* be a closed and smooth
curve in the plane, which is 1-1 on (a, b) and enclosed in a square Q. Let Q; be the
closure of the open, bounded set enclosed by o .

Define f: Q) — IR as

1 if (l‘,y) S ﬁ[,

] (3.1)
0 otherwise.

f(z,y) :{

Given a triangular mesh T' of €2, denote by N the number of triangles in T" and

by fr the linear interpolant of f. Thus, fr is the continuous function that satisfies:

i) fr is linear in each triangle K € T
i)
1 ifae ﬁ[,

) (3.2)
0 otherwise.

fr(a) = {

for all vertices a of all triangles k£ € T'.
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The error Er will measure how well fr approximates f and in the L' norm:

Br= [ 1f = fr|dady.

The problem consists in finding a sequence of meshes Ty, T, . .. where 7 is an "im-
provement” of T;_; and such that Ez, = O(1/N7).

We will consider two type of meshe sequences. For the first one, 7} is obtained
by refining regularly some of the triangles in the mesh 7Tj_;, and preserving a local
quasi-uniformity in the mesh (see Bank [9]). For the second sequence of meshes, the
shape regularity of elements is not preserved and triangles with high aspect ratio
are introduced. The rate of convergence for the anisotropic case is much better
than the regular one. In this construction, however, a good choice of the initial

mesh is important in order to achieve an optimal rate of convergence.

3.3 Regular mesh refinement

For a regular mesh refinement algorithm that produces local quasi-uniform meshes
T, the approximation error Ep is no better than O(1/M), where M is the num-
ber of triangles in 7. To see this, notice that for our model problem the triangles
Ky, K,,..., Ky in T that intersect o are the only ones that contribute to the ap-
proximation error Ep. Regardless of the shape of K;, with some estimates using
the formulae to calculate the volume of a tetrahedrom and other geometric shapes

in 3-D we can obtain the inequalities
1
éArea(Ki) < / |f — fr|dzdy < Area(K;) fori=1,..,N.
K;

So

[GCR )

1 N N

8 > Area(K;) < Er < 2 Area(K;).
i=1 i=1

Let h;=diam(K;). Then local quasi-uniformity implies that

uh? < Area(K;) < puoh? fori=1,...,N,
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where the positive constants p, and ps are independent of the mesh T'. The approx-
imation error is therefore proportional to % | h2. If I = length(c), then SN, h; is
proportional to [. The method of Lagrange multipliers can be used to show that
h; = I/N for i = 1,..., N, minimizes >~ , h? subject to >N, h; = [. And so the

minimum approximation error is of order [2/N.

3.4 Anisotropic refinement

In this section we construct an anisotropic refinement algorithm which achieves the
optimal rate of convergence, O(1/N?) for meshes with N triangles, for the model
problem of Section (3.2). Mesh refinement in this algorithm requires removing some
triangles in order to introduce new ones as illustrated in Fig. 3.1, where the two
triangles in the quadrilateral P, P, P3P, (Fig. 3.1a) are decomposed producing the
two quadrilaterals C;CyC5C, and CyQ1Q2C5 of Fig. 3.1b.

3.4.1 An anisotropic refinement algorithm

Our anisotropic refinement algorithm requires a “good” initial mesh. The initial
mesh has the purpose that during the refinement step the new elongated triangles
enclose the curve o which allow us to control the error. We describe now how to
construct the initial mesh and how the refinement step is done. In the algorithm
it is assumed that the curve o of the model problem of Section 3.2 is smooth with
curvature bounded by 1/R. The algorithm is as follows (see Fig. 3.1):

Initial Mesh

a) Split the curve o into arcs of length at most m7R/3

b) For each of the arcs o4p5 obtained, let P;P,P3P; be a quadrilateral such that
A and B are the middle points of P, P, and P,P; respectively, P,P; and P, P, are
both normal to the arc oap, and ||PaPs||= ||P1Py| > 0.7R.

Refinement procedure

1) Let D be the middle point of the curve o4p and construct the quadrilateral

C1Cy,C3C, with the following properties :
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i) Cy and Cy are on the line segment P; P,
i1) A is the middle point of C1Cy, D is the middle point of CoCs
ii) |CLCyl| = 1P Pl = [|CoCs]|

iv) CyC5 is normal to oap.

2) Similarly, construct the quadrilateral CoQ1Q2C3 for the arc segment opp
For the next refinements repeat steps 1) and 2) for each of the resulting quadrilat-

erals.

(@ (b)

Figure 3.1: Type of refinement for the anisotropic refinement algorithm. The triangles in

quadrilateral (a) are replaced by the ones in (b).

The main properties of the above refinemenet algorithm are established in the

following

Theorem 3.4.1 Let o be a smooth convex closed curve inside the unit square whose
length and curvature are bounded by a constant C'. Let [ be the function with values
1 in the region enclosed by o and 0 otherwise. Then the refinement algorithm

constructs a sequence of grids Ty, Ty, ... such that

I g~ =0 (5.

where N is the number of triangles in the mesh T; and the approximating function

Jr; 1s taken as the linear interpolant of f in the mesh T}.

Remark In Theorem 3.4.1 the assumption that o is convex can be dropped as
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long as the triangles in the initial mesh construction do not overlap. In the next

section we state some lemmas which will be used to prove Theorem 3.4.1.

3.4.2 Analysis of the anisotropic refinememt algorithm

In this section we prove Theorem 3.4.1. It will be useful to consider first the case
when o is a circle of radius R; we will see that the general case follows from this

particular one.

Lemma 3.4.1 Let o be a circle of radius R and let A and B be two points on the
circle such that oap is an arc of length at most TR/3. Define three sequences of
real numbers {S,}, {L,}, and {K,} as follows (see Fig. 3.2) :

let Dy = B, and for any integer n > 0 let D,, .1 be the middle point of oap,,, that
is, Dni1 € 0ap, and length(cap,,,) = length(op,,,p,); Sn = length(cap,), L, =
length(AD,,), and K,, = distance from D, to the middle point of AD,,.

Then {L,}, and {K,} satisfy

L S
V<L, <2 forn>0, (3.3)
2n 2n

Ky S2 1

— <K, <—(—]. A4

gn =" T 8R <4”> (3:4)

N
Ln

Figure 3.2: Construction of the sequences {S,}, {L,}, {K,}.

PROOF: From the definition of S,, and L, we conclude

L, S
Ly > > and S, = 2—2 for n > 0. (3.5)
Then (3.3) follows from (3.5) and the fact that L, < S,.
Thus I g
Q—SSLH<2—2 for n > 0. (3.6)
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If O is the center of the circle, define the angle «y, as in Fig. 3.3. Then (3.4) follows
from the relations

i) K, = R(1 —cos a11)

i) Qpy1 = Sni1/R = So/(2"TR)

i17) 1 — cos 8 < 3%/2 for any 3 # 0.

\\\\ an ///
[¢
Figure 3.3: Angle o, in the proof of Lemma 3.4.1

Lemma 3.4.2 For the sequences of arcs {oap,} of Lemma 3.4.1, let
{Py1P, 2P, 3P, 4} be a sequence of trapezoids such that (see Fig. 3.4)
i) A and D,, are the middle points of P, 1P, 4 and P, 2P, 3 respectively

it) Py1Pna and P, 2P, 5 are normal to the arc {oap, }
Z”) Hpn,lpnAH = i”pnfl,lpnflAH = Hpn,QPn,SH .

Then the height h, of the trapezoid P, 1P, 2P, 3P, (that is, the distance from
Pn,lpn,2 to Pn,4Pn,3) SdtiSﬁ@S

h 2\ h
(0.954724)4—2 < hy < <ﬁ> 4—: forn >0, provided that Sy < wR/3. (3.7)

If A,, is the area of the trapezoid P, 1P, 2P, 3P, 4 then

A 24\ A
8—2(0.9548) <A, < <%) 8—: forn >0, provided that Sy <mwR/3. (3.8)
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Figure 3.4: The trapezoid in the n-th refinement step.

PROOF: Let l,, = || P, 2P, 3||. We have from the definition of the angle v, that

hpy1  COSQuig . 1 1 , 1 1 (50)2 1
_ L VNS DU S (| , 3.9
i 7 21 g =15 (R) (3.9)

If C' = (So/R)* /8, it follows that

i1 > 4n+1 H1 (3.10)

If So/R < /3, then a calculation (with the help of a computer) shows that
Bi1 > (ho/4™11)(0.954724). (3.11)

From Equation (3.9) we obtain

hpi1  cosapis 1
= < —. 3.12
I 4 (3.12)
Since Sy < 7/3, it follows that oy < 7/6. Since l,, = l,,_1/4 and hg = lycos a; >
lov/3/2, from (3.11) and (3.12) we obtain the inequalities (3.7). Let A, be the area

of the trapezoid P, 1P, 2P, 3P, 4 (see Fig. 3.4). From (3.3) and (3.7), A, satisfies

2 So ho 2 Soho
Ap = Lyh — == 3.13
o= ot < 2 (50 () = 55, (513
and Lo\ (h Loh A
Ay > <2—fj> < 42> (0.9548) = § %(0.9548) = (0.9548)8—:. (3.14)

The restriction Sy < wR/3 implies that Sy < 1.2Lg, which combined with (3.13)
and (3.14) gives (3.8). This proves Lemma 3.4.2.
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One of the requirements in the design of the anisotropic algorithm of Section
(3.4.1) was that the trapezoid P, 1 P, 2P, 3P, 4 encloses the arc o 4p,,. This condition
holds if

4K, < h,, for alln > 0. (3.15)

From (3.4) and (3.7), the last inequality holds if

S2\ (1 h i
4( 0) (-) < (0.954724)% and S < %

8R ) \4»
ie.,
2
ho > %(1.06) provided that S < %R. (3.16)

This means that if R is big then hg is of size O(1/R). If R < 1 then hq is of size
O(R).

Let us analyse the convergence of the anisotropic algorithm when ¢ is a circle of
radius R. Let Ty, 11, ... be the sequence of meshes produced by the algorithm ( Fig.
3.5 shows the initial mesh and 3 refinement steps). For the j — th refinement the
error By, is proportional to the sum of the areas of the triangles in T; that intersect
o. Any of the first trapezoids P12 304 generated by the initial mesh has a
height ho that satisfies (3.16) due to the fact that ||Py2Posl|= ||FPo1Fo4]| > 0.7R.

Thus the set of all trapezoids generated in the j — th refinement will contain the

curve o. Taking into account that the area of each trapezoid in the j —th refinement
is bounded by Ay /87, similar calculations as in the regular refinement case of Section
(3.3) allow us to conclude that

2
Ep, =0 <(]\;7>2> ,  where [ =length(o). (3.17)
T

J
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Figure 3.5: Initial mesh and three refinement steps when o is a circle.

We turn our attention now to the anisotropic refinement algorithm applied to

curves other than circles. In order to prove Theorem 3.4.1 we will use the following
lemma,
Lemma 3.4.3 Let 0 be a smooth closed curve inside the unit square. Let A and
B be two points on o such that the curvature on the arc o4 has constant sign and
is bounded in absolute value by 1/R. If ||AB|| < R, then the arc oap is completly
enclosed between the line segment AB and the arc Cap of the circle C of radius R
that passes through A and B (Fig. 3.6).
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/Ci rcleof radius R

Curve o

Figure 3.6: The arc o4 is enclosed by an arc of a circle and a line segment AB, as stated

in Lemma 3.4.3

We now link the above lemmas to show Theorem 3.4.1. Let o, A, B, R, Cyp
be as in Lemma 3.4.2. Define D and F' as the middle point of the arcs C4p and
op respectively. Let Ly = ||AB||, Ly = |AD||. The initial mesh construction of
Section 3.4.1 for the arc o4p produces a quadrilateral Q)1Q2Q3Q4. Similarly from
the initial mesh procedure applied to the arc of circle C'yp the trapezoid P, PP P,
is obtained as in Fig. 3.7. As seen before, the initial mesh construction ensures that
the trapezoid (Q1Q2Q3Q)4 encloses the arc Cy g, which, combined with Lemma 3.4.2
guarantee that the quadrilateral Q1Q2Q3(Q)4 encloses the arc o 45. This and the fact
that the set of trapezoids produced during the j — th refinement procedure applied
to a circle, imply that the quadrilaterals obtained during the j — th refinement
procedure will enclose the curve o. Moreover, the j — th refinement procedure
applied to the arc of circle C'4p produces trapezoids whose areas are of the same
order of magnitude as the quadrilaterals obtained after the j — th refinement is
applied to o4p5. Noticing now that if in Lemma 3.4.3 we allow the piece of o to
change sign then the curve will be enclosed between the two arcs of circles of radii
R that pass through A and B (see Fig. 3.8). This proves Theorem 3.4.1.
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Figure 3.7: Construction used to show that the quadrilateral Q1Q2Q3Q4 encloses the arc

OAB.

Figure 3.8: The arc 04p, with curvature bounded by 1/R, is enclosed between two arcs

of circles of radii R.
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Chapter 4
Numerical examples

In this chapter we present more details of the type of meshes generated by the
estimators 5\62% and A/22W4. In numerical experiments the estimators @Wo and
KEQM worked very well with the meshes generated by our refinement algorithm.
We present two examples for the elliptic model problem (2.1). In the first one we
selected the data f such that the exact solution is u = sin(7z) sin(7y) tanh((r —
0.5)/€), where r = \/(x —0.1)2 4 (y — 0.1)2 and € = 0.005. This solution has rapid

variations in a thin layer (of order €) along an arc of a circle centered at (0.1,0.1)

and with radius 0.5 (see [19]). The starting grid contains 25 degrees of freedom
(see Fig. 4.1). After several refinements based on the estimator AEQWO and the
threshold C'=1/15, we obtained a mesh with 1780 degrees of freedom. To see how
well &\62{4/0 and @2% approximate Ae? on the meshes generated, we computed the
exact value of Ae? for each interior edge, obtaining the following results: 1) for the
initial mesh: 1 < A€2/£\€2WO <118 and 1< A€2/£\€2W4 < 1.0036 for all interior
edges. 2) For the refined mesh: 1 < Ae2/Ae?y, < 3.9 and 1 < Ae?/Ac?y, < 1.7
for all interior edges. The aspect ratio (which for triangles can be defined as the
quotient of the longest side over the shortest height) of the initial triangulation is
constant=2; for the refined mesh it varies between 2 and 137. In the second example
the solution has two interior layers that intersect. In general it can be noticed that
A/EQWO generates triangles that are slightly more elongated than the ones generated

with &Em. One reason for this is that &\eQWO is less accurate than @2% when
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a new degree of freedom is tested for the long side of a triangle with shape as in
Fig. 2.4b. Even for this case, our numerical experiments show that @m remains

small (at most 2) and Ae?/Ae?y, at most 6 for very high aspect ratio elements.
N 2
We present the results obtained for %:#AHZ

element space associated to the last refined mesh; N is the number of interior edges

for large N, where V' denotes the finite

in the last refined mesh, and Ae? is the error reduction indicator (using AEQWO or
&2% applied to the the i —th interior edge. We will see that for large N, %J_V;iovflg
is close to 3/4, in agreement to what happens in the 1-D model problem (see the
end of Sec. 2.5). We have also compared the anisotropic meshes generated by
our algorithm with an adaptive shape regular refinement (using the error reduction
approach to detect triangles that must be refined), obtaining savings in the number

of triangles by a factor of 15.
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Figure 4.1: Initial grid with 25 degrees of freedom, refined grid with 1780 degrees
of freedom using E\eQWO, and blow up of the refined grid. The exact solution is
sin(rz) sin(ry) tanh((r — 0.5) /€), where r = \/(z — 0.1)2 + (y — 0.1)2 and € = 0.005. The
refined mesh contains triangles with aspect ratio up to 137 and 1 < Ae?/ &\eQWO < 3.9,
1< Ae?/ A/\62W4 < 1.7 for all its interior edges.
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Figure 4.2: Same as Fig. 4.1 but using E\eQW4. The final mesh contains 1700 degrees of

freedom.
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4.1 An example using A/EQM

Here we approximate the exact solution sin(mz)sin(my)tanh((r — 0.5)/€) of the
elliptic model problem (2.1) using the estimator 5\62‘%. The maximum aspect
ratio in the refined mesh was 65, the last mesh contains 1700 degrees of freedom,
the maxumum value of Ae?/ &\62{/[/4 and Ae?/ EEQWO was 1.46 and 3.41 respectively.
Thad 7y

l[u—uy; [I2

1 1

0.8 0.8

0.6 0.6

0.4 0.4

0.2 0.2
0o 0.5 1 0o 0.5 1
1 1

0.8 0.8

0.6 0.6

0.4 0.4

0.2 0.2
0o 0.5 1 oo 0.5 1

Figure 4.3: Initial mesh and the first three refinements using &\eQW4. The exact solution
is sin(7wz) sin(my) tanh((r — 0.5) /€), where r = \/(z — 0.1)2 + (y — 0.1)2 and € = 0.005
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Figure 4.4: Next four refinements.
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Figure 4.5: Next refinements, the last one with 1700 degrees of freedom. Also a blow up
of the last mesh.
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Figure 4.6: Blow up of the last mesh.
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Figure 4.7: Blow up of the initial mesh and the first three refinements.
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Figure 4.8: Blow up of the next four refinements.

4.2 An example with two layers that intersect

Here we approximate the exact solution 0.5sin(wx)sin(my)(tanh((r — 0.5)/¢) +
tanh((y—x+40.2)/€)) of the elliptic model problem (2.1) using the estimators Ae?y,
and E\eQWO. The maximum aspect ratio in the refined meshes was 80 and 120 re-
spectively, the last meshes contain 2010 and 1820 degrees of freedom respectively,

the maxumum value of Ae?/Ae?y, and Ae?/Ae?y, were 1.9 and 6 respectively.

For the refinement based on Ae?y, we got 2iZ0 ATE =0.7524.

[a—uv, 2
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Figure 4.9: Initial mesh and the first three refinements using g\eQW4. The exact
solution is 0.5sin(7z)sin(my)(tanh((r — 0.5)/€) + tanh((y — = + 0.2)/¢)), where r =
V(z —0.1)2 + (y — 0.1)? and € = 0.005.
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Figure 4.10: Next four refinements.
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Figure 4.11: Next four refinements. The last one has 2010 degrees of freedom.
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Figure 4.12: Blow up of the last mesh using the estimator &\621/[/4.
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Figure 4.13: The estimator E\eQWO produced the mesh shown with 1820 degrees of free-

dom. The other pictures are magnifications of this mesh.
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