QUANTITATIVE STABILITY OF THE FREE BOUNDARY IN
THE OBSTACLE PROBLEM

SYLVIA SERFATY AND JOAQUIM SERRA

ABSTRACT. We prove some detailed quantitative stability results for the contact
set and the solution of the classical obstacle problem in R™ (n > 2) under pertur-
bations of the obstacle function, which is also equivalent to studying the variation
of the equilibrium measure in classical potential theory under a perturbation of
the external field.

To do so, working in the setting of the whole space, we examine the evolution
of the free boundary I'* corresponding to the boundary of the contact set for a
family of obstacle functions h*. Assuming that h = hf(x) = h(t,z) is Ck¥T1< in
[-1,1] x R™ and that the initial free boundary I'° is regular, we prove that I't
is twice differentiable in ¢ in a small neighborhood of t = 0. Moreover, we show
that the “normal velocity” and the “normal acceleration” of I'! are respectively
CF=1.@ and C*~22 scalar fields on I'*. This is accomplished by deriving equations
for these velocity and acceleration and studying the regularity of their solutions.

1. INTRODUCTION

1.1. Motivation of the problem. Consider the classical obstacle problem (see
for instance [10, 6]). If the obstacle h is perturbed into h + t£ with ¢ small and
¢ regular enough, how much does the contact set (or coincidence set) move? The
best known answer to this question is in a paper by Blank [4] which proves that the
new contact set is O(t)-close to the old one in Hausdorff distance, in the setting of
a bounded domain with Dirichlet boundary condition. Some results are also proved
in [14] in an analytic setting, by Nash-Moser inversion.

Our paper is concerned with getting stronger and more quantitative stability es-
timates, in particular obtaining closeness of the contact sets in C*® norms with
explicitly described first and second derivatives with respect to ¢, which come to-
gether with an explicit asymptotic expansion of the solution itself. We believe that
such results are of natural and independent interest for the obstacle problem. They
are also for us motivated by an application on the analysis of Coulomb systems in
statistical mechanics for the paper [11] which relies on the present paper.

Let us get into more detail on this aspect. In potential theory, the so-called
(Frostman) “equilibrium measure” for Coulomb interactions with an external “field”
@ is the unique probability measure p on R™ which minimizes

(L) | Pe—ndua) dnt) + | @@duta)
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where P is the Newtonian potential in dimension n. If () grows fast enough at
infinity, then setting

(1.2 ule) = [ Ple = p)inty)

the equilibrium measure p is compactly supported and uniquely characterized by
the fact that there exists a constant ¢ such that

uzc—% andu:c—% U —a.e,

cf. for instance [13]. We thus find that p = —Awu where u solves the classical
obstacle problem in the whole space

min{—Au,u —h} =0

with obstacle h = ¢ — % — the two problems (identifying the equilibrium measure
and solving the obstacle problem) are in fact convex dual minimization problems as
seen in [8], cf. for instance [15, Chap. 2| for a description of this correspondence.
Thus, the support of the equilibrium measure is equal to the contact set wherever
the obstacle is “active”.

The understanding of the dependence of the equilibrium measure on the exter-
nal field — which is thus equivalent to the understanding of the dependence of the
solution and its contact set on the obstacle function — is crucial for the analysis of
systems of particles with logarithmic or Coulomb interactions, in particular it allows
to show that the linear statistics of fluctuations of such systems converge to Gaus-
sians. Following the method first introduced by [9], this relies on the computation
of the Laplace transform of the fluctuations, which directly leads to considering the
same system but with perturbed external field. Previously, the analysis of the per-
turbation of the equilibrium measure, as done in [1], were relying on Sakai’s theory
[12], a complex analytic approach which is thus only valid in two dimensions and
imposed placing analyticity assumptions on the external field and the boundary of
the coincidence set.

In that context, the evolution of the contact sets sometimes goes by the name
“Laplacian growth” or “Hele-Shaw flow” or “Hele-Shaw equation”, cf [2, 3|, and
seems related to the quantum Hele-Shaw flow introduced by the physicists Wieg-
mann and Zabrodin [17]. It has only been examined in dimension 2.

1.2. Setting of the study. Both for simplicity and for the applications we have
in mind mentioned above, we consider global solutions to the obstacle problem in
R™, n > 2. We note that the setting in R? is slightly different than the setting in R”
for n > 3 due to the fact that the logaritmic Newtonian potential does not decay
to zero at infinity, and this will lead us to often making parallel statements about
the two. We also note that the potential u associated to the equilibrium measure
in (1.2) behaves like P at infinity, since p is a compactly supported probability
measure, i.e. tends to 0 if n > 3 and behaves like —5-log |z| if n = 2. Specifying
the total mass of —Auwu is equivalent to specifying the ratio of #g\ad at infinity in
dimension 2, or to adding an appropriate! constant to « in dimension n > 3.

'Let u! be defined as (1.3). For n > 3 there is a nonlinear (but monotone and continous)
relation between the mass [, Au’ and value of the constant ¢’. For ¢’ large enough the mass
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With the above motivation, in order to consider the perturbations of the obstacle,
we thus consider for each t € [—1, 1], given ¢ a function of ¢, the function u' solving
the obstacle problem

limyy) o0 u(z) = ¢ n>3
u’(x) t

3 =c n=2.
— log |z|

(1.3)  min{—-Auv', v —h'} =0 in R", {

hrn|:s|—>oo

We assume that Ah® < 0 on {u® = h%}, i.e. the obstacle must be “active” in the
contact set, and

im0 A (z) < ¢ n>3
(1.4) e e -
hrn|m|_>oo Tloga] <c n =2,
(1.5) h = h'(z) = h(t,z) € C*"*([~1,1] x Bgr)
while
(1.6) c=c =c(t) € C*([-1,1)).

For n = 2 we assume that ¢ > 0.
In addition, we assume that

(1.7) A(h' — h°) is compactly supported in Bg
and
t_ 10
(1.8) ' —h® =0 as|z| = oo, resp. ———— =0 as|z| — oco.
—log |z|

In particular, letting * denote the derivative with respect to ¢, this implies that
It
(1.9) h* =0 as|z|— oo, resp. ——— =0 as|z| — oo,
—log |z|
Let us denote

O = {u" — h' > 0} and I :=09Q"

the complement of the contact set and the free boundary, respectively.

We will assume that all points of the “initial” free boundary I'’ are regular points
in the sense of Caffarelli (see [5, 6]). In particular we assume that Q° is an open set
with smooth boundary.

For the analysis of the paper it is convenient to identify precisely the quantities
on which the (constants in the) estimates depend. To this aim, let us fix p > 0 and
make the following quantitative assumptions.

First, we assume that, for some U C Br we have
_ {P—mZp inR"\U n>3

and

(1.10) AR’ < —p inU -

%g%zpinW\U n=2,

where U C Bp is some open set containing {u° = 0}.
Second, we assume that

(1.11) all points of I'” can be touched from both sides by balls of radius p.

is 0 when decreasing ¢! the mass increases continuously. This allows to solve the equation with
prescribed mass by varying the constant c*
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This is a quantitative version of the assumption that all points of I' are regular
points.

Throughout the paper, if C is a set of parameters of the problem, we denote by
C(C) a constant depending only on C. We denote

(112) C = {n7 k? &, R7 U? p; HhHC’H’LQ([—l,l} xU)> ||CHC2([*1’1D}
and
(113) CO = {n,k,oz,R, UJP? ||h0||0k+17a(ﬁ)’co}

For n = 2 we also add to C the constant inf|_; ;¢ > 0.

1.3. Main result. Let t, > 0, ¥ = U'(z) = ¥(t,z) be a l-parameter family of
diffeomorphisms ¥ : (—t,,t,) x R — R™. We say that ¥ fixes the complement of
U if U(z) =z for all z € R"\ U.
- We say that U is continuously differentiable if for all ¢ € (—t,,t,) there exists
Ut e CO(R™;R") such that

|9+ (@) = W(2) — 5 ¥ (@) g ey = 05)
and ' '

19+%(@) = $(2) | oy = (1)

as s — 0.

We say that ¥ is twice continuously differentiable if, in addition, for all ¢ €
(—to,t,) there exists U € C°(R"; R")

U () — Uh(x) — s U(z) — %SZ Tt (z) = o(s?)

CO(R™;R™)
and . .
H\PHS(@ - \Ijt@)HcO(Rn;Rn) = o(1)
as s — 0.
Throughout the paper, given a function f : (—t,,%,) X Y — R we use the notation
f=fi(z) = f(t,z) and
fs+t _ fs .

Sf = and f = lma T = 0 ()

The main result of the paper is the following. In its statement, and throughout
the paper, we denote by
VTt — gt
the unit normal vector to I'" pointing towards Q.

Theorem 1.1. Letn > 2, k> 1, a € (0,1), and u' satisfying (1.3) with h and ¢
satisfying (1.4) —(1.8). Assume that (1.10) and (1.11) hold.

Then, there exists t, > 0 and a 1-parameter differentiable family of diffeomor-
phisms Wt € CFe (R";R”) that fixes the complement of U and which satisfies, for
every t € (—to,to)

00 = O, o) =1t

(1.14) [V | orra@ny <C and  (Uo (W) 7) vf = ——
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where V= ut — ht is the solution?® to

AV = —AR? in Q!
(1.15) Vi=0 on I'
lim, o Vi(z) = ¢, resp. limg o0 _Vlzgl‘ =c (forn=2).

In addition, we have
W =h'+Vixge in all R™.

If moreover k > 2 then W is twice differentiable and we have

(1.16) | -2y < Co
and
(1.17) 18| oo gy + IV [l gz (0002 ey < Co-

The constants t, and C, depend only on® C.

A informal rephrasing of Theorem 1.1 is as follows. If the moving obstacle h(t, x) is
CkrLe and ¢(t) is C?, then I' is“twice differentiable” in for ¢ in a small neighborhood
of 0. Moreover, the “normal velocity” of I'* and the “normal acceleration” of I'* are
respectively C*¥~1@ and C*~2 scalar fields on I'¥, with the normal velocity precisely
identified via a Dirichlet-to-Neumann transformation: to compute it, one finds the
solution V* to the Dirichlet problem in a exterior domain (1.15) and the normal
velocity at a point of T is given by the normal derivative of V' divided by the
Laplacian of the obstacle at that point.

1.4. Open questions. It is of course natural to ask whether similar results hold for
more general obstacle problems; such as those associated to fully nonlinear operators
or to fractional Laplacians.

In the view of our results* A natural open question, which we believe to be
delicate, is whether one can improve Theorem 1.1 to

U(t,z) € C**  (jointly in ¢ and ).

1.5. Structure of the proof and organisation of the paper. For the proof, we
first reduce to a situation where the contact set is growing, i.e. Qf C Q. We then
define a coordinate system near the free boundary I'°, and express the “height” n!
of I'" in these coordinates.

In Section 3, assuming that an expansion of the type n' = n® + 7% + %ﬁOtQ +...
holds as t — 0, we derive equations for n° and 7°, which allow to obtain explicit
formulae and Holder regularity for these quantities via single and double layers
potential theoretic estimates. These regularity estimates are delicate to obtain
because the relations characterizing 7° and 7i° are at first implicit and one needs to
show they can be “closed” for regularity.

2Note that since we assumed that A’ tends to 0 (resp. is < |log|z||) at co, V* is the unique
such that V* + At is bounded, coincides with h! in the complement of Q! and is harmonic in Q.
In fact, V* + h' is the unique bounded harmonic extension of h! outside of (Q)¢

3The set of constants of the problem C was defined in (1.12).

4We establish that if h € C*1: then ¥t € CF | ¥t € C* and V! € CF~2
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In Section 4, we show that the existence of an expansion in ¢ for n’, which was
previously assumed, does hold. This is done by using a second set of adapted
coordinates near 'Y (a sort of hodograph transform) and again single and double
layer potential estimates.

Finally, in Section 5 we prove the main result by showing how to treat the general
case where the contact set is not necessarily growing. In Appendix A, we collect
the potential theoretic estimates we need and some additional proofs.

Acknowlegments: S. S. was supported by the Institut Universitaire de France
and NSF grant DMS-1700278. J.S. is supported by ERC Grant “Regularity and
Stability in Partial Differential Equations (RSPDE)”.

2. PRELIMINARIES

2.1. Known results. Throughout the paper it is useful to quantify the smoothness
of the (boundaries of the) domains . Let us introduce some more notation with
that aim. Let U be some open set and r > 0. We write 9U € C* if for all z, € U
there are some orthonormal coordinates y;, 1 < ¢ < n with origin at x, (these
coordinates may vary from point to point), and a function F,, € C*(B!) such that

Un{ly| <rlyal <r}={y. < F, @)} {ly| <rlya] <7},

where ¢ = (y1,Y2, -+, Yn—1)-
In this framework we denote

(2.1) |0U]| e == sup || Fy, || cra(mry < 00,
ToEO
where B. = {|y/| <r} Cc R*1.
With the previous assumptions we have in our notation

Proposition 2.1 ([5, 6, 10, 4]). There exist universal constants to > 0 and C,
depending only on C such that the following hold.
(i) We have
HFtHCk’fZ < C, forallte (—tot).
P

(i) For every pair t,s € (—to,t,), the Hausdorff distance between T and T°*
satisfies
dHausdorff(Fty FS) S Co |t — S’.

Proposition 2.1 is contained in the results of [4]. However, for the sake of com-
pleteness, we briefly sketch the proof in the appendix. This is done by combining
the classical results for the obstacle problem in [5, 6, 10] and the key sharp estimate
|QUAQ| < C|t — s| for the symmetric difference of the positivity sets (or of the
contact sets) from [4].

2.2. Scalar parametrization of deformations (definition of 7'). By Proposi-
tion 2.1 the free boundaries I' are “uniformly” C* for |¢| small and the difference
between I' and I'* is bounded by C|t' — t| in L* norm. A goal of the paper is to
prove that the difference is bounded C|t — t| also in a C*~1 norm. To prove this
type of result it is convenient to have a scalar function representing the “difference”
between I'" and I'*. This has a clear meaning locally — since both I'" and I'* are
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graphs, and one can simply subtract the two functions that define these graphs. We
next give a global analogue of this.
In a open neighborhood U, of I'° we define coordinates

(2,8) : Us — Z X (=S80, S0),

where s, > 0 and Z is some smooth approximation of I'°.
We assume that the vector field

N =0,
is a smooth approximation of v on I'’. More precisely, we assume that
(22) NeC®U;R"), |N|=1 and N-v'>(1-g¢g,) forté€ (—to,to),

where ¢, is a constant that in the sequel will be chosen to be small enough —
depending only on C.

In this framework, Proposition 2.1 implies that for all t € (—t,,t,) with ¢, small
enough there exists n' € C**(Z) such that

(2.3) I = {s=n'(2)} CU..

Remark 2.2. From the data of I'° we may always construct Z and (z, s) satisfying
the previous properties — for ¢, arbitrarily small — by taking Z to be a smooth
approximation of I'° and N a smooth approximation of 1. Once Z and N are
chosen, the coordinates (z,s) are then defined respectively as the projection on Z
and the signed distance to Z along integral curves of N.

3. A PRIORI ESTIMATES

Roughly speaking, the goal of this section is to show that if an expansion of the
type

1
nt:n0+n0t+§n0t2+ .
holds, where

t_ 0 t_ 0 _ 20 0
- — 0 — i
1 tn —n° and %%% ast — 0, in C°(2)
then 7° and 7;° must satisfy certain equations that have uniqueness of solution and a
priori estimates. From these equations we obtain conditional (or a priori) estimates
for ||7'70||ck—17a(2) a?d ||7.7'0||ck—2,a(2)-' .
In the next sections, let us provisionally assume that

(3.1) AR* —h%) >0 and - <0

for all ¢ > 0, which is not essential but simplifies the analysis: Assumption (3.1)
guarantees that Qf C QO for all t+ > 0. Indeed, this is an immediate consequence of
the characterisation of

u' =u" — A
as the infimum of all nonnegative supersolutions with the same right hand side
and appropriate condition at infinity. More precisely, we have the following lemma,
whose proof is standard in dimension n > 3 and which we sketch in dimension n = 2
in the appendix.
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Lemma 3.1. The function u' can be defined as the infimum of all f satisfying

ht
(3.2) f>0, Af<-Ah', and lim(f+h')>c", resp. lim f+ >

Note that in particular f = @° satisfies (3.2) since Au® = —AR® < —AR!, and
lim (@° + ") = lim (@° + A°) + lim (h' — h%) > > ¢,
resp.
70 ht
lim @+H) > c(t).
z—o0 — log |z

Therefore, applying Lemma 3.1 we obtain @° > %! and
QO ={u">0yc{a’>0}=0"

for all ¢ > 0. Equivalently (3.1) implies that n* > 0 on Z for ¢ > 0.

Later, when we prove Theorem 1.1, we will reduce to this case by decomposing h'
as a sum of two functions, one with nonnegative Laplacian and one with nonpositive
Laplacian.

Let us define

1 -
(3.3) vt = 6,u° = z(if —a")
The function v! is a solution of
Avt = —A§hY in O
(3.4) vt = -3 on I'
lim, oo v' = 8;c°, Tesp. limg oo % = ;.

Since @° = |V@°| = 0 on I'°, using the classical estimate®

[u’[lcra@ny < (n = DIA°[loragny,
we obtain
@) < ClAlors ) BB (T T) < 2 on T,
Then, using that Qf grows to Q¥ as ¢ | 0 and uniform estimates for v* we find that
vt — v as t | 0, where v is the solution of
Av=—Ah’  inQ°
(3.5) v=20 on I

v(o0) = ¢, resp. limg 0o o

="

Here Ah® = limyj o AG,h° = (A8h)(0, z).

5Since u is a solution of the obstacle problem in the whole R™ with a semiconcave obstacle

h?, u is semiconcave with D*u® > —||h[|c1.1(rn)Id and the estimate follows using Au® = 0 where
0 p0
u’ > h".
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3.1. Equation and estimate for 1°. We first prove the following

Proposition 3.2. Let k > 1. Assume that for some t,, | 0 there exists 1° € C°(Z)
such that
5i,,n° — 10" in C°(2) as m — oo.
Then, the limit 7° is given by

(36) 6 = (i) D)

with v as in (3.5). As a consequence, 1° is independent of the sequence t,, and we
have 1 € C*~1(Z) with the estimate

(3.7) 17102y < CEO) (BNl ey + 1E°))-

Proof. We split the proof in two steps.
Step 1. We prove (3.6). Recall that since @' is a solution of a zero obstacle
problem we have
' =|Vd'|=0 onl"

Thus,
1 - 0
(3.8) ot = ;(8317 —0,u") = _atu on I't.
From (3.8) we deduce that
(3.9)
1. 1
dv'm (z,m'm) = —t—asuo(z,ntm) = —t—(asﬂo(z,no)—irassﬂo(z,no)(ntm —n°)+o(tm))

where n° and n'™ are evaluated at z (although we omit this in the notation) and
where 0,,u"(z,7°) is understood as the limit from the Q° side. To justify the validity
of the previous Taylor expansion we use that @° € C%%(Q0), see Lemma 3.6.
Since u° = |[Vu®| = 0 on T we obtain
Oectl’ = (e - 1)?0,,u° = (e - v)*AU°’ = —(e - v)?AR° on I'?
for every vector e, where v = 1? is the normal vector to I'’ (pointing towards Q°).

Again, the previous second derivatives on I' mean the limits from the Q° side.
Hence, we have

(3.10) 0,u’(z,1n°(2)) =0 and D55’ (2,m°(2)) = —((N . uo)zAhO)(z,no(z))

where 0,,u°(z,1°(2)) is from the Q side. Dividing (3.10) by t,, and taking the limit
as t,, 4 0in (3.9) using the assumption, we obtain

(311)  Ow(z,1’(2)) = =0’ (2,1°(2)) 0" (2) = (N - 1°)*AR) (z,1°(2)) 0" (2)

where 9,v(z,1n°(2)) and 9,,u°(z,1n°(2)) are from the QY side. When computing the
limit that yields (3.11) we must check that

(3.12) A" (z,n'™ (2)) = dsv(z,1°(2)),

where Osv(z,7n") is from the QY side. To prove this, note that the equation (3.4) for
v" with the uniform C* estimates for the boundaries I'* imply that | Vo'|| 50, @) 18

uniformly bounded (for ¢ > 0 small). This implies that Vo' converges uniformly to
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Vo in every compact set of Q% Then using the uniform continuity of the derivatives
of v on QY we show that

lim Vo' (z,) — Vo(x) asp— oo whenever t, | 0, z, =z and x, € Q.

This establishes (3.12) and (3.11). Then, (3.6) follows immediately form (3.11),
after recalling that N = 0.
Step 2. We prove (3.7). Indeed, from (3.5), and using that T? = 9Q° € Ck/4 with

norm universally bounded we obtain that
(3.13) vllcraoy < CCO)(IAR|or-2a(00) + 1¢°]) < CLCO)(IIA° | a0y + |E°)]).

Now recalling that N is smooth, that [°]cr-1.aro) < C’HFOHCk,/a < C, that
p/4
—AR? > p, and that |[7°[|cr.a(z) < C, (3.6) and (3.13) imply (3.7). O

3.2. Equation and estimate for 7°. In this section we estimate the second de-
rivative in ¢ of n at t = 0. It is convenient to introduce here the following notation,
that we shall use throughout the paper. Given a function f : (—t,,t,) X Y — R
recall the notation f = f(y) = f(¢,z). Let us also denote

WO0uf* — f° f*

02 f = - and f5= lgfgl 8 f° = 0uf(y,0).

From now on let us consider v to be defined in all of R™ by extending the solution of
(3.5) by 0 in R"\Q°. Note that this is consistent with v = limy o v* and v = §,a° = 0
in R™\ Q° (since both " and u° vanish there).

We now introduce the function, defined in all of R,

w' = 6,0" = — (v —v) = %(53@0.

Using (3.5) and the following identity
At — %A@i ) = —%A&O - %Ah“ in 00\ O

we find, in the distributional sense,

(3.14)
Auwt = (25 H Y o+ (AR — AR®) xon\or ) = A0ZROXe:  in R

1520

w'(00) = 307¢ w'_— 15200

,  resp. lim,_, Togla] —

where H denotes the Hausdorff measure. Indeed, note also that for v = v° we have
onv=(N-v9,v onT?%,  while Juv=0 onT}.

Here, “ T'?.” refers to the limit from the Q° side while “ T'%” refers to the limit
from the R \ QO side. Therefore, Aw' has some mass concentrated on T'® which is

given by the jump in the normal derivative of v, namely,

1 8]\[1)
tN -0

n—1

ITo .
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In the following lemma, and throughout the paper, P denotes the Newtonian
potential in dimension n, namely:

1
—  |x
n(n — 2)|Bl||

Recall that —AP = §,—¢ in the sense of distributions.
We also need to introduce the Jacobian

J(z,5) :=|det D (z,s)7!|

P(z) =

1
2—n
. Plx)=——1 :
P vesp. Pla) = —logla

of the coordinates (z, s) defined by

/f )dx = /Zs)(A)f(z, s)J(z,s)dzds.

We use the following abuse of notation:

e when f = f(z) we denote f(z, s) the composition fo(z,s)~!; and conversely,
e when g = g(z,s) we will denote g(z) the composition g o (z, s).

Finally, let us denote
m U, — Z
the projection map along N, which is defined in the coordinates (z, s) by
(z,8) — (z,0).
We will need the following

Lemma 3.3. Given f:T° — R continuous we have

[ )@@ @ = [ o) el

Proof. Let us assume without loss of generality that f is defined and continuous in
the neighborhood U, of I'’. Given £ > 0 let

A ={z e U, : °(2(x)) < s(x) <n°(z(x)) + ¢}
Recalling that N = J; and that |N| = 1, we have

/F N (@) f)aH () = T - BRI

elo €

On the other hand, for (z,s)(A%) = {(z,s) € Z X (—50,8) : 1°(2) < s <
n°(z) + e} we have, by definition of J,

/. f(z)dH"(x) = %/ f(z,8)J(z,8)dzds

9
N /Zdz % /0 ds f(z,n°(2) +3)J(2,1°(2) +3)
B /zf<z,n°<z>>J<z,n0<z>> dz +o(1)

as € | 0 and the lemma follows. O
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Lemma 3.4. Let k > 2. Assume that for some t,, | 0 there exist 1,7 € C°(Z) such
that

tm 20 'Otm
52 g = 2! 22 Tim 30 in C0(2)

m

as t,, 1 0. Then,

weakly .
wn ———  w in R

where w can be decomposed as

(315) W = Weolid Wsingle + Waouble + Wimplicit + constant
for
(3.16) Wsor,(T) = / dH" (y) (A}ILO XQO) (y) Pz —y),

A7) wanle) = [

o

dH" () <(N 010 o) AR

1.
- 5(770 O7T1)2

oy (710 ) ) Ple - )

.]/0

318) (o) = [ )z (08 om S (7809) () o Ple )

(3.19) i (1) = | M) ) P = )
where © : T - R
(3.20) 0= %(N O2ZARY (i o ).

Proof. Define

18]\/2]
D= Aw' ==
v tN -0

1 I 1
H* po — (t—2Ah0 + ;Aho) Xana: = A5 0 yar.

Let us show that D™ — D in the sense of distributions, for some distribution D
that we compute.
Let us first write

Dt = Dﬁ + Dg
where
1. . 1
(3.21) D = —;Aho Xaonar — §A5§h0m
and

1/ Onv _ 1
(322) Dé = ;(NNVO H" ! rFO —;Aho XQO\Qt).
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First we clearly have, for ¢ € C>°(R™),

/¢(:r)( AR° XQO\Qt) // (2, 5) (AR 6) (2. 5) d= ds
_>/ (AR §) (2.1 )dzzfro(N-v )1 o m) AR G dH" !

ast =t,, | 0, where we have used Lemma 3.3 and hence

weakly

. 1 .
(3.23) Dy —(N - V)% om) AR H™ 1o —éAhOXQO.

Next, using (3.6), we compute, for ¢ € C°(R"),
(3.24)

Jorit (et - [ o)

= %/Zdz <(JAh0 ) (z,n°)n° — %/ﬁn ds(JAR® §)(z, ))

- -[1 +IQ7

where

Il =

| =

n°+i%t
/Zdz ((JAhOgb)( n")n" —%/ ds(JAR® ¢)(z, s))

0

1 n'
I = —2/ dz/ ds(JARY ¢)(z, 5).
t Z 7]0+770t

On the one hand, letting s = n° + 7°t3,

St

and

/dz/ 2)5ds 0, (JAR® ¢)(2,1°) + o(1)
/ sds/dz Os(JAR® @) (z,1”) + o(1)

_ 2/F0( W0) dH 13(77 om)? O (JAR §) + o(1).

(3.25)

ast =t,, | 0, where for the last relation we used Lemma 3.3 with

)= (G0 ompoy (1100) ) (),
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noting also that 9, = Oy and (17° o m1)%(2,1°(2)) = (1°)?*(2) . On the other hand,
7 +770t+1770t2
/ d- / S(JARY 6)(z, 5) + o(1)

O-I—’I]Ot
(3.26) =3 / dzii® (JAR® ¢)(z,1°) + o(1)
1
= —5/ dHn_l(N . VO) (770 o 7T1) Ahogb + 0(1)
o
as t = t,, | 0. Therefore, D" — D, where
(3.27)

1 N -0
/¢D2 = 5/ dH" (7o )? Y
FO

In dimension n > 3 we have

1 0 1 1
w'(00) = = lim 67 u%(c0) = =67 ” — =&
2 z—o0 2™ 2

Oy (JAR ¢)—1 / AH" (N -1°) (iPom) ARCH.
2 Jro

and thus

1
w(oo) = 560 = constant.

In dimension n = 2 we have instead

w(x) 1.

z—o00 — log || 2

and this implies that 271'%60 = fR2 Aw and that w can be obtained (up to an additive
constant) by convoling the Newtonian potential P with Aw.
Therefore, combining (3.23) and (3.27), we obtain that (3.15)—(3.19) hold. O

We may now state the final result of this section.

Proposition 3.5. Let k > 2. Assume that for some t,, | 0 there exist 1,7 € C°(Z)

such that
0 _ 70
=0t =it o
6 n’ =2 " — i’ in C(2Z)
as tm 1 0. Assume that w € C*(Q0) and
(3.28)

lim Vw'™ (z,,) — Vw(x) asm — oo for all z,, — v such that x,, € Qm,
Then, © : T — R defined by (3.20) satisfies

1
(3.29) S iﬁsssuo(ﬁo om)® = 0svn’ + 0w onTY,.
Moreover, i° does not depend on (t,,) and
(3.30) 17| or—2.0(2) < C(C°)Q

where

Q = [[°|gr-ragen) + [E°] + (110 loraqny + 1 DR oo ) + 1€7])-
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As for 7, the independence of t,, and regularity of 7 will be consequences of the
fact that © solves the equation (3.29), for which regularity estimates and uniqueness
hold. However, note that (3.29) is an implicit equation for © since Wiy, depends
on O, which makes the analysis more involved.

To prove Proposition 3.5, we will need two auxiliary lemmas with standard proofs.

Lemma 3.6. We have
WOHCM,&(W) <o(c”)

More generally, for t € [0,t,) , where t, = t,(C) we have u' € Ck+t12 (ﬁ) with
Hﬂt”ck+1,a(m) < C’(C)
Proof. Note that d;u’ solves
A(Oa') = —=A(9:hY) in Q' with 9" =0 on "= 90"
Since —A(9;h') € C*2*(R") and I'* belongs to C5, using standard Schauder
estimates up to the boundary we obtain
ot € O+ (Br oY)
and hence
it € CHe (BrA ).
0

Lemma 3.7. Let U C Br C R" be bounded with OU belonging to C™ %< for some
r >0 and f € C"*(Byg), where m > 0. Let W the solution of

AW — f XR"\U Z'ﬂ Rn
W(oo) =0 resp. limg oo % =27 fRz fXR”\U .

which is given in dimension 2 by convolution with the logarithmic Newtonian poten-
tial.
Then,

IWllgmiza@mey + W llemsza@ < Clfllgma@m
where C' = C(n,m,a, R, 1, ||0U|| gm+2.a).

Proof. Let W be the solution of

AW =f  inR"\U

W =0 on OU

Wi(co) =0,  resp. lim, o0 W)

— log ||

We consider W defined in all of R" by extending it by 0 in U.
Note that by standard Schauder estimates up to the boundary we have

(3.31) Wl emeza@mey < Clf llome@m)-
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On the other hand the difference (W — W) solves, in all of R

AW = W) =0, ouW H" ! |5y in R"
(W —W)(o0) =0,

resp. lim, o % = -2 fRQ fxem\u = 27 faU Oy, ot W at oo.

Therefore, W—Wisa single layer potential and using Theorem A.1 we obtain
IV = W) lomzeimo + 1V = W) lonsza@y < ClloouWllomssa)

< C||W||Cm+2,a(§R\U) < Ol fllgmeemr):
Using (3.31) and recalling that by definition W =0in U we obtain

IWllcmezo@mey + W llemiza@) < Cllfllome@m-

Proof of Proposition 3.5. Step 1. We first prove (3.29).
Expanding (3.8) like in (3.9) but up to the next order, we find

(3.32) ' (2,1") = =045’ (2,1°) (770 + %ﬁot + O<t)) _%855560(27770) <ﬁ0)2t+0(t)'

ast=t, 0.

Here 1, n and i} are evaluated at z (although we omit this in the notation) and
Dss”(2,m°) and D450’ (2, n°) mean the limits from Q°. To obtain the Taylor expan-
sion up to third order of u° we are using that, by Lemma 3.6, u® € C*t1e (BR N QO>

where k > 2. Recall here that {u® =0} =R"\ Q° C U C Bg.
Subtracting to both sides of (3.32) the quantity

(333> asv(27n0> = - ssﬂ()(Z?nO)ﬁO
and dividing by ¢ we obtain

o0t (2, ) — Ogv(z,n° 1 o 1 :
(3.34) (2.1 )t ) _ —5 0T (20" = S0t (z,0) (i) + 0(1).

Recall that by Lemma 3.4 we have w' — w in the sense of distributions with w

given by (3.15)—(3.19). Then, the assumption (3.28) allows us to compute the limit
of the left-hand side in (3.34), namely,

(3.35)
¢ £ 0 N 0 ¢ N ¢
lim Osv'(z,n") — Osv(z,n°) ~ lim osv(z,n") — dsv(z,n°) N Osv'(z,n") — Osv(z,n")
t=tm 10 t t=tm 10 t t

= O4sv(z, ") 0 + t limw(N(z, n") - Vw'(z,n")

=lm

= SSU(Z7 7]0) 77 + 8Swt(z, 770)
where we have used the assumption (3.28).
Taking ¢ = t,,, L 0 in (3.34) and using (3.35) we obtain
1 o 1

L0\ 2 .
—3 L (2, n%)i) Easssuo(z,no) (770) = 04s0(2, ") 0 + Ow'(z,n").
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Recalling the definition of © in (3.20) and the fact that 9,,u® = —Ah°® on I'° — and
in particular at (z,1°) — we obtain (3.29).
Step 2. We use (3.29) to prove uniqueness and regularity of 7j. Recall that

Osw = Oyw = ONWsol, + ONWsin, + ONWdou. + ONWimp.

and while Oywsol., ONWsin., ONWaou, depend only on “known” functions — see (3.16),
(3.17), (3.18) — the term Onwinp. introduces a “implicit” dependence on © — see
(3.19). We therefore need to “solve for ©” in (3.29) in order to prove the uniqueness
and regularity of its solutions ©.

For this, we write

ONWimp. = (N - )0y Wimp. + (N — (N - 1/)1/) - VWipp., O o

out

where v = 1°. Recall that by a standard result on single layer potentials — see

Theorem A.1 — we have

O(x)
2

+0O(z) onT?

out’

(3.36) (N - v)0, Wimp. () =

where

331 )= [ awy (—%) () vlz) - VP —y).

Note that the first term in the right-hand side of (3.36) is exactly the half of the
first (and main) term in the left-hand side of (3.29). Using this and denoting

w(z) = (N — (N -v)v)(z) forz onI?

we obtain

1 1
(3.38) 50 = 50’7 0 m)* +7)" 0N - Vv + O (Weoh. + Wein, + Waon) +

+ w - VWipp. + © on ..

Step 3. From (3.38), we may deduce optimal regularity estimates for ©, and
hence for 7°. To do so we will bound each of the five terms in the right-hand side
of (3.38) separately.

From here on, the constant C' means C' = C'(n, k, a, p, | h°]| cr+1.0(mn)).-
For the first term, we use that h° € C*t1% we obtain that I'° & C";’/Ojl , that
V0 € CF1(T9), and that n° € C**(Z) with estimates —here we are using the

regularity estimates on I'° from Propostition 2.1. In particular,
(3.39) 171l ooy + [0 lon-1a(roy < C.

Observe also that the vector field N is smooth and hence Oy,,u’ —the third deriv-
ative of u° along an integral curve of N— as regular as D3u’.
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Therefore,
(3.40)

1
H §3sssu0(7'70 o 7T1)2

Ck—2,0(T0) = C( H“O||Ck+1,a(m) H(ho © 7Tl)QHLOO(FO) -

+ HUOHLOO(BRDQO) (" o 71)2“0’“—270‘(1‘0))
<Cl(
<CQ.

For the second term, we use again that N is smooth and recalling the estimate
(3.13) for v and the estimate 7 in (3.7), we obtain

(3.41)
H(UO o 7Tl) aSSUHCkﬂ,a(QO) <C (Hﬁo}lckfz,a(g) HUHLOO(BRQQO) + HﬁO”Loo(z) HUHCKQ(W)
<CO.

where we used (3.7) and (3.13).
For the third term, we proceed as follows. From Lemma 3.7 we obtain that

||vaOIHCk72,a(BRmQO) S C HAhOHCk S CQ

-2,

Dler-20z)

Next, since N and J are smooth, AR? € CFbe T0 ¢ %@ and 1° € CF 1 we
obtain by Theorem A.1 (i) that

stin.HCkA,a(QO) <C (H(no o Wl)Aho)

and by Theorem A.1 (iii)

[taon low-r.aa0) < €| (" 7T1)2||ck—1’a(ro) <CQ.

iy IOy ) 5 02

Hence,
(3'42) ||as(wsol. + Wgin. + wdou.)”ck—2,a(FO) <CQ.
For the term w - Vwiy,, we use that Theorem A.1 (i) yields
Hwimp-”Ck*M(BRﬁQO) < C|O]|gr-2.a(ry)
and thus
(3-43) Hw : vwimp.”gk—z,a(p()) <C ||w||ck72,a(1"0) ||®”Ck72,a(l"0) .
Also, recalling the definition of © in (3.37) and using Theorem A.1 (iii) we obtain

(3.44) ‘ 6 < C110]l gt-sagroy -

Ck72,a(1"0) -
Inserting (3.40)—(3.44) into (3.38), we obtain

1Ollcu-sro) < € (@ + Nollgnsoqroy 1©llcusoqroy + Bl gn-saqeny ) -

Note that we may take ||w|’ck—2,a(F0) arbitrarily small by taking ¢, in (2.2) small
enough. Then, by a standard interpolation argument we obtain

(345) ||@||Ck—2,a(1"0) S CQ
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Finally we recall the definition of © in (3.20), use that v° € C*~1* —ARY > p,
AR® € C*1 and observe that my " : Z — I'” satisfies |7 ||ora(z) < C with C
universal, to obtain

(3.46) <CQ.

1l n-2.02)

4. REMOVING THE A PRIORI ASSUMPTIONS

In Section 3 we assumed the existence of the limits

t 0
nmt—mn -0
_— and
t 1 2

¢ 0_ 0
m— 0 — 0t
(4.1) ol TN T Im 0 i 09(2)
and we have shown that 7° and 7° must then satisfy certain equations for which
uniqueness and regularity estimates were proven.
The purpose of the next section is to prove that under our assumptions, (4.1)

indeed holds for every sequence t,, | 0.

4.1. The setup. We start by introducing a new system of coordinates in U, N Q0
that are adapted to u°.
Let us define

(4.2) o =o(x):= dyup(x).

Note that o is defined in U,NQ0 and takes positive values in that neighborhood of T
if U, is chosen small enough. An application of the implicit function theorem gives
that (z,0) are C** coordinates in U, N Q9 (up to taking a smaller neighborhood
U,). Indeed, for v = /°

Oo
0s
on I'Y . and where by assumption —Ah® > p > 0 in a neighborhood of Y. Note in

addition that the new coordinates (z,0) are indeed C** since u’ € C*¥+12(Q0),
Let us also introduce

(4.3) = 0, = (N - )20, = (N - 1)2AT = —(N - v)2AR°

U NQ = 2
to be the projection defined in the coordinates (z, o) by
(z,0) — (2,0).

These coordinates are clearly related to the hodograph transform of the obstacle
problem introduced by Kinderlehrer and Nirenberg in [10]. Note also that for the
case of the model solution to the obstacle problem %(l’n)i and with N = e, the
coordinate o would simply be x,,.

In view of Proposition 2.1 there exist \' € C*%(Z) such that

(4.4) " = {o=\(2)} for t € (0,1,).
In the coordinates (z,0) we have

(4.5) A =0
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since 0 = dyu’ = 0 on I'°. In addition, from (3.8) and the definition of the
coordinate o we have

¢ 8Nﬂo o /\t

Ovv' = — . :—?:—7071 on I'
hence
>\t
(4.6) 7(2) = —0nv' (2, \'(2)).
Indeed to prove (4.6) we use (3.8) and the definition of the coordinate o to obtain
8 ﬂo g t
onv' = — ]\; :—zz—%om on I'.

The relation (4.6) will allow to prove uniform C*~1 estimates for -, then leading
to the existence of the limit as ¢t | 0 of ’\Tt, which will be denoted \°. Later on, we
will prove uniform C*~%® estimates for

LA =A% 13—
2 22 ot
which will lead to the existence of its limit as ¢ — 0, denoted A%, These estimates

will be deduced from the equation

AN Oz, A\ (2)) — Ono(z,0
(4.7 LN O XE) ZONED) gz, (),
obtained from (4.6) by subtracting \°(z) = —dyv(z,0) to both sides, dividing by ¢
on both sides, and recalling that by definition w* = (v* — v)/t.

4.2. Estimate on ’\Tt The goal of this subsection is to prove a regularity result

(without a priori assumptions) on ’\Tt We state it next.

Proposition 4.1. Fort € (0,t,) we have

)\t

t

< c(e).

C’V*LO‘(Z)

Before proving Proposition 4.1, let us state its main corollary
Corollary 4.2. There ezist 1° and \° such that

t _ 0 Y .
i —n° and —t

; ; in C°(Z)

ast | 0.

Proof. Let t, | 0. Note that both coordinate systems (z,s) and (z,0) are C*e.

Hence, the estimate ||2- < C implies H "tfno‘ < C and by Arzela-
t Ck—la(z2) t Ck—la(Z)
Ascoli there is a subsequence t,, such that
tm _ 2,0 )\tm
L/ NN 0 and — = s in C°(Z)

b tm
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for certain limit functions ¢; and ¢ in C*~1%(Z). Applying Proposition 3.2, we
must have ¢; = 1°, the function given by (3.6). Then, either using the change of
variables between s and ¢ or passing to the limit in (4.6) we obtain

ly(2) = XO(2) := Onv(z,0 = 0)

Therefore, we have proven that each sequence has a subsequence converging to a
limit that is independent of the sequence. In other words the limits as ¢ | 0 exist
and are given by 1° and \°. O

In view of (4.6), Proposition 4.1 will follow immediately from the following
Lemma 4.3. Fort € (0,t,) we have
DY

3Nvt('a)\t(')) 97

At
t

ciC)+ !

Ck—1,0(Z) 100

Ck—l,a(z)

Next we state a sequence of lemmas aimed at proving Lemma 4.3. To study
the regularity of dyv’, let us write down (for the first time) the equation for v* =

(@' — @) in all of R". We have

(4 8) Avt = —AThOXQO\Qt + A(SthOXQt in R
' vi(o0) = §;c®,  resp. lim, oo %gx')z' = §,;0.

Hense, we may decompose v! as

v' = v} + v} + constant,

where

(1.9) o)== [y (S xner ) 0P -0
and

(4.10) vh(r) = — /n dyAd:h°xar (y) P(z — 5).

To prove Lemma 4.3 we will deal separately with the two contributions dyv; and
Onvy to Onv.

Note that dyv; is an “approximate single layer potential”. To study its regularity
we need the next lemma. Before giving its statement, we need to introduce some
notation.

We denote

J(z,0) = |det D (z,0) "
the Jacobian of the coordinates (z,0) defined by

(4.11) /A f(a) do = /( T e

Also, for 0 € (0,1) we denote
Q) ={rcUNQ :o(x) >0\ (2(2)}U(Q°\U),
I =00, = {o = 0)\(2)}
and v} the unit normal to I'j towards Q. Although the following lemma will be
used in this subsection for F' = —AA°, we write it for general F' for later use.



22 S. SERFATY AND J. SERRA

Lemma 4.4. Let V' be the single layer potential

1
(412) Vi) = [ ay (;Fxﬂt\m) ()P — ).
We may write
1
(4.13) 1% :/ VO de
0
where
_ t _ N . I/t
v [ (P om G2 G)pe—)
rh ssU
and for all § € (0,1) we have
0 b=
(4.14) IVV| sy < C(C) HF X o, .

Before giving the proof of the previous lemma let us give the analogue to Lemma
3.3 in the present context.

Lemma 4.5. Given f : ') — R continuous we have

/F 15 (2) p ()= /f 2 ON(2))T (2, ON(2))d=.

o 0s
Proof. Let us assume without loss of generality that f is continuously extended in
a neighborhood of Fé contained in U, N Q0. Given € > 0 let

AT i={z e U, : O\ (2(z)) <o(z) <ON(2(x)) + €}

Recalling that 29, = N = 9, and that [N| = 1, we have

[ 5w wan @~ [ @)

s el & As
On the other hand, for
(2,0)(A%) :={(2,0) € Z x (=0,,0,) : ON'(2) <o <ON(2)+¢}

we have, by definition of J,

[ s = ! / £(2, )7 (2, 8)dz ds

9 (2,5)(A%)

/dz—/ (2,0\1(2) +3)J(2,0)\ (2) 4+ 3)
/f 2,00 (2))J(2,0\'(2)) dz + o(1)

as € J 0 and the lemma follows. O
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Proof of Lemma 4.4. The key idea in the proof is to think of an approximate single
layer potential as an average (or integral) of exact single layer potentials. More
precisely, using (4.11) we may write

/¢AV = 1/ dz /W) do(F¢J)(z,0)

/ izt / 40 N (=) (F6T) (=, 00'(2))

/ o /{ e )(y)—(Na_ (y))( ) i34n- (),

where we used Lemma 4.5.

Recalling that o = 9,u®; this proves (4.13).

To prove (4.14) we use that V? is a single layer potential on the surface I'j, with

t -]/t o). .

charge density (% o ﬁl)F(A;O 2) Note that Proposition 2.1 yields A [ ckazy < C
and hence {0 = 0\ (7)} is C** and its normal vector v/} is Ck¥~12. Recall also that
u® € CFL2(Q0) and that u?, ~ —(N - v%)2AR° > 0 in a neighborhood of T'°. Then,
if

FATt o € Ok_l’a
it follows from Theorem A.1 that V¢ is C**(Qf) and in particular V¢ is C*(QF)

with the estimate (4.14). O
Recalling (4.9), and using Lemma 4.4 with F' = —AA°, we may now write
(4.15) ol (z) = / V) do
where 0
(4.16) VO(z) = / (_Ahwg 0T (g : u”f)) (y)P(z —y) dy.
I ss

0
The following lemma is a straightforward consequence of Theorem A.1 in the
Appendix.

Lemma 4.6. Let V9 be as in (4.16). We have
1 —ARY N

—(N -y tom+at0v9 on T,

o _
(4.17) —OppoutV" = 5 9)@

where
t
||8V570V6 ||Ck_l,a(]_“é) S C(C) H AT ||Ck—2,a(z) .

Proof. We recall that (N - ), —AR®, Oju® > p/2 > 0, and 7, ' : Z — '), —AR°

are all C*~12 functions. Then, the lemma follows from Theorem A.1 (ii)-(iii). O
The next lemma will be used to control the “difference”
—ONVO (e () = 12,
Lemma 4.7. Let V9 as in (4.16). We have
|| - aNVQ('ant(')) - l A ||Ck La(Z) < C(C) + ﬁH)\TtHC’k_lv"‘(Z)'
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Proof. Step 1. We estimate the C*~1%(Z) norm of
1(2) := OV (2, M(2)) — Onou VO (2,00 (2))

To do it we write this difference as

t

1
L=t / d9 8,05V (', ON () 2 ().
0
Then, using Lemma 4.4 we obtain

1]l cr-r.a(z) < CE(VO ]l crrray 15 o2y + 1V o @ 13 lor-10(2))

(418) )\t )\t t )\t
< Ct|| 5 llorez |5 ez < ClN|lcra@)llF ez < C,

where C' = C(C). Here we have used the fact that ||)‘Tt]| r=(z) < C, and information
that follows from Proposition 2.1.
Step 2. We next estimate the C*~1%(Z) norm of

I(2) 1= Oy ous VO (2,00 (2)) — £ 2(2).
Using (4.17) we have

1 —ARY ’
L(2) = (N = }) - Vou VO (2, 0M(2)) + 3 ((N 1) — 1) 2 om+0,0V°.

Using the estimates from Lemma 4.6 and 4.4 we have
IV ek reary < 1V loemy < Ol e vz,
In addition,

t t —AR° t
|IN — | = 0, (N -vy) =~ 1, and W%l on I'y
for t € (0,t,), where X &~ Y means that “X is arbitrarily close to Y provided that
t, and €, are chosen small enough depending only of C.
Therefore, using the estimate in Lemma 4.6 and an interpolation inequality we
obtain

€ t t
aryy Voo S G losn + Ol losncs

t t t
< el Fller-raz) + ClE =z < el Fller-ragz) + C
where € > 0 can be taken arbitrarily small by decreasing, if necessary, t, and &,.
Step 3. We conclude by the triangle inequality that
t
|ONVO (' () — 4 ATHCH,Q(Z) < | ller-1aez) + [[H2llcr-1a(z2)

and the lemma follows from (4.18) and (4.19), setting € = O

1
100°

The three Lemmas 4.4, 4.6, and 4.7 will be used to treat the term Oyvi. As a
counterpart, the next lemma will be used to treat the term Oyw,.

Lemma 4.8. We have
Hvé”ck,a(ﬁ) <C(C).
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Proof. Recalling that Av = A;h%xq: and that ' = 9Q! are (uniformly) C*, it
follows from Lemma 3.7 that

102 ]| g @y < CLENAGR |2 emy -
Using the trivial estimate

||A6th0||0k*270‘(]R") S ||h||Ck+1,a([_171}XRn)
the lemma follows. ]

We now can give the

Proof of Lemma 4.3. We have

OVt (2, N(2)) = (Onv] + Onvh) (2, N(2))
and by (4.15)—(4.16) we have

Onvy (2, N (2 / ONV (2, Ni(2))db.
Hence, by the triangle inequality, and using Lemmas 4.7 and 4.8
Jowv' . = 124 2) / @b o V(- X) - § &

T

Ch=1a(Z) Ck-ba(2)
O ICR]
< C+ 5|12l ct-tagz) + C 1083 [l oy
< C+ 5l ¥ ller-1e2),
where C' = C(C). -

We complete here the
Proof of Proposition 4.1. Recall (4.6), that is ATt(z) = —Jnv'(z, A'(2)). Subtracting

L X (2) to both sides and using Lemma 4.3 we obtain

2t

1 1 1

§H§”C’“*1’“(2) < | = 0w (X)) — 2 ATtHck*w(z) <C(C) + WH Xl okt (z)
as desired. OJ

4.3. Estimate on %(%t — )'\0). The goal of this subsection is to prove the following

regularity result (without a priori assumptions)

Proposition 4.9. We have

(-

Before proving Proposition 4.9, let us give its main corollary

< C(C).

Clc—2,a(z)

Corollary 4.10. There exist i® and \° such that
t__ 1\0
2)\ tA
12

7,’t _ 770 _ tnO

2 v — i° and — N\ in C°(Z)

ast ] 0.
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Proof. Let t, | 0. Note that since both coordinate systems (z, s) and (z, o) are C*
the estimate of Proposition 4.9 yields
nt _ ?70 _ t770

e < c(o).

Ck72,a(z)

Hence, by Arzela-Ascoli there is a subsequence t,, such that

tm 0 — ¢ 30 Atm — tm}\O ‘
" ZmQ 1 — 51 and 2tm—2 — 62 mn CO(Z)
for certain limit functions ¢; and ¢y in C*~2%(Z).
Applying Proposition 3.5 the limit ¢; must be 7, the unique solution to (3.20)-
(3.29). Using the change of variables between s and o we obtain that there is also
a unique possible limit £5(z) = A\°(z) with is independent of the subsequence.

In other words, the limits as ¢ | 0 exist and they are denoted 7® and A°. O

2

In view of (4.7) and the regularity of dyv, Proposition 4.9 will follow from the
following
Lemma 4.11. We have
‘ 1A

O (- N () = 5
Let us state a sequence of lemmas which will prove Lemma 4.11. To study the
regularity of Oyw’ we will use the equation for w' in all of R™ that was obtained in
(3.14).
As in Step 2 of the proof of Proposition 3.5 we decompose

N \ 0
2
t

1
< _
<C(C)+ 100

C’“*ZO‘(Z) C’“*Z!D‘(Z)

w' = w} + wh + constant

where, for n > 3,

1. 1
wh(x) = / <¥AhOXQO\Qt - §A5t2hoxm> (dy)P(x —y) wi=0

and 5
v
o) = = [ (21 oo~ M v ) ()Pl — ),
Respectively, for n = 2 we define w! and w} as the potentials of the previous
Laplacians.

The analysis of the regularity in Qf of w! is done using Lemmas 4.4 and 3.7 which
straightforwardly imply

Lemma 4.12. We have
904 -2y < C(C).
To study wh let us further split it as
wh = wh, + wh, + constant
where
t 1 STV P
why (x) = / m(&vv + (N - = 7)7{ Iro (dy) P(z — y)

ds
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and

1 AR® 1
why(7) = —/¥<(N'VO) 3o ATH ' Iro —gﬁho XQO\Qt>(dy)P($ - y).
Os

The study of dyw}; is done by observing that w; is a single layer potential and
using Theorem A.1. Indeed we have

Lemma 4.13. We have

12—\ 1|2 =70
t ) =t I
Ck—Z,Q(Z) Ck—Q,Ot(Z)
Proof. Let
1 ARY |, 1 : ¢
— N .02 N _ 0_ At
1) = gy (O + O 5 ) ) = g (=40

for z € T°. Here we have used that dyv = —\ o7, and (4.3).
On the one hand, by Theorem A.1 (iii) we have

1
t t 0
81,070utw21 - Ef ‘I‘ 81,07011]21 on F

with
Hayqowéchk—z,a(FO) < CHfHCk—S,a(I“O)
and
||w§1||ck—1,a(@) < C||fller-2aqroy,  resp. ||Vw§1||ck—2,a(@) < Cllfller-2a(ro)

where C' = C(C). Therefore, using that |N — 1°| < € we have

1
anél - §f

< Ce Hw§1HCk_1,a(@) + {1010 0tw5y [l o200y
Cvk—z,a(FO)

< Ce ||f||c«k72,a(l“0) + CHfHCk*&O‘(FO)

and the lemma follows using interpolation and choosing € small enough. U

It thus remains to study the regularity of wi,, which we treat as an approximate
double layer.

Lemma 4.14. We have
IVl or-2.0ary < C(C).

Proof. We will first write our approximate double layer as an average of double
layers and we will then use the regularity results for the single layers to deduce the
regularity of double layers.
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Let us compute

- [onut, = [ ooy (v u)AhA“H"Iro——Ahxp%m)<>dx

- /d 2 (2)(TAR® ¢) zO——/dz/At a(JAR’ ¢)(z,0)

/ d / dz <JAhO¢)(z 0) — (JAh%)(z,ex))

/ a0 / a0 / 2)dz=0,( JAhOgb)(z,@’)\t))

ot
/d@/ d@’/ Y o 7,0, (AR ) L Vo)
Ft Ds

where we have used Lemma 4.5. Changing the order of integration we find

—/¢Aw32 = —/1(1 —0)do [ (2 om0,(TAR ) (N;g)
0 r} Os
_ _/0 (1— 0)do /F (2)? 0 m,0,(TAR® ) W@_J”g).
0 Js
Therefore, we have
(4.20) why(z) = —/0 (1 —0)d0Iy(x)
for
e) = = [ @) (59 o m) o ((TA00) Plo - 1) T8 )
T (52)
Note that

Iy(z) = I{ () + I ()

- [ (7 emon i B8

(%v@www
(V)

+ div, (/F dH"H(y) ((%t)2 o7 (y) (JARY) @)’ N) (y)P(a — y)) :

s

Therefore, recalling that I') € CFe, A € CF-1e(2), 7 € CF(TY), vf € CF=1e(Th),
JARY € CF=1e 92 — 9,0 positive and C*=12 and using Theorem A.1 we obtain

’ Os
HVIIHCk%a(QT)) + ”VI2Hck—2,a(ng) < C(0).

The estimate of the lemma then follows from (4.20) observing that Qf C € for
all 0 € (0,1). 0

Lemma 4.11 is now an immediate consequence of Lemmas 4.12, 4.13, and 4.14,
and Proposition 4.9 follows.
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5. PROOF OF THE MAIN RESULT

In this section we conclude the proof of Theorem 1.1. If one assumes that A™ —h"
satisfies A(h™" — A7) > 0 and ™ — ¢™ < 0 for 7,¢t € (0,¢,) then Theorem 1.1 is
a straightforward consequence of the results developed in Sections 2, 3, 4, and 5.
Hence, the main issue that needs to be addressed is how to remove these technical
sign assumptions. This is done by using a decomposition of the form

(5.1) Rt —hY =gl 4 ¢t
where A(ETH — £7) > 0 and limg, oo ( - §7) > 0 and the same with £, replaced
by £_ and > replaced by <. This decomposition is defined as follows. We let

1 z —1 —F
di(z) =1+ hlids and  ¢_(2) :—l—i-i

and note that
(5.2) brt+ o =2

and that ¢ is similar to 21 (the positive part) while ¢_ is similar to —x~ (minus
the negative part) at large scales.

Let ¢ be a radial smooth cutoff function with ( = 1 in Bg and ( = 0 outside of
Bsg. For t € (—to,t,) and x € R™ let us define

)= = [ Plo-ton (a0 =)o)
and
)= = [ Pl (3800 -1

Note that by definition we have, for 7 and ¢ small,
1 1
TH T T+t 30 o - T _ 30
A - ) = ((r+ 00 (a0 = 1)) — o (2o -19) ) ¢
= (% {t’@(Mt/ho)}HO(t”a))g
t'=r1

- <¢+ (A8 1O)t + Ty (AS1°) %

(5.3)

(A6t + o<tl+a>><

= (¢+ (A5Th0)t + Ty (A(SJLO)%O(TO‘) + O(t1+°‘)>g
>t(1-Cr* = Ct*)( >0

where in the passage from the third to the fourth line we have used that, since

h e C3
d 0 d ht — hO [ L
i, a0t =og| () =o(-t T
ART+O(r' ) ARTY 1
- (-2 2 ~ o
T T T
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A similar inequality (with opposite sign) holds when + is replaced by —. More-
over, by (5.2),

A(EL +€1) = to, (%A(ht - h°>)< o (%A(ht - h%)c N

since A(h5tt — h®) = 0 outside of Br and ¢ = 1 in Bg. Therefore (5.1) follows.
Next, for t,t € (—to,to) we consider the two-parameter family of solutions to
obstacle problems u*! defined as

(5.4)
o - - ut,f(x) .
min{—Au"* v —~h"*} =0 in R", lim u"(z) =c"* resp. lim ——— ="'
|z|— 00 2|00 — log |z
where ) B
R e i S
and
t,t Loy 0 7 L g 0
=t ;(c —c) ) +toy ?(c - ).
Note that

ut = utt, and n =n".

Let us denote
O = {u"" =" >0} and T =00
and let ot € C**(Z) be defined by
(5.5) et = {s=n"(2)} c U..
In the proof of Theorem 1.1 the following observation will be useful.

Remark 5.1. Note that for e = (¢!, e?) € S! making a small enough angle with
(1,0) a computation similar to (5.3) shows that

(5.6) AR BT i) > 0 and el BT bt <

for (t,t) in a small neighborhood of (0,0). Thanks to this observation, the results
developed in Sections 2 to 5 can be applied to obtain, in a neighborhood of (0,0),
estimates for the derivatives of u*' and 7" in a cone of directions (¢,7). As a
consequence, we obtain estimates for all the first and second derivatives 0;, 0, Oy,
O, O of u* and n** in a neighborhood of (0,0). In particular we obtain estimates
in the direction (1,1) which are equivalent to estimates for u* = u** and ' = n''.

We may now give the

Proof of Theorem 1.1. Step 1. Assuming that k& > 1 we prove that n’' is one time
differentiable (jointly) in the two variables (¢,t) in a neighborhood of (0,0) with the
estimate

(5.7) 1060 | i-r.0 2 < l€IC(C)

and the formula

5.9 ot — (( On (Dot >(Z, ().

N . ,/t,f)z Ahtt
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which holds true for every vector e in the (¢, )-plane.

Indeed, let e; = (1,0) and ey some different unit vector making a small enough
angle with e; as in Remark 5.1.

By Remark 5.1, for fixed (¢,¢) in a small enough neighborhood of (0,0) and for
i = 1,2, the one parameter family (u't¢% "+¢")- satisfies the assumptions of Sections
2 to 4. Applying Corollary 4.2 to it, we find that
- d
ti._ @
Del™ = —

exists in the sense that the limit defining this derivative exists in C°(Z).
Then, Proposition 3.2 yields the estimate
<C(C)

8@ t,t
‘ ! Ck—la(Z)

i OnOe,(utt — ht) :
tt __ i t,t
8ei77 - < (N . yti)z Aht’z (27 n (iL‘))

Since 9; = e, and J; is a linear combination of d., we obtain that n"! is contin-
uously differentiable (jointly) in the two variables (¢,%) in a neighborhood of (0, 0)
with the estimate (5.7) and formula (5.8).

Step 2. Applying (5.7) and formula (5.8) for (¢,t) restricted to the “diagonal”
t =t (still in a neighborhood of (0,0)) —i.e. with e = (1,1)— we obtain that n" is
differentiable with respect to t, with the estimate

(5.9) (el

and the formula

17 74,27
ntJreit, t+est

t=0

and the formula

(5.10) 0= (%) (2,1 (2)).

Note that (5.9) and (5.10) are identical to those of Proposition 3.2 but now they are
valid under more general assumptions (we do not need to assume the sign condition
that implies that the contact sets are ordered).

Step 3. Similarly we obtain

(5.11) e | iz < lEPC(C).

Indeed, let e; and ey as in Step 1 and let e3 be a third vector such that e; are
pairwise linearly independent and the angle of e3 with (1,0) is small enough.

Using again Remark 5.1, for fixed (¢, ) in a small enough neighborhood of (0, 0)
and for ¢ = 1,2, 3, the one parameter family (u”ez1 b Hezr)g satisfies the assumptions
of Sections 2 to 4. Applying Corollary 4.10 we find that
8e.e.nt’z = d—j

o dt? 7o

exists in the sense that the limit defining this derivative exists in C°(Z).
Then, Proposition 3.2 yields the estimate

ttelt, T+e?t

< C(C).

. t,t
eie;'] Ck=1a(Z2) -
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Since for all e in the (¢,7)-plane e, is a linear combination of {Je,e, }i—1,2.3 We obtain
that n%" is twice differentiable (jointly) in the two variables (¢,¢) in a neighborhood
of (0,0) with the estimate (5.11).

Step 4. Applying (5.11) or (¢, ) restricted to the “diagonal” ¢t = ¢ (still in a neigh-
borhood of (0,0)) —i.e. with e = (1,1)— we obtain that n' is twice differentiable
with respect to ¢, with the estimate

(5.12) i1l v 2y < CLC)

Again note that (5.11) is identical to that of Proposition 3.5 but now they are valid
under more general assumptions.

Step 5. Finally, we complete the proof of Theorem 1.1 by defining the dipheo-
morphisms ¥ from the coordinates (z, s) and the function n'. Let ¢ € C°(U,) be
some function such that ¢ = 1 in a neighborhood of I'Y. Let us define

o) = {(z,srl(z(x), (@) + 10(=(a)) + 6 (') — ' (@))})  w el
x x € R\ U..
Sine we may take U, C U we have that W' fixes the complement of U. By definition
of it we easily show that ¥!(w?) = Qf —and thus U¥(I'%) = I
It not difficult to check that (5.9), (5.10), and (5.12) yield (1.14)-(1.15) and (1.16)
when rephrased in terms of W. On the other hand, estimate (1.17) follows from the

estimates for w obtained in Step 3 of the proof of Proposition 3.5.
O

APPENDIX A. SINGLE LAYER POTENTIALS AND AUXILIARY PROOFS

We recall here classical regularity properties and formula for the jump in the
normal derivative for a single layer potential.

Theorem A.1. Let U C Br C R" be a domain such that OU € C™“ for some
r>0,méeN and a € (0,1). Given f € C"1*(9U) let us define

w(z) = /8 ) F)Pla =)

where P is the Newtonian potential.
We then have:
(i) w € CO(R™), w € C™*(U) and w € C™*(R" \ U) with the estimate
[wllgma@y + 1wl gme@rgy < Cllfllom-—re@)
where C' depends only on n, m, «, r, and ||OU||gm.e.

(i1) Denoting Oy, ourw and 0, ww the (outward) normal derivatives of w from out-
side and inside U respectively we have, for all x € OU,

81/, outw(x) == 8V,0w<x) - %f(x)
and ]
8l/, inw(x) — al/,Ow('r) + §f(l’)
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where

By (z) = / ) ) (@) - VP =)

(iii) The linear operator T : f +— O,ow maps continuously C™ **(0U) to
C™=L2(9U). More precisely,

||au,0w||cm*1,a(aU) < C”fHC"‘*Q’a(aU)

where C' depends only onn, m, o, R, r, and ||OU||gme. In particular T is compact
i Holder spaces.

For completeness we provide here a

Bibliographic references and sketch of the proof of Theorem A.1. Properties of sin-
gle layer potentials in the spirit of (i)-(ii)-(iii) — and related ones for double layer
potentials — are very classical results in potential theory. They are key tools in
proving the existence of solution for the Dirichlet and Neumann problems in C1®
domains by the method of boundary potentials (by solving in Hélder spaces Fred-
holm integral equations on the boundary of the domain). For more information on
the topic see for instance the classical books of Sobolev [16] or Dautray-Lions [7].

The proof of (i)-(ii) is given in [7, Sec. I1.3]. The proof of (i) is given in full detail
only for m = 1 but the proof for general m is similar. The result for all m is stated
in [7, p. 303].

The compactness property of T" in (iii) is in the core of the theory for solving the
Dirichlet and Neumann problems by the method of boundary potentials. Indeed, by
(ii), the Neumann problem Aw = 0in U , d, = g on OU is equivalent to Tf—l—%f =g,
where f is the charge on the boundary. Since T is compact, this equation can be
solved by Fredholm’s alternative’; see [16, Lectures 15-19).

Roughly speaking, the reason why 7T'f increases by one the order of differentia-
bility of f is that the integral kernel (x € 9U)

Kwy) = (o) - VP = g) = er(e) o = Ol = ")

as y — x, y € U, while 9U is an (n — 1)-dimensional surface. The extra factor
|z — y| comes from v(z) - (x —y) = O(|z — y|?) since AU is smooth enough. Thus,
T f behaves similarly to f — [p. f(y)@;ﬁ’i dy, which maps C*~1%(R%) to CF(R?).

Since it is not easy to find complete references for (iii), although this type of
estimates are very classical, for the sake of completeness we provide next a detailed
proof of a nearly optimal estimate like (iii) in the case m = 2 (the proof for other
m is more involved but similar). For all the purposes of this paper the optimal
estimate is not necessary — we just state the optimal result for the convenience of
the reader. In our proofs, we do not need to gain a full derivative but just to obtain

a control in a finer Holder norm to control the corresponding term by interpolation.
Let us prove that if 90U € C** then, for all 8 € (0,1)

(A'l) HTf”Co,B(aU) < C”JCHCO@(BU)
(note that the optimal estimate would be with C** instead of C'%F).

6In this case the orthogonality condition of Fredholm’s alternative requires Jou 9=0.



34 S. SERFATY AND J. SERRA

As a matter of fact we will prove the stronger (and almost sharp) estimate

(AQ) HTf”Co,B(aU) < CHfHLOO(aU)

which clearly yields (A.1).
Indeed, we start by showing that

r—=y
A3 k(x,y) :=v(x
(A3) (@.1) 1= vlo) =2
satisfies
(A4) |k(z,y) — k(T y)| < Clz —7||€ —y|

where £ is a point of a curve on AU joining x and .
Indeed, if v C QU is a smooth curve joining x and T and of length comparable to

|z — T| we have, at £ = (¢)
d / §—vy / ’ZP(SU — NZizj
R0 (), y) =v(E) €=y + Vi(€)7j(t)|Z|T for z =€ —y.

Choosing an appropriate frame we may assume that v;(§) = d1; and j(t) = Cdy;
— since the former vector is normal to OU and the latter is tangent. Therefore

22045 — nziz;
Vi(g)’Y;‘(t)W

12| _ 2Pz
| 2|+ < C|Z’n+2

=C SOl =ClE -yl

where we have used that the first axis is normal to OU and hence we have |z;| < |z|?
— by O? regularity of U and recalling that z = ¢ — y with both ¢ and y on OU.
Therefore, an application of the mean value theorem gives

|k(z,y) — k(T y)| < Clz — 7| %k(v(t),y)‘ < Clo —zl|¢ —y|' "

and proves (A.4).
Finally, recalling that

k(z,y)] < Cle—yl*™  and  |k@.y)| < Clz -y
and combining this with (A.4) we obtain
K(2,5) — k(7. )] < Ol — FPJE — 3107 (e — y =09 1 [ — =09

Therefore
Tf(z) —Tf(z)| = ‘ /w F) (k(z,y) = k(T, y)) dH" " (2)

g/ﬁumeaw—k@wMWW*@>
oU

< [l oo /BU o = T°[€ =y (o — g PO 7 -y B0

< O fll e owy e — 71,
which proves (A.2). O
We give here the
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Sketch of the proof of Proposition 2.1. For the sake of clarity we give a proof as-
suming that, for t > 0 we have A(h! — h%) > 0 and ht — k% > 0 and thus Q! C W°.
We give the proof in dimension n = 2. The proof for n > 3 is similar; see [4].

Step 1. We show that for some t, > 0 and C, depending only on C we have

(A.5) 1Q°\ Q| < C(C)t
Indeed, from (4.8) we know that (recall that v’ := 6,u°)
{Avt = AR Xoo\at + AéthOXQt in R?

t
t

; vi(@) _ 50
llm$_>oo TM = 6,50 .

Note that by (1.10) we have I'" C Bg for t € [0,t,) where t, > 0 is a small enough
constant depending only on C. Recalling that by assumption Ad,h" is supported in
Bpgr, we have

AR°
(StCO = / A’Ut = / —TXQO\Qt + A(SthOXQt.
R2 R2
Therefore, since —AR? > p, we find
P10\ 1] < [6ic] + / G| < C(C).

Br

Step 2. We first show (i), that is we prove that for ¢, small enough we have have
(A.6) [T | ke < C, forall t € [0,t,).
p/4

Indeed, by Step 1, [2°\ Qf| | 0 as t — 0 and hence, for ¢ small enough all points of
I'* are regular points. More precisely, for all p € I'*

By(p) N {i = 0} > co(€) > 0

Then, we apply:
Ist. C% free boundary estimates near regular points (Caffarelli [5, 6]).
2nd. Ch® = C*@ estimates for obstacle h € C*™1* (Kinderlehrer-Nirenberg [10]).

We thus obtain (A.6).
Step 3. From (A.5) and (A.6) deduce that for ¢ € (0,t,), the Hausdorff distance
between I'* and I'* satisfies

dHausdorff(Ft; FO) S Co t.

Finally, we give the

Sketch of the proof of Lemma 3.1. The Lemma for n > 3 is very standard. Let us
prove it in the case n = 2.
Assume that n = 2. We want to prove that u' = f, where

(A7) fu(z) = inf{f(x) : fEC(R?), f>h', Af<0, lim S Ct}

The admissible class in (A.7) is nonempty since the function

fi(z) := ¢! min{0, — log |z|} + C4
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is a member, provided we take C; > 0 large enough that log|xz| 4+ C' > hf(x) for all
r € R? — here we are using (1.4). Hence, f.(z) € [h!(z),+0o0) is finite for all x.

We now check that u* = f, is a solution of (1.3) (n = 2). First, as an infimum
of superharmonic functions, it is superharmonic. To check that it is a subsolution
of the obstacle problem, we argue by contradiction. Suppose on the contrary that
there exists 7,¢,0 > 0 (as small as we like) and z, € R? such that f, > ¢ + A’ in
B,(z,) and f.(z,) > 0 + faBr(%) f«. By changing (slightly) x, and making r and
smaller, if necessary, we may assume that § < e and

oscp. )b’ <e = fo> sup h'
BT(QCO)

Let f € C(B,(x,)) be the unique harmonic function in B, (z,) with Dirichlet bound-
ary condition f = & + f, on 9B, (z,). Note that f > h' in B,(z,), and set

fule) © ¢ By(x.)
min{f7 f*(x)} T e Br<x0)'

Then f is admissible in (A.7) and hence f. < f. But then by the mean value
formula for f we have

folo) < flzo) < flao) =

fz) =

N S

- ]{3r(:to) fo= ng fulwo) =& < fulze),

a contradiction. O
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