NOTES ON QUASI-ISOMETRIES AND COHOMOLOGY

ROBERT YOUNG

1. INTRODUCTION

These are some notes on Shalom’s theorem that two quasi-isometric
nilpotent groups have the same Betti numbers. Shalom’s proof uses uni-
tary representations of the two groups based on a measure equivalence,
i.e., a pair of commuting actions. While Shalom simply uses the existence
of such a measure equivalence, one can also construct an explicit pair of
commuting actions on the space of quasi-isometries.

In this case, the cocycles that Shalom uses to describe the relationship
between the two actions can be written in terms of a particular quasi-
isometry ¢: A — I', and the map from H* (') to H*(A) can be written in
terms of the pullback

P wAo,...,Aq) = 0(PpAo),..., (1),

where w € H4(I') is an invariant cochain (a map w: I'**! — C which is
invariant under the action of ') and ¢*w is a map ¢*w: A%*! — C which is
not necessarily invariant; we think of ¢* w as a d-cochain for A(A), where
A(A) is the infinite-dimensional simplex whose vertex set is A. (When not
otherwise specified, we take complex coefficients, so H*(I') = H* (I';C).)

Since A is amenable, one can average ¢* w over a Folner sequence F,, to
construct a cochain

1

Y. p*w(Ad).

¢*w () := lim
(P n—0o | Fp| AeFy,
In general, this limit need not exist, but we will see that if ¢ satisfies an
ergodicity property, then this limit always exists. In fact, the main goal of
these notes is to prove the following proposition.

For any simplex § = (gy,...,84) € A(G), any g € G, and any f: G — H,

we write g6 =(ggo,...,g84) and f(8) = (f(go),..., f(ga))-

Proposition 1.1. Let A and T be finitely generated nilpotent groups and
suppose that there is a surjective quasi-isometry from A to'. Then there are
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a Folner sequence G, c A and quasi-isometriespg: A —T andyy: T — A
such that ¢gowo =idr and

(1) Forwe C*(T) and§ = (hy, ..., hg) € FLA(N)), the limit

Y 0(po(A9) )

| n /IEGZI

Pyw(6) := nh_r&
exists andcp_;; induces a homomorphism (,b_(’;: H*(T) — H*(A).
Ford=0,{ € C*(A) and 5 € FUAX)), the limit

1
Y (wolpo(V)D)) 2)
Gl o

YyC(6):= ’111_1}30

exists, and W_S induces a homomorphism 1//_(’)“: H*(A) — H*(I).
(2) The composition 1[/_8 o (/)_3: H* (') — H* (') is the identity map.
Consequently, B4(T) < B4(A) foralld = 0.

If A and T are quasi-isometric nilpotent groups and G is a sufficiently
large finite group, then there is a surjective quasi-isometry from Gx A —T.
Taking the product with a finite group doesn't affect the cohomology (with
coefficients in C) of A, so

Ba(Gx NA)=Ba(A) < Ba).

By symmetry, f4(A) = B4(I). In particular, the maps w_(’)‘ and ([)_6‘ are vector
space isomorphisms.

These notes are indebted to Shalom’s original proof, and many of the
constructions in these notes are simply translations of Shalom’s construc-
tions to this new context. Our goal is to make the proof more accessible
and perhaps inspire extensions of Shalom’s methods.

Thanks to Roman Sauer for some helpful discussions on this topic and
Gioacchino Antonelli for his careful reading and corrections.

2. ERGODICITY AND THE SPACE OF QUASI-ISOMETRIES

The first step in the proof of Proposition 1.1 is to choose ¢ and . In
this section, we construct a space Q of the possible choices of ¢pg and vy,
define actions of A and I" on Q, and choose ¢y and v so that (¢g, ¥o) € Q
has an ergodic orbit. We then use Lindenstrauss’s ergodic theorem for
amenable groups to prove Proposition 1.1.(1).

Let A and I" be as in Proposition 1.1. For C > 0, let QI-(A,T') be the set
of C—quasi-isometries from AtoI'. Let [;: A— Aand [,: I — I be the
left-multiplication maps. Let

X:={(¥) €Qlc(A, ) xQIc(T, A) | poy =idr},
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where C is chosen large enough that X is nonempty. Then I" and A act on
QI (A, T) by commuting actions; fory € I', A € A, and (¢, ¥) € X, we define
the left action

Y y) = (yod,wol,)
and the right action

) -A=(Ppoly, [h-1oy).

Let Q:={(¢,v) € X | $(0) = 0}. This is a compact fundamental domain
for the I'-action on X, and, since ¢ is surjective, Q- A = X. We can use
the actions on X to define two actions on Q. For every A € A and (¢, ),
there is a unique y € I such that y(¢,¥)A € Q, namely y = ¢(1) . We thus
obtain a right action of A on Q by letting7,: Q — Q,

T2, v) =PV L (1) - A
=y opoln, i owolyn). B)

(Equivalently, since the actions of A and I' commute, A acts on I'\ X, and
there is a bijection between I'\ X and Q.)

Likewise, for every y € T', we have y (¢, w)w(y‘l) € Q, and we define a
right action of T by settingoy: Q — Q,

oy ) =y~ () -y (y).

It is straightforward to check that this is an action.

We think of these actions as “recentering” ¢ and v; given g = (¢, y) € Q,
the graphs of ¢ and y are subsets of A x I'. The graph of ¢ goes through
(0,0) and the graph of ¥ comes close to (0,0); the action 7, corresponds
to left-translating these graphs by (¢ (1), 1)1, and the action of gy corre-
sponds to left-translating them by (y, 1[/()/))_1. Note that since ¢(yp(y)) =7,

oy ) =Py () - (b, v)-v(¥) =Tywp. 4)

To construct ¢9 and ¥y, we use an ergodic theorem due to Lindenstrauss
[LinO01]. A Falner sequencein G is a sequence of sets F;, c G such that there
is a finite generating set S c G satisfying | F,,| — oo and

lim |F, AsF,|=0
n—oo

for all s € S. A tempered Folner sequence F), is a Folner sequence such that
there is some C > 0 such that for all n,

U F¢'Fu| < ClFnl.
k<n
For instance, the sequence F,, = [-n, n] c Z is tempered, but G,, = [2",2" +

n] is not. Lindenstrauss proved the following theorem.
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Theorem 2.1 (Lindenstrauss). Let G be an amenable group acting ergodi-
cally on a measure space (X,n) and let F,, be a tempered Foalner sequence.
Then for any f € L1(n) and forn-a.e. x€ X,

Y f(gx)=/den.

We use this to choose ¢y and ¥ so that the closure of the orbit of (¢pg, 1)
supports an ergodic measure. For p € Q, let §,, be the point measure
supported at p.

Lemma 2.2. There are a A-invariant Radon measure u on Q, a point
q = (¢o, o) € supp(w), and a symmetric Folner sequence G, = G,' < A
such that A acts ergodically on (Q, u) and the averages

1
" Gl Aé Orn@ ©

Hn:

converge weakly to (.

Proof. We first construct an invariant measure 7 on Q. Take a symmetric
generating set for A and let G,, c A be the ball of radius 7 in the word
metric. This is a tempered Folner sequence and G,,' = G,,.

Let C(Q) be the set of continuous complex-valued functions on Q. Let
peQ,let lim be an ultralimit, and for any continuous function w: Q — C,
let

a(w) = lim
n—mw|

1
| Y. w(Tg1(p)).

nl geGy,
Since G, is a Folner sequence, for any h € A,

Y, 0@g(p)=aw),

a(woty) = lim
" geh™1G,

1 — 1
LGl Z w(Th(Tg_l(p))):nh—r'IC}OIGnl

8€Gn
i.e., ¢ is A—invariant.

By the Riesz representation theorem, since Q is compact and Hausdorff,
there is a Radon measure 7 on Q such that a(w) = |, Qa)dn and nisa A-
invariant probability measure. That is, the set P of A-invariant probability
measures on Q is nonempty, closed, and convex. Let u be an extreme
point of P. Then A acts ergodically on (Q, u).

Let f: Q — C be continuous. Since p is a Radon measure, we have
©(Q\supp(w) =0, and by Theorem 2.1, for y—almost every g € supp(u),

Y faga(q)= / fdp. 6)
Q

geGy

n—oo |G|

Since Q is compact and metrizable, there is a countable dense set of
continuous functions. We can therefore find a g € supp(u) such that (6)
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holds for every continuous function. Let i, be as in (5); then u, converges
weakly to p, as desired. U

We use this lemma to prove the first part of Proposition 1.1.

Proof of Proposition 1.1.(1). Let g = (¢po, o) be as in Lemma 2.2 and let
Unbeasin (5). Letd =0,letw e C4(I"), and let § = (hy, ..., hg) € FLUA(N)).
Let f,,: Q—C, fu (), v) = w(¢p(5)). Then f, is continuous and

1
/fwd,un:_ Z Jo(T1-1(q)
Q

= Y oo po(A16)))
Gl 155,

= Y w(po(A16)),
Gl 155,

where the last equality follows from the I'-invariance of w. Thus, if (,b_ga)(é)
isasin (1), then

IOE lgll/fwdun:/fwdy

by the weak convergence of . It is straightforward to check that cp_;;(dw) =
d((p_;w), SO (,b_a‘ induces a map on homology.

Similarly, let { € C%(A) and let 6 € F(A(). Let g;: Q — C, g (¢, psi) =
((y(6)). Then g; is continuous and

1
/gzdun: Y Ay hHe)
Q |Gl AeG,,

Y C(p)s)).

1
Gl 5

Thus, by the weak convergence of ,,,
Yal(0) = ,}igrgo/ grdpn = / g dp.
Q Q
This induces a map from H*(A) to H*(I') as desired. 4

The second part of Proposition 1.1 relies on Theorem 4.1.3 of [Sha04],
which is based on Theorem 10.1 of Blanc [Bla79]. (See also [Del77].)

Theorem 2.3. Let T be a nilpotent group and let Y be a unitary represen-
tation with no fixed points. Then, for any n = 0, the reduced cohomology

H' (I;Y) is trivial.
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Recall that an invariant cochain h € C%(G;Y) with coefficients in a
G-module Y is a function i: G¢*! — Y such that for any A € A and
5 € FAA(G)), h(AS) = Ah(6). The reduced cohomology ﬁn(l"; Y) is the
quotient

H'(T;Y) =ker(d,)/ clos(im(d,_1)),
where d,,: C"([;Y) — C™([;Y) is the coboundary map. This is a quo-
tient of H*(I';Y), and if H™(T'; Y) is finite-dimensional, then H"(I';Y) =
H'T;Y). L

We will prove Proposition 1.1.(2) by describing ¢; and v in terms
of cohomology with coefficients in C(Q) and L?(u). As in the proof of
Lemma 2.2, let C(Q) be the set of continuous complex-valued functions
on Q, equipped with left actions A- f = foryandy- f = foo, for f € C(Q),
AeA, yel.

First, we show that ¢ : C*(I') — C*(A(A)) can be written ¢pg =15 o Tt,
where T!: C4(') — C4(A; C(Q)) and ITx : C4(A; C(Q)) — C* (A(A)).

For w € C4(T;R) and 6 € F4(A(M)), let

Tﬂw(5)(¢,1ll) = w(P(d)). (7)
We check that T*w is I'-equivariant: for A € A,

- Tro ) (@, ) = T'w(®) (T, ).
Since
TAlD,Y) = (l(;(lg) oo ly, I oyolyp),
we have
A TFo (@), ¥) = 0@A) ' p(A9)) = 0(P(A)
by the invariance of w, and w(¢(A6)) = T!w (1) (¢, v). Furthermore, Tt
commutes with the coboundary map.
Now, for G = A or G =T and every h € C¥(G; C(Q)), we define a corre-
sponding cochain ITgh € CF(A(G)) by
[lgh(go,. .-, 8k) = h(go, ..., 8K (q)
for go, ..., 8k € G. This map likewise commutes with the coboundary map,
and for § € Z4(A(),
A T*w(8) = T'0(8) (¢o, Wo) = w(¢ho(8)) = Pow(0),
i.e.,
M\ T'o = ¢} w. 8)
In general, the image of [1; consists of cochains which have symmetries

like those of g. For example, if g is periodic, then I1/ is also periodic. That
is, if there is some A € A such that 7,(g) = g, then for any § € Z4(A(A)),

IIAR(AS) = h(A6)(q) = h() (A (q)) = h()(g) =TI h(5).
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Likewise, if 7, (q) is sufficiently close to 7,,(q), then ITp h(1,06) is close to
[TA h(A20).

We can define a map Tj: C%(A;C(Q)) — C4(T;C(Q)) in a similar way.
This map roughly corresponds to the transfer maps constructed in [Sha04].
For 8 € Z4(A(I), { € CY(A;C(Q)), and (¢, w) € Q, let

TyC(0) (@, w) = C(y (8)) (b, y). 9)

Then T; commutes with coboundaries. We check that T, is I'-equivariant:
for y € I', we note that

Ty (y6) (b, w) =Ly (yd) (¢, v),

and
(v - T3¢ (0)) (P, w) = Ty (6) (o y (P, ¥)),
where
oy (@, p) = (L oo by, Ly owoly).
Then

(y- T ), w) =L () " w(yd) oy (P, ¥))

L e @y (6 v)

={(y(yd) (¢, )
by the A—equivariance of {, so
Y- Ty (6) = Ty (y6). (10)

We can draw the following commutative diagram relating 7% and T; to
¥, and ¢y

din. B mdpp.
C*(N;C(Q) — CHT;CQ)

y lnA lnr

cr) — CHAN) — C4AD)
0 0

The left side of the diagram commutes by (8). For { € C%(A;C(Q)) and
se F4UD),

r Ty (6) = Ty () (o, wo) = C (o () (o, W),
and

Yo IAL(6) = IAL (o (8)) = { (o (D)) (o, Wo),

so the right side commutes.
Furthermore, since ¢ oy = idr for all (¢, v) € Q,

T, T'w(8) (¢, v) = Ty (8)) (¢, ¥) = w(p(5))) = w(5) (11
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and ¢y w(8) = w(8). Thatis, TyoT* is the inclusion of C%(T') into C*(T; C(Q))
induced by the inclusion C = C(Q) and v o ¢ is the inclusion of c4(I)
into C4(A(I)).

Next, we show that the maps above extend to chains with coefficients
in 12 (w). Every function in C(Q) is L2, so we can view T! as a map from
C4(I) to C?(A; L?(w)). Extending T; takes a little more work.

Lemma 2.4. The map Ty extends to a continuous map from C4(A; L2 ()
to C4(T'; L2 (w)).

Proof. For { € C*(A;C(Q)) and 6’ € F4(A), we have

1
16 20 = / (@9, y)* du(@y) = lim -

| Y (@B Talg))?.

nlAeG;!
Let § € ZF4(I). For A € A, note that
Ty O)(Talg) = ((/1_11Vo (o (1)) (TA(q)).
Let
61 = A" oo (1)).
Let D(6) = {0 | A € A}. Since ¢y and v are quasi-inverses, D(0) is a finite

set.
Then

Y T (O (TAlg)?.

AeGy!

1
/ T,L(8)($, y)? duh, y) = lim Ton

By the above,

T O (TA(@)* ={BNEA@) = Y, {(x)(TAlg)).
xeD(5)

Therefore,

ITICG) 2= Y 1@, (12)

x€D(6)
so Ty is a continuous map from Cd(A;C(Q)) to Cd(A; LZ(,u)). Since u
is a Radon measure, C(Q) is dense in [? (W), so Ty can be extended to
Ce(A; L2 (1)) by continuity. O

For G = A, T, let Mg: C%(G; L? (1)) — C%(G) be the integral
Mga(d) :/ a(d)du (13)
Q

for6 € Z4A(G)). If a € C4(G; C(Q)), then Lemma 2.2 implies

1
Mga(§) = lim Y ald)(Ty-1(q). (14)
n—oo |G| 1eG,
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Then Mg commutes with coboundaries and the following lemma holds.

Lemma 2.5. For all w € C%(I') and { € C(M\), we have <p_3w = M\T'w

and 1//_6‘( = MrTy(, where we view { as an element of CAUA; C(Q)) via the
inclusion C < C(Q).

Proof. Let 6 € Z%(A(A)). By (14) and (7),

1
MATﬁw(a):,}@c}olG | Y T'w@y-1(g)
nl 1eG,

= lim wApo(A16)).
n~oo|Gn|A€ZGn %0

By the invariance of w,

My T*w(5) = lim Y w(po(A716) = piw(d).
= |Gl )cg,

Likewise, let 5 € Z(A(I). Then, by (9),

1
MrTy((6) = lim Y. Tl(Tp-1(q)
n—o0 |Gy| AeGy,

1
= lim > L AWo(po(A™ 1)) (T 51 ().
n=0|Gpl 1&5,

Since { € C%(A), {(8") is a constant function for any §', and { (A8") = {(5").
Therefore, by (2),

1

MrTL0) = lim 5 2. CWelGodHo) = L)
€Gn

Finally, we prove Proposition 1.1.(2).

Proof of Proposition 1.1.(2). It suffices to show that for any w € Cc4(I), the
difference w — ¥ o ¢ (w) is a coboundary.
Let

v:=Tlw— My T'w € C4(A; C(Q)).

Then v € C%(A; L(Z)(u)), where L(Z)(u) ={fe [2 (W | ffdu =0}. Since A acts
ergodically on p, Lg (W) is a unitary representation of A with no fixed points,
so by Theorem 2.3, v is a reduced coboundary in C%(A; Lg (1), i.e., a limit
of coboundaries.

Since C(Q) is dense in Lz(u), there are n; € Cd_l(A;C(Q)) such that
dn; — v and thus dMrTyn; — MrTyv. Therefore, MrTyv is a reduced
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coboundary in C4(I'). Since H%(T) is finite-dimensional, the subspace of
coboundaries has finite codimension in C4(I') and is thus closed. Thus

MrTyv = Mr Ty T*w — My TyMa T

is a coboundary.
By (11),

MrT;T'w = Mro = o,

and by Lemma 2.5,

My TyMAT 0 = 97 0 F (),

so w is cohomologous to w_(’;‘O(p_(’;(w), as desired. U

(1)

2)

3)

4)

[Bla79]

[Del77]

3. QUESTIONS

Can we construct the cochain that arises from Theorem 2.3 ex-
plicitly? That is, a similar argument implies that if a € ciam)
generates an ergodic measure y on C4(A(I)) and

n_,oo |FF gEZ‘P’T ga
then a = ITr(B) for some B € C%(I'; Cy(Q)), where Q = C4(A(I") and
Co(Q)=C(Q)n Lg (1). By Theorem 2.3, 3 is a reduced boundary, so
there are n; € C4~1(I'; Cy(Q)) such that dn; — B. One can show that
the images I1r7n; also generate ergodic measures, so « is the limit
of the coboundaries of cochains that generate ergodic measures
and average to zero along a Folner sequence.

Can we construct these cochains explicitly?

Can we state a version of Theorem 2.3 for cocycles in C 4(A(IN)? For
instance, suppose that @ € C4(A(I") is a cocycle which averages to
zero along a Folner sequence. When is a the limit of coboundaries
of cochains that also average to zero along a Folner sequence?
Suppose ¢: A — T is a quasi-isometric embedding. When can
we define a pullback ¢*: H*(I') — H*(A)2 When is this pullback
functorial?
Can we prove Sauer’s result [Sau06] that the cohomology ring is
quasi-isometry invariant this way?
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