Option Pricing in the Presence of Transactions Costs

Chi Lee

1. Intr oduction

Thewidely accept ed model for option pricing, as developed by Black and Scholes, uses theno-arbitrageframewor k wher eby the payout of an opt ion is replicat ed using a dyna mic hedging strategy. Theargument is that any pricet hat differs fromthecost of setting up this replicating portfolio, or theno-arbitrageprice, lea ds to an opportunit y to ma kean arbitrageprofit.

At theheart of themodel is theassumption that oncethe r eplicating portfolio is set up, no addit iona l funds areneeded. This self-financing would beachieved only if any adjust ments in thehedgeresulting fromcha nges in theunder lying can befina nced exactly fromt heold portfolio. This is possibleonly if ther eareno transactions costs.

In thepr esenceof transactions costs, thearbitrageargument fails. With transactions costs, continual infusion of funds is requir ed int o thereplicating portfolio and regardless of how sma ll thetransactions costs are, hedging continuously would causetheoverall transactions costs to grow wit hout bound.

Discr et ehedging would bound the effects of transactions costs, but this would lea d to errors in thereplication and would also invalidat ethearbitrageargument.

An alt ernativeapproach to theno-arbitrageframewor k is to valueoptions using economic theor y wher einvest ors act according to their prefer ences. In arbitragepricing, therisk toleranceof an invest or is irrelevant becauset heinvest or is never exposed to any risk. If an arbitrageopportunit y exists, invest ors wit h differ ent levels of risk aversion would follow thesa mestrategies to profit froma n arbitrage.

In thepr efer ence-based approach, an investor follows a trading strategy that optimizes her prefer ences. So thevalueof an option is the expected cost of creating and hedging a portfolio that replicat es the payout of an option. Non-zer o transactions costs will influencet hetrading strategy of theinvest or and change t he expect ed cost of the replication, but its effect will bebounded.

This paper will usetheeconomic approach to model t heeffects of transactions costs on thevaluation of options. Befor epresent ing t hemodel, wedevelop theideas of a utilit y funct ion to describeinvest or preferences and dyna mic programming for optimizing a trading strategy.

2. Utility F unctions

Borrowing fromeconomic theory, theprefer ences of an invest or can berepresent ed by a utility funct ion. Utilit y is thequantit y that an invest or is trying to maximize. So in ma king a decision, theinvestor is concer ned wit h picking a strategy that will lea d to the maximuma mount of utility. For our analysis, wewill beconcerned only with theut ilit y of wealt h or monetary value.

Ut ilit y functions areassumed to bemonot onically increasing and strictly conca ve. An incr easing utility funct ion mea ns that an invest or would always prefer having more wea lth. Theassumption of concavity translates to theview t hat each additional unit of wea lth has diminishing utilit y to theinvestor. It also leads to ther esult that invest ors are risk averse. This is a desir ed result sinceinvestors aregenerally assumed to havean aversion to risk. Stated mor efor mally, a utilit y funct ion )( × U is risk averseat wealt h

W if for all gambles

e ~ wit h 0 ) ~ ( = e E if

). ~ ( ) ( e+ > W EU W U

Theproof that a strictly concavefunct ion leads to risk aversion is proved as follows.

Assuming 0 ) ~ ( = e E and )( ×U is strictly concaveat W , by Jensen´s inequalit y

). ( ]) ~ [ ( )] ~ ( [ WU W E U W U E = + < + e e

In choosing a utilit y function, it must becont inuous and differ ent iable. Commonly used

utility funct ions includet henegative exponent ial utilit y function

aW e W U - - = ) (

and thepower utilit y funct ion

. ) ( a W W U =

Typically, wealt h is alwa ys assumed to beposit ive, however, in our option pricing

model t her eareinstances of negativewea lth. In obtaining t heresults present ed lat er in

this paper, negative exponent ial utilit y function was used.

3. Dynamic Programming

An opt imal trading strategy can beseen as a stochastic control problemwher ethe

control represents a trading strategy that effects thefinal outcome of a process. The

control is opt imized over all possiblevalues to meet a chosen goal, usually det er mining

theminimumor maximumexpect ed valueof theprocess.

Dyna mic progra mming is a techniquefor solving stochastic opt imization problems in a

discret esetting. It is a useful met hod for computing bot h theoptima l strategy and value

when theproblemis opt imizing over someexpect ed valueat a later point in time.

Themain idea behind dyna mic programming is that when ma king a series of decisions,

a decision madein an earlier period must beconsist ent wit h theint ent ion of optimizing

over all later periods. If theoptima l strategy at time 1 + t is known, then det er mining

theopt imal strategy at time t becomes a singleperiod problem. So by working

backwards oneperiod at a time, a mult i-period decision problem ca n bereduced t o a

sequenceof one-per iod problems. Using a recursiveprocedure, theopt ima l controls

with oneperiod to go can becomput ed first, then thecontrols with t wo periods to go,

and so forth.

Whiledyna mic programming can beapplied in a det erministic sett ing, weareconcer ned

with how it operates in a Markov setting. Markov chains ha vetheproperty that all the

infor mation releva nt to predict ing theevolution of theprocess at time t is simply the

stateat time t . Past infor mation is not needed. A Markov control process X has a

control function ),( tX a that depends on thestateas well as time.

To solvefor a maximum expect ed valueof a function that is driven by a Markov control

process at time T

] ) ( | )) ( ( [ max ) , ( t t x t X T X f E t x f = =

a a

wecomput e )1 , ( - T x f from ),( Txf and solverecursively backwards. Sincet he

optima l decision strategy for later periods must beknown, only thecontrol for the

current timeneed t o besolved. For transition probabilities ))(,,( 1 t x x p t t a

+ and state

space W ,the expect ed valueat time 1 + t is

)). ( , , ( ) 1 , ( )] ( , ) ( | ) 1 ), 1 ( ( [ 1 1

1 t x x p t x f t x t X t t X f E t t

x t t

t a a

+

W Î

+ å

+

+ = = + +

Theoptima l control lea ds to themaximumexpect ed valueat timet :

å

W Î

+ +

+

+ =

1

)). ( , , ( ) 1 , ( max ) , ( 1 1 ) (

t x t t t t t t x x p t x f t x f a

a

Starting wit h thefinal period when thevalues areknown, this equation is used each

period to comput et hedesir ed valueat thecurrent time.

4. Binomial Process

Wefollow theBlack- Scholes theor y and assumet heunder lying securit y follows a

geometric brownia n motion

dZ dt

S dS s m + =

wher e Z is a nor mally distributed randomvariablewit h 0][ = Z E and dt Z = ] var[ .

up

t s 1 +

t s

down

t s 1 +

Sincedyna mic programming is applicableonly in a discret esetting, wemodel t he

underlying security as a recombining binomia l process )( tS . So given that at time

t t s t S = ) ( , theasset priceca n eit her go up to uss t up

t

=

+ 1 or down to ds s t down

t

=

+ 1 at time

1 + t . Sincetheprocess is recombining du /1= , wecan match mean and varianceof

thediscr et ebinomial process and theoriginal continuous assumption to solvefor the

probabilit y. The expect ed valueof )1( + t S is

t dt

t t s e s d p pu s t S t S E m= - + = = + )) 1 ( ( ] ) ( | ) 1 ( [

and thevarianceof )1( + t S is

2 2 2 2 ))( ) 1 ( ( ] ) ( | ) 1 ( var[ t dt

t s e d p pu s t S t S m- - + = = +

. ) )( 1 ( 2 2 2 2

t dt s e e dt - = s m

Using t heaboveequations weget theprobability of an up move

d u d e p dt

-

- = m

5. General M odel (no transac tions c ost)

Using t he economic framework, thevalueof an opt ion ),( tsV t is the expect ed cost of

hedging an option wit h thepayoff at maturity ),( TsV T using a trading strategy that

maximizes the expect ed utility of theinvest or. Theoptimal control will solvefor

)],),, ( ( [ max a a a T T s T s V U E

or for a singleperiod

å

W Î

+ + +

+

+

1

)). ( , , ( ) , ), 1 , ( ( max 1 1 1 ) (

t s t t t t t t s s p s t s V U a a

a

To comput ethevalueof theoption, wetakethe expected ut ilit y and usetheinverse

utility funct ion to map back int o monetary units or wealt h

)] , ), 1 , ( ( [ max ) , ( 1 1

1 a a a + +

- + =

t t t s t s V U E U t s V

so therecursiveequation for dyna mic progra mming would be

å

W Î

+ + +

-

+

+ =

1

)). ( , , ( ) , ), 1 , ( ( max ) , ( 1 1 1 ) (

1

t s t t t t t t t s s p s t s V U U t s V a a

a

Wecan rewrit ethesefor mulas more explicitly for a binomia l process.

6. Binomial M ode l (no transac tions c ost)

An opt ion can behedged by setting up a portfolio that closely replicat es thepayoff of

theopt ion in any given state. In our model, that replicating portfolio will simply bea

holding of theunder lying securit y ) ( H h Î . Thecontrol that theinvestor will useto

optimizeis theholding level at each period. In theBlack- Scholes model, this holding

level is set equal to thedelta of theoption. Soat time t theinvest or will belong

h amount of theunderlying and short theoption that sheis trying to hedge

) , ( t s V hs t t

- and assuming a binomia l process two possiblestates can occur

up state: )1, ( 1 1

+ - + + t s V hs up t up t or

down state: )1, ( 1 1

+ - + + t s V hs down t down t .

) 1 , ( 1

1

+ +

+

t s V hs

up t up t

) , ( t s V hs

t t

) 1 , ( 1

1

+ +

+

t s V hs

down t down t

Wecan comput ethevalueof theopt ion for therealization of each stateby setting the

portfolio at time t to thediscount ed valueof theportfolio at time 1 + t with therisk-

freerate r and timeint er val dt

up state: rdt up t up t t t e t s V hs t s V hs - + +

+ - = - ))1,( ( ) , ( 1 1

t rdt up t up t up t t hs e hs t s V V t s V - - + = = - + + ) ) 1 , ( ( ) , ( 1 1

down state: t rdt down t down t down t t hs e hs t s V V t s V - - + = = - + + ) ) 1 , ( ( ) , ( 1 1

The expect ed utility of a given hedgestrategy is easy t o solvebecausewealrea dy know

thetransition probabilit ies of thetwo states.

) 1 )( ( * ) ( p V U p V U down t up t

- +

By maximizing theutility over all hedgestrategies and converting back int o units of

wea lth wearriveat thefollowing equation for thevalueof an option at time t .

)] 1 )( ( * ) ( [ max ) , ( 1 p V U p V U U t s V down t up t H h t

- + =

Î

-

or p hs e hs t s V U U t s V t rdt up t up t H h t * ) ) ) 1 , ( (( max[ ) , ( 1 1

1 - - + = - + + Î

-

)] 1 )( ) ) 1 , ( (( 1 1 p hs e hs t s V U t rdt up t down t

- - - + + - + +

In a world with no transactions costs, we expect arbitragepricing to prevail and in order

for this model hold any validit y, it should match theBlack- Scholes price. Wecan see

that becauseinvest ors haveprefer ences and areaverseto risk, theoptima l hedging

strategies arecloseto delta used for ther eplicating portfolio in thearbitragemodel. In

thearbitragemodel, a replicating portfolio would havet hesamevaluein all thestates.

Using t hebinomial exa mpleabove

) 1 , ( ) 1 , ( 1 1 1 1

+ - = + - + + + + t s V hs t s V hs down t down t up t up t

down t up t down t up t

s s t s V t s V h

1 1

1 1 ) 1 , ( ) 1 , (

+ +

+ +

-

+ - + =

In our model, weassumet hat theinvest ors arerisk averseand their utilit y function is

concave. As shown previously, this means that

) ~ ( ) ( e+ > W EU W U

So assuming that thega mbleis fair, theinvest or´s optima l strategy is when h =delta, i.e.

. 0 ] ~ [ = e Var In thegraph below weca n seet hat theoption priceproduced by themodel

conver ges to theBlack- Scholes prices with smaller timest eps.

Figure 1: Comparison of Option Pricing Models

10 20 30 40 50 60 70 80 90 100 1.9

1.92

1.94

1.96

1.98

2

2.02

2.04

2.06

2.08

2.1

Option Pricing: 3 Methods

No ofTimesteps

Option Value

Blac k-Sc holes

Binomial Tree-BS Preference Model-Dynamic Programming

7. Binomial M ode l (with transactions cost)

Expanding themodel that weha vebuilt, wecan incorporatetransactions cost.

Previously, wehaveonly been concer ned wit h thea mount of hedgeheld fromt ime t to

1 + t . Thea mount of hedgeheld fromtime 1-t to t was not releva nt for evaluating

thepriceof theopt ion at time t becausether ewer eno costs involved in changing the

amount of thehedge. Onceweassumethat transactions costs arepositive, thehedge

level b h set beforetime t becomes important in det er mining what theoptima l hedge

level a h after timet should be. Using b h , the transactions costs can becomput ed.

Ther earethreegeneral met hod for calculating transactions costs: i) transactions cost can

bemodeled as a percentageof t heunderlying security , ii) t her ecan bea fixed charge

for each share, or iii) ther ecan bea singleflat feeregardless of thenumber of shares.

Obviously, thetransactions cost can also beany combinat ion of thesethr eemet hods.

Wewill belooking at all threeways of charging transactions cost. First, wefocus on

modeling transactions costs as a percentage 1 c of theunder lying.

To movefromonehedgelevel t o anot her the following transactions cost is incurred

1 | | c h h s b a t

-

This cost is included in theportfolio

. | | ) , ( 1 c h h s t s V s h b a t t t a

- + -

In thet wo possiblestateat time 1 + t thecost of thehedgebecomes

up state: t a b a t rdt up t a b up t b t s h c h h s e s h h t s V h t s V --+ - + = - + + 1 1 1 | | ) ) , 1 , ( ( ) , , (

down state: t a b a t rdt down t a b down t b t s h c h h s e s h h t s V h t s V --+ - + = - + + 1 1 1 | | ) ) , 1 , ( ( ) , , (

and thevalueof theoption is

p s h c h h s e s h h t s V U U h t s V t a b a t rdt up t a b up t H h b t

a

* ) | | ) ) , 1 , ( (( max[ ) , , ( 1 1 1

1 -- + - + = - + + Î

-

)] 1 )( | | ) ) , 1 , ( (( 1 1 1 p s h c h h s e s h h t s V U t a b a t rdt down t a b down t

- - - + - + + - + + or mor egenerally, assuming thetotal transactions costs of moving fromonehedgestate

to anot her is tc , theequation can bewritt en as

p s h tc e s h h t s V U U h t s V t a rdt up t a b up t H h b t

a

* ) ) ) , 1 , ( (( max[ ) , , ( 1 1

1 -+ - + = - + + Î

-

)]. 1 )( ) ) , 1 , ( (( 1 1 p s h tc e s h h t s V U t a rdt down t a b down t

- - + - + + - + +

So going back to our model of transactions costs asa percentageof theunderlying,

. | | 1 1 c h h s tc tc b a t

- = =

In thet wo ot her types of transactions costs wher ea fixed cost 2 c is charged for each

shareand a flat fee 3 c is charged for each trade, thetotal transactions cost can be

represent ed as

2 2 | | c h h tc b a

- =

3 3 c tc =

, respectively.

8. Results

Thefollowing results weregenerated for thevaluation of a call option assuming a spot

stock price 10 0

= s , strikeprice 10=k , volatilit y 4.=v , drift of thestock 18.=m ,

risk-fr eerate 10. = r , and timet o expiration 1=T . In addit ion to the valueof the

option, wearealso int er est ed in obtaining theexpect ed number of shares traded

Y wher etheinvestor has no init ial holdings 0 0

= h and is assumed to follow t he

optima l trading strategy a

å

=

+ - = Y T

t t t h h E h

0

1 0 |] | [ ) , ( a a .

This number will provideinsight int o how transactions costs influencet hehedging

strategy. In Figur e2 and 3, weset thetotal number of timest eps n to 100 and thet otal

hedgeunits m to 200 , i.e. when 200 = h thereplicating portfolio will havea delta of 1

and befully hedged.

Consist ent with our intuit ion, thevalueof theoption in Figure2 incr eases as thecost of

transacting a trade( 1 c , 2 c , and 2 c ) goes up for all threetypes of costs. This was

expect ed because, any increasein thetransactions cost would increasethecost of

creating and maintaining a replicating portfolio. Figur e3 also reaffir ms our expectation

of what happens to Y as transactions costs goes up. Oppositeto theoption value, as 1 c

and 2 c decrease, Y increases. Theor etically, when t hereareno transactions costs, and

¥ = m (hedgeunits arenot discr et e ) , Y should go to ¥ . This is thecont inuous

hedging assumption of t heBlack and Scholes model. Int erestingly, as 3 c gr ows, Y

first goes down and then goes back up. This is dueto thefact that a flat feewhich

disregards thenumber of shares to betraded, will encouragean invest or to optimizeher

hedgeby adjusting a larger number of shares with fewer trades. Thus, the expect ed

number of shares traded will not necessarily go down wit h incr eased cost.

Figure 2 : Option Prices with Transactions Costs

0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1 2.2

2.4

2.6

2.8

3

3.2

3.4

3.6

3.8 Option Value with Transactions Cos ts : Flat Cost PerTrade

c3 - flat c ost per trade

Option Value

0.01 0.02 0.03 0.04 0.05 0.06 0.07 0.08 0.09 0.1 0.11 2

2.5

3

Option Value with Transactions Cos ts : Percentage Cos ts

c1 - percentage cos ts

0.01 0.02 0.03 0.04 0.05 0.06 0.07 0.08 0.09 0.1 0.11

2.02

2.04

2.06

2.08

2.1

2.12

2.14

2.16

2.18

2.2 Option Value with Transactions Cos ts : Per Share Fixed Cos ts

c2 - per s hare fixed cos ts

Figure 3: ExpectedNo of SharesTraded - withTransactions Costs

In Figure4, weshow that unlikethediscr et earbitragemodels wher eprices grow

without bound as thesizeof t he timest eps or thehedgeunits get smaller, theoption price

conver ges to some valueas m and n incr ease, i.e. sizeof the t imest eps and hedgeunits

decrease. For thesecomputations as well as for Figures 5 to 8, 01.0 1

= c , 10.0 2

= c ,

and 50.0 3

= c . Notethat in Figure4, theoption values for 1 tc tc = and 2 tc tc = are

similar and thet wo graphs lieon top of each ot her.

0.01 0.02 0.03 0.04 0.05 0.06 0.07 0.08 0.09 0.1 0.11 240

250

260

270

280

290

300

310 Ex pect ed No of Shares Traded -Psi: Percentage Cos ts

c 1 - percentage costs

No of Shares-Psi

0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1 240

245

250

255

260

265

270 Ex pect ed No of Shares Traded -Psi: Flat Cos t Per Trade

c 3 - flat c os t per trade

0.01 0.02 0.03 0.04 0.05 0.06 0.07 0.08 0.09 0.1 0.11 300

320

340

360

380

400

420

440

460 Ex pect ed No of Shares Traded -Psi: Per Share Fixed Cos ts

c 2 - per s hare fix ed c os ts

Figure 4: Convergence withFiner Time Stepand Hedge Unit Size

In Figures 5 to 8, wetakea closelook at theoptima l hedging strategy when ther eareno

transactions cost (Figur e5), and for thethreetransactions cost models: 1 tc tc = (Figur e

6), 2 tc tc = (Figure7), and 3 tc tc = (Figure8). Both thenumber of time st eps n and

thenumber of hedgeunits m areset to 10. For each of the models, a cross section is

taken at differ ent timest eps t or periods bet ween theinit ial timea nd maturity, i. e.

2 = t , 5=t , and 8=t . For each of t hese timest eps, a contour graph illustrates the

optima l adjust ment in hedge ) ( b a h h - for every hedgestate b h . Thesefigur es also

show theoptima l adjust ment in hedgegiven particular hedgestates, i.e. 2 = b h ,

5 = b h , and 8= b h , at all thenodes of thebinomial tree.

10 20 30 40 50 60 70 80 90 100 1

1.5

2

2.5

3

3.5

4 Option Value with Increasing No of Timest eps

No of Timesteps

Option Value

tc1 tc2 tc3

20 40 60 80 100 120 140 160 180 200 1

1.5

2

2.5

3

3.5

4 Option Value with Increasing No of Hedge Units

No of Hedge Units tc1 tc2 tc3

Figure 5 : Hedging Strategy with No Transactions Costs

2 4 6 8 10 1

1.2

1.4

1.6

1.8

2

2.2

2.4

2.6

2.8

3

Hedge State

Stock Node

Delta Hedge: Tim e Node t =2, No Transactions Costs

-4-2 0 0 2 2 4 4 6

-6

-4

-2

0

2

4

6

8

2 4 6 8 10 1

1.5

2

2.5

3

3.5

4

4.5

5

5.5

6

Hedge State

Stock Node

Delta Hedge: Tim e Node t =5, No Transactions Costs

-6-4-2-2 0 0 0 2 2 4 4 4 6 6

-8

-6

-4

-2

0

2

4

6

8

2 4 6 8 10 1

2

3

4

5

6

7

8

9

Hedge State

Delta Hedge: Time Node t=8, No Transac tions Cos ts

-8-6-6-4-4-2-2-2 0 0 0 2 2 2 4 4 4 6 6 8

-8

-6

-4

-2

0

2

4

6

8

2 4 6 8 10 1

2

3

4

5

6

7

8

9

10

11

Time Node

Delta Hedge: Hedge St ate h= 2, No Transact ions Costs

-1 0 0 0

0

1 1 1 2 2 2 3 3 4 4

4

5 5 5 6 6 7 7

-2

-1

0

1

2

3

4

5

6

7

2 4 6 8 10 1

2

3

4

5

6

7

8

9

10

11

Time Node

Delta Hedge: Hedge St ate h= 5, No Transact ions Costs

-4-4-3-3-3-2-2-2-2-1-1-1-1-1 0 0 0 0 0 1 1 1 2 2 2 3 3 3 4 4

-5

-4

-3

-2

-1

0

1

2

3

4

2 4 6 8 10 1

2

3

4

5

6

7

8

9

10

11

Time Node

Delta Hedge: Hedge State h=8, No Transactions Cos ts

-7-6-6-6-5-5-5-5-4-4-4-4-3-3-3-3-3-2-2-2-2-2-1-1-1-1-1-1 0 0 0 0 0 1 1

-8

-7

-6

-5

-4

-3

-2

-1

0

1

Figure 6: Hedging Strategy withTransactions Costs ˘ Percentage Costs

2 4 6 8 10 1

2

3

4

5

6

7

8

9

10

11

Time Node

Stock Node

Delta Hedge: Hedge State h=5, c1=.01 Percentage Cos ts

-4-3-3-3-3-2-2-2-2-1-1-1-1 0 0 0 0 0 1 1 2 2 3 3 4 4

-5

-4

-3

-2

-1

0

1

2

3

4

2 4 6 8 10 1

2

3

4

5

6

7

8

9

10

11

Time Node

Delta Hedge: Hedge State h=8, c1=.01 Percentage Cos ts

-7-6-6-6-6-5-5-5-4-4-4-4-3-3-3-3-3-2-2-2-2-2-1-1-1-1-1-1 0 0 0

0

0 0 1 1

-8

-7

-6

-5

-4

-3

-2

-1

0

1

2 4 6 8 10 1

1.2

1.4

1.6

1.8

2

2.2

2.4

2.6

2.8

3

Hedge State

Delta Hedge: Time Node t=2, c1=.01 Percentage Costs

-2 0 0 0 2 2 4 4 6

-4

-2

0

2

4

6

8

2 4 6 8 10 1

1.5

2

2.5

3

3.5

4

4.5

5

5.5

6

Hedge State

Delta Hedge: Time Node t=5, c 1=.01 Percentage Cos ts

-6-4-2-2 0 0 0 2 2 4 4 6 8

-8

-6

-4

-2

0

2

4

6

8

2 4 6 8 10 1

2

3

4

5

6

7

8

9

Hedge State

Delta Hedge: Time Node t=8, c1=.01 Percentage Costs

-6-6-4-4-2-2 0 0 0 2 2 2 4 4 4 6 8

-8

-6

-4

-2

0

2

4

6

8

2 4 6 8 10 1

2

3

4

5

6

7

8

9

10

11

Time Node

Delta Hedge: Hedge State h=2, c1=.01 Percentage Costs

-1 0 0 0 0 1 1 1 2 2 2 3 3 3 4 4 5 5 5 6 6 6 7 7

-2

-1

0

1

2

3

4

5

6

7

Figure 7: Hedging Strategy withTransactions Costs ˘ Fixed Per Share Costs

2 4 6 8 10 1

1.2

1.4

1.6

1.8

2

2.2

2.4

2.6

2.8

3

Hedge State

Stock Node

Delta Hedge: Time Node t=2, c2=.10 Fixed Per Share Costs

-2 0 0 0 2 2 4 4 6

-4

-2

0

2

4

6

8

2 4 6 8 10 1

1.5

2

2.5

3

3.5

4

4.5

5

5.5

6

Hedge State

Delta Hedge: Time Node t=5, c2=.10 Fixed Per Share Costs

-6-4-4-2-2 0 0

0

2 2 2 4 4 6 6

-8

-6

-4

-2

0

2

4

6

8

2 4 6 8 10 1

2

3

4

5

6

7

8

9

Hedge Stat e

Delta Hedge: Time Node t=8, c 2= .10 Fix ed Per Share Costs

-6-6-4-4-2-2-2 0 0 0 2 2 2 4 4 6 6 8

-8

-6

-4

-2

0

2

4

6

8

2 4 6 8 10 1

2

3

4

5

6

7

8

9

10

11

Time Node

Delta Hedge: Hedge State h=2, c2=.10 Fixed PerShare Costs

-1

0 0

0

0 1 1 2 2 3 3 3 4 4 4 5 5 5 6 6 7 7

-2

-1

0

1

2

3

4

5

6

7

2 4 6 8 10 1

2

3

4

5

6

7

8

9

10

11

Time Node

Delta Hedge: Hedge State h=5, c2=.10 Fixed PerShare Costs

-4-3-3-3-2-2-2-2-2-1-1-1-1-1 0 0 0 0 0 1 1 1 2 2 2 3 3 3 4 4

4

-5

-4

-3

-2

-1

0

1

2

3

4

2 4 6 8 10 1

2

3

4

5

6

7

8

9

10

11

Time Node

Delta Hedge: Hedge State h= 8, c2=.10 Fix ed Per Share Cost s

-7-6

-6

-6-6-5-5-5-5-5-4-4-4-4-3-3-3-3-3-2-2-2-2-2-1-1-1-1-1-1 0 0 0 0 0 0 0 1 1

-8

-7

-6

-5

-4

-3

-2

-1

0

1

Figure 8: Hedging Strategy withTransactions Costs ˘ Flat Cost Per Trade

2 4 6 8 10 1

1.2

1.4

1.6

1.8

2

2.2

2.4

2.6

2.8

3

Hedge State

Stock Node

Delta Hedge: Time Node t=2, c3=.50 Flat Costs

0 2 2 2 4 4 6 6

-4

-2

0

2

4

6

8

2 4 6 8 10 1

1.5

2

2.5

3

3.5

4

4.5

5

5.5

6

Hedge State

Delta Hedge: Time Node t=5, c3=.50 Flat Costs

-4-2

0

2 2 2 4 4 6 8

-8

-6

-4

-2

0

2

4

6

8

2 4 6 8 10 1

2

3

4

5

6

7

8

9

Hedge State

Delta Hedge: Time Node t=8, c 3=.50 Flat Cos ts

-6 0 2 2 4 4 6 6 8

-8

-6

-4

-2

0

2

4

6

8

2 4 6 8 10 1

2

3

4

5

6

7

8

9

10

11

Time Node

Delta Hedge: Hedge State h=2, c3=.50 Flat Costs

-1 0 1 1 1 2 2 2 3 3 3 4 4 4 5 5 5 6 6 6 7 7

-2

-1

0

1

2

3

4

5

6

7

2 4 6 8 10 1

2

3

4

5

6

7

8

9

10

11

Time Node

Delta Hedge: Hedge State h=5, c3=.50 Flat Costs

-3-2 0 1 1 1 2 2 2 3 3 3 4 4 4

-5

-4

-3

-2

-1

0

1

2

3

4

2 4 6 8 10 1

2

3

4

5

6

7

8

9

10

11

Time Node

Delta Hedge: Hedge St ate h= 8, c3=.50 Flat Costs

-7-6-4-3-3-2-2-1-1 0 0 0 1 1

-8

-7

-6

-5

-4

-3

-2

-1

0

1

Theseresults clearly show that theoptima l hedging strategy is effect ed by transactions costs. Depending on thet ypeof transactions costs, thestrategy is differ ent. However, transactions costs generally lea d to reduced number and sizeof readjust ments to the portfolio.

Understanding thesensit ivit ies of thevaluation to its paramet ers is an important part of option pricing. Sincet heparamet ers arechanging constantly, thehedging process is much morecomplicat ed in practice. Figures 9 to 13 displays the effect of transactions costs on thesensit ivities (or Greeks) of theoption, i. e. thefirst derivativeof the option value w.r.t. 0 s (Figur e9), v (Figur e10), m (Figur e11), r (Figure12), and T (Figure

13). Each of thegraphs includethr eecurves for in themoney ( 14 = k ), at themoney

( 10 = k ) , and out of themoney ( )6=k options.

For nearly all theparamet ers, greater transactions costs lead to an incr easein sensitivities. An except ion is thesensitivit y to m which has mixed results. Notethat thesensit ivit y to T is oft en called Theta and it measures thesensitivity t o a decr easein timet o expiration. Figure13 below shows thesensit ivit y to an incr easein time to expiration.

Figure 9: Sensitivity to Spot Stock Price

0 0.01 0.02 0.03 0.04 0.05 0.06 0.07 0.08 0.09 0.1 0.2

0.3

0.4

0.5

0.6

0.7

0.8

0.9

1

1.1

1.2 Delta: S ens itivity to Spot S tock Pric e c 1 - perc entage c os ts

dV/dS

K =10

K =15

K =5

0 0.01 0.02 0.03 0.04 0.05 0.06 0.07 0.08 0.09 0.1 0.2

0.3

0.4

0.5

0.6

0.7

0.8

0.9

1 Delta: S ens itivity to Spot S tock Pric e c 3 - flat c os t per trade

K =10

K =15

K =5

0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1 0.2

0.3

0.4

0.5

0.6

0.7

0.8

0.9

1 Delta: S ens itivity to Spot S tock Pric e c 2 - per s hare fix ed c os ts

K =10

K =15

K =5

Figure 10: Sensitivity to Volatility

0 0.01 0.02 0.03 0.04 0.05 0.06 0.07 0.08 0.09 0.1 0

1

2

3

4

5

6 V ega: S ens itivity to Volatility c 1 - perc entage c os ts

dV/dv

K =10

K =15

K =5

0 0.01 0.02 0.03 0.04 0.05 0.06 0.07 0.08 0.09 0.1 0

0.5

1

1.5

2

2.5

3

3.5

4

4.5 V ega: S ens itivity to Volatility c 3 - flat c os t per trade

K =10

K =15

K =5

0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1 0

1

2

3

4

5

6 V ega: S ens itivity to Volatility c 2 - per s hare fix ed c os ts

K =10

K =15

K =5

Figure 11: Sensitivity to Expected Return of Stock ( mu)

0 0.01 0.02 0.03 0.04 0.05 0.06 0.07 0.08 0.09 0.1 -0.5

-0.4

-0.3

-0.2

-0.1

0

0.1

0.2 S ens itivity to Ex pec ted Return of S tock c 1 - perc entage c os ts

dV/dmu

K =10

K =15

K =5

0 0.01 0.02 0.03 0.04 0.05 0.06 0.07 0.08 0.09 0.1 -0.7

-0.6

-0.5

-0.4

-0.3

-0.2

-0.1

0 S ens itivity to Ex pec ted Return of S tock c 3 - flat c os t per trade

K =10

K =15

K =5

0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1 -0.5

-0.4

-0.3

-0.2

-0.1

0

0.1

0.2 S ens itivity to Ex pec ted Return of S tock c 2 - per s hare fix ed c os ts

K =10

K =15

K =5

Figure 12: Sensitivity to Risk-Free Rate

0 0.01 0.02 0.03 0.04 0.05 0.06 0.07 0.08 0.09 0.1 2.5

3

3.5

4

4.5

5

5.5 Rho: Sensitivity to Risk -Free Rate c 1 - perc entage c os ts

dV/dr

K =10

K =15

K =5

0 0.01 0.02 0.03 0.04 0.05 0.06 0.07 0.08 0.09 0.1 2.5

3

3.5

4

4.5

5

5.5 Rho: Sensitivity to Risk -Free Rate c3 - flat c ost per trade

K=10

K=15 K=5

0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1 2.5

3

3.5

4

4.5

5

5.5 Rho: Sensitivity to Risk -Free Rate c 2 - per s hare fix ed c os ts

K =10

K =15

K =5

Figure 13: Sensitivity to Time to Expiration

0 0.01 0.02 0.03 0.04 0.05 0.06 0.07 0.08 0.09 0.1 0.5

0.6

0.7

0.8

0.9

1

1.1

1.2

1.3

1.4

1.5 Theta: Sensitivity to Time to Expiration c1 - perc entage costs

dV/dT

K=10

K=15 K=5

0 0.01 0.02 0.03 0.04 0.05 0.06 0.07 0.08 0.09 0.1 0.5

0.6

0.7

0.8

0.9

1

1.1

1.2

1.3 Theta: Sensitivity to Time to Expiration c3 - flat c ost per trade

K=10

K=15 K=5

0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1 0.5

0.6

0.7

0.8

0.9

1

1.1

1.2

1.3

1.4

1.5 Theta: Sensitivity to Time to Expiration c2 - per s hare fixed costs

K=10

K=15 K=5

9. Summary

Arbitragepricing provides a powerful argument for thevaluation of contingent claims.

However, themodel falls apart when its assumptions arerelaxed. In particular, the option pricegrows wit hout bound when the transactions costs arenon-zero. The prefer ence-based models, liketheonet hat wehavedeveloped, providea mor eflexible framework that is viablewit h less restrictiveassumpt ions.

By using dyna mic programming, wehavebeen ablet o pricecont ingent claims in a discret esetting as the expect ed cost of hedging theopt ion over an optima l strategy. We haveverified t hat when ther eareno transactions costs, our model produces a pricethat conver ges to theBlack- Scholes price.

Given our assumptions, ther esults clearly indicatethat transactions costs effect both t he priceof theoption and thehedging behavior. Since transactions costs do exist in the marketplace, our model should provideuseful insights int o thepricing of options. In particular, it is a useful model of how hedging strategies changewit h differ ent transactions costs.

10. Bibliography

Black, Fischer, and Myron Scholes . 1973. ^ThePricing of Options and Corporate

Liabilit ies.~ Journal of Political Economy 81: 637-54.

Ingersoll , Jr., Jonathan E. 1987. Theory of Financial Decision Making , Rowma n &

Littlefield, Totowa, NJ.

Pliska , Stanley R. 1997. Introduction to Mathematical Finance , Blackwell Publishers

Inc., Malden, MA.

Appe ndix

Thefollowing MATLAB function prices a call option wit h transactions costs 1 c , 2 c , and 3 c using dyna mic programming. Theinvest or is assumed to havet he utilit y funct ion, utility_ fn ().

function[ value,dh]= option_pricer(So,K,v,mu,r,T,n,h,c1,c2,c3,a,type)

S(1,1)=So;

dt =T/n;

u =exp( v*sqrt( dt));

d =exp(- v*sqrt( dt));

p=( exp( mu*dt)-d)/(u-d);

%Stock Tree for t=2:n+1 for s=1:t-1

S( s,t)=S(s,t-1)*u;

end

S( t,t)=S(t-1,t-1)*d;

end for db=0:h fb(:,db+1)=max(S(:,t)-K,0);

dh(:,n+1,db+1)= (S(:,t)>K)*h- db;

end for t=n:-1:1 %Time for s=1:t fa =fb; % fa ˘ optionvalue previous timestep for db=0:h % fb ˘ optionvalue current timestep for da=0:h dS =da/ h*S( s,t);

cost =abs( da-db)/ h*S( s,t)*c1+c2*abs( da-db)/h+c3;

if da==db cost=0;

end up =( fa(s,da+1)- da/ h*S(s,t+1))* exp(- r*dt)+ dS+cost;

down =( fa(s+1,da+1)- da/ h*S(s+1,t+1))* exp(- r*dt)+ dS+cost;

utility(da+1)= utility_fn(up,a,type,utype,1)* p+utility_fn(down,a,type,uty pe,1)*(1-p);

end % da fb(s,db+1)= utility_fn(max(utility),a,type,utype,-1);

[ blank ,opt_da]=max(utility);

opt_da=opt_da-1;

dh(s,t,db+1)= opt_da-db;

clear utility;

end % db end %s end %t value =fb(1,1)