. DPRAWING PEANAR GRAPHS

‘nsbe

A graph G consists of 4, set V(G) of vertices
(M} mﬁfi & Se&k mf’-.:r} *{- M@e_.é Wite e cveny Tm
5 & 2 - clement subset Juvlie V(G) utv. for the
sake f simpliciy | an cdge fu, v s cfben Aenoted
by wvw (of vu), w and & are called the endpants
et wr € ECG}, I¢ wvre ECG)}WK Wwe sag fhat « and ¢
are comneched (gnined by an edge § in G | or Hat tiey
are alfacent . A gmph H is 4 subgmph of G (wrilen
He G) (f V(H)E V(G) and s(u) c E(G). Given a

kegiemmt 3¢t Vz5e,0,..,0 7, the graphs P*

S Aefined by |
vie*'y = v, E(P*) ?wz,ws. V-t 7
vic*ysv |, E(F) iy ,%,%,N’i

are called a path of lemgft k-I Mwl a wycle of
if/“'ﬁ’“‘ k "‘5[’“"'“‘3‘3 Obkusl‘;' P CK

The nwst wabural way of ﬂprﬁmhug a gaphk i
the plane s & assign  Aistind poinfs & (ts vertices
and Cmneck twe points by a Jordan arc (f and only
(F e mffm’tﬁ verhces arc adjacent ( A Jordawn ar
cmneding bwe pants w,re R* (s & cmhinuous non-
self - intersehng curve @: 01— R® with g(0)=«,

()= ) The achal posihims o the prints and tﬁe
arcs play ne role (n Mis represewfahon . However, Some
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represewfan'ms (Arammgs | of 4 gmph are much
simpler  than some osthers | and usually we alse want
fv preduce a visually pleasing Adagmam . For (nsfanc,
We may require our arcs €o be ShRight-line segmenty
we Mag, wish o aveid crossing arcs | etc.

Deﬁmhcm A graph G that can be represested in
{:ke plang se that no two arcs meet at a pont Ad fferesd
from their endprnhy (s saiA o be embedAable in fhe
plane | or planar. A particular represemtnhne of a plasas

grrph saMstying tis property is called a plane graph.

hepicked in chun 4.4 are not planar, InAuA“{’

“3

l

€3. Kji could be embedded in the plane , them the
arcs W, by W3t G, 805, a0 Woaldd (orm a closed
Jordan cwurve o | and every arc uwyvy ((51,2,3) would lie

entively in the enferior of @ or in the exterior of g .
Assume without loss of gemeralify Heak w,v; and w vy
lie in bhe interior of ¢ . Then Hug showld cross cack
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other | comhndiching our assampbon , (A closed Jordam
MrE i§ A emhnuous nm'.seq:f{nl-ersem’ng curve c(;[a,l]-alt“
wirh @(0)= ¢(1). The complement of @ (f0,1]) falls info
twe disjoint conecked spen sets | whose closures are called
the interior amd exterior of ¢ .) Similarly , ome can

check that K¢ s not embeddable in the plane. Tn fac
a well-known theorem of Karafewski states that a

graph (s not planar f and ﬂd} (f it has o Subgraph
Pt can B¢ chfained fnm KJ or Ks‘3 bg rzﬂaa'ng the
thges  with  paths | all of whosc interior vertices are
distinct ,

Delehng any edge (say, v;¢5) pow Ko  we sblain
a planar graph, Mereover | this new gmph can be embeldid
in the planc by using only shaight-line segments (Fiy.1.7)

7
Ft'ﬁflll, A slwu'gulh'ne v
embedding of Ko~y v d
Vy

Does any planar graph have such a represemfahon ?
As we Shall see , the amswer to Hus gquestion (s in fae
affirmanve, Moreover , we will be able o (mpose some
furﬂur reshichons  on our Arawings to cnsure that the
remth’ug A4’4311ms are re(AHvela balanced . But ﬁ'ﬂt
WC NeECA Sowme preparalons .
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1.1 Euler's &ormula

Let G be a paph . The degre A (0) (or simply d(v))]
of a vertex e V(G) (s the wumber ¢f verhices adfacent
bo v. (Recall that v is never adjacent fo itself ') Denot-
ing  khe number of vertices and ecdges of G by v (G)
and ¢(G) , respechively | we cdearly have

N S d(ey = 2e(6),

vev(G)
Comsequently | G must have a vertex whose degree s
at most 2e(6)/v(G).

G is said to be comnecked , if for any two vertices
vyvrte V(G) there is A sequence vz 0,4, V3., G 50"
suwchh Hhat v, ¥y € E(G) for all ¢ (l:‘o" k), In other
words G (s comected f for any ¢, e V(G) Hiere is a
path A S G wh v, '€ V(R). If G is comnected , thes
A(r) 2z ) for any veV(G) (e, G cannot have any iselated
vertices, It s casy ko see that any comnecked groph has
at least v(G)- 1 edges | and equality kolds (f and omly if
G has wo wcle as a subgmph.

The arcs of a plane graph partition the rest of the
plane inte a number of Comnecked compments , called
faces . ExacHly ome o these f[nces (s unbounded | whidh (s
called the exterior fgcc, The number of faces of a plane
graph G is denoted by ((6). "

Theorem 1.2, (Euler's formula) T¢ G is a cmnecked plane
graph , then v (G)-e(G)+ f(G)=2,
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Proof . By induchion on f. If f(C)z1 , then G has no
wele, thus ¢(G)= r(G)-1 and the asserbion (s frue.
Assume that ((G)z§ 22 and we have alreads proved tac
the theorem for all  cmneded plane graphs having fewer than
§ faces. Delete amy edge e that belongs €0 a cycle of G.

For the resulbng plane gmaph G-e , ((G-¢)= ((6)-1, so
we can apply the induchion othesis to obain

v(G)- (e(6)-1)+(f@)-1)z2 g

Let G be a plane gmph . I¢ am edge (arc) ¢ of G beloys
Eo the brundary of only ome face of G, then ¢ (s called a
bridge . Let F(G) Aenote the set of (nces of G. For any
fEF(GY, let s(f) be the mumber of sides of £ , ie., the

nwumber of tdges belomging ko the boumdary of (| where all
bridges are counted twice. Obviously ,

S sty = 2¢(6).

2 v

Cordllary 1.3 . Let G be any P(mit graph mbh at least 3
vevtices . Then

(‘) e(6)= 3v(6)-6,
() (6 g 2v(6)-4 .

In both cases equality holds (¢ and only i(f all faces of
G have 3 sides.

l’twf, It s 'sufﬁ'a’cut o prove the statements for comnectsy
plane gvaphs . Clearly, S(f) 23 for any face fe F(G). Thas,

3((6) = D> s(f) = 2¢(6),
feF(6)
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By Euler's formala  we sblrin
r(6)-e(G) + 5e(6) 22,
~(6)-2£(61+ €(6) =2,

as required . O

It S(f)=3 for some face fe F(G) , then f is called a
Piangle . I¢ all faces of G are brangles  then 6 s a
ianguiahion . Tt is casy to show that any planc graph
can be extended 0 a angulabion by the addibon of
eAyes (wthout u’nl'rvduu’ng new vertices ). Corollary 1,3
implies ethat if G (s a prangulahon | then it (s maximal
in the Semse M wo f[urther edges cam be added € G
without violahbng its planari

The cdhromanc wumber X(G) of a grufk G is the
minimum  wumber of colors necessary to color the verhies
of G so that no two vertices of the same color are
adjacent, According to the four - color theorem
of Appel and Haken | which setled 4 famous comfecture
of Guthrie  posed in ‘ﬂu last century , the chromahc nambe,
of any planar graph is at most 4 . (The graph in
Fi'g. 9.2 has chromabc number Y , showing that tus bound
cannot be improved ) The proof of Appel amd Haken is
quite complicated , and s based m lengthy  calculahons bg
Computers, However | a weaker statement can easily be
deduced  from Corollary 1.3,

Corollary | 4. If G is a planar graph , thew X(G)=5,

Proof . BS induchon 0’(6’), If v(G)s S, then the
statement s drue | because e can assign® Adferont color
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to caclh vertex of G, Assume that v(6)= v 26 , and that
we have already established the result for all planar graphs
M fewer thaw v vertices.

It follows from (1) and Corollary 1.3 (i) that G has a
vertex w with d(uys 5, I¢ Ay €4, then we apply
the induchon hypothesis to the graph G -u  obtained (rom G
by the removal of w (amd all edges incident tv ). We get
that the vertices of G-u can be colored by 5 colors so that
we Hwo verkices of the same olor are adfacent. Clearly, we
can assign a color to w | Aifferent from bhe (ab most 4)colors
used For (ts weighbors.

Suppose next that w (s adjacent to 5 vertices u; (Isizs)
Since G s planar |t cannot cmtain Kg as a subgmph,
Thus |, we can assume that  say, u, and u,  are not adjacent.
Let G demote the graph osbluined from G -un by mera—{ng
w, and uy, That is, V(G') = (V(G)\'fuja,,q:;}u 1k'f and E(GY)
Cmsists of all edges of G | whose both endpoints belomg
b V(G)sfugugyu,3, pius  those pasrs wu', for which
weé V(G)s fuyus,u3 and either wu, or wa, € E(G). It is
éasy to see that G s a planar 3r'4rh , hence we can 4”5
the induchm kapafkcsfs o obtain a proper coloring of M
verkices of ¢! bg 5 colors . I{l we ASsign the color oF '

to both u, and u, , then we obbain a proper coloving of
G -uU  Sudk Mhat the verbices u; (10<5) have at most 4 Aiffennt

colors, Therefore, we cam again color w Aifferintly om (ts
heighbors . O |
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In Mis sechm we are gong bo show Mat every
planar gmaph @ can be embedded in the plane so that the
Arcs  represenhing the cdges of G are shaight- line
Secamenhy  Mat can meet mly at their endprinfs . An
embedding uihh this properhy (s called A shaight-line
imbedding of G, The existnce oF such an embedAing
wns discovired independently by Fary Tule and Wagner, buk
it also follows from an andent theorem of Steinitz (see
Exera’se 1.7).

The proof presembed here is based on a simple
canmical way of cmshuchng a plane gmaph |, that will
allow us o wse am induchve argument for finding a
proper posihon of the verhices me by ome,

We need the (ollnnwng shservahon .

Lemma | .5, Let & be a plane gmaph, whose exterior face
(s bounded by a cycle U, 4z, 4 . Thew Hhere is a

verkex w; ((4(,k) not adfacent to any w; other than

PraoE, I( there are no two nom-comsecuhve vertrces alog
the bowndary of the &hrin (nce that are adjacent, thea

Hhere (s nothing to prove . Otherwise, pick an edge n; 4 €

=g ; J
ECGY , for which y> (4l and {-¢ (s minimal. Then «,

; : (rd
cannot be adfacent 4o any element of ju,,,..,u‘;_,,uJ,,,,,,’u,‘i
b% len l; , Nor ¢canm it be mﬁﬂumt ko any gther verkex
6t the eken'wr face Alfferont from u; and u;, , By minima
lt"'g . g
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Le€ G be a gmaph (or a plane gaph ), U < V(G).
The subgraph of G induced by U (s a gaph (plane

graph ) whose vertex set s U and whose edge sek

cinsists of all edges «f E(G), both of whne endpons
befong €0 W,

Now we are n fhe paripm to establ sk

Fheorem | .6 . CCM:@:E ”%‘f:zoﬁm t Trho-gdmh'nts/ [eé

G be a4 Mangwahm it ahvoy (ace uvWw. Thew
there is a labelling of e wihces v zu,vsv 03, .. G =aw
sahsfying the [ollowing cmdibions for ewry k (4skzn),

(i) The boundary of the exterior {ace of the subgraph
Gy % G induced by §47,3,49 4§ is a oycle C_
containing the ¢dge uv |

() o 95 in M”‘ﬁfe{ﬂfm&“ﬁo JOF GpLy ) ank its nea’jkbfrs
inVG,.,) are consecuhve elements almg the path cbhaiucd
from C ., by the removal g fhe edge uv. (Sec F@/i,;,)

Fl‘a;]iso
‘U:;“ G 0250'
-|
Proof, The verkices 4, Vp iy, V3 Wil be Adefined by

reverse induchon, Set =W , and let G, be the graph
shinined (o G by the delebm of o« . Since G s a

M.mgfulm‘m, the neighbors f w form a cycle (,'” {
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(nbaining wrr | and s ccde (s the boundary of fRe
u’fefl‘(ﬂ’ Fu‘f ff G'”-‘ .
Lethsk s v be fixed | and assume Bat ¢, , 0, U
have already been dekermined so that the subgmaph
Go. €6 induced by V(EINTV, 0, 1Y sahsfies

ndims () and (). Let C k.| Aemote the boundary of e
exkerior face of G-k-i, A pplying Lemma 1. o GL-: , we
chrain that there s vertex w' on C _ , Aifferint from
and =, which (s adjacent mmly to hoo other poinis 4 Ckol"

(€., to its immediake neighbors ). Letking v | = W, the

subgraph G, € G induced by V(GINF o 0,1 Y3
d‘bv:‘mﬂz meelts the requiremenss . O

LL{V{;\} Hu's theorem
reswlt of Hus sechow .

, we can casily prove the masn

Corollary L'{. Every planar graph has a sbm'ﬂkf-h'ue
embedding in the plane.

P'Wf It s suffrcient to show l:uat e statemaent S hue

far Any ma.xsmal planar gﬂtpk er‘a,ug ‘3“"?" fat
Gw be represemted by a hamg—ulahm ( see Exeruse 1.4 and
the remark after Corellary |, 3)

let G be any h'wlah'nt' with the canmical (abelling
Gan s, g, =0, described above. We will deter-
mine the positions f ()= (xy) oF the vertices bg
indiehomn on k. '

Set f(ry)=(90), f(z)=(240), fle)=(1,1). Assume
tat f(v), flay, - o ) have already been defined
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for some kz4 Sach Mat , wmneching bthe images of He
adjacent vertex pairs by segments | we dblain a shagghf-
line mﬁedd{ng 4 G'k‘, , whose ¢exterior face (s bounded

by the Seqments corresprding ko the cdges of Cy.(- Suppose
Furt:her that

x(ul) € X(Uzys... < x(um] ;
(3) Y(u) >0 for (<icsm,
where U,z Uy Uy o U, =V Aemote the verbices of Ck-l
listed in cyclic order. By condition (ic) of Theorem 4.6
Vi ©s connected ko Wy Upppy-vyUg for some lEp<q=m
Let x (v ) be any number strickly befween X(u,) and
x(ug), If we choose 4(1L 1> 0 +o be suffiuently large,
and comeck  £(V )= (S(4),9(R)) to f(up) f(%ppt), - fl0g
b? seﬂmenfs, Hn we obtain a SW'MF'II'RG exmbedic'ng
oF Gk mee,h'ug all the f@uiﬂ:m&uﬁ ({no‘uﬂ(;‘hg the
ankil(ary k&po(’keﬁ; (3) for the verh'ces of Ck)' a

Note that by the same melthod we can also establish
the oxistence of shaight-line embeddings with some
Special gemebic properties - For example | we cam
require  that the segments correspomding to the cdges ot
Cr.y Form a comvex pelygon for every kz4 . (See also
€xercise 1.9-10))

Corofiary 1.8. Let G pe a planar graph wihh n verhies
and 3n-6 edges, Then there are q (a.belh’ng of the  erhas
0, 3,y 15, and & shaight-line embedding of G such tha
(¢) e {mage of Hee subgraph of G induced by
{q,r,,,m,cr,‘_,} 'S A piamgulated cmvex polyqon Ck-l
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() the (maqe d'{—o' Les in bhe axf:erwraﬁﬁ&,,
{'orzverg Y<sksn, 1:;

The SAme i-f.cknulue can be uscd b shfain a dcyereuf
Rind of represestahon of planar graphs , found by Rosen -
Shehl and TMJ'cm ,

(orollarq 1.4. The vertices and the edges of any planar
grztfk an be represcul'ecl %. horizontal .ﬂﬁo( verrica
seqments ( respechvely , such that

(C) no fwo Segments have an interior prink in common
(i) two hurizembal sSegments are comnecked by a verhcal

seﬂ»me»d' (f- and m‘g :'f- the wrres(»md(nd verbces arc
443'4“4& ,

M, As in the prosg of Corollary 1.7, (£ is suffrcient
to establish the statement for Mangulahons.

Lee & be auny Mangulahor K1 canmical lab_ella"g
iz, 320, 3y, O . To every v, We shall assign a
horizemini Sewi'swk'whose, endpoynfs are (x k) and (x k).
Set %,20 ,%'52 %34, 5%, 2z4, %55 1 %323, Assume that
$(67),5(63))+ S(6;_,) lwwe already bam determined for some k=4
Such that the Segmenfs correspmding to adyacent point pairs
cam be cmnected by verhcal segments e, the sub graph
G'k-t € G (whuced bg $Vi Ve Vg3 has a representnhion
sah’sfyging onAdibms (() and (). Llet u=u uz, (U=
Aenote the vertices of the exterior face of G k(7 l,sfeo( "
%C‘MC order SuFPose r»urtker that the wpper envelope

of the Sepmants S(6)) S(47),. S(Uy) omsists 6F Some porhions
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0f 5(4) 5(4),y S(Hp) | in this order. (A point b e (o)
belmgs €0 the upper envelope of S(vi) s(vy),-~ S(_, ), 1f
the vertical rag starting from b and ponhng upwards
Aoes not (ntersect any  other Segment S(¥y ), I=sy= k-1.)

By cmdihon () of Theoren 1.6, ¢ s comnedred to
Ug Fnr Seme 2 pcqgem (¢t b and b' be

“f ) u‘,‘,‘ Sl

any interior pomts o thok portions of Sp) and s(4q7,
respechvely | fhat belong & the wpper emvelope of s(v;),5(vz),
o s(lf"‘,”,‘hﬂ'ﬂg X, and xk' be egual b the x-coordinates
GF band b’ respechvely , we dbhin a representahon of

G Wt the reguired propesiies (See Ry. 1.4 )
4
Ak S(up) _bﬂq :

‘
’
“"J" {f

’
/
/
[
i
/
I
!
!

A
% “-4, :
3 o r
: ; = __5(“1-]

a : Tlustratron o Corollary 1.9, The thick
;eﬂwmh are the pieces of the wpper mvelope of

("U;sf“'z)a ( -l’
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1.3, Draving a planar gaph m a arid

Tn fhe previous Sechrm we hawe shown faat any planar
gragh has a shaighé-line embedding (Corollary 1.7)  How-
eer, the solahon kas a Serious drawback : as we embed
the verhces recursively  (w o e plane | we May be (‘-orcecl &
map & new vertex {:4;- away frme al( previeus points | so
tat the size o Mme prdure may  (ncrease expmenhally
wih e wumber of verhces. To put (& Aifferently, if we
wank P view  the remlh‘ng Arawing o 4 fermiinal Screem |
then many Pﬂ'i\fs mil pumch ‘H’gel’kgr amd becrme (Mdishn -
@;imbfc, To handle s problews | (n Hus Sechom we
shall resmick oar allewh'y o shaight-line Arawings whert

ea Ua Pm"d' IS mapped (nh 4 ﬂm’d Pcn'td'}ée,, a Pcn'hl‘ with

integer coordinates. Our goal is to minimize the Size of Fe

gPA  needed for the embedding o Ady planar gaph f n

vexhces. The seb of all gnd peinfs (%4 ) with 0=x=m,
0 Yygn 15 SaA f» be an m by n gnd.

Theorems 1,10, Awy  planar graph Ml n verhces has a
sl-mfgkhlfnc wbeddin.j o the 2n-4 by n-2 grid.

Proof . Tt suffvees 4o prove the theorem fmr Pn‘amg«lal&ms,
ket ¢ be a lm‘amﬂmlab'm mMh exterior face uvow ,Icuw(
et vyzu, =0, 63,020 be a Canoical labelling
F the vernces (sec Thesrem LC).

We are going to ghow by induchrm ok that Gk ;
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the subgraph ot G induced by 34,05, 03, can be
Shaigit-line embedded m the 2k-4 by k-2 gnd, for
aery k23, et {3 be the (blleusng embedding of Gy -
f0n) = (000, f()7(Re0) f(w3)= (1,1).

Swppose now Haat for some k24 we have already fownd
am embedding gw (v7) = (xk“(o-;)‘g,k-’ (v; )) IS5kl i
the f—oi{ow{ué properties :

(&) £, (v = (000), £ (%)= (2k-6,0),

(B) TIf Uy= 4, Uy, ., Uy =t denote the verhees of the

exterior face of G,  i» @yelic order then
xk,’(“{" xt" (uzJ € .. < Xk“ (“'ﬂ’ i
(‘) The 5634“%"3 43'! (“;] Fk-l(ht‘fl); '5{‘”‘, all have
Slopes #1 or -1,
Note that (c¢) implies that the Mamhalan diskance
Wi%"'fv
| % (Y~ % )]+ 1 Gy (8))- Yy (w)]|  bemeen any two
vertices u; and Uy o fhe exknlor face of G is even. Cm-
sequently | it we ke a line Wity slope 41 Hirough «
and a Une wh Sfogc - | Hsrougk “y thes ey alwnys
inkerseck at a gndpoint  Pla;,4;).

Let unu““m,u? be the ne;‘ﬁkbors a’F,Vk T3 Gk
(tspsqsm), Clearly, P, 4q) /s a 4004 candidate
for -qurk”), except that we may not be able b comned
i€ to e.q. {:k“(ur) bg, A szﬁmsw avoyAing F.n(“i"’")' To
esolve tii's problem | we have to mmgﬁgk,, before

. : u“{‘
embedding v We shall Move (o i tpys oy u,, Mme



(a)

&)

;k[u,,,u(z&-em)

Fig. 1.5, The cmshuchm of £, fom ,Ck.' ,

wnit to the mght | and then move the mages of

Wy Waptyry oy 10 He right b} an additional unit (Sec
F{g,‘,S), That s, Jet

Mooy () for 1=i=p,
X (W )z IICHES for p<i<q,

Xy (4:)+ 2 for g5 izm,
G (40) = B (80) for 1 Si=m

and (et £ (6,) be the pont of (ntersechon of the lines
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ot slope +1 and -1 through fk(«.f) mi-beu?)‘rﬁf’ec-
hvely. Of course, £ (v )isa grid point cmmeckd by disyonf
Seqments to the ponts £ (u;) = (K () Y (w)), pscsq,
without ;w!'ersecﬁhg the polyqm Fg‘“l”:k(“l"” Fu(“m" However,
as we move the image of Some u; (¢ may be necessary to
move Some other panB (mot o the echen'a face ) as well
otherwmise we may Create CrOSS*l"tg edges .

In order to tell exactly which set of peoints has to move
bogehrer wifh Ahe image of a given exterior vertex u., we
Aehine re:mrh'n[g a total order <’ on io;'(r“,..‘v;,j,
Originally , let ;<63 <4 . If the order has already
beer defined om J¢ 0 . (3, them insert v, gust
before U opy . Aumsts't\é to Hus e a'bw'ouafg

Uy < Ry < ... S U |

Now we can extend the a(e.fq’n.’h'm ot Fk Eo the ‘nterior
vertices of G'k-t y &as [pllows. For any (< =k-1 , let

¥t (13) g < “ﬂl !
% () = Xy () +18 if Wpp % ¥, = Uy,
Kgep ()42 Foug 30,

4, (V= B ()
Evidently  f sakis(ves CmAdiRms (a),(b) and (¢).
To complete the proof | (t remains to verify that {lk

IS a sh':u'gid? [ine &mbedd:’nj ’ (€. no two Segments
cross eada other, A sl:‘gulct;, .Sh'zmger stafement Fo![m
_ 113, Sh«:ﬁkﬂ:ﬂ rward indachon .
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Uasm . Let Fk'l = (A 18¢c.1) be the shaight-[ine embedd
(Kg d'; G-k'l FAE{&”“‘ above ) and et “5!0‘2:"'! «mzo’
For awy (sisk-l, [=s5sm  lef
X (07 )= X4 ("(’*"‘a“‘z"”f"‘d' f g
Q) = B ().
Then 'Fk‘-f: (%) is also a shaight- line embedding of G}-I‘

(PN

LA w,
& N v

The Caine s bvial for k=4  Assuse that it Ras
already beem mfirmed fur Sme k=24 | and we want b
prove the Same statewent feor Gk' The w/h'ce.s&ffkt.
exkerior En»ce. fF G'k are u,,m,ur,q,uf,",‘u,‘, Fix how
ang norvnegahve  wumben (W) .. K(wp) X(0 ) & (hg) -
X (Uw). Applging e induch'm hyprthesis ts G, ., Wtk

o(‘-.-cg(u‘],,,,‘ o(‘,:a&(u.,)' q}’fl = o((VL)fI f “pf’l"” :dk-fzo’

g = AU )1, K =k (egp) ) 8y = & (Hy, ), We /binin Mhat
the restch'on o f; €o G is & shaight-ling embedding.
To sec that the edges of G, inddent by, do wot create
any crosiing b s enough to mobice that {k and »f; map
{Ups1y7y4g1] v cmgruent sets . 0
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Exercises

Show Hwat K; s not plasar. (See F(ﬁ,‘l,!,)

Prove that e(G)z v(G)-1 for any comnecked qraph

G ) and cqualily holds (f and only if G confains

no cycle as a subgmph,

Use (2) ko show Hhat K; 3 is ne€ a planar graph.

Prove tlhat any plane graph can be eskended o a

angulah'ne by adding Some new edges (arcs ) behween

(ks wvertices .

Show flhat any planar gmph G Compmins at least

v(¢)/ fm’rwin nm:aAJ’acw vertices of Aegree al

most {1 .,

Let £p,,0,,P,F be 4 set of nz3 ponts in the

plane such fhat the minimum Aistance beivicn thes

'S at least one . Show that the wumber 7f pairs

$rypf  at  distance exackly ome is at most

Bn-6. Can this bound be (mproved ¢ Generalize the

assertim b lLigher dimensions.

A graph (s calleA 3-comnected , if it remains

cmnechd afkr e rowoval rf ang 2 of its verhs.

The graph formed by fhe verhices and the edges of

a ek ?o(gl‘opeffu 3-Sp4c¢ (s called He 12#%
P,

{f} Show Hut the 1-skelefm of a comvex polytope
PER?® /s a 3-coneded planar gmph.

(i)Y Show that eevy 3 -comnechd planar gmph 'is
iSomorphic to the 1-stelebon st a cmvex polylope
Pe IR, (Steinitz)

(Cic) DPeduce Cocallary 1.7 from part (i)
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Let G be a plane graph , whose exken'or face fs
bounded by a cycle w4, g (K29). An edge
2% ¢ c.:mtieoh'ha two non-cmilecahve vevhces 4(cmé|
tis wele s called a chord . Prove the (vllowing
slight goneralvZabia of Lemma (.S : There are af
(east wo wm-omSecuhve yerbices that are not na'dent

Bo ans chord |

Let G be a planar gmph . Show that thereare a
labelling of the verhices 4,47, ¢ and a shaight-
line embeddingf¢f G Sudn that the omiex hull of
R ICARICARS f(5 )] 15 the Same as the mvex hall
ot SO F(R) FlgI] for all k=4,

Let €,€, -0, be dishnck horizomtnl lines (n the
plane . Show Heat every plamar graph of n verhces
has a Shm'ﬁht'«l(uc mﬁedd(na such Hrat

(¢) every vertex s mapped into a point of (,,uf,_vmu(’,,/.
(i) wo two verhus arc mapped inh the Same bne (.
(De Baysseix, Pack, Pollack)



