2. PLANARITY TESTING

A cut-vertex or out~e£e of a graph s a
vereex or edge whose Aelehon (wcreases tEhe wumber

o‘i conneded compmenfsi. A maximal cmnedked sub -
graph of a graph that has no cud-vertex (s alled a
block. In particular  every cut-edge is a block

Proposihion. 2.1. Two blocks in a graph share at
most ome vertex , whioh must be a cut-vertex

This Leads to a cachus-like Adewporh'on of q
graph G-

All blocks of a graph can be found by Aepth -
ffrst-.fear‘dk e, by e..rplar:'rg Frst the neigh-
bors of the vertexvthat was Aiscovered last. If
we [ind an unexplored ne;'ﬂ/kbar w of v , we add
the edge VW to the Search tree T | and Conhune
he seardh Pf'm w. Othermse , we backhack in T
to the parembtyof v . TIf no vertex of T below v
has an anmcestor above u , then the part below v
[;oﬂe,rker mih n s bhe vertex sef of a block :
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In bhis case delete the part below v (c’ududfug v}
from the searck bree T. At ang rate Comhinue Hue
scarth from «w  as (g as v is wt the pont we
started Ihe Seardh A ( (.e. not the root of T)_

A 5“4‘3’\ G s called k-Comneded f it cannot be
discomnecked by  delehng k-1 vertices , and (V@)= k
(learly y, G (s 2-Comnecked if and only & it m-
sists of a Fingle block

Hw. Prove Hat G is 2-Cmuecked f and only any
pair of (ks vertices belomg fo a gimple cycle

This statement has a far- reaching gemernli-
zwh'o‘n z

Menger's Theorem (1427

A graph G s K-cmnedted 1f and omly (f i |
pair of (3 vertices cam be Comnecked by k
(iwl-crmllg ) ye,rl'ex-all'{;h'm‘ palts.

Corollary (Dirac 1460) 4
I¢ G is k-Cmnected (k22) [ then any K verhces

of G lie on & Simple cycle.




-3 -

Depynibon 2.2. An st -orderng of G is a
numbering of (ts vertex set Viy Ve - [V Sach
that every v, (1<i<n) has a heighbor
wih  y'<( and A neighbor Vie WM k>
%rbkermore we have vy, ¥y E E(G)_

V’J.

Proposihon 2.3. G adwils am st-ordering (f and
01\13, sF it 15 2- comnecked . Moreover | jn s
case any pair of adjacent vertices caum be chosem
as v, and v, (H»\e “Source® and the “sink” )

For the proof we need

Lemma 2.4. (Ear Aecomposihon lemma )

Every 2- cmnected graph can be oblained
F,-m a ogole bg .succeﬁivelg Add;l«é paths such
ftk eack path has both of (ts endpovnts on Fie
carront graph | but olheruase of s :'nfcrnallcg}
Aisjornt pom ot

M, Let G‘:g G be e currenk graph . Prck
we V(&) vEV(G,) suck atr uve E(G) and
Cmneck v €0 G¢ by a Shortest park. O

Proof of Proposihon 2.3. Let & be 2-comected.
wWe show béj- induchon oo |ECF) that ¢+ ad me B
an St - nambering i vz v, =z v, uve E(G).
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Pick a gcle C Vkraug/k uve E(G). Tf G=C Mere
(s naming fo prove . Othermise add a path to :‘t as
in ke car Aecmpoﬁ'h'm , ARA  wusaber (it :'nf-er:u,[
verbices so fiak they form an (MCreasing fuain
cunemny 3 eudposuly . O

Definibon 2.5. Gven a cycle Cin a 2-cmnecked
Wk G , the 54365 Cfuuec/h"\g 2 vahws of 8

and the cmneckA Cwmpments of G- C together
Mk  fhe edges Cunedhwy them & C are called
pieces of G mhh respedk b C The vertices of
a prece P that bdﬂc‘j & C are called +the
Machmensy of P. The cyde C is separihing if 1F
ves rise b at least fyy pieces. Two picce.;a snterlace
(umfdick ) if (hey cannot be druwn gm Hhe same
sde of C A l.‘c., P has twe attacuamentsy a,and a,
and  Pp has huo aMackments b, and b, fuch Heak
their wclic order s Ay By 8y By .

p(é’ce P.'
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Proposshion 2.6.  If C is & nmseparabng cycle with
a piece P that (s not a pav | then G also has a
SQ’MM"Q cgcle, .|

Proposihion 2.7. Lek G be a 2-cmnedred gaph wih

a ole C. G is planar (f aud mly if the Foﬂou'ag

twe cudibms are samsfied .

(1) EBack piece P wlh respedk o C  forms a planar
Wk lmgd’ker wihy L .

(2) The interlacement (cmpiich) grmph of e picces
is bipartite (2-coorable). [ Tye cuprr

bwo pieces being Joined by an y b ety
if ey interlace -] e D

Praof v |tomework .

BasedA m  Proposihom 2.7 | we canm design 4
gmple recursive algonom for testng planarily s
a L -Cmuedkd gvaph wile n verhices (and O(n)
eMes ). Finding  the pieces mh respeck fo the
wcle C ke O(n) hme. The cufiick graph can be
puilt in O(n') bBme. The wuwmber of recureive
calls s O(n). Alfryelher the running fimec in e
gimplest (mplemenahoy s 0(n?). *



