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Abstract

We consider an energy-functional describing rotating superfluids at a rotating
velocity w, and prove similar results as for the Ginzburg-Landau functional of su-
perconductivity : mainly the existence of branches of solutions with vortices, the
existence of a critical w above which energy-minimizers have vortices, evaluations of
the minimal energy as a function of w, and the derivation of a limiting free-boundary
problem.

I Introduction

I.1 The energy functional

The aim of this paper is to study a question that was asked by Yves Pomeau, concerning
a model of rotating superfluids. The evolution of a superfluid, such as superfluid helium II
at zero temperature, is generally modelled (after some rescaling) by the following nonlinear
Schrodinger equation, called the Gross-Pitaevskii equation :

(I.1) —iﬁa—u = R Au+u(l — |ul?).
ot

The Gross-Pitaevskii equation is also used to model the evolution of Bose-Einstein conden-
sates. Here u is a complex-valued function characterizing the local state of the superfluid
(it is a pseudo wave-function and 0 < |u| < 1). If the superfluid is in a cylindrical bucket of
two-dimensional section €2, smooth, bounded and simply connected, and rotating around
a vertical axis at the angular velocity w; then, its energy, written in the rotating frame,
taking into account the Coriolis force, is

1
/ R*Vu 4 juw x x| + 5(1 — ul?)?,
Q

supplemented with the boundary condition v = 0 on 9Q. Here x = (21, 22) € Q with the
origin set at the rotation axis, and x is the vectorial product in R®. By iuw x x we mean



the complex-valued vector tuw(xy, 1), then considering w as a positive real number.

This model could also serve to describe Bose-Einstein condensates, whose evolution is given
by the Gross-Pitaevskii equation. For a rotating Bose-Einstein condensate trapped in a
harmonic potential, a more realistic model includes a term [, (a(x) — |u|*)? where a(z) is a
quadratic function vanishing on 92 instead of [,(1 — |u|*)?, (see [CD] and [Af]), but would
also lead to the same kind of analysis.

We replace the study of (I.1) by the study of

1
(1.2) J(u / |Vu + tuw x 2|* + —(1 — |ul?)?,

over H}(Q,C), where ¢ is a small parameter. If we expand the first term, we obtain

(1.3) =5 [ Va1 -y / e+ [ (i, - o).
Q

Here (., .) denotes the scalar product in R?, where complex numbers are seen as belonging to
R2. Another minimization problem which can be considered to derive this is the following:
minimize a Hamiltonian of the form

=3 [ I9uP+ 50— Py
where u € Hj(Q,C), with fixed angular momentum

M = /(zu,x x Vu) = /(iu,aclugg2 — Toly, ).
Q Q

(The Hamiltonian H and the momentum M are quantities that are conserved in time
for the evolution of the type (I.1).) Using a Lagrange multiplier A, this is equivalent to
minimizing

1 1
H— M = 5 /Q |Vul|® + ?(1 — |ul*)?* — )\/Q(iu,aclugg2 — Toly, ).

Up to the term fw?® [, |u|*|z|?, this is the same expression as (I.3) for w = A. Thus,
the rotation velocity w can be seen as the Lagrange multiplier in the previous problem.
On the other hand, we shall see that if w is sufficiently small compared to %, the term
1w? [ Ju?lz|* is of lower order in the energy, hence can be neglected, since, up to slight
adjustments in our proofs, it would lead to the same qualitative results.

Another question that physicists consider is to minimize an energy of the type J or
H — AM with a fixed “number of particles” N = [ [u]>. Again, this can be taken into
account through a Lagrange multiplier. It adds a term which is also negligible when ¢ is
small and w not too large. Thus, we reduce to the study of J given by the expressions (1.2)
r (1.3).



As already mentioned, ¢ is a small parameter, we will actually make it tend to zero.
This corresponds to the case where the characteristic scale of the phenomenon ¢, is small
compared to the scale of the domain, which is relevant for usual sizes of domains, and is a
limit often considered by physicists (see for example [F]). In the physics of Bose-Einstein
condensates, ¢ small corresponds to the “Thomas-Fermi” approximation (see [CD, Af]).

The question is, of course, to find steady states (or critical points) for this energy in
the rotating frame, and to describe them. The main feature of rotating superfluids is
that, for certain velocities, they exhibit vortices : u has some isolated zeros in €2, and |Z—|
has a nonvanishing (topological) degree around these zeros. More precisely, consider a a
point where u vanishes and r > 0 small such that u does not vanish on dB(a,r), then |Z—|

is a mapping from 9B(a,r) to S', hence it has a topological degree, or winding number
(which is the number of turns of the phase of u). This is what is called the degree of the
isolated zero. The characteristic scale of the phenomenon is thus e, the scale of a vortex.
In experiments, there can be up to thousands of vortices in the domain. For more details
on the physical aspects, one can refer to the physical litterature ([TT, F] for example).

This behaviour of superfluids is very similar to the behaviour of superconductors in an
external magnetic field. Actually, we prove here that there is a total analogy between this
model and the Ginzburg-Landau model of superconductivity, and that we can adjust our
results on the Ginzburg-Landau energy to this functional. The Ginzburg-Landau functional
for superconductors is

(1.4) G(u, A) = /Q%|Vu — i Aul* + %|curl A= he|* + 41?(1 — |ul*)?,

where h., is the intensity of the applied magnetic field, A = (A, A;) € R? is the vector
potential of the magnetic field, and h = curl A the induced magnetic field in the material.
The first term [, [Vu+iuw x x|* is very similar to the term [, |[Vu—iAu|? in the Ginzburg-
Landau functional. Actually, J is even simpler, it only depends on one function, and, as
we shall see, the role of the external field h., is replaced by the angular velocity w.

In [S1, S2, S3, SS1, SS2, SS3], we studied in details the functional (I.4) and its mini-
mizers, and proved that they exhibited a vortex-structure when H. < h.. < H,,,
H. and H,., are critical values depending on . Here, we adjust these results and obtain

where

very similar ones.

Let us emphasize that the main difference between the two problems is the boundary condi-
tion : here u = 0 on 9 whereas, for Ginzburg-Landau, all functions in H"' were admissible,
so no boundary conditions were imposed. This condition u = 0 induces a cost of g at least
in the energy, because u has to be small on a layer of size of the order of & near 0f).
This cost is very large compared to the Ginzburg-Landau energy (. Hence, if we make
comparisons with test maps, all the fine information on the behaviour of u in © will be
hidden by the energetic cost of the boundary layer. The method for solving this problem
was suggested to us by Itai Shafrir, and is one that has been introduced by Lassoued and
Mironescu [LM] and also used by André and Shafrir in [AS]. It consists in dividing u
by p, the real-valued function which vanishes at 9€) and minimizes J over the space of



real-valued functions. Then, we can prove that J splits as

(L5) ) = J(p)+ / LIS+ 50 = P b [ oo, rann, = 10,

Q

where v = 2. J(p) contains the boundary layer contribution while J(u) —.J(p) < J(p) can
be studied as the Ginzburg-Landau functional. Let us emphasize again that the ideas of
the results are not new, but borrowed from those of [S1, S2, S3, SS1, SS2, AS, LM], and
that this paper consists in showing that these ideas remain valid and can be adjusted to
this new problem.

I.2 Notations

We study J on Hj(f2,C). Critical points of .J are solutions of the following associated
Euler equation :

(G.P) —Au = 5(1 — [ul’) + 2iVu.w x & —w*r*u  in Q

u=10 on N
that we call the Gross-Pitaevskii equation. By the maximum principle, a solution u of
(G.P) satisfies |u| < 1. We write x = (21, 22) and r = |z|, x is the vector product in R?
while (,) is the scalar product on R w denotes the rotation-vector perpendicular to

in R? in the expression w x z, otherwise its norm. We write VY f = (= fu,, fo,). F will
denote the functional studied in [BBH],

/|Vu|2+—1—|u|>

For any subset V' C Q. Jy or Fy will denote the energy-functionals restricted to V. The
domain Dpg over which we perform a local minimization of J, corresponds roughly to the
u € Hy for which F(u) < Mllog ¢|. R will denote the space of Radon measures on €.

I.3 Statement of the results of existence of branches of solutions

We prove the following results, where the notion of “vortex” will be specified later. In all
the paper, w is considered as a function of € such that we — 0 as ¢ — 0, and C' denotes
some positive constant, independent of ¢.

Theorem 1 Suppose Q = Br = B(0, R). Defining a rotation velocity wy by

(L6) W = “‘}if',

there exist k(e) = O(1), K'(e) = O(|log |log ¢l|), and eo(M) such that for ¢ < o, the
following holds :

- if and only if w < wy — k(e), the minimum of J is J(p) — o(1) and if w < wy — k'(¢) any
minimizer is vortex-less.

-ifwr +k(e) Sw <wy +0(1), there exists a minimizer of J over D which is a solution
of (G.P). In addition, it has exactly one vortex a of degree one, and |a| — 0 ase — 0.
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This theorem which is similar to Theorem 1 of [S1], shows that there exists a critical value
of w above which vortices become energetically favourable. The expression of wy, equivalent
to that of H., in [S1], is an explicit function of the size of the domain, and corresponds to
the expressions found in physics literature (see [F]).

Theorem 2 Suppose = Bpg, and w is any function of ¢ such that w — 400 ase — 0,
and w < Ce™ for some small « > 0 ; then Vn € N* such that n < %, and Ve < eq, there
exists a branch of stable solutions of (G.P) such that :

1) u has exactly n vortices of degree 1, located at as.

2) |as] = 0 as e — 0, and if we set 4; = a;\/w, the a;’s tend to minimize

w(wy, - a,) ==Y log o — x|+ |ail’
it) ;

so that |a;] < <=, and |a; — a

3)

iz

J(u)=J(p)+mn <|log el — sz) + g(n2 —n)log w4+ w(dy, - ,dn) + Qn + o(1).

The solution with n vortices minimizes J in Dy exactly for w, < w < w,11, where w, has
an expression of the form

(L7) Wy = “‘}if' + ”Rzl llog [log || + O(1).
The result can also be reformulated as follows : Vn € N, there exists e9(n) such that
Ve < eg(n), there exists a branch of stable solutions of (G.P) satisfying 1), 2) and 3).
This theorem is the analogue of Theorem 2 of [S3]. It proves, in the case of a disc, the
existence of branches of stable solutions with n vortices of degree 1. These solutions coexist
for a wide range of w, their energy follows a simple explicit formula. In addition, they are
globally minimizing, i.e. they achieve the minimum over all H}, for w, < w < w,y1; this
has been proved for the Ginzburg-Landau energy in a forthcoming paper [SS4].
What seems most interesting to us is the minimization of w : this says that we can replace
the minimization of J over H} by the minimization of the explicit function w over Q.
After rescaling, the positions of the vortices of our branches of solutions tend to minimize
w. Then, the natural question is to ask what minimizers of w look like. This is not so easy
to calculate. I. Shafrir and S. Gueron have worked on this problem (see [GS]). They prove
that for n < 6, the regular polygons centered at the origin are local (and very likely) global
minimizers, for 4 < n < 6 there are other stable critical shapes : the regular “stars” which
are regular polygons centered at the origin plus the origin. For 7 < n < 11, they are again
local minimizers (and probably global). For higher n, numerically, the minimizers look
like series of concentric polygons and then triangular lattices, first concentrated around
the origin, then scattered all over €2, as n increases. Observations have been made (since
the 70’s) on the vortices in rotating superfluid helium II, which show pictures of vortices



which are exactly the ones described for the minimizers of w : i.e. regular polygons, stars,
lattices. One can refer to [TT] for pictures.

Thus, our results agree with the physical observations and theoretical predictions (see [F]
for superfluids), and particularly with those found in [BR, CD] on Bose-Einstein conden-
sates. Moreover, they state precise values of the w, for which the nth vortex becomes
energetically favourable, which seems to be a new result, they say that the vortices are
concentrated around 0 at a scale % and prove the multiplicity of stable solutions for a
given w around wy.

I.4 Methods of the proofs

As the proofs are borrowed from other papers, we only explain their main step s. For
Theorems 1 and 2, let us just say that the method consists in splitting J as (I.3) and then
splitting J — J(p) similarly as in [S1]. The term

/BR Vol 4 1 o

1
/ SO 50— o) = Fy (o)
BR/

where ' = R —” (0 < 3 < 1) and F is the functional studied in [BBH]. Then, we prove
that if uw is a configuration with a bounded number of vortices a; of degree d;, then the

can be replaced by

angular momentum M can be expressed as :

M = (T, XUy, — Ty, ) —/ (v, dvANdX) —QWZdX )~ WZd —la]?)
Br

Br
_ Iﬂvl2
where X =

the same analys1s to evaluate the cost and gain of each vortex, and see that vortices will

. Here X plays the same role as ¢ in [S1, S2, S3], hence we can perform

tend to the point of minimum of X (which is the origin). To find our branches of n-vortices
solutions, we perform a local minimization exactly as in [S3], over domains of the type

1
U, = {u € H)(Br,C)/nllog ¢| < F <E> (n + ) llog 5|}
p

and prove that it yields a solution of (G.P) which has n vortices.

I[.5 Statement of the results on global minimizers

The following results are the analogues of those of [SS2] and [SS3] on the Ginzburg-Landau
functional.

We assume that w(e) is such that w < % and that

1

(L.8) A = lim 108

e—0 w




exists and is finite. Then, for any A, we define the limiting functional F as :

A 1
(19) B =5 [1ar+2+5 [

{f € Hy()/Af+2e R},

where R is the space of bounded Radon measures on w.
We study any family (u.) of global minimizers of J over Hg(Q). Such a wu. is solution of
(G.P), therefore one can check that it satisfies

div((iu, Vu) — wV+X) =0

where X = |T We will see that we can find a unique U. € H] such that

(1.10) VU = (iu, Vu) — wV*+ X,

This equation is the analogue of the second Ginzburg-Landau equation. It yields a relevant
quantity U which plays the same role as the induced magnetic field & for Ginzburg-Landau.
We shall see how U is related to the total vorticity of w.

Theorem 3 1) Assume X exists and is finite, w < 6%, u. minimizes J and U, is associated

to u. by (1.10). Then, as e — 0,

CEN U. weakly in H;(S),

w

where U, is the unique minimizer of F, and solution of the following obstacle problem :

U—O on 0f)

U, <— in Q
(I1.11)

(AU. —|—2)< —>:0 in

AU, +2 > 0.

In addition U, € C*(Q),Ya < 1. Moreover,
(1.12) min.J ~.o F(p) 4+ w’E(h.).

2) If X =0, then U, = 0, and the convergence is strong in Hy. If X > 0, for ¢ < e, we
can find a family of balls (B;)icr. = (B(ai,1i))icr. such that

1
(1.13) {x,dist(m,aﬂ) > P/l (x) = 1] > @} C Ujer Bi,
1
1.14 < ——
(I.14) ; llog ¢|®
1
(1.15) Vi e L., 5/ VU |* > =|d;||log &|(1 — o(1)),
B;

7



where d; = deg(u, 0B;).
For any such family, if we define p. = 2% > icr, dida,, we have

and 5
m
- Z |di|5ai — M«
w
€1,
in the sense of measures.
3) If we set Uy = {x € Q/U.(x) = 2}, we have p, = 21y, where 1y, denotes the

2
characteristic function of Uy. Uy = @ & X > 2max & where & is the solution of

{—A§0:2 in 0

(I.16) & =0 on 0.

This theorem is mostly relevant in the intermediate case w = O(]|log ¢|) corresponding to
A > 0. We then isolate the zeroes of u. (which are not too close to 9Q) in vortex balls B;
and define a vorticity measure p., proved to be closely related to U.. u. converges weakly
to p. which is a uniform measure of density 2 on a subset U, of ). Thus, qualitatively, we
expect u. to have vortices of positive degrees, regularly scattered over U, with a density
~ 2w when ¢ is sufficiently small. U\ is determined by (I.7) which is a free boundary
problem. It is a classical obstacle problem (see [R]). If 0l is smooth (which is not always
the case, but is the case at least for almost every value of A from a result of [BM]), then
(1.7) can be rewritten more simply :

U, =0 on 0f)
—AU, =2 in Q\U,
U, = % on OU,

% =0 on OU,.

The size of the vortex-region U, depends on A. If A is very large (corresponding to small
w’s), then Uy = @. More precisely, if w < w; ~ log =l then 2/, = @, and following

2max &g
[SS1], we could have proved rigorously that wu. has no vortex in this case. Thus, some
Wy ~ 2Efagxsg|0 or A = 2max £, corresponds to a critical value (first critical velocity), and is

compatible with the result of Theorem 1. Indeed, if 2 is a ball B(0, R), then & = R2_2|$|2,

and thus 2max & = R% This theorem generalizes the result of Theorem 1 to arbitrary

simply connected geometries.

If w > wq, then U, is nonempty and minimizers have vortices. U, increases as A
decreases (i.e. as w increases), until, for A = 0, corresponding to w > |log ¢|, Uy = Q,
and the vortices fill all . The main difference compared to the result of [SS3] on the
Ginzburg-Landau functional is that the limiting measure p. always has density 2, whereas
in Ginzburg-Landau it had a density 1 — %, thus depending on A and on the applied field.

(1.12) provides an asymptotic expansion of the minimal energy, in which F/(p) carries
the boundary layer cost of any configuration due to the boundary condition v = 0. Indeed,



F(p)=1 fQ |V,0|2 2-(1 —p?)? is of the order of \/_l(aﬂ) as we shall see in Section II, and
F( ) wi r2p?, hence, as soon as w? < L, F(p) ~ J(p) is the term of highest
order in (I 12) In the case of w > |log £| i.e. when 2= 0, then this theorem only states
that min.J ~ F(p), and % — 0. We are in fact able to get more precise results (adjusted
from [SS2]) in the following theorems :

Theorem 4 Assume |log ¢| < w < L. Then
—/ w—2r2 + w|Q|log L(1 —o(1)) < min J < F(p)+ w|Qlog 1 + O(w),
o 2 ey/w HE(Q,0) e/w
where |.| denotes the volume.

If in addition w < 54%’ then

1
J=F Q1
H%@C) (p) + w|€log o

Theorem 5 Let |log | € w < 54%’ and u. be a corresponding minimizer of J. Then, for
€ < &g, there exists a family of disjoint disks (B:) with radii each less than \/LJ and sum less

than |Q)/w, such that [u:| > L on OB and, if af is the center of Bf and df = deg(lzzPan),

then 5
= N db —2da
w - b e—0

—=(1+0o(1)).

in the weak sense of measures, where dx is the Lebesque measure on R? restricted to ().

WZ|d§| ~ def ~ w|],

and most of the vortex-enerqgy is concentrated in the balls, i.e.

Javusg (ue) = Fp) = o J(u:) = F(p)).

Moreover,

9]

Of course, for any value of w, we have the trivial solution u = 0 which has an energy .

We believe that, for w higher than some critical value w > g, it becomes minimal.

Acknowledgments : The author is grateful to Yves Pomeau for suggesting the problem
and for very interesting discussions, and to Itai Shafrir for his helpful suggestions.

II The splitting of the energy

We introduce p., for a general domain . It is defined to be the minimizer of the following
problem :

1 1
1.1 n = [ |Vp]* 4+ —(1 — 222,
(IL.1) H%%)Q/| pl*+ o5 (1 =p") + Wi

We will often drop the subscript and write p instead of p..

9



Lemma I1.1 p. satisfies the following :

C
(11.2) peC® 0<p. <1, |Vp| < -
(11.3) if Q = Bpg, then p is radial and is a solution of (G.P),

1
(IL.4) —Ap. +w'rip. = 5—2,05(1 —pZ)
(11.5) 1—p. < 06_% + O(*w?) where §(x) = dist(x, )
2 2
(116) 1)< Lo+ 2 [ v oq)
3e 2 Ja

where [(0) denotes the length of 0S).

(11.7) /9(1 —p*)? < Ce +wieh).

Proof : 1t is well-known since the work of Brezis and Oswald [BO] that, as soon as ¢ is
small enough, there exists a positive minimizer for the functional (I1.1), and that it is the
only positive solution of

—Ap+rip=Zp(l —p*) inQ
(IL8) { p=20 on 0f).

It is also standard that p <1 and |Vp| < % If Q = Bpg, the fact that p is radial comes from
the uniqueness of the positive solution, and the fact that p satifies (G.P) comes from (I1.8).

We then prove (I1.5). The proof is similar to that of Proposition 2.1 of [AS].
Consider xg such that §(x) :=dist(xq, Q) > Ke, for some K to be determined afterwards.
Let ¢1 be a positive eigenfunction corresponding to the first eigenvalue Ay of —A on B(0,1):

—Aqbl = )\1¢1 in B(O, 1)
d1 =0 on 0B(0,1),
and satisfying ¢; < 1 on B(0,1).
Let us write ¢(x) = ¢4 (9”_9”0) ,then A¢ = 256 on B(zo, Ke). If K is chosen large enough

Ke K2e2
(independent from ¢), then

A
Klqu < P(1 — @) — wer? in B(xq, Ke),

for small e, since we — 0. Hence,

2GS G- ¢) o,

and thus ¢ is a subsolution for (I1.8), implying
p>¢ in B(ag, Ke).

10



Therefore, there exists 1 > a > 0, independent from ¢, such that
p> ¢>a>0 in B(ag, Ke).

Hence
(1IL.9) p>a>0 inQ:={z/é(x)> &}

Now, as in [AS], it is enough to prove the estimate (IL.5) on Q. We prove it by using
suitable subsolutions. Consider again zo € Q, and let y = dlst(xo,aﬂ) On B(wxq, ), we
consider wy, the subsolution of [AS], defined by :

©2 —
wi(n) = th (th_la + W) ,  where n = |x — x¢|.

As in [AS], we have w; > a and

8 4
As previously, we may consider only x> 2% then ﬁ < a7 < 15 and
8 13\ 1
(11.10) —Aw; < <§ + E) —w1(1 — w}).

We then define wy by wy = w; — Mw?e?. From (11.10), as wy < wy,
17 )

1
_sz — _w2(1 — w%) + uj27“2w2 S (1 — wl)wl — —211)2(1 — UJ%) + CUQTQU)Q
&

&? 18¢2
17 1
< 152 (1 — w3)(wy + Mw?e?) — 5—2w2(1 —w3) + Wrtw,
1 7
T wa (1 — w3) 522 (1 — wi)Mw?s? + wr?w,.
But, for & small enough, w; > ¢, hence
1 1 —w? 17 2
—Aws = Zun(l = wj) +w'rtwy < —g ( 18w2 — gl —wy) =Mt — 2€2r2>

(IL.11)

VAN

|

|€

[N~}
TN

—_
= |

g
[\ o}
—
|

=
—_

|

€

o

=
~

On the other hand,

for e small enough. Then,

1 —w? M
18w2 (1 —o(1)) —w?er?* > szes? —r?w?e? > 0

11



if M is chosen large enough compared to maxq r. Therefore, for a suitable choice of M,

1
—Awy — S wa(1 —w3) + wirw, <0 on Blwo, ),
£

and wy < a < p on dB(xo, 1), hence wy is a subsolution for (I1.8) and we deduce that
p > wy > wy — Mw?e? on B(zg, i), and, as in [AS],

1—p < Ce2 4+ 0(w?e?) on Bz, t).
As 1 = §(xg) — $Ke, we obtain that
1= pla) < Ce~ 2 4 0%,
and finally, changing C' if necessary, this estimate is true on all €, which proves (I1.5).

For (IL.6), it is well-known (see [AS] or [ORS]) that

min —/ |Vu|2 —|— — 1— u ) < 3—\/§l(8ﬂ) + O(1).

HHQR)

Hence, by definition of p,

This implies that

1 w? C W?
1_ w” 22 oY _/ 2

1 C W C W >
o 1_ 22<_ - 21_ 2 < - 1_ 2\2
4529( p)_5+2/97"( p)_€+02</9( ,0)>,
from which we deduce (11.7). O

thus

Thus, in the case of a disc domain, p. is a vortex-less solution of (G.P). As explained
in the introduction, the fact that « = 0 on 99 induces a cost of g in the energy. That cost
can be, as in [AS], removed by considering v = %. Then, v ~ u except near the boundary,
and the boundary cost is “carried” by p. This can be proved by using the fact that the
energy splits very conveniently under the decomposition u = pv, exactly as in [LM] or
[AS]. More precisely, we have the following lemma, in which le2 denotes the H' space

with respect to the measure p*dx, and the same for Liz).

Lemma I1.2 Let u € Hy(Q,C). Jeo, Ve < g, v = = is well-defined, belongs to le2 and
p’ !
(11.12) J(u) = J(p) —I—/ —|Vol* + ==(1 — |v]*)? —I—w/pQ(iv,xzvxl — L1V, ).
Q 2 4e2 Q

12



Proof : Let dx denote the Lebesgue measure on R2
Step 1 : We prove that v € HPIQ.
p only vanishes on 0f), hence v = % is well-defined on ). Furthermore,

/|v|2p2d:1; = / lul*dz < oo
Q Q

2
hence v € Liz). Then, Vo = Vu _ %V,o. As u € Hy(9,0), |v,01;| is p*dx integrable. On
the other hand, we can say from (I1.5) that
1
(11.13) dA >0, d(x) > e = p(x) > 3

Hence, we have

(11.14) /
{z/é(z)>Ae}
while, with (IL.5),

/{x/(s(x)sxs}

u
Pkl

2
7 < OVl [ 1l < o,
P Q

u 2
P

g / [u 2Vl
{z/8(x)<Ae} p?
Jul”

< IVl [ e
r {z/8(z)<Ae} 6(x)?

< OV / Vul? < oo
Q

where we have used the Hardy inequality.
Hence, we deduce that Vv € L22 and v € le2 with |lollg, < C(e)||ullm-
Fes

Step 2 : We prove the splitting of the energy. This proof is very similar to that of [LM]
and [AS], and was suggested by I. Shafrir. For any t > 0, we denote Q; = {x € Q/§(x) > t}.
For any ¢ > 0 sufficiently small, we have

/ LIS (o) (1= 2ol + 2 22 = [ SI0PISo + 19 Vol = 1)+ 5719l
0, 2 4e2 2 0, 2 R >

1 w?r? w?r?
1_ 2 21_ 2\\2 2 2 2_1
b [ = = )+ S S - )

1 1 wir? 1 1
_ IVl 4 ——(1 — p2)2 2 M1 — ]2)? 4+ 22 Vo2
L SIVOR S = S g (= ) 4 5

1 wir? 1 1 1 dp
2_1 __A 2 2__21_ 2 - 2 - s 2_1‘
+/Qt(|v| )( 2 807) =" = 5 ,0)+2|V,0|>+2/8m,06n(|v| )

13



Now, since p satisfies (I1.4), we have

2
—Ap" = 2p(=8p) = 2|Vp[" = —20%%p* + (1 = p*)p” = 2| Vpl’,
so that
1 wir? 1 w?r?
| 5IVul 4 = PP+ S = [ GNP 1+ S
Qt Q2
1 p? 1 dp

I1.15 —p* Vol + (1 — |v|*)? —/ 21
(1L.15) # [ GRSl -1

But, from the properties stated on p, we have

/ 2o %
s, On

< Lo lon
From the Hardy inequality,

/u2 C/|V > <
Qd(x)? ~ Q ! >

hence, we can find a sequence t,, — 0 such that

/ Jul? C
< 2
o, (S((E)z - tn|10g tn|

Jul” Jul” C
= < — 0 asn — oo.
8, () 99, In |log .|

On the other hand,

[ul® Jul?

<CelVplan [ .
L < CelVlas | s

n

therefore,

. dp
lim —
=0 J5q, on

=0.

Applying (I1.15) to t = ¢,,, and passing to the limit n — oo, we obtain

1 2 1 242 wr? 2 2 4 2\2
Q§|VU| ‘|‘4—€2(1—|U| ) ‘|‘T|U| :J(P)‘|‘ P ’ Vol ‘|‘7(1—|U| ).

There remains to deal with

/(iu,aczugg1 — T Uy, ).
Q

But replacing u by pv, we obtain that this term is equal to

/IOQ(Z'U,J}QUM - xlvm) + / ,O(Z'U,U)(l'zpm - xllom)?
Q Q

where the second term vanishes identically. Hence we have the desired result.
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IIT Branches of vortex solutions in the case of the disc

In this section = B(0, R) = Br. We consider rotation speeds
w< O™

for a sufficiently small, to be specified in the proof, and obtain similar results as those of
[S1, 52, S3] concerning branches of solutions of (G.P).

As mentioned in the introduction, we cannot study zeros of u close to J) because |ul
vanishes at the boundary and is smaller than % on a layer of size A\e near the boundary.
On the opposite, we can study vortices of v, which does not have to vanish on 02, and
vortices of v are vortices of u. But it is difficult to get information on v and its vortices
near the boundary, and anyway, it is not very relevant, since u has something like a layer
of vortices of size € near the boundary. This is why we restrict to studying v on the domain
{x € 0,8(x) > &} where 3 is some constant < 1 and close to 1. Furthermore, there are
no boundary conditions on v, hence we can adjust the techniques of [S1, S2, S3] to v. The

rest of this section is just these adjustments.

III.1 Defining the domains of minimization

We perform, as in [S1, 52, S3], local minimizations of .J over well-chosen domains.

First, Lemma II.2 has allowed us to separate the very strongly-divergent part J(p.) (in
%) from the rest which is very similar to the Ginzburg-Landau energy functional J of
[S1, S2, S3], and diverges at most in Cw?. We use here the notation of [S1] :

(IIL.1) / |Vv|2—|— —(1—[o?)?

for the energy functional studied in [BBH]. We shall also write Fy for the functional F
restricted to any subdomain V of ().
Then, we denote

1 4
(111.2) Glo) =5 [ PIVOF+ L0 = PP
for the “weighted” BBH-functional that appears naturally in the splitting of J.
We then define the following mappings :

(1) fy
p
is a continuous mapping, as proved in section II. So is
H12 —> H12
P P .
I11.4 flv]> -
( ) vi— T'(v) = ||1|U|

v otherwise.
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In addition, we have the following lemma, whose proof is postponed to the end of this
section :

Lemma II1.1 1) For any u € Hy (9, C),

(11L.5) T(v)] <

| =

2) There exists a > 0 such that, for any u satisfying J(u) < J(p), if w < Ce™?,

(111.6) J(pT(v)) < J(pv)+o(l) ase— 0.

This lemma means that, if we replace u by pT'(v), we get a function with values in B(0,1)
and with a lower energy than w, up to a small error term. Hence, we can make this
replacement to find local minimizers.

We now define the domains of minimization. A real (large) positive constant M ¢

7N (M > 7) being set, we define (as in [S1]),

(I1L.7) D = {u € HY(Br,C)/GoT (%) < M|log g|} .

This is going to be our largest domain of minimization. We shall also use smaller domains
of minimization, of the form

1 GoT(%)
Doy = HY(Bg,C —
b u € 0( R )/CL < |10g €| <

Y

where a,b < M but may depend on . Dy and D, are open domains in Hj, from the
continuity of the mappings (II1.3) and (IIL.4).

II1.2 Definition of the regularized map and its vortices

We wish to study minimizers of J in Daq or D,p. Considering any u in one of these
domains, we write v = T(%), so that |v| < % and, thanks to Lemma III.1, we can study v
instead of %.

As in [S1, S2, S3], we need to define vortices of v for any u € Dps. But, exactly as in
these papers, this is impossible to do directly because u is not a priori solution of (G.P)
hence there is no upper bound of the type |Vu| < g on its gradient. As in [S1, S2, S3], in
order to define vortices of v, we replace it, following the method of [AB], by a regularized
map v” which has well-defined vortices. First, we remove the boundary of the domain, by

setting

(IIL.8) B' = Br\{z/§(z) < &7},
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where (3 is some constant €]0, 1[. From (IL.5),
(111.9) 0<1—p<Ce'™P 02w =0(1) in B,

hence we can consider p as being equal to 1 in B’. Then, our regularized map v is defined
from v to be the solution of the following problem :

. 1 (1—Jw]?)?  |v—wf
I11.10 —|Vwl|?
(IT1.10) G /B,zl Wt st S

where ~ is some constant in ]0, 1.

Exactly as in [S1, S2, S3] and [AB], this v” has the same behaviour as v at scales larger
than €7 (it is a parabolic regularization of v), hence its vortex-structure and behaviour
with respect to J are going to be almost the same as those of v, as we shall prove.

Lemma I11.2 [fu € Dy and v = T(%), then v satisfies

C 1
Vol < — o7 < -,
9

(TT1.11) Fpi(v") < Fpi(v) < G(v) 4 o(1).
Proof : The first assertions are standard (recall that |v| < %) For the second result, take
v as a test-map in (II1.10). Then, observe that
1 2 2, (1—=p") 212
[ 50 =+ S o)
< Ot = pllze sy Glo)
< O 47 log g| = o(1)
where we have used (I11.9) and the fact that u € D . d

Then, as in [S1], Proposition 111.2, we deduce from the analysis of [AB], that we can define
vortices of size o of v” satisfying the following properties

Fpi(v) — G(v)

IA

Lemma IIL.3 Let 0 < v < B < pu < 1, with @ = pN*t > 3; for ¢ sufficiently small, we
may find a bounded number of balls (B(a;,0))icq such that the following properties hold

de < et <o <ef < ef,

1
" (z)] = B if & € B\Ues Blai,0),
|UW($)|21—M ifﬂfeaB(ai,U), fOfiEj,
/ e.(v) < B4 for i € 7,
9B(a:,0) o
la; — a;| > 8o forany 1 # 5 € J.
We shall also write
(111.12) d; = deg (v",0B(a;,0)) # 0.

17



u or v will be called “vortex-less” if 7 = @ i.e. if [v7] > £ in B'. It is proved in [S1]
Proposition VI.2, that this implies (if J(u) < J(p)) that |[v| > 1 in B

Similarly, if v itself has well-defined vortices, then there is a close link between them and
those of v, see [S1], Proposition I11.3.

From now on, we denote ((a;,d;))!_, the vortices of v”, also called “vortices of u” or
“vortices of v” by extension. We have the following lower bound, borrowed from [S1],
Proposition V.1 and Lemma V.1,

Proposition III.1

g
Fgi(v” ' — .
w(0?) 2 7S Jdflog £+ 0(1)
€eJ
FB’(UW) > Z df|log U| +7 Z |di|10g g + W((alvdl)v T 7(alvdl)) + 0(1)7
1€J 1€J

where
!

W=—nx Zdzdjlog |CLZ' — Cl]‘| — T ZdiRO(ai)7

i#j i=1
and Ry is the solution of
ARO =0 in
Ry = —m Ei’:1 d;log |v —a;| on 0.

IT11.3 Expanding the energy-functional

Having a definition of vortices, we use it to expand the energy functional and get an
expansion which is totally similar to that of [S1].
First, we have the following lemma, the proof of which is left to the end of the section.

Lemma I11.4 [fw < Ce™, for some a > 0 sufficiently small, we have
w/ (Tu, oy, — T1Uy,) = w/ P2 (10, Ty, — T10.,)
BR BR

= w/ p*(iv,dv A dX) = 27erdiX(ai) +o(l) ase—0,
Br

€T
where X is the function defined on Bgr as

2 _ R — 532
(111.13) X(2) = @ (2 )
so that
(111.14) X =0 ondB.

Once this lemma is proved, the expansion of the energy follows very easily from (I1.12) :
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Proposition I11.2 There exists o > 0 such that, if w < Ce™, u € Dy and |u| <1,

J(u) = J(p) + G(v) + 21w Y diX(a;)+o(1) ase—0,
€T

where G was defined in (I11.2).

It is easy to deduce from this proposition, as in [S1], that the minimal energy over vortex-
less configurations is J(p) 4+ o(1) as ¢ — 0. Actually, it is smaller than J(p), and it should
be J(p) since p is a solution of (G.P). One could hope to prove, following the method of
[S2], the uniqueness of a vortex-less solution, hence the minimality of p among them, but
the problem is that the notion of “vortex-less” is difficult to define up to the boundary of
the domain. Hence it remains an open problem to know whether p is minimal for w < wy.

II1.4 The critical velocity

We are now in a position to deduce the critical velocity, that we denote w;, by analogy
with the first critical field H., for superconductors in [S1].
wy 1s defined to be the largest value of w below which the minimum of J is larger than
J(p) —o(1). For w > wy, minimizers of J will have vortices. We will look for them in D,
domain which corresponds roughly (in view of Proposition III.1) to configurations with
less than % vortices.

We get the following theorem, which is completely analogous to Theorem 1 of [S1] :

Theorem 1 Defining a rotation velocity wy by

_ [log ¢

=

there exist k(e) = O(1), K'(e) = O(|log |log ¢l|), and eo(M) such that for ¢ < o, the
following holds :

- if and only if w < wy — k(e), the minimum of J is J(p) — o(1) and if w < wy — k'(¢) any
minimizer satisfies [v| > 2 on B'. (v = (%))

-ifwr +k(e) Sw <wy +0(1), there exists a minimizer of J over D which is a solution
of (G.P). In addition, “it” has exactly one vortex a of degree one, and |a] — 0 as e — 0.

(111.15) wy

Proof : Step 1 : Upper bound for the minimal energy.
We start from Proposition 111.2 and

J(u) = J(p) + G(v) + 27w Y diX(a;) + o(1).
€eJ
We can construct a configuration the following way : we choose v such that |v| < 1, v has
a zero of degree one at the center of Bpr, and
1

1
F(v)= 5/ |Vv|2 + 2—2(1 - |v|2)2 < rllog €| + O(1).
Br €
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This is possible exactly as in [S1], proof of Proposition VI.1. Then, defining u = pv, it is
easy to check that u € Dy and

J(u) < J(p)+ F(v) + 270X (0) 4 o(1)
(111.16) J(u) < J(p) + mllog €] — TwR? + O(1).

in view of the definition (I11.13).
Hence, we have

(111.17) nl;oinj < min(J(p), J(p) + m|log ¢| — rwR* + O(1)),
M
and
minJ < J(p)—1
D pm
if
log ¢

o TRE) Sw =0,

for some k(e) = O(1).
minp,, J < J(p) for w > Ce™ will be proved in the next section.

Step 2 : Study of the minimizers of J around w.
Let u achieving min J over Dag (such a u exists), and let v = T <%>, v its regularized

map. From Lemma III.1, we have

(111.18) J(pv) <minJ +o(1) < J(p)+ o(1).
D pm
On the other hand, thanks to Proposition II1.2, and (IIL.11),
(111.19) J(w) = J(p)+Gv)+2mw ) diX(a;) + o(1)
(I11.20) > J(p)+ Fpi(v") + 21wy diX(a;) + o(1),
For w < w; + O(1), we have by minimality of u in Dy,
(111.21) J(u) < minJ < min(J(p), J(p) + w|log e| — rwR? + O(1))
D pm
hence

(111.22) Fpi(v") + 27w Z d; X (a;) < min(o(1),m|log e| — rwR* + O(1)) < O(1).

Comparing this to Proposition III.1, which asserts that
o
Fgi(vY) > di|log — + O(1
wiv) 2 7Y ldllos 2400

> 7(1—p) Y [dllog <] + O(1),
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we deduce (exactly as in [S1], proof of Lemma VI.1), that
(I11.23) d>0 Yied,

because min X = X(0) = —%2 + o(1).
In view of the expression of W, exactly as in [S1], this implies that W > O(1), and that
the following lower bounds hold :

1 o
) (YY) > |2 _ . e
(111.24) Fgi(v") > W(% |d2|10g0—|— % |d;|log €>—|—O(1)
1
[11.2 Fgi(vY) > d;|log — 1).
(11.25) 5(7) 2 73 Whllos 24001

For some k(¢) = O(1), if w < wy + k(e), combining this with (II1.20) and (I11.21) implies
that J = @, hence that [v7] > £ on B’. From the analysis of [S1], (see Proposition VI.2),
this allows to prove that [v| > $ on B, i.e. that v is vortex-less on B'.

On the other hand, if w > w; 4+ O(1), the comparison of (111.24) and (II1.22) yields d; = 1,
Vi e J,and X(a;) — min X, hence v only has vortices of degree 1, tending to the origin.
But then, if Card J > 1, i.e. if v has more than one vortex, its vortices repell one another
because W — 400 as |a; — a;| — 0, and we are in this case since all the vortices tend to
0. Then, using Proposition III.1,

1
I11.26 Fgi(vY) > dillog —+ W + O(1),
(111.26) w(07) 2 7 3 ldflog —+17 + 0()

where W — +o00 if Card J > 2. This is in Contradictionlith (I11.20) and (II1.18) if
w < w; + O(1). Hence, for w < wy + O(1), any minimizer in Dy has exactly one vortex of
degree one tending to 0.

Step 3 : We can easily adjust the method of [SS1] to prove that, for w < w; — k'(¢), a
global minimizer of J is vortex-less, and belongs to D .

Step 4 : There remains to prove that a minimizer of J in D is a solution of (G.P) if
% ¢ N. This can be done exactly as in the forthcoming proof of Lemma II1.6, therefore
we omit the details. O

IT1.5 Branches of n-vortices solutions

In this subsection, we adjust the results of [S3] concerning the existence of branches of
stable solutions with n vortices, for any n < %
For any n > 1, we consider the domain

1
U, = {u € Hy(Bgr,C)/nllog ¢| + K < G <T <E>> < (n + 5) llog 5|},
p
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where K is a constant, to be set later. This domain is some D,;, but for simplicity, we
denote it U, as in [S3]. We begin with two lemmas.

Lemma II1.5 Suppose w is any function of ¢ tending to +oo as ¢ — 0, and such that
w< Ce™®. We have

(I11.27)
infJ=J(p)+mn (Jlog e| — R*w) + g(n2 —n)log w4 w(dy, - ,d,) + Qn + o(1),

Un

where d; = a;\/w, the a;’s being the vortices of a minimizer, w is defined as

(111.28) w(ay, - 1,)=—m Zlog |z, — x| + 7 Z |24]?,

i#j i
and (), is a constant depending only on n.

Proof : This lemma is exactly similar to Lemma IIL.1 of [S3]. We only give the main ideas
of the proof. (II1.27) relies on the expansion of Proposition IIL.2, from which we have
obtained the lower bound (I11.20) :

(I11.29) J(u) > J(p) + Fpr(v") + 2mw > diX(a;) + o(1).

Then, Fg: is bounded from below exactly as in [S1] using Proposition III.1, and W is
expanded.
Actually, we construct a test configuration as in the proof of Theorem 1, for which the
equality holds in (II1.27) and that has n vortices of degree 1, located on a regular polygon
of edge-size \/LJ, centered at 0. Using the explicit expression of X and expanding W, we
get the expression (I11.27) as an upper bound for in fz—J.

For the lower bound, we begin by noticing that the upper bound impliesd; = 1,Vi € 7,
and a; — 0 as for Theorem 1, for the vortices of a minimizing map in U,,. Then, the lower
bound is obtained from (I11.29), expanding X and W as previously, and performing the

rescaling d; = a;+/w on the vortices. O

Lemma I11.6 If ¢ is sufficiently small, w — +o0 and w < Ce™, ming-J is achieved,
and it is not achieved on OU,,.

Proof : 1t is exactly the same as the proof of Lemma II1.2 in [S3]. We consider u; a
minimizing sequence in U, and vy = T <“7k> We regularize them into v, with vortices

(ai(k),d;(k)). Then, thanks to Proposition II1.2,
Hom) = o)+ Glv) 4 270 Y B X a(8) + 0x(1)

< in_fJ—I— 0-(1) + ox(1).

Un
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Then,
(111.30) in_fJ > J(p) + Fpi(v)) + mw Z d;(k) <|ai(k)|2 — Rz> + 0.(1) + ox(1).

Un

Comparing this with the expression (II1.27) for infz-.J, we deduce that, for small ¢, all
d;(k) are positive, that >_. |d;(k)| = n (we already knew that 5. |d;(k)| < n since uy € U,),
and that Y ]a;(k)|* = 0 as ¢ — 0.
Up to the extraction of a subsequence, u;, — wu in H} and, by lower semi-continuity,
J(u) < infeJ.

There remains to prove that u € U,. This can be proved as in [S3], using the idea that
the weak H' convergence preserves the vortices. One proves that, if v =T <%>, and (b;, ¢;)

are the vortices of v7, then

(I11.31)
m Zdi(k)(|ai(k)| — R*) ~ / (1vg, dvp A dX) — | (iv,dvAdX) ~ 7 Zqi(|bi|2 — R?).

I; kE—oo B!

On the one hand, we have, by definition of U,

G(v) < liminf G (T (ﬁ» <7 (n + 1) [log <],
k—+o00 P 2

leading to >, |¢;| < n. On the other hand, (IT11.31) and the previous results on (a;(k), d;(k))
yield 37 oo ¢ > n, hence 3, [¢;| = n and

G(v) > Fpi(v) —o(1) > Fpi(v") — o(1) > mnllog | + O(1).

This proves, if K is chosen small enough, that u € U, for small . Therefore, infeoJ is
achieved.

Step 2 : We prove that the minimum is not achieved on 9dU,. We follow the proof of
Theorem 2 in [S3]. By contradiction, suppose it is, then there is a minimizer u such that

(111.32) G (T (%)) = <n + %) llog e,

or

(111.33) G (T <E>> = mnllog | + K.
p

If (IT1.32) holds, then, with the usual notations, > . |d;| < n and

infJ = J(p)+G (T (3» + 27rwzi:diX(ai) +o(1)

Un P
1
> Jp)+m (n + 5) llog ¢| — muz |d;| R* + o(1)
> J(p)+mn (Jlog e| — wR?) + gﬂog el + o(1).
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Comparing this to (I11.27), we are led to
g(rﬂ —n)log w + O(1) > gﬂog el,

which is a contradiction as soon as w < C'e™ for « sufficiently small compared to M. The
second possibility is (IT1.33). From the proof of the first step of the lemma, we know that,
since v minimizes J in U,, we must have Y. |d;| = n (and }_, |a;|* — 0). But then,

Fpi(v) > mnflog ¢| + O(1)
> mnllog ¢| + K,

if K is chosen small enough. Hence we get that (I11.33) is impossible, and this concludes
the proof. O

We are now able to derive from these lemmas the following theorem, analogous to Theo-
rem 2 in [S2].

o

Theorem 2 Suppose w is any function of € such that w — 400 ase — 0, and w < Ce™,
then Ve < gg, Vn € N* such that n < %, there exists a branch of stable solutions of (G.P)
such that :

1) u (orvY) has exactly n vortices of degree 1, located at a:.

2) |as] = 0 as e — 0, and if we set 4; = a;\/w, the a;’s tend to minimize

w(ay, - 2,)=—m Y log o —z;|+7 ) |
it) ;

so that |a;| < %, and |a; — aj| > %
3) As e — 0,

J(u) =minJ = J(p)+ mn ([log c| — R*w) + g( 2 _n)log w+w(dy, - ,dy)+Qn+ o0-(1).

Un

The solution with n vortices minimizes J in Dy exactly for w, < w < w,11, where w, has
an expression of the form
_ log ¢

—1
(ITL.34) o = ”RZ llog |log || + O(1).

Proof : The solutions are given by Lemma [II.5 and II1.6. Consider n < % and u a

minimizer of J in U, as given by Lemma II[.6. Then, u € U, which is open in H},
hence it is a local minimizer of the energy, therefore it is a stable solution of (G.P). The
characteristics of its vortices and its energy are easily derived from the proof of Lemma I11.5.
There remains to check that its range of minimality is [w,,,w,11]. It amounts to computing
when infg-J < infg-J,Vk # n. Comparing the expressions (II1.27) for different values
of n (exactly as in [S2]), we get the desired result. O
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I11.6 Proof of Lemma III.1

The first assertion follows readily from the definition of 7. For the second one, we begin
by expanding J(u) as

1 1
J(u) = /}3R§|Vu—|—iuw><:1;|2—|—@(l—|u|2)2

1 1 2
(111.35) = /B §|Vu|2 + @(1 — ul?)® + C%rz|u|2 + w(iu, Toly, — T1Uy,)-
R

Next, we notice that pT'(v) = u if |u| <1 and pT'(v) = ny if |u| > 1, hence obvioulsy

/ V)< / I

and

/B (1~ |pT)P)? < / (1 JuP).
hence
(I11.36) F(pT(v)) < F(u).

Moreover, as in [S1], proof of Lemma I1.2,

A=

/B (ipT(0), 2o pT(0))ey — 21 (pT(0))is) — (itty 211z, — 110z,)

- (it = on(h ) = o (il = (0, )

., U
(i sl = il ) |

where the last term vanishes, hence

A-| [ = (i s = a0 )|

But, we consider u such that J(u) < J(p), hence, arguing as in the proof of (I1.7),
(111.37) / (1= [u?)? < Ctwt 4 Ce,
Br

and by Cauchy-Schwarz’s inequality,

(I11.38) A<C (/BR(l - |“|2)2>% (/le
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On the other hand, J(u) < J(p) also implies that
4
22

2
[ Gl = o < | [ v, — o)
BR BR

p?
Ry e
BR 2 BR

(111.39) < wllullzylleVollzsq)-

But, using (II1.37),

/|u|2:/ |u|2—1—|—/ 1§C—|—C</ (1—|u|2)2>2§0.
BR BR BR BR

Therefore, (111.39) implies that

(111.40) / P’V < Cuw?.
Br
From (I11.40), we deduce

2 2
(111.41) / < / < / p*|v]?
ful>1 olofz1 olofz1

Therefore, combining (I11.41) and (II1.37), (I11.38) becomes
wA < CwQ(e% + w?e?) = o(1),

as soon as w < e~ 1. Combined with (I11.35) and (I11.36), this allows us to conclude that
J(pT(v)) < J(pv) + o(1) for w satisfying w < Ce™ if we choose 0 < a < 1.

v

Jul

v

0|

2
S/ p*|Vul? < Cuw?.
Br

v
vl

ITI1.7 Proof of Lemma III.4
The first step is to prove that
I ::/ (tu, dX A du) 2/ (107, dX N dvY).
Br !
Writing u = pv,
/ (tu, dX Ndu) = / p*(iv, dX A dv) —I—/ (v, v)dX A dp,
BR BR

Br

where the second term vanishes identically. Then, recalling that we assume plv| < 1,

/ p*(iv, dX A dv) §/ P’ || Vo[V X]|
Br\B’ Br\B’

0(/ |W|2p2) (/ p2|v|2)
Br Br\B'

Cllolls, (vol(Br\B'))?

IA

IA

< Cllog 5|%5§,
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where we have used the fact that w € Dyq. This term is thus a 0(%) as soon as o < g

Hence we can replace I by [4, p*(iv,dX A dv). Furthermore, as p > 1 — o(1) on B/,

2 L 1
<0 ([ 1=p2) 1ol < Clogeliete?) = of )
Br

//(,02 — )(iv,dX A dv)

if a is well-chosen. Thus, we can assert that
. 1
I = / (tv,dX A dv) 4 o(—).
' w
Then, we deduce, following exactly the proof of [S1], Lemmas [V.2 and V.3, that

I= //(iv”,dX A dv™) + o(l) =27 ZdiX(ai) + 0(5),

w

because we have chosen X = 0 on dB’. This completes the proof.

IV Study of global minimizers of J for w > |log ¢|

In this section, we return to the general case of {2 and prove that results similar to those
of [SS2] can be obtained for the functional .J. We do not use the approach of local mini-
mization any longer, but study minimizers of J over all H} and evaluate their energy as a
function of w. We start with the particular case A = 0, i.e. w > [log ¢|. The case A > 0 is
treated in Section V. and can be read independently.

IV.1 An upper bound for the minimal energy

Following exactly the same method as in [SS2], we prove the following proposition

Proposition IV.1 Assume w — 400 and w < % Then, as e — 0,

1
n J<F Qllog ——
H?}‘%J— (p) + w|€log €ﬁ+0(w)7

where |.| denotes the volume. If we only assume w < 6%, then as ¢ = 0, mingi, o) J <

Flp) + ofw?).

The proof consists, as in [SS2], in constructing a test configuration and evaluating its
energy. We only state the main steps.

The idea of the proof comes from the following facts. We notice that, if u is solution of
(G.P), then the following equation is satisfied, letting u = ne*,

(IV.1) (—Au,iu) = <%(1 — |ul*) + 2iVuw x x — wzrzu,iu> ,
5

27



thus, if we define this time X by

Kl
2
we have
div(Vu,iu) = wVn?. VX,
(IV.2) div (n* (Ve —wV*X)) =0,

where 72V is to be understood as (Vu,iu) hence has a meaning everywhere. Thus, as
is simply connected, we can write

(IV.3) (Ve —wVtX) = ViU,

for some function U € H'(Q,C). Actually, the proof can be adjusted to non-simply
connected domains as in [SS2]. Moreover, as n = 0 on JQ, VU = 0 on 91, hence U is
constant on AU, and since it is defined up to a constant, we can choose to take U = 0 on

ol :

(IV.4)

(Ve —wV+X) =V+U inQ
U=0 on 0f)

Here, U plays a role similar to that of the induced magnetic field h in [SS2]. Then, one
notices, as in [SS2], that

/|Vu—|—i(,u><acu|2 = /|V77|2—|—772|V<,o—wVLX|2
Q

(IV.5) = /|v 2+ /|V >+ VU

The idea of the proof is to construct U as in [SSZ], and to deduce the phase ¢ by (IV.4),
so that u has vortices of degree 1, regularly set on a lattice in €.

Proof of the proposition :
Step 1 : Let K be a square centered at 0, of edge-size \/§ Defining

2 in B(0,e) C K

H =z
(IV.6) { =0 otherwise in K,

we choose U to be the solution of

(IV.7) { AU =p —2w in K

% =0 on 0K

This problem has a solution because

(IV.8) / (0 —2w) =2r — 2w|K| = 0.
K
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The solution can indeed be found by minimizing

VOF + [ (=200

K

over all U such that fK U = 0. As in [SS2], in order to compute the energy of U, we use
the following comparison map in D = B(0, \/é) :

Af=p—2w inD
(IV.9) { f=0 on 0D

As in [SS2], we prove that f is radial, and Vr € [5, \/ﬂ,

0
f(r)2mr = / of _ Af = / f— 2w =21 — 2omr?,
9 B(0,r) B(0,r)

B(0,r) on
so that
, 1

(IV.10) fiir)=-—wr,

r
and similarly, for r < e, in view of (IV.6),

.
(IV.11) fi(r)y= T
From (IV.10) and (IV.11), we check that

1

V.12 VI*<C+2rlog —.
(V.12 J VI < 0 2o —

Step 2 : Comparison of U and f.
Defining ¢ = U — f, we have

(IV.13) { Ag=10 in K

dg _ _9f -
5 = —35r on 0K

Exactly the same proof as in [SS2], Lemma I11.2 can be reproduced (it uses essentially the
scaled trace theorem and Poincaré-Wirtinger inequality), to obtain that [|Vg|[z2x) < C.
Then, obviously,

1
V.14 VU2 < C + 2rlog ——.
(1V.14) KI " < +2rlog =

Step 3 : Extension of U and definition of w.
As in [SS2], we cover € with a square lattice of period \/é, and we extend U and p by
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periodicity with respect to this lattice. We denote a; the centers of the squares. There are

~ % of them. This leads to a U € H! because % =0on JK, and

1 1
Iv.1 — 2 < |0wlog —= :
(1V.15) 5 [ IVUF < jollog —=+0(w)

\/_
Then, we define
(IV.16) Vo =VU +wVtX  in O\ U; B(a;, ),

and choose n that satisfies

n=0in B(aj¢)

n= 1in Q\ Ui B(ai,Qs)

n<1

5 B(%%)I 4 (=" =
(1 —n?) < Ce

B(a;,2¢)
w 1s finally defined by '
u = pne'’.

This has a meaning because, considering V, any subset of Q\ U; B(a;,¢),

o _ [ o0, X
av 87’ N av an an

- /AU+wAX:/AU+2w:/u€27rZ,
14 14 14

in view of the definition of x, (IV.6), and (IV.7). In addition, in U;B(a;, &), n = 0 so u is

well-defined there too.

Step 4 : Energy of u.

We have all the elements to bound J(u) from above. We denote as usual v = b= ne.

Starting from (II1.12), and translating the lattice as in [SS2] if necessary, we have, using

p <1, (IV.16) and (IV.17),

2 4
J(u) = J(P)+/p—|VU|2-I-'O—2(1—|v|2)2—|-/w,02(iv,dv/\d)()
Q 2 4e Q

w 4

2 2 4e?

2 1
= Jo) =5 [l [ V-t viXP 4 [ ey
Q Q Q

1 4
= ) -2 / oy L / o IV + 2 [V UR) + 21— ) +
Q 2 Ja 4e
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Since there are O(w) squares, from (IV.17), we have

/WnP L <ow

and [,(1 —n) < Ce*w. Thus

u;/Q/ﬂ“(l—n)

since ew — 0. Thus, using (IV.15),

sy < )= [y [I90P+ [ Jene L -+ o
< )= [+ 9leto — =+ Ol

Furthermore, as
1
=5 [ V0P + (1= PR et = o)+ 5t [
Q

we can also write

1
J(u) < F Qlwlog —= + O(w).
(1) < Flp) + |0dog —=+0(v)
If one removes the assumption w < %, and replaces it by w <« 6%, we get at least
J(u) < F(p) + o(w?). This proves the proposition. O

Proposition IV.2 If|log ¢| € w < L, then

w2

1 1
J(p ——/r + w|Q|log L+o(1) < mun J < F(p)+ w|Qlog
-5 21 o(1) £ in T < Flp) —
Proof : This proof is essentially the same as that of Section IV in [SS2]. We explain how
to obtain it by modifying step by step the proof of [SS2]. h., will always be replaced by
w. We consider u a minimizer of J, we then know that |u| <1 by the maximum principle.

—=(1+0o(1)).

Step 1 : We split the energy as in Lemma I1.2, using v = =

(IV.18) J(u)=J(p) + / —|Vv|* + (1 — v]?)? w/,oQ(iv,Vv.VLX).
Q Q
Writing as usual v = |v|e?, (IV.18) can be transformed into
1 LY 4 w? 2(,12,.2
(IV.19) J(u)=J(p)+ = 5 p*|Vv —iwoVEX ] + (1 — |v]*)? - 5 | lv]“re.
Q Q
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Using that plv] = |u] < 1, we may write
w? 1 p?
(1V.20) J(u) > J(p) — / 77“2 + ) / P*|Vv —iwoVEX|? 4 4—2(1 — v
Q Q €

We are going to study the last integral as in [SS2]. Setting as previously ' = Q\{z/d(x) <
e}, where 3 €]0, 1[, we have, from (I1.5),

(Iv.21) 0<1—-p<o(l) in Q.

We now restrict to studying

o 1 - Ly, 22
(1V.22) J(u) = // §|Vv —wv VX" 4 @(1 — |v|*)*,
because we can assert that
2
(1V.23) J(u) = J(p) — / S+ (1= o(1))j(w).
Q

Step 2 : As in [SS2], we partition €' into disjoint squares K whose centers are on a
square lattice, of size §(g) = o(1), to be chosen as in [SS2] in order to satisfy

1
ey/w

(IV.24) L < wé? < min(w, L?) with L :=log

We distinguish between the “good squares” on which
(IV.25) gr(u) < 28w,
and the “bad squares” on which

(1V.26) Irc(u) > 28°0L.

ji here denotes the restriction of 7 to K.
We need to prove a lower bound on the good squares only, since we already have one on
the bad squares. From now on, K denotes a “good square”.

Step 3 : We denote € = {z € K/|v(z)| < t}, v« = 9Q. Using [} [Vv —ivw VX |? =
S IVIV]P 4 [0V —wVEX|? and applying the co-area formula as in [SS2], section IV.2,
we obtain the following result,

(IV.27) g (u) > / h a(t) + 2tb(t) dt > / 1 a(t) + 2tb(t) dt

o [VIol| | (1=1%)°

(IV.28) a(t) := /W ; +452|V|v||
1

V.29 b(t) := = Vo —wVEiX|2

(IV.29) M=y 17 |
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This will provide the desired lower bound.
Lemma V.2 of [SS2] can be reproduced without change. We will show in Steps 5 and 6
that the result of Lemma IV.3 of [SS2] remains valid.

Step 4 : End of the proof of the proposition.
We deduce as in section IV.3 of [SS2] the similar lower bound on our good square :
(1V.30) Jrc(u) > wS*L(1 — o(1)).

This lower bound is also true on the bad squares from (IV.26). If N(¢) is the total number
of squares included in ', N(g)é* — |Q| as ¢ — 0, since § — 0. Hence, adding up all the
lower bounds, we are led to

Ju) 2 [QwL(1 = o(1)),
and as || = Q| — o(1), we deduce with (IV.23),

T 2 90 = [ S+ 1= of1)) g

which proves Proposition IV.2 and Theorem 3. The conclusion in the case w < - follows

from (IL.7). -

Step 5 : We show how to adjust the proof of Lemma IV.3 of [SS2]. First, we need to
adjust the proof of Proposition IV.1 in [SS2], which relies on Lemma IV.4. For this lemma,
juste replace the calculation by the following :

0y dp 0X 0X
2 2md = - = R i
\v{ < [r7 R] i 9B; 87— 9B; 87— wan —I_ aBtwan
0y 0X
IV.31 = Y 2
(IV.31) /aBtaT wan—l—Bt w,

/ Do OX/| 1 ( Do ax>2
98, | OT on 21t \Jsp, OT on
> L(27Tal — 2rwt?)?,
2mt

with (IV.31). Using the notation e(?) = %faBt ‘g—f — w%f as in [SS2], we get that

e(t) > @ — 27 |d|wt,
which leads to the same result as in [SS2] if we replace f(r, R) by <log g — w(R?* — 7“2)).
This new f also satisfies the results of Lemma IV.5 of [SS2]. The rest of the proof of

Proposition 1V.1 is identical and yields to balls B;, with lower bounds
1

o
1V.32 —/ Vi — WVt X% > rnl|d; <log _—— C) ,
(1V.32) . 2wl (log 5~ C)
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with the same notations as in Proposition IV.1 of [SS2], except that w is replaced by V.

- Step 6 : We adjust the rest of the proof of Lemma IV.3. The lower bound (IV.22) on
b(1) is still true (with w instead of he,). “Step 1 : an auxiliary field” has to be suppressed
and “Step 2 : estimating d;” to be modified as follows. As in (IV.4), we can define a
function U on our square K such that

n* (Ve —wVEX) = ViU
As in (IV.5), since we are on a good square
4* 2L > 25k (u) > / IV|v[]? + |v]*|Ve — wVEX|?
Q

o)

> /|V|v||2+—4|w|2
Q n
1
- /wwuuﬁwm?
Q n-p
(IV.33) > /|Vn|2+IVU|2,

hence we have a good control on U. Therefore, replacing h by U, we can find as in [SS2]
some 1q satisfying the equivalent of (IV.31) :

2 8wé?

2
atg

ou

T L.

(IV34) 8[&}0 NU; B, = & and /
8K+,

Consequently, as in (IV.32) in [SS2],

dp 10U 0X

Ty = WZ: B; /81«}0 r /81«}0 2 On +w on

1 oU

IV.35 = / 2w—|—/ — .
( ) K 8K, n* dn

to

The second term can be bounded from above, using the fact that dK;, N U; B, = @, hence

n>ton Ky :
2\ 2 2 i
/ ia_U < L / V< C4z wl 7
ok, 17O | T 1\ Jox,, o a
2

using (IV.34). The first term is exactly 2wt3, and using the estimates on o, we obtain the

exact analogue of (IV.33) of [SS2] :

a0 C L 2
. >owd? (12 2 () ).
(I1V.36) 2nd, > 2wo (1 5 " <w5a> )
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We are led to c
2rdy > 2wd? (1 — —A) ,
Ly

then, the rest of the proof can be exactly reproduced. Notice that the only change is the
factor 2 coming from AX that appears in (IV.36) above and leads to twice the lower bound
of [SS2]. This completes the proof of the proposition and of Theorem 3. O

We recall Theorem 3 :

Theorem 3 Assume |log e| < w < L. Then

1
(1—=0(1)) < mun J < F(p)+ w|Qllog —= + O(w),
/W

w? 1
J(p)— | Zr? 4+ w|Qflog ——
(p) /927“ + w|2log i S 7

where |.| denotes the volume.
If in addition w < 54%’ then

1
n J=F Qllog ——(1 + o(1)).
H?}‘%J (p) + w|Qlog 5\/5( + o(1))

Reproducing the proof of section V of [SS2], we can obtain the same result concerning the
existence of large vortex-balls in €' :

Theorem 4 Let |log | € w < 54%’ and u. be a corresponding minimizer of J. Then, for
€ < &g, there exists a family of disjoint disks (B:) with radii each less than \/LJ and sum less
than |Q)/w, such that [u.| > 1 on OB and, if af is the center of Bf and df = deg(lzzPan),
then

2m
.= d6y: —2d
a w Z i%af g4
in the weak sense of measures, where dx is the Lebesque measure on R? restricted to ().

WZ|d§| ~ def ~ w|Q)|,

and most of the vortex-enerqgy is concentrated in the balls, i.e.

Javu;B: (ue) — F(p) = o(J(uc) — F(p)).

Moreover,

V  Global minimizers in the general case : the free-
boundary model

In this section, we will consider w’s such that w < O(]log ¢|) i.e. the intermediate case for
which the results of Section IV are not relevant. More precisely, similarly as in [SS3], we
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assume that

|log |

(V.1) A =1lim

e—0 w(g)

exists and is finite, positive. We recall that R denotes the set of Radon measures on (),
and we define

A
(v-2) B =5 [1ar+2+3 [ 195

over the set

(V.3) V={fec H(Q)/AfecR}.

V.1 Upper bound for the minimal energy
We have the following

Proposition V.1 Let w(e) be such that A > 0 and u. be a minimizer of J, then

J(u.) = F .
lim sup M < min k.
e—0 w Vv
We shall see later that miny F is uniquely achieved by some function U, for which p, =
AU, + 2 is a positive measure, and an L>(£2) function.

We do not write the proof of this proposition in full, because it is mainly the same as in
[SS3]. One only has to replace the definition of G’ by the Green kernel

(V.4)

—AG(x,y) =46, inQ
G(z,y)=0 on J.

We construct as in Proposition I1.2 of [SS3] a family of O(w) points «f, and a family of
measures . supported on the disjoint circles C'(af, ), such that p. tends to u. in R, where
[« 18 the measure associated to the minimizer U, of . We define a test-function U, by

(V.5)

AU =w(pe —2) in Q
U.=0 on 0f).

Then, it is easy to adjust the proof of [SS3] in order to get

L / v = / XQG@ (e = 2)(@) (e = 2)(y)

< 5 [arg [ G =2~ 2)0) + of)

< 2//«0* /|VU|2+0<>

36



Thus,

2
(V.6) 9.2 / VU] < E(U.) + o(1).
Then, as for Proposition IV.1, we construct our test-function by choosing
(V.7) Ve =VU. +wVtX  in Q\ U; B(ds,¢).

The measures . were defined so that the mass of wp. restricted to each circle C'(a;,¢) is
exacly 27 ; therefore, if V' is any regular subset of Q\ U; B(a;, ), we have

Op _ [ 0. OX _ AUE—I—MAX:/AU—I—QM
e 87— oV an an e v
= / Wi € 217,
v

Hence, € can be well-defined on Q\ U; B(a;,c). Then, we choose 7 satisfying the same
conditions as in (IV.17), and define the test-function u to be u = pne'®. Again, as in
(IV.19), denoting v = 2 = net’,

1

2
J(u):J(,o)+2/,0 Vo —iwoVEX|? 4 (1—|v|) u; /,02|v|2r2.
Q

Hence, using p < 1, pn <1, and (V.7),
w? 1 1 w?
I < =5 [t [ IR ITUR - S [ - )

w?
< Py [IVUF 45 190+ 550 -y +7/Qp2r2<1—|v|2>.

From the conditions (IV.17), since there are O(w) balls, 1 [, [Vn|* + 55(1 — n*)* < O(w),
and w? [(1 — |[v[*) < e%w”. Hence, using (V.6),

J(u) < F(p) + W E(U,) + O(w),

and the proposition is proved. O

V.2 Constructing vortex-balls

From now on, we consider u. minimizing .J, and we associate to it U. defined by (1.10).
Here we prove the following proposition stated in the introduction :
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Proposition V.2 If A > 0, there exists eq such that for ¢ < eq, if u. minimizes J,
and U, is associated to u. by (1.10), then there exists a family of balls (depending on )
(Bi)ier. = (Blai,i))icr. satisfying

1
(VS) $€Q//||U|—1|27 CUiEIEBi
|log €]
1
. P —

(V.9) Zr = Tiog 2°

€1,

1
(V.10) 5/ VUL > 7ldi|[log e|(1 = o(1)

B;

where d; = deg(u, 0B;).

As in Section III, €' denotes {z € Q/§(x) > &°}.
Proof : As in Proposition IV.2, we define v = 2, Q, = {x € @'/[v(z)| < t}, and v = 9.
From the a-priori upper bound of Proposition V.1, J(u) — F(p) < Cw?, hence

1
/ |Vv|2 (1—|v|) < Cw?
2 Jq

and
1 2, 1 22 2
(V.11) 5 |Vv| + —(1 —|v|*)* < Cw?.
As in [883] Proposition [.1, applying the coarea formula to (V.11), we can find ¢ €
1— 1+ 5o J, such that r(v,) < Cellog ¢]®. (As in [SS2], r(v:) is defined as the

infimum over all finite coverings of 4; by balls, of the sum of the radii of the balls.) Arguing
as for (IV.32) with o = m and V = €, we can find balls B; covering €); such that

e o1

1
(V.12) —/ Ve — wVEX > > 7|d;||log €](1 — o(1)).
2 B\
Hence,
1 2 1 4 Ly 2
— VU= = n* Ve —wV=X|* =
2 Jeaa 2 Jeaa,
1 1
(V.13) —/ |w—vaX|2+—/ (n* — D)|Ve —wV+X|%
2 B‘\Qt 2 B‘\Qt

Since 0 <1 —p <o(l) on @ and |1 — |v|| < i 1

og |

1 1
[ vuE = [ Ve —wvxEa - o)
2 Jeaqu 2 JBaqu

> (1—o(1)).

on Q'\Q, (V.13) becomes
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From this construction, we can define the vorticity measures p.
2m
(V14) He = Z Z di(sam

where the (a;, d;)’s are given by Proposition V.2.

Lemma V.1 Under the same hypotheses, we can extract a sequence €, — 0 such that

Uen Uos weakly in Hy (),
w
fe, — o n R.
In addition,

Proof :
Step 1 : From the upper bound of Proposition V.1,

(V.16) J(u.) — F(p) < Cw?.

On the other hand, as in (IV.20),

w?r? 1

(V.17) J(ue) > J(p) —/ + —/ P |V —iwoVEX .
o 2 2/

In addition,

W22 W22
o) = [ 5= =Fer+ [ St =),
o 2 o 2
Since we know that & [, (1—p?)? < <, we have | [, Tw?r?(p*—1)| < Cw?e? = o(1) because
we are in the case w = O(|log ¢]). Thus, we can transform (V.17) into
2|y)?

1
() > F(p) + 2 / PIVI IR+ S VR = o).

2
Since n < 1,

VU2 1
T o) 2 5 | IVUF (1),

1
(V.18) K= Py =5 |

Comparing to (V.16) and (V.18), we see that [, [VU|* < Cw?, hence % is bounded in Hj,

and extracting a subsequence ¢, — 0, we can assume that it converges weakly to some U
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in Hy.
Step 2 : We prove the same result for p.. From (V.18),

Cw? > J(u) — Fp) > —Z/ VU2 — of

i€l

> 7 |dilllog =l(1 — o(1))

(V.19) > ((ghod ) whog el = of1),

Hence, fQ e < |log I < C. Since we have assumed A > 0, (u.) is bounded in the sense of
measures; hence, extractmg again if necessary, we can assume that it converges weakly to
some Radon measure [ig.

Step 3 : There remains to compare Uy and pg. For that purpose we use the following
lemma, in the spirit of Lemma I11.4.

Lemma V.2 .
—curl (iv, Vu) — g — 0 in D'
w

Proof : Consider £ € C5°(f2). Since £ has compact support included in §, for ¢ sufficiently
small, its support is included in Q' = {z € Q/§(x) < &}. Hence, for ¢ small enough,

/écurl (1u, Vu) :/ §Curl (1w, Vu),
QW QW

and then we can proceed as in [SS1], Lemma I1.3 (or [ASS] Lemma I1.2), and obtain

2
/ §curl (1u, Vu) T de DV 1.
Q

w
€1,

O
Returning to the proof of the proposition, since u. — o in R, Lemma V.2 implies that
Leurl (1w, Vu) = po in D', Back to (1.10), we have

(V.20) VU = (iu, Vu) — Ju]fwV*tX.

Let again ¢ be some test-function in C§°(Q).

[ pvexsie <o [ - < € () <o)

from the a priori bound J(u) < F(p) + O(w?) < €. Hence, curl ((1 — [u|*)V+X) = 0 in
D'. Then, we divide (V.20) by w and take the curl :

AU curl (2u, Vu)

+curl (1 —u) )VEX) — AX

w w
A 1 (i

(V.21) AUyl (V) | (1 = o x).
w w
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We saw that curl ((1 — [u]*)VEX) = 0 in D/, M — po in T/, and 2% — AUp in
D', hence passing to the limit in (V.21), we are led to

V.3 Lower bound for the energy
We are now in a position to deduce

Lemma V.3 Under the same hypotheses,

£ _F )\ 1
i LU 2 I 5 2 g5 [ 1900 + B0,

Proof : In the spirit of [SS3], we start with the lower bound of (V.18):

J(ue) — / VU - o(1)

and split the energy between that contained in the vortex-balls B; and that contained
outside the B;’s:

(V.23) J(us) = F(p) > /|VU|2 /Q\UBWUP—om

Arguing as in [SS3], we can extract from ¢, a subsequence if necessary and define
An = Unsn Uier., B

such that measAy — 0 as N — oo, and Ay contains all the balls. Then, by weak
convergence of % to Uy,

1
(V.24) hminf—2/ VU |? >hm1nf—/ |VU|22/ VU2
n—eo WY JO\u,B; n—+eo O\Ax O\Ax

On the other hand, from (V.18),

Z / |VU|2 llog 5n|/|

1€l

and, by convexity of p — fQ |p| and weak convergence of p. .

2
(V.25) hgr_l}ng—z ; / |IVU| > -
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Combining (V.23)—(V.25), we are led to

J(u)—F A 1
liminfM > —/ |eo| + —/ IVUo|?.
w 2 Q 2 QNAy

Since this is true for all N, passing to the limit as N — oo, we obtain

J(u)—F A 1
1iminfM > —/ |/~Lo|-|-—/ IV Uol?.

Therefore, we have the lower bound

lim inf J(uen) — Flp)

n—+00 w?

> inf K,
corresponding to the upper bound of Proposition V.1. There only remains to check that

min £ is achieved, and what the minimizer is.

Proposition V.3 For any A > 0, miny E is uniquely achieved by a U, € H} N C%(Vy <
1), solution of the following obstacle problem (we write p. = AU, 4 2) :

U, =0 on Jf)
(V.26) U.<32 in Q
(AU +2)(U.—3)=0 in Q.

Moreover i, > 0 and p. € L™(Q). In addition, if we define the set Uy to be Uy =
Supp pr. = {x € QU () = %}, then Uy = @ & X > 2max &y where & is given by (1.16).

Proof :  The minimum of E is achieved by some U, by weak lower semi-continuity, and
this minimizer is unique since E is convex. We observe that for any f € H} with u =

Af+2€R,

(V.27) ﬂw:—AG@mwmmﬂ)&emy

(We recall that —A,G = 6,.) Thus

(V.28) =5 [+ [ G mdte) - 2t -2

Making variations in g around p. = AU, + 2 as in [SS3], we obtain that

A
(V.29) S| = Uspe = 0,
A A
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From (V.29), we deduce, denoting by uf and p the positive and negative parts of fi.

(p = pf — i), that
U, = % ul a.e.
U, = —% [y a.e.

Denoting by U_ the negative part of UL,

(V.31) //,L*U*_ = /(AU* + 22U = —/ IVU.]* + 2/ U. <0.
Q Q Q Q
On the other hand,

(V.32) Jneve= [ = [
Q Q Q

Since U, = %, pl- almost everywhere, there remains

A
[nvz=35 [u=0
Q 29

Combining this with (V.31), we have [, x| = 0 hence p, = p} is a positive measure.
Thus, U, satisfies

U.<3

U, =0 on 0f)
ps =0

U = 3) = 0.

The proof of [SS3] adjusts also easily to state that p., is absolutely continuous with respect
to the Lebesgue measure, and in fact L, hence U, € C%7(Vy < 1).

If we denote by U, the “vortex-region”, ie the support of ji., or the set {x € Q/U.(x) =
%}, we prove that Uy = @ & A > 2max§y. This comes from the maximum principle :
recall that & is the solution of

—A{ =2 inQ
& =0 on 0f).

Observe that & = %2 — % if @ = B(0, R). p. > 0 means that AU, > 2 hence —A(& —
U.) > 0. In addition, & — U, = 0 on 9€; consequently, by the maximum principle, & > U
in Q. Now if U\ # &, there exists @ € Q such that U.(z) = % and &(x) > % Therefore,
A < 2max &. On the other hand, if ), = &, then the equation for U, reduces to

U.
U, =0 on 0f)
AU, +2=0 in Q,

A
2

A

Hence U, = & and & < % and A > 2max &. O
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Comparing the upper bound of Proposition V.1 to the lower bound of Lemma V.3, we
have
F(p)

B(U.) > lim ing () _ > E(Uy) > E(U.).
w

n—0oo

Hence, by uniqueness of the minimizer of F, Uy = U, and po = p.. Furthermore, these are
the only possible limits for sequences extracted from U, and p., hence the whole families
U, and p. converge to U, and p.. We have thus proved Theorem 3 in the case A > 0. In
the case A = 0, returning to (IV.20), we have

1 1 VU

= J(p)—§/£2w2r2—|-§/g,02|v|2| 774|
W [ 5 1 ,
Floy+ =5 | ot =1+ 3 | VU

Q
l 2 2
> Plp)+ [ IVUP + o),
Q

IV

since [, |1 —p*| = o(1). On the other hand, we saw in Proposition IV.1 that for w < & we
have the upper bound minJ < F(p) + o(w?), hence if v minimizes J, 1 [, [VU|* < o(w?).
We conclude that % — 0 in H}(Q), and that the assertions of Theorem 3 remain true in
the case A =0, w < 6%
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