
Entropy in biology: homework review

May 11, 2020

Contributors: Zan Ahmad, Alain Boldini,               
Tristan Goodwill, Ondrej Maxian, and Guanhua Sun



Homework 1: osmotic system

• Osmotic system with finite number of molecules

• Fixed number of solute molecules 𝑁1
𝐴, 𝑁1

𝐵

• 𝑛 = 𝑁0
𝐵, 𝑁0

𝐴 = 𝑁0 − 𝑁0
𝐵

• Problem reduces to continuous time Markov chain with 
a single random variable 𝑛 (see lecture 2)

https://www.math.nyu.edu/faculty/peskin/eb_lecture_notes/lecture_2_600dpi.pdf


Homework 1: simulations 

• We determined rate constants for each “reaction”

• Transition times are exponentially distributed, 
choose the first and continue

• Macroscopic equilibrium: osmotic pressure 
balances pressure difference 



Homework 1: results
• Mean 𝑛 converges to macroscopic equilibrium and scales 

linearly with system size

• Fluctuations: 𝜎𝑛= standard deviation in 𝑛 scales as 𝑛



Homework 1: trajectories



Homework 2: 1D Poisson-Boltzmann



Homework 2: solution

• See lecture 4 for 
formulas, plots below

https://www.math.nyu.edu/faculty/peskin/eb_lecture_notes/lecture_4_600dpi.pdf


Homework 3: Cell volume control 

Ionic fluxes: in class we derived the flux law 
𝑓 𝑐𝑖𝑛𝑡, 𝑐𝑒𝑥𝑡 , 𝜙

By considering 3 assumptions: mass action, 
thermodynamics, and Ohm’s law 



Homework 3: new flux derivation

• Deriving the flux law in lecture 5 by diffusion & drift 
in a cylinder

https://www.math.nyu.edu/faculty/peskin/eb_lecture_notes/lecture_5_600dpi.pdf


Homework 3: new flux derivation



Homework 3: steady state

• Fifth equation: intracellular electroneutrality

• Plug in fluxes from prior part, get 5 equations in 5 
unknowns: 𝑁𝑎+ 𝑖𝑛𝑡, 𝐾+ 𝑖𝑛𝑡, 𝐶𝑙− 𝑖𝑛𝑡, 𝜙𝑖𝑛𝑡, 𝑉



Homework 3: steady state

• Solve for 𝑅 in terms of known quantities

• Set 𝑁𝑎+ 𝑖𝑛𝑡 = 0 and solve for 𝑅



Homework 3: steady state plots

• Ƹ𝑝 is the pump rate 
Volume Voltage



Homework 3: steady state plots

Na is pumped 
OUT, goes to 0 
as p grows

No pumping, cell 
doesn’t know Na from K



Homework 4: rotary motors

• Surface charge density on rotor surface

• Symmetric matrix for relationship 
between rotation rate & current and 
torque and voltage (electric field x 
length) – see lecture 7

https://www.math.nyu.edu/faculty/peskin/eb_lecture_notes/lecture_7_400dpi.pdf


Homework 4: turning flagella











Homework 4: will skip this



Homework 4: Brownian dynamics

• 𝑇 = 0 (motor freely rotating) or 𝑇 = 𝑇𝑠𝑡𝑎𝑙𝑙 (motor stalled)

• Without noise: 𝜃 increases linearly in time for free motor, 

slope 𝑞
𝐷

𝑘𝑇

2𝜋

𝐿𝐿𝑚
𝑉 ≈ 0.38

• Charge increases linearly in time in both cases, faster for 
free motor



Homework 5: entropic spring

• Freely jointed chain with force at the end

• See lecture 8

https://www.math.nyu.edu/faculty/peskin/eb_lecture_notes/lecture_8.pdf


Our model
• 𝑛 chain of links of length 𝑎

• Nodes at position 𝑿𝒊

• Node 0 is fixed at 0 and we pull on the last node 
with force 𝐹𝒆𝟑

• Let 𝑫𝒊 = 𝑿𝒊 −𝑿𝒊−𝟏

• The potential energy is 

𝑈 = −𝐹𝒆𝟑 ⋅ 𝑿𝒏 = −𝐹

𝑖=0

𝑛

𝐷3
𝑖



Our model
• At temperature 𝑇

• The equilibrium distribution is

𝜌 𝑫𝟎, … , 𝑫𝒏 = 𝑍−1 exp
𝑈

𝑘𝑇

= 𝑍−1 exp
𝐹 σ𝑖=0

𝑛 𝐷3
𝑖

𝑘𝑇

= ς𝑖=0
𝑛 𝑍𝐷

−1 exp
𝐹𝐷3

𝑖

𝑘𝑇
=ς𝑖=0

𝑛 𝜌𝐷(𝑫
𝒊)



Question 1: Expected Chain 
Length

• Let 𝑅2 = 𝑿𝒏 2. We wish to compute 
𝔼 𝑅2 . To this we expand:

• 𝑅2 = σ𝑖=1
𝑛 𝑫𝒊 2

= σ𝑖,𝑗=1
𝑛 𝑫𝒊 ⋅ 𝑫𝒋

• 𝔼 𝑅2 = σ𝑖,𝑗=1
𝑛 𝔼 𝑫𝒊 ⋅ 𝑫𝒋

• = σ𝑖=1
𝑛 𝔼 𝑫𝒊 ⋅ 𝑫𝒊 +σ𝑖,𝑗=1

𝑖≠𝑗

𝑛 𝔼 𝑫𝒊 ⋅ 𝑫𝒋

• = σ𝑖=1
𝑛 𝔼 𝑫𝒊 𝟐

+

σ𝑖,𝑗=1
𝑖≠𝑗

𝑛 𝔼 𝑫𝒊 ⋅ 𝔼 𝑫𝒋

• Now recall that 𝑫𝒊 are i.i.d., have 
length 𝑎 and are distributed according 
to 

• 𝜌𝐷 𝑫𝒊 = 𝑍𝐷
−1 exp

𝐹𝐷3
𝑖

𝑘𝑇
, so 

• 𝔼 𝐷1
𝑖 = 𝔼 𝐷2

𝑖 = 0.



𝔼 𝑅2 = σ𝑖=1
𝑛 𝔼 𝑫𝒊 𝟐

+ σ𝑖,𝑗=1
𝑖≠𝑗

𝑛 𝔼 𝑫𝒊 ⋅ 𝔼 𝑫𝒋

= σ𝑖=1
𝑛 𝑎2 + σ𝑖,𝑗=1

𝑖≠𝑗

𝑛 𝔼 𝐷3
𝑖 𝔼 𝐷3

𝑗

= 𝑛𝑎2 + 𝑛 𝑛 − 1 𝔼 𝐷3
1 2

= 𝑛𝑎2 + 𝑛 𝑛 − 1 𝑎2 coth
𝐹𝑎

𝑘𝑇
−

𝐹𝑎

𝑘𝑇

−1 2

Question 1 (cont.)



Question 2: Simulated Chains

We wish to draw sample chains from the 
equilibrium distribution.

𝑫𝒊 are independent, so we separately 
generate then add.

Each 𝑫𝒊 is distributed on the sphere of radius 

𝑎 according to 𝜌𝐷 𝜉 = 𝑍𝐷
−1 exp

𝐹𝜉

𝑘𝑇

ൗ𝐹𝑎
𝑘𝑇 = 0.2



Question 2: Simulated Chains

We generate 𝑫𝒊 using the rejection method. 

To do this we generate samples uniformly on 
the sphere of radius 𝑎 using the Archimedes 
method.

• 𝐷3
𝑖 is uniformly distributed between −𝑎 and 

𝑎

• 𝐷1
𝑖 , 𝐷2

𝑖 is uniformly distributed on the circle 

of radius 𝑎2 − (𝐷3
𝑖 )2



ൗ𝐹𝑎
𝑘𝑇 = 0.2ൗ𝐹𝑎

𝑘𝑇 = 0 ൗ𝐹𝑎
𝑘𝑇 = 1



Computed values vs. analytical ones

Chain of length 30. Averages computed over 900 trials


