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Abstract

In this paper, we continue our investigation of the relation between various systems
that can be derived from the Klein-Gordon-Zakharov system in the high-frequency
and subsonic limits. In this paper we start from the singular nonlinear Schrédinger
system which was derived in [15] and derive the classical nonlinear Schrédinger
system in two different limit cases. These two nonlinear Schrodinger systems have

different coefficients in the nonlinearity.

1 Introduction

In [15], we investigated a resonance phenomenon in the high-frequency and subsonic
limits of the Klein-Gordon-Zakharov system (KGZ)

¢2E -~ AE+*E=—-nE, E:R R

. (1.1)
a™?ii — An = A|E)?, n: R - R,

where I/ and n describe the Langmuir oscillations and the ion sound waves in plasma,

c? is the plasma frequency and « is the ion sound speed. Under the resonance

condition ary = 2¢? with arbitrary fixed ~y, we derived the following limit system :
. 1 _
2iE — AE = |E|’E + 5,47(1@ -EHEL, (1.2)

where E = (E,Ey) : R — C3 x C? comes from the two modes of oscillations in
FE of KGZ, E* = (E,, Ey), and A, denotes the following singular operator
V[? iy 1L |V V|
A, =PV — Ov|=—y = = , 1.3
' (\W—w 2 T TNy S
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which comes from a careful analysis of the resonances in KGZ.

In this paper, we will take (1.2) as our starting point and study the two limits
~v going to 0 and v going to oo. The dimension six of the range of E is completely
irrelevant throughout this paper. Also the transform E — E! can be replaced with
any complex linear map.

In the limit v going to co, we prove the convergence towards the following coupled
nonlinear Schrédinger system (NLS)

2 — AE = |E|’E. (1.4)

This is exactly the system derived in [13] and [14] as the limit of KGZ for (¢, o) — o0
in the case @ < c¢. In the limit v going to 0, we prove the convergence towards the
following coupled nonlinear Schrédinger system
2K, — AE, = ([E1|? + 2|E2|>)E; 5
2R,y — ARy = (|Ey|? + 2|E,|H)E, '

which is the system derived in [11] as the non-relativistic limit of the nonlinear

Klein-Gordon equation:
¢ ?E - AE + *F = |E|E, (1.6)

which can be derived from KGZ if we send « to oo while keeping ¢ fixed [3].

Our goals in this paper are to rigorously affirm that nonlinear resonances can
lead to different NLS’s depending on the way (order) of taking the limits, and to
propose the equation (1.2) as a simple model connecting such different limits by one
parameter of the resonant frequency.

2 Preliminaries

Before stating our main results, we need to introduce several notations. First we

define
(a) == (1 +[a)"?, (a,b) = R(a-D),

(flag), = /R3 (f(x),g9(x))dzx, (u] v)m = /R1+3 (f(t,x),g(t, x))dtdz,

where a, b, f, g, v and v may be scalar or vector valued.

(2.1)

2.1 Fourier multipliers and frequency decomposition

We define the space and the space-time Fourier transform by

Fap=56) = [

RS

o(x)e ™™ dx,  Fyu = a(r,§) :/ u(t, z)e T dtdr.  (2.2)

R1+3
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For any function ¢, we define the Fourier multiplier (V) := F5 ' (&) Fs.
Next we introduce smooth cut-off in the frequency. Let x € C§°(R"™) satisfies
0<x <1 x(&) =1for [{ <1and x(§) =0 for |{] > 2. For any a > 0 and any

function ¢, we denote

fﬁa = X(’v/a‘)fa f>a ::f_fgm fa<-§b = be_fSa' (23)

For the singular frequency v, we need more precise cut-offs.

Definition 2.1.

F=0(UV/ I =0V fx=Ff—Ff fe=F—f (2.4)

where ¢, ¢ € C5°(R) should satisfy

(S1) ¢(r) =1 around r = 1.
(S2) ¢ = 1 on a neighborhood of supp ¢.
(S3) If ¢(r1) = p(ry) = 1 then 2r2 > 72.

To fix the estimates, we choose them such that gzvﬁ(r) =1 for 8/9 < r < 10/9,
supp ¢ C (7/8,9/8), ¢(r) = 1 for 6/7 < r < 8/7, and supp ¢ C (5/6,7/6).

Also we denote for sufficiently big number N > 1 (depending on the choice of
the above cut-off functions),

f<<a = szz/Na fza = f - f<<a~ (25>

For example, we can choose N = 999 for the above particular choice of ¢ and (;AS

2.2 Some spaces

When dealing with the limit v going to infinity we will work in a space with different
Sobolev regularities depending on the frequency. We denote the inhomogeneous
Besov space by By = B, ,. For any §>s>0,0<e<1and~vy> 1, we define the

space G;’T’S/ by the norm

1ll g = llo<ye I 5 + 7 oy callBy + 97 losn |l s

(2.6)

~ llells; + 7 o<y llzg +7° el

where 7 := (s’ — se)/(1 — €) is chosen so that the second norm is larger for |£| > ~©
and smaller for |£| < ¢ than the first one. On the other hand, the third norm is



smaller for || > 7 and bigger for |£| < v than the second one. In particular, we

have
By =Gy C G*r. (2.7)
We will omit € and p = 2, i.e.

G;,s — G;,s,s , Gs,s — G;’S . (28)

We also define the Fourier restriction space X*? on R'*3 by the norm

1 Fllxcse = 122 f | o (2.9)

and its 7-dependent version Y% by

1.f]

itA )2
e = [ gy et (2.10)
Those norms can be defined through the space-time Fourier transform, such as

xen = [[(€)°(2r — €% Faul e (2.11)

|

We also define the space X by the norm

lulle = ug v 4 [lusll xo-s2a. (2.12)

In order to use those norms for the local solutions in a uniform fashion, we
extend the integral equation to the whole line. For 0 < T < 1, we define the

extension operator pr from [0,7] to R by

f(t) 0<t<T),
prf =1 fRT —t) (T <t<2T), (2.13)
£(0) (otherwise),

and the associated integral operator Zy by

t
Tef=pr [ f(5)ds (2.14)
0
Then we can formulate the extended integral equation for (1.2):

. 1 . ‘ 1 —
E = x(t)e "22E(0) + Q—ie_’tAﬂITe“A/Q [|E|2]E + 5 A(E - EHEL|, (2.15)



where x € C§°(R) is a fixed cut-off satisfying x(¢f) = 1 for |t| < 1. Clearly, any
global solution E of this equation satisfies (1.2) on [0,7]. Conversely, given any
local solution E on [0, 7], we obtain the unique global solution of the above which
is equal to E on [0, T, just by plugging the local solution into the right hand side.

In the following, our solution E will be always a global solution of (2.15). For

brevity, we will also denote

1 . .
Sp = Q—Z_e_ltA/QITe”A/Q. (2.16)

3 Main results

In this section, we state the main results of this paper. We start by the limit v going
to infinity and state two results. The first one is set in the Sobolev space H® for
s> 3/2.

Theorem 3.1. Let s > 3/2 and EY be the solution of (1.2), on a mazimal time
interval [0,T7), with the initial data EY(0) such that EY(0) goes to E>(0) in H*
when v goes to infinity. Let B be the solution of the NLS

2K — AE = |[E|’E (3.1)

on the mazximal time interval [0,7°°). Then, we have in the limit

liminf 77 > T°°,

- (3.2)
EY — E* in C([0,T]; H?),

forallO < T < T.

The second result improves the regularity for the frequencies different from ~. It
is set in the space G** for s > 1/2 and s’ > 3/2. The first theorem is contained as
the special case where s = s’ > 3/2.

Theorem 3.2. Let s > 1/2, ' > max(3/2,s) and 0 < e < 1. Let EY be the solution
of (1.2), on a maximal time interval [0,T7), with the initial data EY(0) bounded in
G=**" and converging to E®(0) in H® as~ goes to infinity. Let B be the solution of
the nonlinear Schrédinger system (3.1) on the mazimal time interval [0,T°°). Then,
we have in the limit iminf T7 > T, and for any 0 < T < T,

E' — E> in C([0,T]; H), (3.3)

and moreover they are bounded in C([0,T); G=**') (with bounds depending on T ).



The unconditional uniqueness for the cubic NLS in H'/?(R3) is an open question.
Hence the maximal existence time in this case should be defined in the restricted
solution class with finite Strichartz norms. Specifically, we have for all 7" € (0,7°*),

E>* ¢ C([0,T); H*) N L*L%(0,T), (3.4)

and if E* € L*L5(0,7°°) then T> = co. The L*L’ norm is controlled by the H®
norm in the case s > 1/2. Moreover the bound on ||E7HLOO(O7T;G5,S,SI) can be given in
terms of the initial bound and ||E*|| pe (0.1 m5)n 2426 (0,1)-

It is in general easy to consider stronger convergences. In particular, if we assume
that initially the second and the third components in the G®** norm (2.6) go to
0, then it persists for later time up to the maximal existence of the limit solution.
That can be seen in the later estimates, just by dropping the first component in
the second line of (2.6) whenever we apply that norm to functions with the highest
frequency.

The next result concerns the convergence when 7 goes to 0.

Theorem 3.3. Let s > 1/2 and E7 be the solution of (1.2), on a maximal time
interval [0,T7), with the initial data EY(0) such that EY(0) goes to E>(0) in H®
when v goes to 0. Let E*> be the solution of the NLS

. 1 _
2iE — AE = |E|’E + 5(IE -EHEL, (3.5)

on the mazximal time interval [0, 7). Then, we have in the limit

liminf 77 > T°°,

. (3.6)
E” — E* in C([0,T]; H?),

for all0 <T < T.

The coefficients in the second limit NLS was written more explicitly in (1.5).

The rest of the paper is organized as follows. The next 4 sections deal with the
limit v going to infinity and more precisely with the proof of Theorem 3.2.

We point out that the critical case, namely s = 1/2 and s’ = 3/2 requires
more work. In subsection 4.1, we estimate the singular term in L* in space. Then,
in subsection 4.2, we prove the Strichartz estimate for the nonresonant part. In
section 5, we prove the estimate in the X space and in section 6, we give the energy
estimate at the resonant frequency, thereby concluding uniform boundedness of E”
in subsection 6.1. Section 7 is devoted to the convergence proof.

Finally, Section 8 is devoted to the limit v — 0 and the proof of Theorem 3.3.

In the appendix, we give two proofs of the L* bound on the operator A,.



4 Strichartz estimate at the nonresonant frequency

We start here the proof of Theorem 3.2. In this section and the next two ones, we
will give uniform estimates which yield the existence of a solution to (1.2) on some
small time interval (0,7") which is independent of 4. The goal of this section and

sections 5 and 6 is to estimate those norms
Il e oy Elxom,  [El~oman) (4.1)

uniformly in v on a fixed short time interval [0, 7).

The most difficult case is the critical case, namely s = 1/2 and s’ = 3/2. In
particular there is a difficulty related to the lack of the L*° estimate for the low
frequency part due to the failure of the Sobolev embedding of Bé/ ? into L. We

start here by estimating "EX‘|L2GZ’S/(O,T) + Bl e o,m60¢)-

4.1 Linear and quadratic estimates

Proposition 4.1. If E € L>®(0,T;G*) and Ey € L*Gy*(0,T), then we have

_ 1/2 1/2
1B | azoe S TV V2 Byl ooy + 1 E< 132 el E< 12 e

R (4.2)
1B |zsze SNENZ e | BN e
HA’Y(EZ)’VYHLBBZ/*WQ 5 ||E||L8L4 ||E2’YHL°°(73*S/H5)7 (43)

where L9 denotes the Lorentz space.

Trivially we may replace L°HY? with L®G>* and L2B¢/* by L2G5*. Also
remember that the last norm is the component for [€] > 7 in the norm G5

Proof. For the first inequality, we just use the Sobolev embedding for E;. For Ey,
we use the complex interpolation and then the Sobolev embedding (into the Lorentz
space for the first inequality). The second inequality follows from Holder after the
embeddings H'/? ¢ L3 and L%? c LS.

For the estimate of A, (E?)s, we use the fact that, when restricted to frequencies
of order v, A, is bounded from L*3 to L* with a norm bounded by 7%/? (cf. Ap-
pendix). Notice that (E?)5 is bounded in v~ L8L%3. Indeed, expanding E? by
E = Ecy+ E>,, we have (E«,)? = 0, and the other terms are bounded by putting
E>. in L>®(v*~* H*) and the other function in L3L*. O



4.2 Cubic estimates
Proposition 4.2. If E € L>(0,T;G**) and E € L2G5*(0,T), then we have
I(E* + A, (E)x )EHLQGs ;

II[AW(EQ)E]XHLSG“ HE>WIILOO )
(v

' S BN g

EHL4L67

(4.4)
EHL8L4

Proof. The terms E?E are estimated by the standard Littlewood-Paley decomposi-
tion of the three functions, putting the highest frequency part in G** and the other
two in LS.

Remark that for the high-high interactions, namely when the product has lower
frequency than the highest one, we get even better decay for Gf;sl compared with the
standard Bj. For example, if the highest frequency £ is put in the third component

in the norm (2.6) and the product is in the second one, then the gain is

G/ K/y) =GR G/ < GRS, (4.5)

where on the right we put the gain in the case of B, for comparison.

The term with A, (E?)¢ is treated in the same way, because the operator A,
restricted away from the singular frequency + is uniformly bounded in any Besov
space. Integrating in time, we get the first two inequalities in (4.4).

Now we treat the term with A, (E?)5. The point here is that

A (E?)5E<y)x =0, (4.6)

because of their Fourier support ((S2) in Definition 2.1). For the rest, we use (4.3)
for the singular part, and put EZW in L"O(WS_S'H #), which dominates G** in this
frequency band. m

Finally, combining the above estimates with the Strichartz estimate

|’STfHL2B;2erooHS S Nl z2se +L8/5B;3 (4.7)

6/5,2 4/3,2

in different regularities, we deduce the following proposition. The operator S; was
defined in (2.16).

Proposition 4.3. If E € L*(0,T; G**) and Ey € L*G*(0,T), then

||ST[(E2 + A E2) ]XHLQGS S' AL Gsss’
S (TP + TPy BN wgas + 1 Ell pmgew

5/2 1/2
+ TV B2 . Bl

E|Faze (4.8)

For the last term, we applied (4.2) to the L8L* norm.
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5 The X estimate

In this section, we derive the X*® type estimate. Recall the space X defined in
(2.12).

Proposition 5.1. If E € L>(0,T;G**') and Ey € Str**(0,T), then
ISr[(E* + A, E*)E] |+

STV NE o + 1Bl g | Bl 2 (5.1)
_ 5/2 1/2
+ TV EI2 o 1Bl gazs + VAT B2 BN
Proof. The left hand side is bounded by
I(E? + A E)E ¢ || age-ro-s + |[(E? + A EXELs || o ggor-sse- (5.2)

Notice that the first norm is stronger than the second at frequency ~.
First in the cubic term (E? + A,(E?)x)E, we put one of the E’s having the
highest frequency into G** and the two others in LS. Hence the product satisfies

I(E* + Ay (E*) %) Ell 211 S N Ell oo

where the regularity loss is due to the Sobolev L5/°> ¢ H~.
Next we estimate A, (E?)sE«,, which does not contribute to the X frequency

E”%‘*L‘% (5‘3)

thanks to (4.6). Hence we can estimate the product by using (4.3),

E|3s 4. (5.4)

||A'Y(E2):YE<<'Y||L2HS/73/2 SJ T1/4||Ez’y||Loo(,sts’Hs)

For the remaining term with E'>., we put it in L>°(v*~* H*) and use (4.3). Hence
the product is in L3G*=3/%*'=3/* and so we gain additional decay v~ '/47"/8

||A7<E2)'§/EZ'Y||L2G571’5/*1 SJ 7_1/4T3/8||EZ’Y||2OO(,YS—S’H5)

Ellzsa. (5.5)

Using the interpolation (4.2), we obtain the desired bound. O

6 Energy estimate at the resonant frequency

This estimate applies only to the true nonlinear solutions, in contrast with those in
the previous section, which applies to the Duhamel formula. We denote the solution
by [E to emphasize the difference from the general functions E in the previous section.

Proposition 6.1. If E is a solution of (1.2) such that E € L=(0,T;G>*), E4 €
L2GE*(0,T) and E € X (after extending to R by (2.15) if necessary), then we have

the following estimate
2
IO 1318 S 1Bl ooz {IBNpazs + THEN poogesr + T4 E] 2 }

H
X {2 oo + 1Bz | agnor + 1Bzl |




Proof. Here we use the frequency localized version of the “mass decreasing” identity
v
OENZ: = =B - B 72—, (6.2)

which follows from the equation. The right hand side represents the dissipation
driven by nonlinear resonance at the frequency ~.
By inserting the frequency localizer at v in the above identity, we get

1 — 1
SOE | Es), = S(EP | By B, + {9(A,(E B |E; B, (63)
The first term equals
(Ex +E5* | Es-Eg), = S((Ex|” + [E5)* + B - Ex | E5 - Eg),, (6.4)
and the second term
S(A,(EL -Eg) | E;-EL) +S(A(ES -Eg) | E, -EY), o

YT 12 T 112
— I“E’Y ‘E ||L2(|g|:7) - IHE’Y ‘ EX||L2(|£|=’Y)'

The main observation here is that we will be able to estimate all the terms
appearing on (6.4) and (6.5), because of their nonresonance property, except the
last two terms of (6.5), which can be neglected thanks to the good sign.

Now, we estimate the other quartic terms after integrating in time. In the term
with three Ey in (6.4), at least one of them has to have frequency 2 v. We put it
in L2G5* and the two other E¢ in LLS. Hence,

(Exl* By Eg), . S IEs | poo

By (4.2), the right hand side is bounded by that in (6.1). The same estimate applies
to the other terms in (6.4) with Ex>,, so we may replace E¢ in them by E.

E

sl Exlds (66)

To control them and similar terms in (6.5), we need the nonresonant property
stated in the following lemma. We point out that this lemma is not needed if s > 1/2
and s’ > 2. Indeed, in that case we can estimate E; in L?L> by the Strichartz and
we get better decay for the frequency of order ~.

For § > 0, we decompose each function F(t, z) with respect to the distance from
the characteristic 7 = |£]?/2 as follows. Recall that our solution to (2.15) is defined
on the whole space-time.

EC = F (|7 — [€12/2|/6) FsE Ef = F - E°, (6.7)

where y is the same cut-off function as in (2.3). Also, to simplify notation, we will
denote B = EC. Tn addition, for any interval I € R, we denote the characteristic
function of I by I itself and define

I°=F ' x(I7l/0)Ful - T =1-1°. (6.8)
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Lemma 6.2. There exists € > 0 small such that for § < ey? we have

= (EL EL | ECEC> = (EL ES, | ESESIC), .

= (EC,Ef | ESED), , = (EC.EY | ESESIC),

— (A,(BSES,) | ESRS), = (A,(BS,BS,) |ESECTS),, ()
0= (A, (BS,E) | BSES),, — (4,(ES,ES) | ESESIC),

Proof. We only consider the version without A, and I, since the others are proved
in the same way. Those space-time integrals are given in the following form by using
the Plancherel identity,

/ Fo(7o, €0) Fy (1, €0)Fa(7a, &) Fi (75, &) drodéy drody drd,  (6.10)
where (71,&;) and (73,&3) are such that

(7—07&)) + (7—17§1> = (T27£2) + (7—37§3> = (7-7 5)7 (611)
and each I comes from some cut-offs of F4[E, supported in

Sl < v, &) < (1 +01)y, min(|&], [&3]) > (1 —60s)y,
270 — &Il S &v*,  12n = &l S e, (6.12)

1272 — [&]] S 572a 1273 — |&]] S EWQ,

for some small 61,05 > 0 determined by the support of gg in Definition 2.1.

To prove that the integral vanishes, we will prove that the intersection of those
supports is empty. Indeed, if (79,&0), (71, 1), (72, &2), (73,&3) are all in the supports,
then we have

0=|m+m—1—m7
> [&]* + |&I° — (6ol — &)
— 270 — |&f*| = 1211 — [& ] = 1272 — [&[*] — 273 — &)
> 2(1 = 02)*y* — (1 +61)°7* — o(?),

(6.13)

for ¢ > 0 small enough. Now the support property (S3) in Definition 2.1 implies
that

2(1 = 6)* > (1+6,)?, (6.14)
which gives a contradiction (for appropriate choice of ¢ and F«. in (2.5)), meaning

that the support intersection is empty. O

11



Now, we apply the above lemma to the terms appearing in (6.4). For the second

term in (6.4) (after disposing of the part Ex>,), we have
(Es* | By - By 1)y, =(E&,Eq | By - BI),

+(ELES | Es - Bs)

t,x
t,x

ECES | EX - E41)

NG t,a

+( (6.15)
+(EC ES | ES - EFT)
+

LYy t,x
C @C | RC .RCF
]E<<WE& |]Eﬁ 'Eﬁ] >t,:r:’
where I = [0,7"] for T" € (0,T). The second, the third, and the fourth terms are
estimated by using that
IS r2re S 292 | Bs | (6.16)

Then they are bounded by

VT Byl s 17 o o [ B [l 5. (6.17)
For the first term of (6.15), we use
B 22 S 7727 1B x- (6.18)
Hence it is bounded by
VT x| Bs | gy (6.19)

The last term of (6.15) is bounded by

_ad
VN ES | e o B oo

Lo prs I S TV 2By o 1B poeens (6-20)

L>Hs

where we have used that [ |I7|dt < min(y~2,T).
Remark 6.3. For the above term (|E;? | E¢ - Es), . we could have used the fact

t,x’
that By € (L2H®, X¥~3/21) 5, C L*B{ ™", However, this observation does not
simplify the proof for the term (Eg -E; | Eg -Es), , and moreover it is far from
sufficient for the corresponding terms with the singular operator in (6.5).
o M8 > 1/2, we

only need Strichartz estimate since E«., would be in L2L>. If s = 1/2, we have to

Now, we estimate the last term in (6.4), namely (E% | EZ2)

use the nonresonant property and argue exactly as above. Thus it is bounded by

73/2*35/T1/4]

’E&HXHE’YHLOOHS’ ]EHLOOG&S’ ]EHL4L6
+ T2 B e 1B )2 s o I oo oo (6.21)

o+ TP B I o [E N e

12



For the terms in (6.5), we may replace A, (E?) with A,(E?)s, since we can
estimate the other part A, (E?)x as in the case where there is no singular operator.
We decompose the first term of (6.5) into

<A’Y(E# ’ ]E<<v)ﬁ | E# ) ]E‘/>t7x + <AW(E&L ’ EZW)‘/ | ]E# 'E?> (622)

t,x’

and for the second term we used the fact that A,¢(|V/y|) maps L¥?! into L with
a norm bounded by Cv? (See [15, Lemma 4.2] for the estimate on the singular part.
The order in 7 is given by scaling.) Hence

||-AW(E&L ) EZW)WHL"OLW S 71_28 ’72||]E27||ioo(7sfs’Hs) (6-23)

and hence the second term in (6.22) is bounded by v*~4*'T||E>, |2 o yos’ 1oy | Es 17 < por-
For the first term of (6.22), we use the above lemma, writing the decomposition
as in (6.15). For (A,(E{* - Eg,)s | Ex -E51I), . we use that

IES - Earllpaspozn S NES llrere | By llparoa. (6.24)

Then, using that A,¢(|V/y|) maps L¥?! into L with a norm bounded by C~?,

we can dominate this term by

T |l 1B azo2 15 | o o (6.25)
Using (4.2), we can bound the right side by that in (6.1).
For (A,(Ey -EL )s | Ef - Es1), . we use that
IS - EZ llozers S 750y 21 Bs | poe oo | E L 2 (6.26)

and that A,¢(|V/v|) maps L%® into L® with a norm bounded by 42 (cf. [15, Lemma
4.2]). Hence this term is bounded by

T1/2’73/2_S/’7_25/ ||E:y ||3L>OOHS/

E|lx (6.27)

The estimate of the other three terms are the same and we do not detail them.
We get

(A (ES - ES,)s [ EfY - Esl), | STV BN x| Egllazo Bl o
(A, (BS - EL)5 | ES-ELT), | S T4 B el Bt | ozoal|Bs |7 s (6.28)
|<A7(Egl 'Eiw)& | EgL ’ EgIF>t,g;‘ STV B e o Eﬁ”iooHs"

Finally, we treat the second term in (6.5). Here, we can not use the nonresonant

property. However, by the Fourier support property (S2) in Definition 2.1, we have
(E)LA( 'E<<“/)’Y =0= (Eéw ) EX)% (6'29)
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hence by using Holder,

IS - Ex)sllsspis S NE g [0/ s0

—2¢/ 5/4 3/4 (6.30)
</y ||E 'YH s S/HS) X>7||L2G55
and so by using the L*3 — L* bound on A,
5 4 3/4
AL B B yllmsss 772 B2 2L (630)

Then, we put the last E¢ in L3L* by (4.2) (notice that this part may have low
frequency), and the term is controlled by

s 5 4 3/4
T2 B o g 1B 1 g | Bz B o (6.32)
which is dominated by the right side of (6.1) due to (4.2).
[l

6.1 Uniform estimate

For the global solution E of (2.15) for any fixed T € (0,1), we denote
=Bl wgess 5= Bxllpagees X = [Ellx, L= [E]pLs. (6.33)

Notice that by definition of the integral equation (2.15), those L} norms on t € R
are dominated by their restriction to [0,7]. We also denote the initial data size by

G(0) := [IE(0)|

Note that L(0) — 0 as T — 40 uniformly for 7 — oo, because E(0) — E*(0) in
H*. This is essential in the scaling critical case s = 1/2.

Gss's L(O) = HG_itA/Q]E(O) ||L4L6(O7T)- (634)

Putting the results of Propositions 4.3, 5.1 and 6.1 together, and using that
(LG L2Gy™ )1y C LALS, we deduce that

L<C{L(0)+[L+TY'G)*G},
S+ X < C{G(0)+[L+T"'GPG}, (6.35)
G < C{G(0) + [L+TY*G+ (T + 1/)* XX (G + 9)},

for some absolute constant C' > 1.
Take M > 2(C + 2). Then for small 7" > 0 we have

8MEC[L(0) + TY*G(0) + (T + 1/)Y*G(0)(G(0) + 1) < 1/2. (6.36)

14



More precisely, there exists Ty > 0 such that if 7" < Tj then the above condition
holds. Note that T is independent of v, because L(0) — 0 as T' — +0 uniformly in
v, and G(0) converges as v — o0.

We may assume that G(0) # 0 since otherwise the solution is trivial. Suppose

that we have
L < M[L(0) + TV*G(0)], G < MG(0). (6.37)

Then from the above inequalities we obtain
L < CL(0) + 4M3C[L(0) + TY*G(0)]*G(0)
< (C+ V[LO) + TG(0)] < L) + TG(0))

S+ X < CG(0) + 4M3C[L(0) + TY*G(0)]*G(0) (6.38)
< (C+1)G(0) < %G(O),
hence in the same way we get
G < CG(0) + 8M*C[L(0) + TV*G(0) + (T + 1/)"*G(0)]*G(0) 69)

< (C+1)G(0) < %G(O).

Since (6.37) holds at least for sufficiently small 7" > 0 (it may depend on 7), and L
and G are continuous with respect to 7', we have (6.37) as long as (6.36) is satisfied.

Thus we have
Il oo 0,7) + B 2 0.0y + [Ell e < MIEO) e (6.40)

for T <Ty.
It is classical to construct solutions on a fixed time interval using the above

uniform a priori estimates and we do not detail this here.

7 Convergence proof

For the convergence proof, we use the Duhamel formula for the nonresonant part
and write
E — E® =¢'3%(E7(0) — E*(0))
+ Sr[([EPE — [EXPE®) + A,(E-EX —E* . E*YHE]  (7.1)
+ Sp[A,(E® - E*H)E].

15



The Strichartz estimate implies
[(E —E*)xllpenmsnrzpg S (B =E=)(0)|[gs + I + L2 + I,
I, == |||E|*E — |]E°°|2E°O||L235/5 + || A,(E-E- —E> - Ewi)XEHL?Bg/E),
I = [[[A(E - E*);Elg ey
13 = HA’Y(EOO . ]EOOJ')XE”LZBS/S.

(7.2)

Estimating in the same way as in (4.4), we obtain

I S E = E¥|| peo gsnpars|[[E] + [E*||pazs

X {[Ellzoersnzare + [|E=|[ oo mrsnrars} (7.3)
]2 S T1/278_8/||E2,7”200(

'yS_SIHS) E||L8L4.

In addition, we have
I3 — 0 (7.4)

as v — 00, by approximating E* by C* functions.
If s < &', then I, — 0, and H]E||L4L6(0,T) + ||Eoo||L4L6(O,T) < 1if T > 0 is small
enough. Since the L*L® norm is dominated by that of L>®H* N L?Bg, and moreover

vanishing as T' — +0 uniformly in ~, we obtain
I(E — E®) ¢l mrsnrepg < |E = B[ mrsnr2p; + o(1), (7.5)

for T' > 0 small, where o(1) — 0 as v — oo uniformly in 7" € (0, 1).
In the case s = ¢ > 3/2, I does not have explicit decay factor, so we need to
approximate E by E* also in I5. Then we have in the same way as (4.4),
[[A(E B —E* B4 Elg | pvsg
5 Tl/QHEHLO"HS ]E - EOOHLooHsmLSLAL {H]EHLOOHSQLSLAL + ||Eoo||LooHsmL8L4} B (76)
AL B BBl s, S T B o [E s [, e

and the last norm goes to 0. Since the other norms are uniformly bounded, we get
(7.5) for small 7' > 0.

Now, we have to estimate [|(E —E>);||pps. It is enough to estimate ||Es || oo s
since ||E°|| Ly vanishes. Also, if 8" > s, then ||E4|r~ps goes to zero thanks to the
uniform bound in G**. Hence, we have only to deal with the case s = s’ > 3/2.
iFrom (6.1) we have

[I[Es]

welo KBy [l oo + B g Ml oo + B2y 15

S o(1) + B = B[ ooprs + [[(E = E%) ¢l 22; + [Ex, [,
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for small "> 0, and by the same argument for (5.1), we have also
B2yl S 0(1) + [Ezyjallpooges S 0(1) + B = B[ s (7.8)

Therefore in all cases we have
|E —E*||lpecms + [[(E — E>) %[ 125

- . (7.9)
< 0(1) + [|IE = E®|[peens + [[(E — E*) ¢ r28:,

for small 7 > 0, hence E — E*> in L*H*(0,7).

We can repeat this argument from ¢ = T" to prolong the interval of convergence
as many times as we like. Since the smallness condition on T can be determined
only by

Vhfolo €22 E(0)]| s 0,1y = ll€™*E>(0) | s (o1, (7.10)

we can extend the convergence interval as long as E* stays in L*LS, i.e. up to the
maximal existence time 7°°. More precisely, for any 7" € (0,7*°) and any € € (0, 1),
we can decompose (0,7") by 0 =Ty < Ty < --- < T =T" with some N € N, such
that for all j =0,...,N — 1,

1E> || azo(r;,15,0) < € (7.11)

Then applying the Strichartz estimate on I; := (T}, Tj11), we get

le"EIAPES(T)) | azsryy < NE||zazsryy + CNE™ || popre (1) IE® | Za o 1,

7.12
<2, (7.12)

if ¢ > 0 is sufficiently small. Making ¢ > 0 small enough to satisfy the smallness
condition for the convergence, we get the convergence up to ¢ = 77 by N times

repetition of the above argument.

8 The limit v going to 0

To prove theorem 3.3, we first prove the existence on a uniform time interval and
then prove the convergence.

The proof of existence is the same as for the proof of existence for the nonlinear
Schrodinger in H'/2. However, due to the presence of the operator A, here, we have
to choose the Strichartz spaces the right way. We have

5/4
|IE - EJ_||L8/3(BZ/3NB§2/7) S ||]E||L/°°HS

3/4
E| s, (8.1)
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and hence

5/4 3/4
1AL (B - B s, ) S TEITS e B 2o, (8.2)

12/7
Then, we multiply by E
[ A (- EL)EHL‘V?’B;M

S ALE - E)||L8/3(BZ+Bf2/7)(T1/2||E||L83f2/5 + [|E[[s/35:) (8.3)
3/2 3/2
STV BN o s |Ell 25 + (32 EHL/ng

Hence, if G denotes ||E|| Lo (0,7,rs) and Sy denotes [E[[z2ps(0,7), We deduce that

Gr < Go + C|GH2S3? + G2T'?8,]

¢ (8.4)
Sr < e FAE(0) |25 + CIGH2SY? + GRTY2Sy).
Hence, if we choose T" such that
—itA 5
EO)|| 2 < ————
le™* 27 E(0) | z25s < 2Go + 1% (8.5)
T < c
= QG + D (8.6)
we deduce by continuity of Sy and G that
4e 3
Sr < ——, Gr<=Go+ 1L :
T= 102Gy +1» =2 o+ (8.7)

This insures the existence on a uniform time interval.
The convergence proof is exactly similar and much easier than the case v going
to infinity, because

A’y(')>2’y — 1 (88)
strongly on any Besov space as 7 — 0, and
1A (B - EY) <oyl o5 my S 72 (8.9)

We do not give more details. In particular it yields the fact that when v goes to
zero the existence time of the initial system (1.2) 7" satisfies (3.6).

A Appendix: L’ bounds on A,

In this appendix, we prove that when restricted to frequencies of order v, A, is
bounded from L*3 to L* with a norm bounded by 7%/2. By scaling it is enough
to prove it for v = 1. When A, is replaced by dy—i, then the statement is the
Tomas-Stein theorem (see [21]). Here, we would like to adapt that argument to deal

with PV (\V|IVT|24)‘ More precisely, we prove the lemma

18



Lemma A.1. Ifsupp Ff € {1/2 < |{| < 2}, then

VP
1PV NP1 (Nlze < Clfllzars. (A1)

Remark A.2. ThlS lemma also holds in dimension n > 2, in which case L*? is
2(nt1) 2(nt1)

replaced by Lo s and L* is replaced by L -1

We will give the proof in dimension n. In the next subsection, we give an alter-
native proof which uses the Tomas-Stein theorem and gives a stronger conclusion.

For the proof, we follow the proof of the Tomas-Stein theorem (see the notes
of Tao [21]). We denote T' = PVT@?‘;E where supp y € (1/3,3) and x(§) = 1 for
1/2 < |¢] < 2. We also denote K (z) its kernel. One can prove by explicit Fourier

transform

K ()] < Cla| "7 (A.2)

Let ¢ be a radial smooth function which is equal to 1 near zero and which is com-
pactly supported. We define for k € N ¢y, (z) = ¢(27%z) — ¢(2'7*z). Hence, iy (z) =
Yo(27%z) and 1 = ¢(z) + >, Yr(z). Hence, we can write

T(f)=Kx*f=(¢K)xf+> (4K)*

keN

The estimate on the first term is trivial from the kernel bound (A.2). To sum the

other operators, we use the complex interpolation. Hence lemma A.1 follows from

sup | Y 205 IR ) fl e < C |1,

tER  YeN

—1+it)k <A3)
up |3 21k (4 ) w1 < Ol
tER  peN

by interpolating them at 1/2.
Hence, it remains to prove these two estimates. The first estimate follows from
(A.2). For the proof of the second estimate, we have to show that

S 2 kK| < C.

keN

This is a consequence of the following claim

— C+C2k2ra) d

where d = |1 — ||| is the distance from £ to the unit sphere.

(A.4)

I/\ I\/
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First, consider the case d > 27%. Modulo a rotation, we can assume that & =
|€]er. In the following computations, we will omit PV. We have

~ 1 ~ 1
— dy = — "“ldrd
J et = [ e 7“%_17” o
Jk(f—rw) wk(f w)
drd
+/r 1|<d/2 r—1 e

where we put y = rw with w € S™ . The first term on the right hand side is
bounded by C/d. For the second term, we have

(A.5)

/ ¢k(§ B Tw) 1/%(5 )drdw <A6)
r—1]<d/2 r—1
= / U (€ — rw)rn_l—_ldrdw (A.7)
Ir—1|<d/2 r—1
(€ —rw) = Gl —w) oy A
+A e — " drdw (A.8)

The first term is bounded by a constant C. For the second term, we split the
integral over S"~1 into annulus where |w — e;] is of order 27¥*7 and j € N, replace
the difference by the derivative of ¢, and use its rapid decay. Hence, it is bounded
by

2k2nk ) 2k2nkd2 —k+j)(n—1)
7" S A.
Z/ r=i<d/2 1 4 2F(d + 27FH7)|N drd Z [1+ 2k(d 4 27k+7)|NV° (A.9)

jeN \w—el|§2*k+]

for any N € N, which is bounded by
2k2kndn
(14 2kd)N

<c/d.

Now, we consider the case where d < 27%. First, we observe that |V7,/b;I/( ()]

okn

<
22k We use that V;/)vk(n) = 22k fi.(n)n, where |fr(n)| < T and [fi(n)| <

kokn . .
22" . Hence, it is enough to bound

T2~
22V K (€) = / 2"V (€ — rw)——r" drdw
(1+d)e; — rw_ (4.10)
= /fk((l +d)ey —rw) . _11 r"drdw

uniformly in d. We write (1+d)e; —rw = (1 —7)w+de; +wr. Hence, it is controlled
by

o)+ /(del i w)/lr )< o] Sl des rw)Clrdw

r—1
—l—/(de +w)/ Je((L+ d)es = rw)drdw
! 1> dtle=erl r—1 '
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The third term is uniformly bounded and the second one is bounded by

/(\dl +lw— ell)/ i el £ d)er =) = Sl + d)er Z )| g g,

R
2k2kn
< d — 2 dw < C.
<C [rioa) T+ 2 (d + | —e)F ™ =

Hence, it is enough to prove that [ (e; — )‘y| 7dy = O(1). The estimate is
trivial in the region |r — 1| > 1/20 and in the region |w —e;| > 1/20, hence, we only

concentrate on

o 1 n—1
e Yi(eg — rw):r drdw (A.11)
lw—eq|<1/20

The term r"1

can be replaced by 1 modulo bounded error terms. Also, we can
parametrize w by w = ((1 — |a|?)"/?, @) where o € R, Hence, modulo bounded

error terms, (A.11) can be written

(1= (1= |a2)2, —ra )Tildr(](oz)doz, (A.12)

|r—1|<1/20
|| <1/20

where J(a) = 14 O(|a/?) is the Jacobian of the transformation o — w. Next, we

write
Ye(1—r(1—|af)?, —ra) = (1 — 1, —a) (A.13)
T O (1 9

—— (1 —r,—ta)dt 1— ds(A.14

+/1a804< r, —ta) +/1 861( sr,—ra)ds( )
Hence, (A.12) can be written as the sum of three terms. The first term vanishes

- J(a) _
I Ur(1—r, —oz)T — 1drda =0, (A.15)
a|<1/20

because @Zk is radially symmetric and hence the integrand is odd in r — 1.
The second term is controlled by

2k2nk2 k+j (2 k+])
Vi (1l —r, —t drdo <
|r—1|<1/20 tzl[llfi] ‘ wk( ™ a)||a| rao Z 1 + 2k(2—k+])]

lal<1/20

< C (A.16)

where ¢ € [1,7] should be replaced by t € [r,1] if » < 1 and we split the integral
into regions where |r — 1] + |a| ~ 27%% with j > 0 (when j = 0, the region is
Ir— 1] + |a] < 27F).

The third term is given by

(1—|al?) 1/2 awk 1
/r—1|<1/20 /1 de; ( =T —TO&)T _

la|<1/20

. dsdrdo. (A.17)
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As above, we write %—%(1 —sr,—ra) = 2% fi.(1 — sr, —ra)(1 — sr) where | fy(n)] <
ﬂéw and | f.(n)| < w Hence, using that 1 —sr =s(1 —r) +1 — s, it is

enough to control

(1=|af?)t/?
/ / 22| £.(1 — sr, —ra)|dsdrda, (A.18)
s
and
(1-laf?)!/2 L
/ 2% fi.(1 — sr, —ra) 1dsdrda. (A.19)
oy ) r-

For (A.19), we split the integral in 7 into two parts : The part where |r — 1| < %
and the part where |r — 1| > @. The integral on the second part is dominated by
(A.18). For the first part, we use that the integrand can be replaced with

2h(1 _ g) fr(1 —sr,—ra) — fr(l — s, —a) (A.20)

r—1 ’

which is bounded by

2k2nk
[1+25(|]1 = s| + [a)]N

2% 1 — 5| (A.21)

where we used that |1 —sr| > 1|1 —s|. Integrating in r and then in s, we get a term
which is controlled by

22k2k2kn 4
/ % do < C. (A.22)
la]<1/20 [1+ 2F|a]

It remains to estimate (A.18). We write the integral as sum where o and r are

k+j

in regions where |a| + |1 — r| ~ 27%. Hence, we get

1—s

Z/ ‘1(1,‘a|2)1/2<5<122kfk(1—sr, —ra)——dsdrdo. (A.23)
7 Ir=Lltal~2-ktd r—1

which is controlled by

22k2nk(27k+j)2(27k+j>n
A <C. A.24
AR .

This ends the proof of the claim (A.4), and so the lemma as well as the remark

after it.
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A.1 Alternative proof

It is a natural question if we can get the same estimate by using the real interpolation.
In fact we can do that by the bilinear real interpolation, which gives a subtly better
estimate for

f1+ . "7|

=_— A.25
T V] =410 ( )

Since A, — A¥/2 is a regular Fourier multiplier, we get the same bound for A,.

Lemma A.3. Let n > 2 and v > 0. Ifsuppf C {|¢| < R}, then there exists
C(v, R,n) > 0 such that

||A,—y‘rf||L2(n+1)/(n—1),2(Rn) S C(’}/, R, n) ||f||L2(n+l)/(n+3),2(Rn). (A26)

Proof. We may assume that supp f C {7/2 < |£| < 7} since outside of it the
operator is a regular Fourier multiplier. Here we use a decomposition with respect

to time frequency:

T
—iAJf = lim / Ve IVI= fat
— 00 0

1 k
= / |V\ei(‘v‘_7)tfdt + Z / ‘V’ei(lvl—v)tfdt (A.27)
0 keaN k/2
= Aof + > Auf.
ke2aN

The first term is bounded by the wave decay estimate:

1
A0S || g2t /in-v2 < / DD iy jmsmadt S || gz oraa. (A.28)
0

To sum the rest, we prove the following estimates:

Ak fllzee S KD £l 1,
Ak f]| 2o S B2 f e (A.29)

1A% f Nl pten sy S B2 £ 2

For the L estimate, let ¢ € S be radially symmetric, supp ¢ compact away from
0, and p(¢) = 1 on supp f. The support property implies that

| Ak fllzee = [[f * Aol <[ fllor || Arell Lo, (A.30)

and by the Fourier transform we have
k 1 )
App(r) = C’n/ / / P35 (p)ee(1 — )2 prdpdeds. (A.31)
k/2J-1Jo
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For r < k/3, we can integrate by parts on the phase e#(**+7) in p for arbitrary N
times, which gives us a factor |(s + rc)|™ < kY, and hence

|Arp(r)] S BN (r < k/3). (A.32)

For r > k/3, we decompose the integral into |s+rc| < 1 and the rest. Integrating by
parts in p twice for |s+rc| > 1, we get a factor (s + r¢) ">, which gives integrability
for s. Then the integral in ¢ on ||¢| — 1| < &/r is bounded by (1/r)®=3)/2+1 ~
r=(n=D/2 < p(=n)/2 For the integral on ||c| — 1| > ¢/r, we integrate by parts on
the phase € in ¢ for j times with j > (n — 1)/2, which gives the same factor
(1/T)_1+(n_3)/2 g k(l—n)/2'

The above argument for r > k/3 works without using the restriction s ~ k,

hence we get also
At (@) S 202, (A.33)
For the L? bound, we use the Tomas-Stein restriction estimate
IF715(1€] = Do)l 2tmnran-n < Cull(€) 22(g1=1)- (A.34)

By rescaling, we get

1F15(1€] = PPl atmnrinn < Cap™ DO o6 1oy, (A35)

where the exponent on p is not important because supp fis compact. Since

. ellp="k _ pilp—7)k/2 ~ A.36
Af=7 [ (| - (€, (A.36)

applying the above bound to the integrand we get

etlp—"k/2 _q

R
| Ak f | L2t /-1y 5/ pr A COED £ || 2gizrydp,  (A.3T7)
0

pP=7
and then by Schwarz

2

ilp=k/2 _q ~
€ n n—
— P( A/ l)defH%Q(R”)

R
1ALS Pty < / —

(A.38)
< R/, /R (0 — 7V "2dp| 2.

Obviously, the above argument applies also to A}, just by switching the sign of the
phase. Thus we get the desired L2"+1/("=1) estimates.
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The estimates (A.29) can be regarded as the bilinear estimates

n+1 /1 1
A4S 1 9)abee S Wflerlalln, s ="3+ (C+2-1) =1 (a39)

for (p,q) = (1,1),(2(n+1)/(n+3),2),(2,2(n+1)/(n+3)), where £; is the weighted
% on 2% with the norm [lag|les = [|k°ak/lea(reomy. By the complex interpolation, it
is extended to inside the triangle spanned by those three points in the (1/p,1/q)
plane. In particular, if we define pg,p; by 1/pg = 1/2+1/(n+ 1) + € and 1/p; =
1/241/(n+1)—2¢, we have the above estimate with (p, q¢) = (po, po), (Po, P1), (P1,Po)
for small € > 0, with s = (n + 1)e, —(n + 1)e/2, —(n + 1) /2 respectively.

Then by the bilinear real interpolation, we get

KARS | Dall gove mmrnery Sl noyy 0 l9ll ey, g0 (A.40)

/3,

and by the interpolation property of the LP spaces, it is equivalent to

> HARL 19l S 1l pemnsmnss 2llgl pannss.z, (A.41)

ke2N

which implies by duality
|3 41
ke2N

as desired. [

I2(n4+1)/(n—1),2 S 1|z ez, (A.42)
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