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Homogenization in polygonal domains

David Gérard-Varet*and Nader Masmoudi'

September 19, 2008

We consider the homogenization of elliptic systems with e-periodic coefficients. Classical
two-scale approximation yields a O(g) error inside the domain. We discuss here the existence
of higher order corrections, in the case of general polygonal domains. The corrector depends
in a non-trivial way on the boundary. Our analysis extends substantially previous results
obtained for polygonal domains with sides of rational slopes.

1 Introduction

This paper is devoted to elliptic systems in divergence form, with Dirichlet boundary condi-
tion:

—V.A(g)vuf:f, zeqQ,
u* =0, xze€dQ,

(1.1)

set in a bounded domain Q C R, For simplicity, we assume d = 2 or 3. Following standard
notations, € > 0 is a small parameter, and A = A*(y) € M,(R) is a family of functions
of y € RY, with values in the set of n x n matrices M, (R), indexed by 1 < o, < d. The
unknown and source term are u® = u®(z) € R® and f = f(z) € R". We remind, using
Einstein convention for summation, that for each 1 <17 < n,

(V- A (g) V)i = Oy, [Af‘f (g) axﬁuj] .
We assume that A and f are smooth. Finally, we make the following hypothesis:
i) Ellipticity: For some A > 0, for all family of vectors £ = £* € R™ indexed by 1 < o < d,
AEY Y <AL E < T
where A€ - ¢ denotes the sum

Ag- &= Y AFT e

a7ﬂ?i7j

ii) Periodicity:
Aly+h) = Ay), VYyeRyVhezZ
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We are interested in the limit ¢ — 0, i.e. the homogenization of system (1.1).

Periodic homogenization has a very long history, and we refer to the classical book [3].
The starting point of most studies is a formal two-scale expansion of the solution u®,

= ul(z) + eul(z, x/e) + 2ul(x, x/e) + ... (1.2)
The leading term u° satisfies the homogenized system:

(1.3)

—V- AV =f, zeq,
W =0, zed.

The homogeneized matrix A° comes from the averaging of the microstructure. It involves the
periodic solution y = x7(y) € M,(R), 1 <~ <d, of the famous cell problem:

—0y. [A“B (¥) 3yﬂx”(y)] = 0y, A% (y), /[wa”(y) dy = 0. (1.4)

More precisely A° is given by:

AP = / AP 4 / A9, .
[0,1]4 [0.1]4

The second term in the expansion (1.2) reads
ul(w,y) = @' (2,y) + @' (x) = —x*¥)0p,u’(2) + ' (2), (1.5)

where y is again the solution of (1.4).

All profiles u* = wF(x,y) in (1.2) are periodic in y, and therefore do not satisfy the
homogeneous Dirichlet boundary condition. However, the first terms of the expansion are
relevant, and the following bound holds (see [3]):

lu® = u(x) = eul(z,2/2) || w1 () = O(VE). (1.6)

It is known that such estimate is optimal: as the approximation is not zero at the boundary,
there is a boundary layer phenomenon, responsible for a O(y/¢) loss in (1.6). However, if a
relatively compact subset w € €2 is considered, one may avoid this loss, as strong gradients
near the boundary are filtered out. Precisely, Avellaneda and Lin prove in [2], under some
regularity assumptions on A and €2, that

|lu® — uo(x) — €U1(l',l'/€)||H1(w) = O(e). (1.7)

Following these results, a natural attempt is to derive the next order approximation, and
an estimate like:

|uf — u®(z) — eul (z,2/e) — e*u(x, z/e)lgw) = O(e?). (1.8)

However, to obtain this refined approximation turns out to be very difficult, and very much
dependent on the geometry of (). Before stating our results on this problem, let us describe
its main difficulties and former studies.



To establish the estimate (1.8), one must first identify the average part u'(z) and the
oscillating term %2%(z,y). Note that the choice of @!'(x) did not affect previous estimates
(1.6), (1.7). Following Allaire and Amar in [1], one needs to introduce another family of
1-periodic matrices

T = Y%(y) € Mp(R), a,f=1,....d,

satisfying
—V, AV, T = Baﬁ—/Baﬁ, /Taﬁ =0, (1.9)
y y
where 5
pgoB . pef _ qey X0 O (a7x?).
0y,  Oyy
Formal considerations yield
0%uP
2 — ya,B ag 1
= Y — — Oa . 1.10

The average term ' = u'(z) formally satisfies the equation

3,0 B
_V- AVl = caﬁvaiu’ B . /AwaT _ A%By Y, (1.11)
0x,0x30% y oyy

We refer to [1] for all details. Note that u? depends on ', and has zero average with respect
to y. In other words, we take #? = 0. This is enough for a O(£?) approximation, in the same
way as taking 4! = 0 was enough to obtain a O(g) approximation.

Note also that these relations are not enough: to close system (1.11), boundary conditions
on ' are required. To derive the correct boundary conditions and obtain the interior estimate
(1.8), one needs to understand the behavior of u® near the boundary. This is emphasized in
article [1, theorem 3.7], where it is shown that:

|u —u(x) — eul (z,2/¢) — aull)l’a(:r) - €2u2(x,x/£)HH1(Q) = 0(%/?).
with u,°(z) the solution of the Dirichlet problem

—V-A(f)vu},f:o, z€QCRY
€ (1.12)
u;f = —ul(z,2/e), x €09,

In other words, the construction of high order approximation relies on the homogenization of
system (1.12). The main problem is that the homogenization of this auxiliary system is much
harder than the original one. Indeed, the boundary data in (1.12) forces oscillations within
a boundary layer. To understand the structure of these (not anymore periodic) oscillations
and their averaged effect is essentially an open question.

Most works on that topic have been limited to convex polygons

Q:=nl, {a:, nk-a:>ck},



bounded by N hyperplanes of R? with inward unit normal vector n*:

K* = {w, nk‘x:ck}, nFegsdl FeR, 1<k<N,

More precisely, all results have been obtained under the stringent assumption that the normal
k can be taken in RQ?, that is proportional to a vector with rational coordinates.
When d = 2, this corresponds to polygons with sides of rational slopes, and we will keep this
terminology for general d. For instance, in [1], Allaire and Amar consider the special case

vector n

Q=100,14 &,=1/n.

They manage to build correctors, such that a bound of type (1.8) holds when & = £,,. They
show that the appropriate boundary conditions on %' read:

at =T*9u°, zeKFnoQ, 1<k<N, (1.13)

with the matrix coefficients T'* € M, (R) linked to some auxiliary boundary layer systems.
Numerical schemes based on these correctors are studied in [14, 13]. Let us mention the works
[10], where the case of layered media is considered.

The existence of accurate approximations has also been studied by Vogelius and co-
authors [12, 11], within the slightly different context of eigenvalue problems:

—V-A(g) Vit = Nuf, zeQcRY
u®* =0, xe€odN,

We refer to paper [9] for Neumann boundary conditions. The behavior of A° is investigated,
notably the accumulation points of the ratio

e — )0
€

, €¢—0

when )\ is a simple eigenvalue of the homogenized system (1.3). The analysis is performed
in the case of convex polygons with sides of rational slopes, and relies on the same boundary
layer systems as in [1]. It is shown that the ratio does not in general have one limit but rather
a continuum of accumulation points. Recast in the framework of article [1], with Q = [0,1]%,
this result indicates that the constant matrices I'* in (1.13) depend on the subsequence &, so
that the corrector %! in the approximation (1.8) also depends on the subsequence ¢, (which
is &, = 1/n in [1]). Crudely, one can then say that for convex polygons with sides of rational

slopes, estimate (1.8) does not hold uniformly in .

The aim of this paper is to consider general convex polygonal domains 2, that is without
the assumption of rational slopes. We will show that “generically”, there exists a O(£?)
two-scale approrimation of u® inside ).

Our main assumption will be a diophantine condition on the normals n := n¥, k = 1...N:

(A) Thereis ¢, > 0, such that: V& € Z4\ {0}, |n x & > c|¢]™,



with n X £ = n9o&1 — n1&e when d = 2, and n x £ is the usual cross product when d = 3.
If d = 2, one can replace the cross product in assumption (A) by a scalar product, namely
In-€& > cl|¢7!. If d = 3, then assumption (A) is equivalent to the fact that each two
components of n, say (n1,n2), satisfy: V&€ € Z2\ {0}, |n1& +nola| > c|é|~L. We emphasize
that this condition is generic, in the sense that it is satisfied for almost every n',...,n’V. This
is a direct consequence of the following classical result (see [4]): For almost any vector v € R,

for all 6 > 0, there exists ¢ > 0 such that

gl > el veez —{o}.
Besides this small divisor assumption, we will need technical assumptions on u°, u!, due to
possible loss of regularity near the edges and vertices of €2. Namely, we will assume that

(A0) The solution u° of (1.3) belongs to H*(Q) N C?(Q).

(A1) The solution @' of (1.11)-(1.13), with I'* defined in (3.2), belongs to H?(Q2) N C1 ().
The relevance of hypothesis (A0), the well-posedness of (1.11)-(1.13), and the relevance of
hypothesis (A1) will be discussed extensively in section 3.

We can state our main result:
Theorem 1 Let Q) = ﬂ]kvzl {x, nk.oz> ck} be a convex polygonal domain. Suppose that

for all k, the normal vector n = n* satisfies the diophantine condition (A), and that the
reqularity conditions (A0) and (A1) hold. Then, for any open subset w € €,

lu = u’(2) — eul(z,x/e) — 2w’ (z,2/e) ) = O(e?),
with u°, u' as in (A0) and (A1), and u',u? as in (1.5) and (1.10).

The technical constraints (A0)-(A1) being set aside, this shows that for generic polygonal do-
mains, there exists an €2 two-scale approximation of u®. Note that the higher order correction
in (1.8) is independent of the subsequence in . In that respect, the case of rational slopes
is peculiar. In this case, as can be deduced from [1, 9] in the periodic case, the higher order
correction may depend on the sequence.

The main part of the proof of theorem 1 is the treatment of the boundary layer. In
previous studies, the rational slopes allowed to get periodicity in the tangential variable. In
the case of general irrational slopes, only a quasiperiodicity property is available, making the
construction of boundary layer correctors more intricate. Such construction is performed in
section 2. The derivation of u!, u?, and the proof of estimate (1.8) follows in section 3. As
we will see from the proof, we have a more precise version of theorem 1 (see Corollary 1).

2 Homogenization of the boundary layer

2.1 Formal expansion

As emphasized in the introduction, the search for high order approximations resumes to the
understanding of the Dirichlet problem (1.12). Formally, one expects u;f to be localized in
the vicinity of the hyperplanes of €:

17 17 7k
“ble(fv) = “bzE (),



where ullf’k(x) describes a boundary layer near K*. Note that by convexity,  lies on one

side of Kk, for all 1 < k < N. Hence,

Q C {x, (nk-m—ck) >0}.
We look for an approximation of the type:
ustF ok (:c E)
bl b\ )
where vgfl = v,]jl(a:, y) € R™ is defined for z € Q, and y in the half-space

Qk = {y, nk-y—ck/s>0}

Plugging this approximation in (1.12) yields

{ -V, Ay)V, vllfl =0, ye Qa’k, 21)

vh = —ui(z,y), y € INF,
Note that the variable x is only a parameter in this system. Let M* be an orthogonal matrix

that maps the canonical vector eg = (0,...,0,1) to the normal vector n*. By the change of
variable y = M*z, system (2.1) becomes

—V.- BE(MF)V, 0P =0, 24>
(2.2)

ok = —ul(az,Mkz), 24

with unknown v*(z,2) = o (2, M*2). Denoting A%ﬁ, resp. ij’aﬁ, 1 < 4,5 < n, the
coefficients of AP, resp. B¥*8 we remind the relation

Vi, 4, ij = M* A (M*)

which is a product of matrices in My(R). We also denote z = (2/,z4) the tangential and
normal component of z. We stress that vé”l and v* still depend on e, through the c* /e term.
As will be clear from the developments below, this dependence is harmless, so that we omit
it in the notations.

The proof of theorem 1 relies mostly on the analysis of system (2.2). In the case of
polygons with sides of rational slopes, for which n, belongs to RQ?, one can choose a matrix
MP* with columns that are also in RQ?, so that system (2.2) has coefficients that are still
periodic in z’. Working in spaces of functions periodic in 2/, one has easily existence and
uniqueness of a variational solution. Moreover, using a lemma from Tartar, one can show the
convergence towards a constant of this solution, as z4 goes to infinity, exponentially fast. We
refer to [1] for all details. The basic ingredient used in the study of this rational case is the
Poincaré inequality

/ @|%dz < C \V@|*d?
Td—1 Td—1

for L—periodic functions ¢ with zero average.



These properties fail to be true for general polygons: the coefficients are not anymore
periodic, but quasiperiodic. We refer to [7] for a description of quasiperiodic and almost
periodic functions. Quasiperiodicity does not allow to restrict the tangential variable to a
bounded domain, and Poincaré’s inequality is not anymore valid. As detailed in the next
paragraph, we will still be able to deal with system (2.2), under the generic diophantine
assumption (A).

2.2 Boundary layer system
Directly inspired by (2.2), we introduce the following system:

{ —V. - B(Mz2)V,v=0, zg>a

v(z) = vo(Mz), zg=a. (2.3)

where B shares the same properties as the original matrix A, vg is a smooth 1—periodic
function and M is a d x d orthogonal matrix. We wish to show the well-posedness of this
system. Moreover, as in the case of rational slopes, we expect the solution to converge towards
a constant vector as zq goes to infinity. Let N € My 4 1(R) be defined by

NZ' = M(Z,0).
The structure of (2.3) suggests to look for a solution of the type:
v(z) = V(NZ',2q), V(6,t) 1-periodic in 6 € R (2.4)
Accordingly, we define
B(0,t) = B(6+ M(0,1)), Vo(0,t) =wvo(0+ M(0,t))
This leads to the following system, for # € T?, t > a:

= (VoTe) - B, (VY v =0, t>a

VO, t=a)=Vy(0,t =a), t=a.

(2.5)

As this new formulation reveals, the solvability of (2.5) is unclear. The problem is the lack of
coerciveness of the new operator with respect to 6. For instance, we do not have in general

[Nt Saskao > ¢ [ Voof?as (2.6)
T T
This can be understood easily in the two-dimensional case: if M is a rotation matrix
M= <CQSa —s1na>  N= <095a>
sinae  cosa sin «
and inequality (2.6) would give (using Plancherel identity): for all £, &y € Z2

(&1cosa+&sina)® > c(|G]* + &)%)

which is never satisfied uniformly for large &1,&2. The well-posedness issue is considered in
the next paragraph.

Another issue to be considered after well-posedness is the asymptotic behavior of V' as
t — 4o00. Arguments in [1] for the periodic setting do not adapt to our quasiperiodic setting.
To overcome this difficulty, we will make a crucial use of the small divisor assumption (A).
Note that a straightforward reformulation is



(A) There exists ¢,! > 0, such that for all £ € Z¢ — {0}, |N%¢| > c¢]™

It will be used in this form to show convergence to a constant field at infinity.

2.3 Well-posedness
We have the following well-posedness result for system (2.5):

Proposition 2 There ezists a unique smooth solution V' of (2.5) such that
+oo
/ / (|Nt Vo V|? + \a,%agw?) dtdf < +oo
Td Ja

for 1 > 1, and v € N? and where we denote ) = agll...agj. As a consequence, v(z) =
V(NZ, zq) is a smooth solution of (2.3).
The proof of the proposition relies on the following simple estimate.
Lemma 3 IfY(0,t) is a smooth function solving
NtV NtV NtV
_( 8t9)-8(0,t)( 3t9>Y H+< 9)'G’ £>0 (27)
Y =0, t=0.

where tH, G € L? (']I'd X R+), then

“+oo +o0
/ / (|Ntvgyy2+\atyﬁ) dtdo < c/ / tH|? + |G| dt d. (2.8)
Td Jo Td Jo

Proof of the lemma.
Multiplying by Y and integrating over T¢ x RT, we obtain

—+00 —+00 +oo
/ / \NtvngQHé?tY\ dt do </ / (tH) - dtd9+/ / Ydtd@
Td Td

By Hardy’s inequality,

t
Il arangy < ClOY zagmaxrsy < O (M50 ) Vlzagrose)

Using this bound and Cauchy-Schwartz inequality in the previous inequality yields the result.

Proof of the proposition.
Without loss of generality, one can assume a = 0. Let 0(¢) be a smooth truncation function
satisfying 0 =1 on [0,1/2] and 6 = 0 outside [0, 1]. Introducing

Y =V = §(t) W,
the problem reduces to the well-posedness of
- (N;W) - B(0,1) (N"W) Y=F t>0
T
Y=0 t=

(2.9)

where F' is smooth, periodic in #, and has support in ¢ < 1.



A priori estimates

Suppose Y is a smooth solution of system (2.9). Using (2.8) with H = F and G = 0 yields
the L? estimate

+o00 400
/ / (|NtV9Y|2+|8tY|2) dtdo < c/ / |F|2 dt df (2.10)
Td Jo Td Jo

The same type of estimates extends easily to tangential derivatives. Namely, for |a| > 0

// (IN'Voo5 VP +1a 5 V) < Cla) Y //|05F|2dtd9 (2.11)

18I<|l

Indeed, for |a| = 1, we differentiate (2.9) with respect to 0y, for some 1 < o < d and then
apply lemma 3 with H = Jyg_F and G = 9y _B(0,t) (N : V@) Y. The general case is obtained
by induction on the number of derivatives.

Then, standard elliptic arguments provide additional regularity with respect to t. We first
notice that equation (2.9) can be written

Biqa0fY =G, with G € LZ(H*(T%), VseN, (2.12)

where we used (2.11) to estimate G' and where Bfl{ 4= MdaAgBtM/gd satisfies the coercivity
condition |Bgq€.£| > A[¢| for £ € R™.

Inverting B 4, we deduce the same regularity for O?Y , which implies that 9;Y |;—¢ belongs
to H® (Td) for all s. From there, we may differentiate the equation in ¢, recover a homogeneous
Dirichlet condition by a change of unknown, and apply the previous arguments. Reasoning
recursively, we obtain easily: for all o € N?, for all k > 1,

L IN 0BG Wy + 1OV ey < CF5,F) < o, (213)

We point out here that we lack an estimate for'Y itself, that is without any derivative.
Well-posedness

The existence of solutions that satisfy the previous energy estimate can be obtained from
standard elliptic regularization of the system. On can for instance consider the approximate
problems

—5AGV — (Ntvf))-B(@t)(NtW)V:O, t>a
V(0,t=a)=Vy(0,t =a), t=a.

for a small parameter § > 0. As the system is strongly elliptic for each 4, one can show easily
existence and uniqueness of a smooth solution Vj, that satisfy all previous estimates uniformly
with respect to 0. As § — 0, one gets easily a smooth solution V of (2.5). Uniqueness follows
from the basic estimate (2.10).



2.4 Behavior at infinity

The next step in the study of the boundary layer is to understand the behaviour of V as t
goes to infinity. In this subsection, we will use the assumption (A) to prove the existence of
a limit when t goes to infinity for V. First, assumption (A) ensures the following inequality:

LIV V@R 2 8l (2.14)

for smooth enough ¢ = ¢(0) with zero average. Combining (2.14) with (2.11), we deduce
that for any s € N,

+oo
[ 1V By + 10V By < C(Fsb) < 40, (2.15)

where we decompose

V0,8 = V(0,1) + T(b), / 7do =0,

Td
This implies that for all @ € N?, k € N, we have, uniformly in 6:
oGOk V -0, 950V -0, t— +oo

However, the behaviour of the average V and the speed of convergence are not specified. This
is the purpose of the next proposition

Proposition 4 There exists a constant vector v* € R™ such that

lim V =%
t—4o00

More precisely,
lim [t™dg oF (V —v®)| = 0,
t—+00
for allm € N, a € N, k € N, uniformly in 6.
Note that the solution V' of (2.5) depends on a (and also on B, M, Vp), a fact that we have

omitted so far in our notations. Here, we only keep track of this dependence in the limit v®,
as it will be of interest to us later on.

Proof.
To prove proposition 4, we establish an integro-differential inequality on

+0o0
F(T) = / / (|Nt Vo V|2 + |c’)tV|2> dt do.
Td JT
Let T > a, and for t > T, we define

W:=V— [ V(,7T)do
Td

For t > T, W satisfies

— (V¥ ) - Blo,1) (VY)W =o.

10



Multiplying by W and integrating for § € T¢, t > T, we get

/H‘d /T+OO<|NtV9 W+ 10 W) = _/Td () B (Yoo ) w ] wie, ) ds
<C </Ed(|Ntv0 W2 + ‘@WQ)(H,T)da)l/z < § |W(0,T)|2d0)1/2

As VoW = VoV, OW = 9,V, and W(0,T) = V(0,T), this last inequality reads

1/2

1) < oy ([ o)

Now, by assumption (A), for all 1 < p < +o0, for all smooth enough ¢ with zero average,

we have: Y
~ ~ p B 2—-2/p
[eeao <o ([ ivvoer)” (1ollmona) "

where the index [ is the same as in (A). Such an inequality is a straightforward consequence
of Plancherel formula and Hoélder inequality (together with the small divisor assumption).
Applying this to V' (6,T), we obtain

2-2/p

IN

(=£ @ (17D -2 )
< C(-f(T)V

/ V(60,T)P do
Td

bounding the last term thanks to (2.15). This yields the integro-differential inequality

p+1

(1) < Clp) (—=f1(T)) > (2.16)
for any 1 < p < +o00. This leads in turn to
f(1) < C'(p) TS

It shows that f(T") decays faster than any power of T' as T' goes to infinity.

By differentiation of (2.5a) and similar estimates, one shows by induction on |a| + k that

+oo
fai(T) = / / (IN* g 05 9 V2 + |0, 05 9V ?) e do
Td JT
decays faster than any power of T', for any «, k. More precisely, assuming that such decay
holds for all fg; with |3 4+ < s, the energy estimate (2.16) is easily replaced by

pt1

far(T) < C(p,n) ((—f;km)?p T T) Vnp>1, Vakwith o] +k=s.

)

From there, one gets

pt1

far(T) + TE5 < O ((~fou(@)® + TE5) < ¢ (=fiu(0) + T75) 7



that is

p+1 p+1

9o k(T) < C" (=go (D)), Gak(T) = far(T) + T1=7,
and one can conclude as above.
Using again (2.14) and Sobolev imbedding, we deduce that
lim ‘tm agafvj -0, lim ‘tm agaf“v‘ — 0,

t—+4o0 t——+o0

for all m € N, o € N, k € N, uniformly in 6.

It remains to show the convergence of the average V = V(t). We write

dv' < Clp) /tt+h(1+s)_pds

B B t+h
Ve -vors [ |G

for all p. This shows that V(¢) is a Cauchy function, hence convergent to a constant vector
v® as t goes to infinity. Moreover, the rate of convergence is faster than any power function
of t.

Back to the original system (2.3), previous results provide a unique smooth solution v =
v(z) that converges to a constant v* as zqg — +00. Looking closer at Proposition 4 and its
proof, we have: for all m € N, o € N1 ke N,

lim (zg —a)™ 0% de (v—2%) =0, (2.17)

(2a—a)—-+o0

locally uniformly in 2/, uniformly in a. We end this section with a crucial property of the
constant vector v®.

Proposition 5 Let M be the matriz given in (2.3), and eq = (0,...,0,1) the d-th canonical
vector. If Meg & RQ?, then v* is independent of a.

Note that in the case M = M*, cf. (2.2), Meg = n* is a normal vector at 9 N K*.

Proof.
We start by the following lemma:

Lemma 6 v® depends continuously on a.

Proof of the lemma.
Let a and @’ be two real values, and V', V' the corresponding solutions of (2.5). We denote
0 = d’ — a. We introduce

ViO,t) = V'(0,t+0), 6eT t>a.

We have:
V5 (0,t) = V'(0,)] < 10][|0:V || < C3]. (2.18)

Now, V and Vj are defined on the same domain, and W =V — VJ satisfies
- (NtW> - B(6,1) (N;W) W=F t>a
13 t

0 (2.19)
W = Wo, t= a,

12



where
Foam (N¥0) - (B(0.4) = B, +8) (V¥ ) Vi, Wo = Vo(6,a) = Vo(0,a+9).
Note that these source terms satisfy
‘agéafF’ + fagafwo\ < Ca,k ’5‘7 VOé, k.

Moreover, by proposition 4, F' and its derivatives converge to zero uniformly in 6, faster than
any power of t. With this decay property, it is straightforward to adapt the energy estimates
performed in the proof of propositions 2 and 4. As a consequence, using again the assumption
(A) , we deduce that W satisfies ||W ||z < C|d| which reads

V(0,t) = V5(6,8)] < Cd]. (2.20)
uniformly in 6, t. Combining (2.18), (2.20) we deduce as t goes to infinity:
[v® — %] < Cla—d|

which proves the lemma.

We can now end the proof of proposition 5. Let ¢ € Z%. If v satisfies system (2.3), then
ve(2) = v(z 4 (M) €) satisfies

—V. - B(Mz)V,ve =0, zg>a—§&-Meg
ve(z) =wo(Mz), zg=a—§- Meg.

It is deduced easily from the periodicity of B and vg and the property (M) = M~!. Hence,

the constant at infinity satisfies

¢ = Ua—E-Med )

If Meg & aQ?, for any o € R, then the set {&- Mey, k € Z%} is dense in R, and by continuity
of v* with respect to a, the result follows.

3 High order approximation

Thanks to the boundary layer analysis of the previous section, we shall prove Theorem 1.

From now on, we consider a convex polygonal domain ) = ﬂfle{x, n¥ . x> ¥} with inward

normal vector n = n* satisfying (A) for all k.
3.1 Choice of u' and u?. Discussion of the assumptions (A0) and (A1).

The first step of the proof is to derive the fields u! and w? for which (1.8) should hold.
As described in the introduction, the starting point of this derivation is a formal two-scale
expansion of the solution

'~ ul(x) 4 eul(x, x/e) + 2 (x, x/e) + ...

whose formal computation is detailed in [1]. The leading term u° satisfies the homogenized
problem (1.3). The next order term u! satisfies (1.5)-(1.11). Finally, the second order term
u? is given by (1.10).

13



Of course, system (1.11) is not enough to determine ', as boundary conditions must be
prescribed at 9. These conditions should account for boundary layer phenomena. More
precisely, we expect an asymptotic of the type

u o~ ul(x) +eul(z,x/e) +euy(x) + ...

where uél’a satisfies the Dirichlet problem (1.12). Following the formal considerations of section
2, we want to approximate this last term by

ubl x) vb (2 /)

Mz

k=1

where the boundary layer correctors v{fl satisfy systems (2.1).
Broadly, the results of the previous section show that there exists some v*°°(x) such that

ob (z,y) — v0®(x), as (y-nf —/e) = 4o,

uniformly with respect to « and €. Moreover, the rate of convergence is faster than any
negative power of |y - n* — c¢¥/e|. See (2.17). The idea is to chose u' at 9 so that v =0
for all k. In this way, the boundary layer term should be neglectible in all compact subset
of Q, allowing for an estimate like (1.8). To be more specific, let v be the solution of (2.3)

provided by Proposition 2, under assumption (A). From Propositions 4 and 5,
v(2) = v>®° =v®°[B, M,v), aszq— +oo, uniformly in 2.

Back to systems (2.1)-(2.2), we introduce for all 1 < a < d, and all 1 < k < N the matrix
GF ¢ M™(R) whose j-th column is defined by

ko — k gk ,
(Gij )1§i§n = —p™ [B M ’(X%)lgign} , Vi<j<n.
Finally, we set
oul
b= G’Wai(w), redQnKk 1<E<N. (3.1)
Lo

As 40 is zero at the boundary 052, this boundary condition is the same as the Robin type
condition (1.13), setting

ZG’““ kooph = (n’;)1<a<d, Vi, j=1,..,n. (3.2)

System (1.11)-(1.13) is well-posed if u° is regular enough:
Proposition 7 Ifu® € W2>(Q), there exists a unique solution u* € H'(Q) of (1.11)-(1.13).

Proof. The main point is to show that the boundary data belongs to Hl/Q(@Q), i.e. that
there exists a U! € H!(Q) such that

Ul =1*0,u°, z2€d0NnK* 1<k<N.
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Afterwards, introducing v* = u! —U?, one obtains an elliptic problem with a homomogeneous
boundary condition and a H () source term. It has a unique variational solution, and yields
well-posedness for (1.11)-(1.13).

The difficulty is the lack of regularity near the edges and vertices of . When d = 2, the
situation is easier. Let O be a vertex. We can assume up to reindexing the hyperplanes,that
O belongs to H' and H2. Then, one can even find a constant matrix G = (G, G?) €
M, (R) x M,(R), such that in the vicinity of 0

Ul = GO’ = TF9,u°, ze€dQnKF, k=12 (3.3)

Indeed, condition (3.3) reads
Gonk =Tk k=12
Thus, to prove the existence of G, it is enough to show that the linear mapping
M, (R) x My (R) — M,(R) x M,(R), G (Gnl, G?2)
is surjective. This follows from its straightforward injectivity. Note that in this case, only H?
regularity of u” is needed.

Note also that the previous reasoning extends directly to the case of an edge (that is the
intersection of two hyperplanes) in dimension d = 3. Let finally O be a vertex of Q C R3?,
belonging to M sides supported by H', ..., HM. Let us consider a plane H near 0, transverse
to the M sides. It intersects € along a two-dimensional polygon . Locally near 0, we can
describe 2 by spherical type coordinates, that is

={rs, 0<r<d, scQ}
Applying the results of the case d = 2, we can find a smooth function
G=(G',G?*: Q +— M,(R) x M,(R)
satisfying )
ZGa(aj)-ng:Fk, reKFnoQ, 1<k<d,

Note that G is constant near each vertex of . Back to the domain Q, we define the lift of
the boundary data as

2
Ul(z) = Z (5)0y,ul(t ).

Using the fact that u® € W?* and Vu®|;—o = 0, one has easily that U € H'(Q2). This ends
the proof of the proposition 7.

The corrections u! and u? at hand, we will be able to prove the energy estimate (1.8),
under the assumptions (A0) and (Al). Let us discuss a little these regularity requirements.
Again, the main point is the irregularity of §2, that limits the smoothing effect of the elliptic
operator V - A'V. Elliptic theory for such polygonal domains has been the matter of many
papers. We refer to textbooks [6, 5].
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Broadly, for an arbitrary smooth f in (1.3), one can not expect H* regularity for u’ when
s > 2 . For the assumption (A0) to hold, f must satisfy some compatibility conditions.
These compatibility conditions do not take a simple form, even for a scalar equation (n = 1)
in dimension 2. For instance, except in the case where the angles of the polygon are of the
type w = m/n, n € N, these conditions are not local near the vertices. We refer to [6] for
details. From this point of view, assumption (A0) is restrictive.

We stress however that, if u® is regular enough, assumption (A1) is quite natural. For
instance, if n =1, d = 2, and u° € H*(Q), then U' € H3(Q) N CY(Q) where U is the lift
of the boundary data built in the previous proposition. As a result, v! = u!' — U' satisfies
an elliptic equation with constant coefficients, homogenenous boundary condition and source
term in H'. The H? N C"' regularity of v' then follows from standard theory for the Laplace
equation in polygonal domains.

Let us stress again, that by the same theory, we do not expect u! to be in H*(2) with
s > 2. In other words, we do not know if the compatibility conditions imposed on f should
be satisfied by the source term in the equation for v'. We pay attention to this in the next
section, where we try to use as little regularity on u” and u! as possible. From now on, we
assume (A0) and (Al).

3.2 Outline of the Proof

For i = 1,2, let u* = u’(x,y) be as in the previous paragraph, and let uy; be the solutions of

—V-A(g)Vubl =0, xe€

. (3.4)
uyf = —u'(z,z/e), T € NN
We shall prove the following error estimates in the next paragraphs:
1. “Global error estimate”:
el = 0(e?), € = uf —u’(z) —eu'(z,x/c) — 2u?(x, 2 /e) — ewy)" () — e*ui)® (x).

2. “Boundary error estimate”:
2
HeleL2(Q) =0(g), ey = ubl val z,z/€) +5ubi€,

where v} (z,y) is the solution of (2.1) built in the previous section.

Before we establish these bounds, let us show how they imply Theorem 1. Let w € ). By
the “global error estimate”, we get that

N

s — (@) — eu (2, 2/e) — € (w, 2/) |y < C& + | S uly(a2/e)l o) + elleillane
k=1

By our choice of @!, the boundary layer terms vfl(:ﬂ,y) are fastly decreasing to zero as the
normal coordinate (y - n* — c¥/g) — +oo, uniformly in = and . The same holds for their
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derivatives, c¢.f. Proposition 5. Precisely,

N
I Zv{fl(x,x/a)HHs(w/) =0(™), Vs<2,m, VuJ €. (3.5)
k=1
Then, e, satifies
N
VAV = R 1 =~V A/e)V S b fe), wef.
k=1

Let 0 < p(z) < 1 compactly supported in 2, with ¢ = 1 in w. A standard energy estimate
yields

/Q & Al )e)Vely -V G = —2 /Q ey (Ala/e) Ve - V) de + /Q 5 - e,

Using the decay properties (3.5), the remainder term satisfies ||rj[z2) = O(e™), for all
s,m, and for any w’ €  containing the support of ¢. Thus, the above inequality implies

Heiz”Hl(w) < CueizHL‘Z(Q) + Cpe™, Vm.

Thus, we get:
u — u®(x) — eul(z, 2/€) — (@, 2/e) i) < C( + ellefill i)

Combining this bound with the "boundary error estimate”, we obtain (1.8), which ends
the proof of theorem 1. Actually, we have the following improved estimate which sees the
homogenized boundary layer :

Corollary 1 Under the assumptions of theorem 1, we also have the following global estimate:

N

|u® — u®(2) — eul (z,2/e) — 5Zv§l(x,x/s)]\L2(Q) < Cé? (3.6)
k=1

We point out that the difference between Theorem 1 and Corollary 1 is that Theorem 1
justifies the term u?(x,y) in the expansion since it gives a H' estimate whereas Corollary 1

justifies the boundary layer behavior since it holds up to the boundary. Of course, it only
holds in L?.

3.3 Global energy estimate
This paragraph is devoted to the proof of a O(g?) estimate for e in H*(Q). It satisfies
-V-A (g) Vet =71%, z€Q, €sga=0, (3.7)

where the remainder term r¢ is given by

r¥(x) := eVy - (Avxul + AVyuQ) (x, g) + eV, - (AV,u?) (m, %)

+ 2V, - (AV,u?) (a:, g) ,
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with the tilde denoting the oscillating part (with zero average with respect to y). As the
source term is a priori of order £, one can not obtain a O(e?) bound straightforwardly. To
gain extra powers of ¢, a standard trick is then to introduce a field W = W (x, y) such that

v, W =V, (AVIUT:/AVyM) (3.9)
Note that, if W satisfies this relation, setting

V(z,y) = W(z,y) + Ay)Vou* (z,y),
we can write

r¥(z) =eV, W (a:, ) + +eVy, - (AV,u?) (a:, g) + 2V, - (AVu?) (:c, g)

(DN RSRON RS

=eV, - Vi{xz, + &2V, - (AV,0?) (2, z (3.10)
(=2) (+2)

-9 v (D)) e w (o)

This last expression is formally enough to derive a O(¢?) bound. But there is a regularity
issue. The r.h.s. in (3.9) involves a priori three derivatives of u" and two derivatives of u'.
By (A0)-(A1), if we do not choose the solution W of (3.9) carefully, it will only be L? with
respect to x. It will not be enough to control last term in the above expression for F*.

Inspired by ideas of Bensoussan, Lions and Papanicolaou [3], we notice that, as
Vy - (AV,u’ + AV ') =0,
we can write o
AV ud + AVyul = curlyy,

for some 1 = 1) (z,y) with zero average with respect to y. By assumptions on u°, u!, the field

1 is smooth with respect to 7, has H? regularity with respect to z. Then, by construction of

u?,

Yy (AV,ul + AV,0?) = —V, - (AV,dd + AVyul) = =V, - cwlyp = V- curlyyp

Again, this implies that there exists ¢ = ¢(x,y) with zero average in y, such that

AV ul + AV u? — curlyy) = curlyg.

The field ¢ is smooth with respect to y and has H! regularity with respect to x. Finally, we
get that

V- (Akuﬁ/Avyu?) = V- (curlyyp + curlyg) = Vg -curlyp = =V, - curlyé.

Thus, we can set
W(z,y) = —curly¢(z,y)
which is smooth with respect to vy, and has L? regularity with respect to . The keypoint is
that V, - W = 0, so that there is no lack of regularity.
From these considerations, it follows easily that

Il < ae?

with a constant a depending only on the H? norm of u', and the H3 norm of u°. Back to
(3.7), a simple energy estimate gives the O(g?) bound.
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3.4 Boundary layer estimate

This paragraph is devoted to the homogenization of the system

—V-A(é)wgl:o, z € 99,

uy; = —ul(z,x/e) — ev?(z,x/e), x € O

which is satisfied by uy, := u;f + suil’g. We expect uj; to have an expansion of the type

N
uip = Y (vhiaafe) + ewfy(e,a/e))

k=1
where v, = vf (z,y), wl = wh(z,y) are defined on the half-space Q°F, cf. section 2.

Plugging the expansion in the system satisfied by uj;, one finds that vl’fl satisfies the
system (2.1). The well-posedness and qualitative properties of this system have already been
discussed. By our choice of 4!, the solution v{fl converges to 0 as (y - ng — c/e) — +o0, with

a decay rate better than any power of |y - ng — c*/e|.

The next order term wfl satisfies formally:

i (3.11)

—Vy - AV, wfl = fka Yy e Qg’k,
Wy = —u2(x,y), ye 8957’{7

f* =V, AVl +V, - AV,0p.

Remark that, by decay properties of vl’fl, f* goes rapidly to zero as (y - ny — ¢*/e) — +o0.
System (3.11) is of course very similar to system (2.1), and can be solved in a similar manner,
taking advantage of a quasiperiodic setting. Proceeding exactly as in section 2, it amounts
to solving a problem of the form (2.7), with an H which is not anymore with compact
support, but satisfies ¢ agafH e L? for all m,a, k. The arguments for well-posedness and
convergence far from the boundary extend easily to this setting. In particular, the conclusions
of Propositions 4 and 5 are still valid. Hence, one can find w}, = wf;(z,y) solving (3.11), that
converges fast to some w*>(z) as (y-n* —c¥ /&) — +oo. Note that wf, involves linearly second
order derivatives of u°, and first order derivatives of @!, so that it has H'NC? regularity with
respect to x.

Our goal is to derive a O(¢) bound in L*(Q2) for &, := €5, —e > wh(z,z/e). As

lwhi (e, 2/e)ll12() = O(1).

the “boundary error estimate” will follow, concluding the proof of Theorem 1. The field é3;
satisfies ‘
-V-4 <g) Véy =rp, v €Q, Eloa = oy,

where
= > V- <szvfl+Avyw§Z) (x g) +ed V. (Avxw{fl (g)) (@),  (3.12)
e = —ul(@,a/e) — ew?(vafe) = Y (vhilw,w/e) + cuwfi(@,n/e)) oo (3.13)
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Control of the source term

The source term 7, is made of two terms.

The second term in the r.h.s. of (3.12) is of the type e V - R® where ||R||12(q) < C.

The first term in the r.h.s. of (3.12) reads Y 7¥(z, z/¢) for some r* = r*(x,y) built after
V:v“z]fl and Vywl’fl. By properties of these boundary layer profiles, the field r* has L? regularity
in x, is smooth in y, and goes to zero as (y - n* — ¢¥/e) — 400, faster than any power of
(y - n* — ¥ /&) uniformly in z and . For any e € H} (), we have

le]

rk <x g) /|7"k x, =) d(x,00) i, aQ)d
/ el (2.2 dte %) d(;fgm i
el

x E_ k e k k_ ok

bl .nk_ S bl B < .
/erkl(:v,s) ont =t gl de < e [ty ot = el g Gde
Cel|Vel 2@

IN

IN

IA

where the last inequality stems from Cauchy-Schwartz and Hardy’s inequalities.

Gathering these bounds gives

gl 1) < Ce. (3.14)

Control of the boundary term

We will prove that
letllwi-vrraa) < Clp)e, Vp<2. (3.15)

Before that, let us show how it implies the bound we want on ¢&j;. First, it allows to introduce
a field ¢° satisfying for all p < 2:

¢* e WH(Q),  ¢loa = ¢k, [0 lwir) = O(e).
The remaining term e® = &, — ¢° satisfies
V- (A(x/e)Ve®) = FE in Q, € loga=0, F°=15 -V (Alx/e)Ve) € WP (Q).

We can now apply general results of Meyers [8] on elliptic equations in divergence form with
bounded coefficients. These results extend straightforwardly to elliptic systems (i.e. when
n > 1). As a result, there exists p,, < 2, such that for all p,,, < p < 2, €° satisfies

lellwir) < CO) [E lw-10) < Clp)e,

combining (3.14) and the estimate on ¢°. The L? estimate on e°, and then on &, follows from
Sobolev imbedding.

Hence, the last step is to obtain (3.15). We first focus on one part of ¢y, that is

Qo 1 T —ul(z,2/e) — val:vac/s
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We shall prove that
||<Pv||W1—1/p,p(aQ) = 0(e), Vp<2.

By construction of the vy;’s, one can decompose

po(z) = V(z,z/e)Vu'(z) = <—x(fﬂ/€)+ZVk(fv/€)> Vu'(z),
k

where
V=V), x=x%W), VE=vF(y)eM,(R), a=1.d, k=1.N

denote as usual families of matrix fields. Note that y is the solution of the cell problem (1.4).
By construction of the boundary layer profiles, v{fl and its derivatives go to zero uniformly as
y-nF — ¥ /e — +o0, faster than any negative power of y - n* — ¢*/e. Moreover, for any k,

Polognrr = — Z Vj(i/f) VUO(@'
J#k
Let v be a smooth function on 0f2, compactly supported outside a neighborhood of the edges
and vertices of (2. Above remarks lead to: for all p < 2,

19 eollwi-rmnon) < 10 eullmrzen = Come™ IVUlllrpe < Come™  ¥m,s.

Hence, the main problem in establishing the O(g) bound comes from the edges and vertices
of the polygon. In particular, we will need to use cancellation properties of Vu® there.

Let us first consider the case n = 2. Let O be a vertex of 2. We introduce polar coordinates
r =r(z),0 = 0(x), centered at O. Let ¢ be a smooth function supported this time in a vicinity
of O in 9Q. We remind the standard estimate: for all f, g € L%(9Q) N WI=V/PP(HQ),

£ gllwr-sinsiony < € (oo Iglwi-vmrony + Iglioeon 1 Flw-msony) - (3:16)

From there, we deduce

0
192 ollyya- Upp(aQ) = ||T/} ||W1 vewan) VT V(/€)llL= o0

+ |9 THLOO(c’?Q) [ r V(- /e)llwi-1mpo0)-

We emphasize that
0

0 VT“ e LX) nwWi=/Pr(oQ), vp<2.

Indeed, as u® satisfies a Dirichlet condition at 92, Vu® cancels at the vertex O, and Taylor’s
formula gives

0 1
Vu(z) = x/ vVl (tz) dt.
r lz| Jo

By assumption (A0), it clearly belongs to L®(9€) and to W1P(Q2), hence to W1=1/PP(90).
Note however that it does not belong a priori to H/ 2(0€). This is a reason why we consider
LP spaces for p < 2 and use Meyers theorem.
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It remains to control the function r V(-/¢) in a vicinity of O in 9. This vertex belongs
to two sides, say K1 N9Q and K2N9Q. We can always assume that § = 0 corresponds to K
and 6 = w corresponds to K2. Note that by convexity, 0 < w < 7. For j # 1, by properties
of the boundary larer profiles,

17 V(- /o)l asoankz) = OE™), Vm,s.
We can therefore neglect such terms. Then:

[V (-/e)ll Lo @onkzy < C sgg r ‘Vl(rcosw/e,rsinw/s)‘

IN

g
¢ ——sup |ya| [V (y1,p2)| < Ce.
sinw 4

Similarly,

cl+1/p 400 1/p
sup </ 1V (g1, 90)[” dyz) < O,
0

[ V(-/e)llLr@nni) < C oy

Applying the same reasoning to the tangential derivatives, we get

1V (/D) i oank) < C'eP.

We can of course proceed in a similar way with the other hyperplane K, and we end up with
[V (-/e)ll e a0) = Ofe),

[TV (-/e)llL1oa) = OE ), [V (/o) lwiran) = OE?).

By interpolation of the last two inequalities, we get

197V (-/&)llwr-1/pn () = O*/7)
which gives the bound we want for the case d = 2.

When d = 3, the computations are almost the same. We have to distinguish between the
case of an edge and the case of a vertex.

e In the neighborhood of an edge, but far from a vertex, one can use locally cylindrical
coordinates (r,0,z), where r = 0 corresponds to the edge, z is the variable along the
edge, and @ is the angular variable. Again, the edge is the intersection of two hyperplanes
K' and K?, with # = 0 corresponding to K, whereas # = w corresponds to K2. The
computation is exactly the same as for d = 2, and we leave the details to the reader.

e In the neighborhood of a vertex O, one can use spherical type coordinates. Precisely,
we consider a plane H near O, transverse to the sides that contain O. Its intersection
with Q is a two-dimensional polygon Q. We describe 99 near O by the coordinates
z=rs,r>0,s¢e 0. We use this time the decomposition

vVl (z) )

|7s]

W ou = Wrs| V(e/e) (w
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for 1 = 1(x) a function compactly supported near O. Thanks to (3.16), we must again
evaluate (¢ |rs|V)(x/e). For instance,

[|rs| V(z/e)l|pean) < € sup |o| V(o) < Ce
SN

The treatment of the LP norm and WP norms are similar. We end up with

[lrs| V(@ /) llwr-1/mnany < Ce7P,

which concludes the study of ,.

To establish inequality (3.15), it remains to handle the other part of ;. Namely,
Ow = —u?(z,x/e) — wal(x,x/e)
k
should satisfy

H‘Pw”wlfl/p,p(ag) = 0(1), Vp<2.

Again, by properties of the wffl’s, we can write

0w =W(x/e) V2O (z) + W(z/e) Val(x)

— (—T(x/E) + Zw’%x/e)) Vil (z) + (—x(x/e> + ZW’“W@) Vi'(z),
k

k
where
W=w¥w), T=1%@), Wk=wkebu) e M,(R), o,f=1.d, k=1.N.
and
W=wW%%), x=x%0), WrF=wkre(y) e M,(R), a=1.d, k=1..N.

Note that T and x are the same families as in (1.9)-(1.4).

Contrary to the previous fields V*, the fields W¥, resp. W* converge to non-zero constant
fields W, resp. W*°°. To overcome this difficulty, we introduce the field oY, defined by

o = > W VRO(z) + Y W Vial(z), ze€o0nKF
J#k J#k
Note that ¢ can be decomposed in products of the type fg, where:

e f involves either second derivatives of u’ or first derivatives of u!. By (A0) and (A1),
it belongs to H(Q2) N CO(1Q).

e g = ¢* is constant on each hyperplane K*. Direct verifications show that

g e Wlfl/p’p(E)Q), for all p < 2.
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For instance, when d = 2, the only regularity problem lies at the vertices of €2. Let O be
such a vertex, belonging for instance to K N K?2. It is then enough to find G € W1P(Q
such that Glpg = ¢ in a vincinity of O. As before, we consider polar coordinates r,
centered at 0. The angle 6 = 0 corresponds to K, and # = w corresponds to H'.We
take

0 6
G =(1—-sin <;Tw) )g1 + g2sin (;}) e WhP(Q), Vp<2

We stress that such a field G is not in H'(£), so that considering p < 2 is again needed.
When d = 3, the treatment is similar and left to the reader.

We deduce: [l9g ([ y1-1/0/0(a0) < +00. Now, one has for any k = 1...N, for all z € 90N Kk,

puw(r) = ¥y (z)
+ D Wia/e) = WH¥) V2 (@) + (W (a/e) = W) Vil (x).
J#k
Hence, up to replacing ¢, by ¢ — @5y, we can always assume that Wk =0, Wk =0,

At this point, the estimate on ¢,, can be obtained along the same lines as the estimate on
¢p. As we only need a O(1) bound, the situation is simpler: we do not need extra terms like
r (for d = 2) or rs (for d = 3) in front of the boundary layer terms W(x,z/c) and W (x/¢).
In other words, we do not need any cancellation property for V2u® or Va!'. This concludes
the proof of Theorem 1.
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