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We introduce a low-dimensional dynamical system to describe thermal convection in an annulus.
The model derives systematically from a Fourier-Laurent truncation of the governing Navier-Stokes
Boussinesq equations with no adjustable parameters and with the ability to generalize to any order.
Comparison with fully resolved numerical solutions shows that the leading-order model captures
parameter bifurcations and reversals of the large-scale circulation (LSC) with quantitative accuracy,
including states of (i) steady circulating flow, (ii) chaotic LSC reversals, and (iii) periodic LSC
reversals. Casting the system in terms of the fluid’s angular momentum and center of mass (CoM)
reveals equivalence to a damped pendulum with forcing that raises the CoM above the fulcrum.
This formulation offers a transparent mechanism for LSC reversals, namely the inertial overshoot
of a driven pendulum, and it yields accurate predictions for the frequency of regular LSC reversals
in the high Rayleigh-number limit.

Thermal convection and the associated large-scale circu-
lation (LSC) play an instrumental role in applications di-
verse as atmospheric and oceanic flow patterns [1, 2], man-
tle convection [3–6], and solar magneto-hydrodynamics [7].
In all of these settings, it is known that the LSC is prone to
spontaneously reverse direction, manifesting, for example,
as a sudden change in wind direction [8] or potentially a
reversal of the Earth’s magnetic dipole [9].
LSC reversals have been observed in controlled labora-

tory experiments [10–16] and analyzed theoretically, going
back to the famous Lorenz system describing thermal con-
vection in a planar domain [17]. Studies conducted in ide-
alized geometries, e.g. rectangular, cylindrical, or annular,
show a sequence of transitions as the Rayleigh number in-
creases. In the case of an annular domain, the sequence in-
cludes: (1) a stable conductive state with no fluid motion;
(2) steady circulatory flow in either the clockwise (CW) or
counter-clockwise (CCW) direction; (3) non-periodic dy-
namics and chaotic LSC reversals; (4) a high-Ra state in
which LSC reversals recur periodically despite turbulent
fluctuations at the small scale.
The classic Lorenz system has been shown to qualita-

tively reproduce many of these transitions [10, 18–21], while
more recent phenomenological models have lent further in-
sight [12, 22, 23]. Often, these models conjecture additional
terms to represent various physical effects. Such terms,
while they may increase the predictive capacity via ad-
justable parameters, can obscure the connection with the
governing equations. Ideally, a model for LSC reversals
would achieve the following:
1. Derive systematically from the governing equations, free
of adjustable parameters and conjectured terms, and with
the ability to generalize to arbitrary order.
2. Predict the parameter bifurcations listed above with
quantitative accuracy; predict the frequency of regular LSC
reversals in the high-Ra regime.
3. Offer new physical insight into the complex process of
LSC reversals.
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This letter, together with its companion paper [24], de-
scribe a framework for thermal convection in an annulus
that achieves these objectives. The framework derives sys-
tematically from a Fourier-Laurent truncation of the gov-
erning Navier-Stokes-Boussinesq (NSB) equations, with no
adjustable parameters, and with the order of truncation
corresponding to the accuracy of the model. Comparison
with fully-resolved direct numerical simulations shows that
the leading-order, three-dimensional system predicts the se-
quence of transitions, including LSC reversals, with quan-
titative accuracy.

Casting the system in terms of the fluid’s average angular
momentum and center of mass (CoM) reveals equivalence
to a damped, driven pendulum, with forcing that drives the
CoM above the fulcrum. With this reformulation, a simple
physical picture emerges. The driving term, since it raises
the CoM, tends to destabilize the system and, depending
on the relative strengths of driving, damping, and restor-
ing, leads to a range of different convective states. This
physical picture: (1) offers a parsimonious explanation for
LSC reversals, namely the inertial overshoot of a damped,
driven pendulum; (2) yields accurate predictions for the
frequency of regular LSC reversals in the high Rayleigh-
number regime.

Figure 1(a) depicts the problem setup in which a 2D an-
nular fluid domain is heated from below [10, 18, 20]. Ther-
mal exchange occurs along the outer boundary with an
imposed temperature that decreases linearly with height,
while the inner boundary remains adiabatic. We note that
the annular geometry tends to reinforce the dominant circu-
lar flow pattern of thermal convection that appears gener-
ically across many settings, thus permitting one to isolate
the main mechanism for LSC reversals.

Dimensionless temperature T , velocity u, and pressure p
fields are governed by the incompressible NSB equations

∂u

∂t
+ u · ∇u = −∇p+ Pr∇2u+RaPrTey, (1)

∂T

∂t
+ u · ∇T = ∇2T, ∇ · u = 0, (2)

which hold in the dimensionless annulus, r0 < r < 1/2.
Both the inner and outer rings are no-slip boundaries.
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FIG. 1. Direct numerical simulations of natural convection in an annulus. (a) Schematic of an annular fluid domain heated from
below. (b) At low Ra (3.9 × 105), the conductive state is stable and any initial angular momentum L quickly dissipates. (c) At
higher Ra (3.1× 106) the system transitions to steady circulation with constant L. (d) At yet higher Ra (2.5× 107), the LSC can
spontaneously reverse direction. The plot of L(t) shows these reversals occur erratically. (e) At the highest Ra (1.6× 109), the LSC
reversals recur periodically, even though the small-scale flow is turbulent. (f) The temperature power spectrum of case (e) peaks
at frequency f∗, corresponding to the LSC reversal frequency, and follows a −1.4 power law at higher f . Movies of (b)–(e) are
available in Supplemental Material. In all cases, Pr = 4 and r0 = 0.4.

Parameters include the Rayleigh number Ra and Prandtl
number Pr [24]. When the thermal forcing is sufficiently
strong (Ra sufficiently high) the destabilizing action of
buoyancy can give rise to natural convection. To quantify
different convective states, we will examine the spatially-
averaged fluid angular momentum L(t), with L > 0 corre-
sponding to CCW rotation.
The range of convective states are revealed by direct nu-

merical simulations (DNS) of the NSB system as shown
in Figure 1. Simulations are based on a Chebyshev-
Fourier pseudo-spectral discretization of Eqs. (1) and (2)
in streamfunction-vorticity form with implicit-explicit time
stepping [24–27]. At low Ra, Fig. 1(b) shows the existence
of a stable conductive state with no fluid motion. In this
regime, perturbations to the conductive state decay rapidly,
as seen in the plot below showing L(t) → 0. Increasing
Ra eventually destabilizes the system, leading to the state
shown in Fig. 1(c), where the fluid circulates either CW or
CCW at a constant rate. By further increasing Ra, this
steady circulating state also destabilizes; the direction of
circulation now alternates over time and the flow reverses
chaotically, as shown in the time series of L in Fig. 1(d). In-
terestingly, chaos disappears when Ra becomes sufficiently
high, and Fig. 1(e) reveals an oscillating state with peri-
odic LSC reversals. Although the reversals are periodic,
the DNS resolves fine-scale turbulent fluctuations. The na-
ture of the fluctuations are characterized by the frequency
power spectrum of the temperature field, shown in Fig. 1(f)
to follow the turbulent Bolgiano-Obukhov power law of nat-
ural convection [28, 29].
Remarkably, all of these states are recovered by a low-

dimensional model arising systematically from the NSB
equations. Briefly, the derivation is as follows. In polar co-
ordinates, u = u(r, θ, t)eθ + v(r, θ, t)er and T = T (r, θ, t),
we perform a Fourier expansion in θ and a Laurent expan-
sion in r, and truncate each to a desired order while enforc-
ing all boundary conditions (BCs). The choice of Laurent
expansion is guided by the form of the conductive-state so-

lution (see [24]), and thus recovers this basic state with no
approximation made. Inserting the truncated variables into
Eqs. (1) and (2) and projecting onto the Fourier-Laurent
basis yields a finite-dimensional dynamical system. In this
letter, we consider the lowest-order system able to satisfy
all BCs. Casting in terms of angular momentum L(t) and
CoM coordinates (X(t), Y (t)) gives:

L̇ = −RaPrX − αPrL, (3)

Ẋ = −kL(Y − y1)− βX, (4)

Ẏ = kLX − β(Y − y0). (5)

where α, β, k, y0, y1 are positive parameters that depend on
r0 only [24]. We find this ODE system best approximates
the true dynamics when the annulus is relatively narrow,
and so we set r0 = 0.4 in all subsequent numerical exam-
ples. Notably, our analysis differs from derivations of other
ODE models (e.g. the Lorenz system) in that, rather than
simply averaging over the radial variable [10, 18, 20], the
truncated Laurent expansion satisfies the BCs on both the
inner and outer rings (see also [30]), precluding the need for
any friction factors with empirically estimated coefficients
[20]. We believe this is one reason our model accurately
recovers the high-Ra large-scale dynamics even though it
does not resolve the turbulent flow field.
Interestingly, Eqs. (3) to (5) are mathematically equiva-

lent to a damped pendulum system with a particular form
of external driving. The most crucial parameters are y1, the
height of the pendulum’s fulcrum, and y0, the height of the
conductive-state CoM. With no driving (β = 0), Eqs. (3)
to (5) correspond exactly to a linearly damped pendulum
with fulcrum (0, y1). The terms with β arise from the inter-
action of boundary heating and buoyancy, and they drive
(X,Y ) towards the conductive-state CoM (0, y0). Exact
formulas available in [24] show that 0 < y1 < y0 for any r0,
meaning that the driving acts to destabilize the system by
raising the CoM above the fulcrum. We remind the reader
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that none of these terms were conjectured; each arises di-
rectly from analysis of the governing NSB equations.
How well does this simple ODE system predict the

dynamics of convection? Figure 2 shows trajectories of
(L,X, Y ) computed by fully-resolved DNS (left) versus
those computed by the ODE model (right) for the same
Rayleigh numbers as Fig. 1(c)–(e). Figure 2(a)–(c) shows
that the trajectories from DNS and the ODE model are
remarkably similar across the range of Ra, exhibiting (a)
convergence to a stable circulating state, (b) chaotic dy-
namics near a strange attractor, and (c) periodic orbits at
the highest Ra. The trajectories in (b) and (c) indicate re-
versals of the LSC, as can be seen by the sign change of L.
The LSC reversals are chaotic in (b) and periodic in (c).
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FIG. 2. Trajectories of ODE system (3)–(5) in comparison to
fully-resolved DNS. The trajectories of (L,X, Y ) are remarkably
similar across the range of Rayleigh numbers, showing (a) con-
vergence to a stable circulating state for Ra = 3.1 × 106, (b)
strange-attractor dynamics for Ra = 2.5× 107, and (c) periodic
dynamics for Ra = 1.1× 109. In all cases, Pr = 4 and r0 = 0.4.
(d) Bifurcation diagram shows a pitchfork bifurcation at Ra∗1
and a Hopf bifurcation at Ra∗2. Inset: The fractal dimension
D2 and Lyapunov exponent λ distinguish chaotic states from
orderly ones.

The bifurcation diagram in Fig. 2(d) shows that a pitch-
fork bifurcation occurs at a critical value Ra∗1. At this value,
the conductive state loses stability, and, simultaneously, the
bistable circulating states appear (CW and CCW circula-

tion). At a second critical value, Ra∗2, these circulating
states lose stability through a Hopf bifurcation. Immedi-
ately past Ra∗2, the dynamics are fractal-like and chaotic,
characteristic of a strange attractor. These observations
are further supported by measurements of the fractal di-
mension D2 [31] and Lyapunov exponent λ shown in the
inset. At much higher Ra, order reemerges and the trajec-
tories of (X,Y ) closely resemble pendulum motion.

The ODE model yields exact formulas for both critical
values [24]:

Ra∗1 =
αβ

k∆y
, Ra∗2 =

α2 Pr

k∆y

(
αPr + 4β

αPr− 2β

)
, (6)

where ∆y = y0 − y1 > 0 is the distance between the
conductive-state CoM and the pendulum fulcrum. Briefly,
the value Ra∗1 is found through linear stability analysis of
the conductive state (L,X, Y ) = (0, 0, y0). As Ra crosses
Ra∗1, the conductive state loses stability and the circulating
states appear. Immediately past Ra∗1, the Jacobian of each
circulating state possesses three real, negative eigenvalues.
As Ra increases further, two eigenvalues become complex,
z2,3 = σ±iω, with σ < 0 initially. As Ra crosses Ra∗2, σ be-
comes positive and thus the circulating states lose stability,
giving way to the strange attractor seen in Fig. 2(b).

The formulas for Ra∗1 and Ra∗2 in Eq. (6) delineate pa-
rameter space into regions of different qualitative behav-
ior, as illustrated by Figure 3. In the figure, colored dots
correspond to fully-resolved DNS, showing regions of a
stable conductive state (blue), bistable circulating states
(green), and LSC reversals, both chaotic (orange) and pe-
riodic (red). Equation (6) predicts the boundaries between
these regions well. In particular, Ra∗1 is independent of the
Prandtl number, giving the vertical green line, while the
orange curve shows the Pr dependence of Ra∗2.
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FIG. 3. Phase diagram of different convective states. Colored
dots are from DNS, where blue indicates a stable conductive
state, green indicates bistable circulating states, orange indi-
cates chaotic LSC reversals, and red indicates periodic LSC re-
versals. Formulas for Ra∗1 and Ra∗2 from the ODE model predict
the boundaries between the regions well.

Interestingly, the formula for Ra∗2 has two asymptotes
that can be understood. First, for Pr below the threshold
Pr∗ = 2β/α (black dashed line), the denominator of Ra∗2
is negative, indicating that no threshold exists and the cir-
culating states remain stable for arbitrarily large Ra. To
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our knowledge, no previous numerical or experimental work
has reported this critical Pr∗. Second, as Pr → ∞, Eq. (6)
shows that Ra∗2 increases linearly with Pr, giving the slant
asymptote seen in the figure.
As Ra increases well beyond Ra∗2, large-scale chaos sub-

sides and gives way to the nearly periodic LSC reversals
seen in Fig. 2(c). The return to order is indicated by
the fractal dimension dropping to one and the Lyapunov
exponent dropping to zero at the same Rayleigh number,
roughly Ra = 109 in Fig. 2(d) inset. At this value, a stable
limit cycle emerges in the ODE system, producing peri-
odic orbits that resemble pendulum motion. Figure 4(a)
shows four such orbits for Rayleigh numbers in the range
Ra = 1/4 – 16 × 1010. At the lowest Ra, the pendulum
length l varies somewhat over the period, but at higher Ra,
the orbit tightens and l remains nearly constant through-
out. It is important to note that, although the large-
scale dynamics are regular in this regime, the DNS shows
that turbulent fluctuations still inhabit the small scales [see
Fig. 1(e)].
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FIG. 4. At very high Ra, order reemerges and large-scale dy-
namics become periodic. (a) The CoM follows the swinging
motion of a pendulum about fulcrum (0, y1). (b) The frequency
of LSC reversals is well predicted by Eq. (7) for high Ra. In all
cases, Pr = 4 and r0 = 0.4.

Each swing of the pendulum corresponds to a reversal of
the LSC, offering a way to predict the dominant frequency
f∗ of the reversals. Equations (3) to (5) correspond to
a damped, driven pendulum with gravitational constant
g = kl2 RaPr. Since the amplitude of oscillation is not
small, the frequency depends on both the pendulum length
l and the maximum swing angle ϕmax. As detailed in [24],
both of these quantities can be estimated from an energy
balance with energy E = 1

2kL
2+RaPr (Y −y1). The result

is a simple formula for the frequency of LSC reversals in the
high-Ra regime,

f∗ =

√
klRaPr

4K(sin2(ϕmax/2))
, (7)

where K is the complete elliptic integral of the first kind,
and formulas for l and ϕmax are given in [24].

As seen in Fig. 4(b), this simple formula accurately pre-
dicts the reversal frequency measured in the fully-resolved
DNS (blue circles) over the largest decade of Ra run
(roughly Ra = 2 × 108 to 2 × 109). At higher Ra, DNS
becomes computationally prohibitive but numerical solu-
tion of the ODE model is feasible, and the corresponding
measurements of f∗ also agree with Eq. (7). The close
agreement between DNS, the ODE model, and Eq. (7) sug-
gests the primary mechanism for LSC reversals has been
properly accounted for.

The main result of this work is the ODE model Eqs. (3)
to (5) for thermal convection in an annulus, which reveals
a previously unrecognized link to a pendulum system with
driving that raises the CoM above the fulcrum. The system
accurately captures the sequence of parameter bifurcations,
including chaotic and periodic reversals of the LSC, and it
accurately predicts the frequency of LSC reversals in the
high-Ra regime. In this letter, we have focused on the
lowest-order system capable of satisfying the BCs, but the
truncation procedure can in principle be carried out to any
order. The analysis thus provides a blueprint for obtaining
a hierarchy of models to better understand the turbulent
fluctuations underlying thermal convection.

We reiterate that the annular shape of the domain an-
alyzed here accentuates the dominant circular flow pat-
tern of thermal convection, while suppressing other effects
(e.g. corner rolls or detached plumes [14, 22, 23]) that tend
to be geometry specific. These other effects undoubtedly
influence LSC dynamics, but the fact that our system ex-
hibits reversals without them indicates that such effects are
not essential for LSC reversals. Rather, the primary mech-
anism for LSC reversals is the inertial overshoot of the fluid
CoM, as can be accurately described by pendulum swing-
ing motion. With the essence of LSC reversals captured by
Eqs. (3) to (5), we hope this model can serve as the foun-
dation for understanding LSC reversals in other geometries
or with other forms of thermal forcing, perhaps through
the inclusion of additional forcing or stochastic terms, or
through the extension into three dimensions to account for
azimuthal rotations of the LSC plane [11].

Supplemental Material Supplementary movies are
available at https://math.nyu.edu/~jinzi/research/
AnnularConvection/Movie/.
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