Derivative Securities — Section 2 — Fall 2004
Notes by Robert V. Kohn, Courant Institute of Mathematical Sciences.

Binomial, trinomial, and more general one-period models. This section explores
the implications of arbitrage for the pricing of contingent claims in a one-period setting.
The first part, on the one-period binomial and trinomial markets, will be covered in class;
the second part, on more general one-period markets, is provided for your information and
enrichment only — it will not be covered in our lectures, homework, or exams.

The point of this discussion is to capture, in the most elementary possible setting, these
important concepts: (a) market completeness (or lack thereof); (b) why the price of an
option is the discounted risk-neutral expectation of its payoff; and (c) the link between
risk-neutral pricing and the duality theory of linear programming.

The analysis of the binomial market is standard textbook material; I like Baxter-Rennie
but you’ll also find it in Jarrow-Turnbull and Hull. The analysis of trinomial and more
general models and the link to linear programming duality is standard but not commonly
considered textbook material. My treatment is more or less like the one at the beginning of
Darrell Duffie’s book Dynamic Asset Pricing Theory (which however is not easy reading).
The one-period problem is discussed at length in John Cochrane’s book Asset Pricing, with
a viewpoint different from (complementary to) the one given here — rather than bounds, he
emphasizes portfolio selection and the maximization of expected utility.
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The binomial model. We consider an economy which has

e just two securities: a stock (paying no dividend, initial unit price per share s; dollars)
and a bond (interest rate r, one bond pays one dollar at maturity).

e just one maturity date T
e just two possible states for the stock price at time T so and s3, with so < s3

(see the figure).

Figure 1: Prices in the one-period binomial market model.

We could suppose we know the probability p that the stock will be worth s3 at time T
This would allow us to calculate the expected value of any contingent claim. However we



will make no use of such knowledge. Pricing by arbitrage considerations makes no use of
information about probabilities — it uses just the list of possible events.

The reasonable values of s1, s9, s3 are not arbitrary: the economy should permit no arbitrage.
This requires that
s9 < s1€"T < s3.

It’s easy to see that if this condition is violated then an arbitrage is possible. The converse
is extremely plausible; a simple proof will be easy to give a little later.

In this simple setting a contingent claim can be specified by giving its payoff when S = s
and when Sp = s3. For example, a long call with strike price K has payoff fo = (s2 — K) 4
in the first case and f3 = (s3 — K )4 in the second case. The most general contingent claim
is specified by a vector f = (fa, f3) giving its payoffs in the two cases.

Claim 1: In this model every contingent claim has a replicating portfolio. Thus arbitrage
considerations determine the value of every contingent claim. (A market with this property
is said to be “complete”.)

In fact, consider the portfolio consisting of ¢ shares of stock and ¢ bonds. Its initial value
is
¢s1 + e T

Its value at maturity replicates the contingent claim f = (fo, f3) if
Psa+v = fo
ps3+v = fi.
This is a system of two linear equations for the two unknowns ¢, . The solution is

_ s ) ¢:53f2—82f3'
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The initial value of the contingent claim f is necessarily the initial value of the replicating

portfolio:
— s3fo — s
I3 f231 n 3f2 2f3e‘rT.
§3 — 82 83 — 82

V(f)=ds1+ve " =

Claim 2: The value can conveniently be expressed as

s’ — g
V(f)=e"[(1 —q)fo+qfs] where ¢= o1 T o2

83 — 82
Moreover, the condition that the market admit no arbitrage is 0 < ¢ < 1, which is equivalent
to s9 < s1e™l < s3.
The formula for V(f) in terms of ¢ is a matter of algebraic rearrangement. This simplifica-

tion seems mysterious right now, but we’ll see a natural reason for it later.

The condition that the market supports no arbitrage has two parts:



(i) a portfolio with nonnegative payoff must have a nonnegative value; and
(ii) a portfolio with nonnegative and sometimes positive payoff must have positive value.

In the binomial setting every payoff (fa2, f3) is replicated by a portfolio, so we may replace
“portfolio” by “contingent claim” in the preceding statement without changing its impact.
Part (i) says fo, f3 > 0= (1 — q)f2 + qf3s > 0. This is true precisely if 0 < ¢ < 1. Part (ii)
forces the sharper inequalities ¢ > 0 and ¢ < 1.

Notice the form of Claim 2. It says the present value of a contingent claim is obtained by
taking its “expected final value” (1 — q)f2 + ¢f3 then discounting (multiplying by e~"7).
However the “expected final value” has nothing to do with the probability of the stock
going up or down. Instead it must be taken with respect to a special probability measure,
assigning weight 1 — ¢ to state ss and ¢ to state s3, where ¢ is determined by s1, s2, s3
and r as above. This special probability measure is known as the “risk-neutral probability”
associated with the market.

I like to view ¢ as nothing more than a convenient way of representing V' (f). However the
term “risk-neutral probability” can be understood as follows. Real-life investors prefer a
guaranteed return at rate r to an uncertain one with expected rate r. We may nevertheless
imagine the existence of “risk-neutral” investors, who are indifferent to risk. Such investors
would consider these two alternatives to be equivalent. In a world where all investors were
risk-neutral, investments would have to be valued so that their expected return agrees with
the risk-free interest rate r. The formula for V(f) has this form, if we assume in addition
that the “expectations” of the risk-neutral investors are expressed by the probabilities 1 — g
and q:

T

expected payoff = (1 — q)sg + gs3 = "LV (f) = €"! - initial investment.
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The trinomial model. This is the simplest example of an incomplete economy. It resem-
bles the binomial model in having

e just two securities: a stock (paying no dividend, initial unit price per share s; dollars)
and a bond (interest rate r, one bond pays one dollar at maturity).

e just one maturity date T'.
However it differs by having three final states rather than two:

e The stock price at time T can take values so, s3, or s4, with s < 53 < 84



Figure 2: Prices in the one-period trinomial market model.

(see the figure). The reasonable values of si,...,s4 are not arbitrary: the economy should
permit no arbitrage. This requires that

T

sy < 51"’ and  s1e’T < s4.

In other words, the stock must be able to do better than or worse than the risk-free return
on an initial investment of s; dollars. It’s easy to see that if this condition is violated then
an arbitrage is possible.

In this case a contingent claim is specified by a 3-vector f = (f2, f3, fa); here f; is the payoff
at maturity if the stock price is s;. Question: which contingent claims are replicatable?
Answer: those for which the system

psa+1 = fa
¢s3+9 = f3
Gpsa+Y = fa

has a solution. This specifies a two-dimensional space of f’s. So the market is not complete,
and “most” contingent claims are not replicatable.

If a contingent claim f is not replicatable then arbitrage does not specify its price V'(f).
However arbitrage considerations still restrict its price:

V(f) < the value of any portfolio whose payoff dominates f;
V(f) > the value of any portfolio whose payoff is dominated by f.

In other words,

psa+ > fa
¢pss+1v > fz = V(f) < ps1+ ey
psa+ = fa
ps2+v < fa
ps3+1 < fz3 = V(f)> ps1 +e T
psat+v < fy

We obtain the strongest possible consequences for V(f) by solving a pair of linear program-
ming problems:
max ¢s;+e LY <V(f)< min  ¢s;+e "L
¢sj+U<f; ¢sj+v=>f;
J=2,3,4 Jj=2,3,4



These bounds capture all the information available from arbitrage concerning the price of
the contingent claim f. (The actual price observed in the market must be determined
by additional considerations besides arbitrage. The standard “equilibrium” approach to
understanding prices uses utility maximization — to be discussed in the course Capital
Markets and Portfolio Theory.)

Linear programming duality. In the binomial model V' (f) had a convenient expression
in terms of a special “risk-neutral probability.” To derive the analogous result here, we use
the duality theory of linear programming. The following discussion should be accessible
even to those who know nothing about linear programming — but it should make you
want to learn something about this important topic. My favorite text is V. Chvatal, Linear
Programming. A more recent text, more up-to-date on current developments such as interior
point methods, is R. Vanderbei, Linear programming: foundations and extensions. Also of
note is Peter Lax’s book Linear Algebra, whose chapter on linear programming takes exactly
the min-max viewpoint I use below.

Let us concentrate on the upper bound for V(f). It is

min s1+e Ty = mlnmax s1+e T+ e s
oo L g, 951 v pamax ¢s1 v ]22 if = 9si =¥)

= maxmin ¢s; +e” TTI/J—FZ?TJ — ¢s; — )

;>0 ¢

)

—rT
= maxmin ¢(s TS " T ;i fs
maxmin ¢(s1 — Domisi) (e =Y m) + Y ik
= max Zﬂjfj.
Do misi=s1
ZWj:e”"T

;>0

The first line holds because

max s (fi — bsi —
ﬂj;gﬂj(fy ¢s;

w):{ 0 if s +v > f

+o00 otherwise.

The second line holds by the duality theorem of linear programming, which says in this
setting that min max = maxmin. The third line is obtained by rearrangement, and the
fourth line by an argument similar to the first.

The preceding argument is correct, but if you have no prior exposure to duality and/or
convex analysis, the assertion that “min max = max min” may seem rather mysterious. To
demystify it, let’s explain by an entirely elementary argument why

- —rT
min  ¢s; +e T > max mifj-
psjt+b>f; i1 Z

Z TI']'Ze_rT

7w >0



(The opposite inequality is more subtle; the main point of linear programming duality
theory is to prove it.) Indeed, consider any ¢ and 1 such that ¢s; + ¢ > f; for each
j = 2,3,4; and consider any {7@}?22 such that 7; > 0, E?:z mjs; = s1, and Z?:z mi=e T,
Multiply each inequality ¢s; +1 > f; by m;, then add and use the hypotheses on 7; to see
that ¢s1 + e "1 > S 7;f;. Minimizing the left hand side (over all admissible ¢, 1) and
maximizing the right hand side (over all admissible 7;) gives the desired inequality.

Making the minor change of variables 7; = eTTWj, our duality argument has shown that

V(f) < max{e T [fofo 4 ftsfs + ftafa] : Fosy+ 353+ fgsy =€ s

o + 3+ 74 = 1, ﬁ']ZO}

The lower bound is handled similarly. The only difference is that we are maximizing in ¢, ¢
and minimizing in ;. An argument parallel to the one given above shows

V(f) > min{eiTT[ﬁ'QfQ + ﬁ'gfg + ﬁ4f4] : T9S9 + M3S3 + W48y = erTsl
o+ 3+ 74 =1, ﬁ'jZO}.

Thus the upper and lower bounds on V'(f) are obtained by maximizing and minimizing the
“discounted expected return” e~"7 [y fo + 73 f3 + 74 f4] over an appropriate class of “risk-
neutral probabilities” (7o, 3, 74). The incompleteness of the market is reflected in the fact
that there is more than one risk-neutral probability: in the present trinomial setting the 3-
vector (g, 73, 74) is constrained by two inequalities, so the class of risk-neutral probabilities
is one-dimensional (a line segment).

We noted before the condition s < sje"™ < s4, which is required for the economy to be
“reasonable” — i.e. not to admit an arbitrage. This is precisely the condition that there
be at least one “risk-neutral probability”, i.e. a vector (@, 73, 74) such that > 7; = 1,
Y. Tjsj = e"T'sq, and 7j > 0 for each j.
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The general one-period market model. The binomial and trinomial models are special
cases of a more general theory, which we now present. Main purposes of this discussion:

e deeper understanding of risk-neutral probabilities; and
e more careful treatment of the “principle of no arbitrage.”

In considering one-period models with few assets and many states, we are close to the
question of portfolio analysis: which of the many possible portfolios should an investor
hold? We’ll resist addressing this, however, concentrating instead on the narrower goal of
understanding risk-neutral pricing and the role of arbitrage.

The general one-period market has

e N securities,t=1,..., N



e M final states, «a =1,..., M
e fixed initial values: one unit of security i is worth p; dollars

e state-dependent final values: if the final state is o then one unit of security ¢ is worth
D;q.

An investor can hold any portfolio: ; units of security i. It has initial value (p,0) =, p;0;.
If the final state is « then its final value is (0, D.,) = Y, 0;D; 4.

Examples:

Binomial model: p= (e s), D= < 11 )
S2 53

Trinomial model: p= (e, s1), D:( I 1 1 )
S3 83 54

In general, if security 1 is a riskless bond then

1 ... 1
Doy Doy

p= (eirT7p27 . 7pN)7 D= :
Dn1 -+ Dnwum

Here’s a careful statement of the Principle of no arbitrage:
(a) >;0;iDijp, > 0foralla = > ,0;p; >0

(b) if we have both Y, 0;D;, > 0 for all @ and Y, 6;p; = 0 then we must have Y, 0;D; o =
0 for every a.

These capture with precision the informal statements that (a) a portfolio with nonnegative
payoff has nonnegative value; and (b) a portfolio with nonnegative and sometimes positive
payoff has strictly positive value.

The key result relating risk-neutral probabilities to lack of arbitrage is this:

Arbitrage Theorem: The economy satisfies (a) iff there exist m, > 0 such that

ZDiaﬂ'a:pi, iIl,...,N.
«a

It satisfies both (a) and (b) if in addition the 7, can be chosen to be all strictly positive.

The theorem is trivial in one direction: assuming the existence of m, we can easily prove
the absence of arbitrage. In fact, for any portfolio 6; we have

ZHZ-DM >0 foral a = ZHiDmﬂa >0
i

1,0

= > Oipi >0



since m, > 0. If m, > 0 for each « then the conclusion can hold with = only if each
hypothesis holds with = rather than >. Thus existence of m, > 0 implies part (a) of the
no-arbitrage principle; and if each 7, is strictly positive then we also get part (b) of the
principle.

The other half of the theorem (no arbitrage implies existence of 7,,) is decidedly nontrivial.
We shall sketch the proof presently; but first let us make contact with what we did earlier in
the trinomial setting. Suppose security 1 is a risk-less bond. Then p; = e "7 and the first
row of D;, is filled with 1’s. The statement of the theorem becomes: the market permits
no arbitrage iff there exist positive 7, such that

T+ -+ = e T

ZWaDia Pi, i:2,...,N.
«a

T

Writing 7, = €"' 7, we see that the this is equivalent to the existence of positive 7, such

that

T+ +ay = 1
ZfraDm eTpi, i=2,...,N.
[0

These 7, are the risk-neutral probabilities.

For the trinomial market, we showed how arbitrage considerations restrict the initial value
of any contingent claim f. The same max/min argument works in general, for any market
in which Security 1 is a riskless bond. The conclusion is

min e T Z Tafa S V(f) < max e "l Z Tafa-
(0% (0%

risk-neutral risk-neutral
probs 7 probs 7

We immediately see that

market completeness < arbitrage determines the value of every contingent claim

< there is a unique risk-neutral probability.
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Sketch of a proof of the Arbitrage Theorem. The rest of this section sketches a proof
of (the nontrivial part of) the Arbitrage Theorem, based on the following

Fundamental Lemma of Linear Programming: If a collection of linear inequalities implies
another linear inequality then it does so “trivially,” i.e. the conclusion is a (nonnegative)
linear combination of the hypotheses.



The name “fundamental lemma of linear programming” is my own; the proper name of this
result is Farkas’ Lemma. See e.g. V. Chvatal, Linear Programming, pg. 248, for this and
related results.

Our first task is to show that part (a) of the no-arbitrage principle implies the existence
of m, > 0. Now, part (a) says that the collection of linear inequalities Y ,0;,D;n >
0 for « =1,..., M implies another linear inequality > ,0;p; > 0. By the Fundamental
Lemma of Linear Programming this occurs only if there is a “trivial” proof, i.e. if there
exists 7, > 0 such that >°, 0;p; = 3, , 0;D;am, for all 6;. But that means ° D;amo = p;.

Our second task is to show that if the economy satisfies both parts (a) and (b) of the
no-arbitrage principle then we can take m, > 0 for all «. If the 7, already identified are
all positive then we're done. If not, then renumbering states if necessary we may suppose
Ty ooy TTALY >Oand7rM/+1 =...=mpy =0.

Let’s concentrate for a moment on index M’ + 1. If D.ypyy = (Dypgraty -, Dy 1) s a
linear combination of D.q,...,D. s then we can easily modify m, to make w41 > 0. In
fact, suppose D. ppry1 =b1D.1 + ...+ by D. . Then

M/
pi = ZDiaﬂ'a
a=1

M/
= €eDjpry1 + Z Dioz(ﬂ'oa - Gba),
a=1
so replacing m = (m1,...,mp,0,...,0) with (71 — €by,...,mpp — €bpyr,€,0,...,0) does the
trick when e is sufficiently small.
Essentially the same argument shows that if any positive combination of D. ppq1,...,D. y
lies in the span of D.q,...,D. then we can modify 7, to make additional components

positive.

Applying the preceding argument finitely many times, we either arrive at a new 7 with
strictly positive components, or we find ourselves in a situation (with a new value of M")
where no positive combination of D.ppr1q,...,D. ) lies in the span of D.1,...,D. . We
claim the second alternative cannot happen when the economy has property (b).

This is another application of the Fundamental Lemma of Linear Programming. Our “sec-
ond alternative” is that

M M’
Z aaD.a:ZbaD.a, A >0 = ap,=0,a=M +1,...,M.
a=M'+1 a=1

The “trivial consequences” of the hypotheses are obtained by taking linear combinations.
This amounts to taking the inner product with a vector § € RYN. Thus the trivial conse-
quences of the hypotheses are

M M’
> aa(D.a.0) =D bo(D.q,0).
a=M'+1 a=1



For this (coupled with a, > 0) to give a trivial proof that a, = 0 we must have
(D.q,0)=> 0:Dia = 0 a=1,...,M
i

(D.q,0) => 0:Diq > 0 a=M +1,...,M.

But then 6 represents a portfolio with no downside, some upside, and value 0 since ), 0;p; =
Do Zg/lzl 0;D; 7o, = 0. This contradicts our assumption that the economy admits no arbi-
trage.
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