MEAN FIELD LIMIT FOR COULOMB FLOWS

SYLVIA SERFATY

ABSTRACT. We establish the mean-field convergence for systems of points evolving along
the gradient-flow of their interaction energy when the interaction is the Coulomb potential
or a super-coulombic Riesz potential, for the first time in arbitrary dimension. The proof
is based on a modulated energy method using a Coulomb or Riesz distance, assumes that
the solutions of the limiting equation are regular enough and exploits a weak-strong stability
property for them. The method applies as well to conservative and mixed flows.

1. INTRODUCTION

1.1. Problem and background. We study here the large N limit of gradient flow evolutions

. 1 ,
(1'1) xi:—NVziHN(xl,...,xN), Z=1,...,N
zi(0) = 2]

or conservative evolutions of the form

1
ii:—NJVIiHN(xl,...,a:N) izl,...,N
2;(0) =

7

(1.2)

where J is an antisymmetric matrix. The points x; evolve in the whole space RY and their
energy Hy is given by
(1.3) HN(xl,...,xN):Zg(a:i—xj)

i#]
where g is a repulsive interaction kernel which assumed to be logarithmic, Coulomb, or Riesz;
more precisely of the form

(1.4) g(z) =|z|™° max(d—2,0) <s<d for any d > 1
or
(1.5) g(xz) = —log |z| ford =1 or 2.

In the case (1.4) with s =d—2and d > 3, or (1.5) and d = 2, g is exactly (a multiple of) the
Coulomb kernel. In the other cases of (1.4) it is called a Riesz kernel.
Mixed flows of the form

1

can be treated with exactly the same proof, and the case of the same dynamics with an
additional forcing + SN | F(z;) (with F Lipschitz) as well. These generalizations are left to

the reader.
1
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The limiting evolutions as N — oo of the systems (1.1) or (1.2), or their mean-field limit, is
a well-known and natural question : from a physical point of view they can model interacting
particles, from a numerical point of view they correspond to particle approximations of the
limiting PDEs or can serve to approximate their equilibrium states. More general interaction
kernels including attractive terms are also of interest as aggregation and swarming models,
see for instance [CCH]. In dimension 2, choosing (1.5) and J the rotation by /2 in (1.2)
corresponds to the so-called point vortex system which is well-known in fluid mechanics (cf.
for instance [MP]), and its mean-field convergence to the Euler equation in vorticity form was
already established [Scho2].

Consider the empirical measure

1 N
(1.6) phy = NZ

associated to a solution X% := (x!,...,2%) of the flow (1.1) or (1.2). If the points z?,
which themselves depend on N, are such that u%, converges to some regular measure u°, then
a formal derivation leads to expecting that for ¢ > 0, ul; converges to the solution of the
Cauchy problem with initial data px° for the limiting evolution equation

(1.7) Op = div (V(g* p)p)
in the dissipative case (1.1) or
(1.8) Op = div (IV (g * )

in the conservative case (1.2).

These equations should be understood in a weak sense. Equation (1.7) is sometimes called
the fractional porous medium equation. The two-dimensional Coulomb version also arises
as a model for the evolution of vortices in superconductors. The construction of solutions,
their regularity and basic properties, are addressed in [LZ,DZ, AS,SV] for the Coulomb case
of (1.7), in [CSV,CV,XZ] for the case d —2 < s < d of (1.7), and [De, Yu, Schol] for the
two-dimensional Coulomb case of (1.2).

Establishing the convergence of the empirical measures to solutions of the limiting equa-
tions is nontrivial because of the nonlinear terms in the equation and the singularity of the
interaction g. In fact, because of the strength of the singularity, treating the case of Coulomb
interactions in dimension d > 3 (and even more so that of super-coulombic interactions) had
remained an open question for a long time, see for instance the introduction of [JW2] and the
review [Jab]. It was not even completely clear that the result was true without expressing it
in some statistical sense (with respect to the initial data).

n [JWI1,JW2], Jabin and Wang introduced a new approach for the related problem of
the mean-field convergence of the solutions of Newton’s second order system of ODEs to the
Vlasov equation, which allowed them to treat all interactions kernels with bounded gradients,
but still not Coulomb interactions. The same problem has been addressed in [LP, CCS] with
results that still require a cutoff of the Coulomb interactions. Our method already allows to
unlock the case of Coulomb interaction for monokinetic data [DS].

The previously known results on the problems we are addressing were the following:

e Schochet [Scho2] proved the convergence of the conservative flow (1.2) to (1.8) in the
two-dimensional logarithmic case, and his proof can be readapted to treat (1.1) as
well in that case. Results of similar nature were also obtained in [GHL].
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e Hauray [Hau| treated the case of all sub-Coulombic interactions (s < d — 2) for (a
possibly higher-dimensional generalization of) (1.2), where particles can have positive
and negative charges and thus can attract as well as repel. His proof, which relies on
the stability in co-Wasserstein distance of the limiting solution, cannot be adapted to
s>d-— 2.

e In dimension 1, Berman and Onnheim [BO] proved the unconditional convergence for
all 0 < s < 1 using the framework of Wasserstein gradient flows but their method,
based on the convexity of the interaction in dimension 1, does not extend to higher
dimensions.

e Duerinckx [Du], inspired by the modulated energy method of [Sy] for Ginzburg-Landau
equations (where vortices also interact like Coulomb particles in dimension 2), was able
to prove the result for d = 1 and d = 2 with s < 1, conditional to the regularity of the
limiting solution, as we have here. It was the first paper to address super-coulombic
interactions.

In this paper, we extend Duerinckx’s result to all cases of (1.4) or (1.5). We are limited to
s < d and this is natural since for s > d the interaction kernel g is no longer integrable and
the limiting equation is expected to be a different one.

As in [Du], our proof is a modulated energy argument inspired from [Sy], which is a way of
exploiting a weak-strong uniqueness principle for the limiting equation. As mentioned above,
looking for a stability principle in some Wasserstein distance fails at the Coulomb singularity.
Instead we use a distance which is built as a Coulomb (or Riesz) metric, associated to the
norm

(1.9) ull? = // g(z — y)du(x)du(y).

We are able to show by a Gronwall argument on this metric that the equations (1.7) and (1.8)
satisfy a weak-strong uniqueness principle, and this can be translated into a proof of stability
and convergence to 0 of the norm of u; — p® (if it is initially small, it remains small for all
further times).

The proof is self-contained and quantitative. It does not require understanding any quali-
tative property of the trajectories of the particles, such as for instance their minimal distances
along the flow.

1.2. Main result. Let Xy denote (z1,...,2y) and let us define for any probability measure
My
N N
1.10 Fn( Xy, p :// glx —y)d 0z, — Np)(x)d 0z, — Np)(y
(1.10) X = Jf >(; )(@) (; )w)

where A denotes the diagonal in R x R9.
We choose for “modulated energy”

FN<X}€V7/'Lt)

where X4 = (zf,..., %) are the solutions to (1.1) or (1.2), u’ solves the expected limiting
PDE. It turns out that Fly is a good notion of distance from u}; to u! and metrizes at least
weak convergence, as described in Proposition 3.5.

Our main result is a Gronwall inequality on the time-derivative of Fy (XY, u'), which
implies a quantitative rate of convergence of ul; to u in that metric.
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Throughout the paper, s should be understood as equal to 0 in the formulae in the cases
(1.5), and (-)+ denotes the positive part of a number.

Theorem 1. Assume that g is of the form (1.4) or (1.5). Assume (1.7), respectively (1.8),
admits a solution u' such that, for some T > 0,
(1.11)
pt € L°([0,T], L2(RY)), and V3g  ut € L=([0,T], L*([RY)) if s<d—1
{ut € L>([0,T],C°(RY)) with 0 >s—d+1, and Vg * ut € L°°([0,T], L*(RY)) if s >d— 1.

Let X& solve (1.1), respectively (1.2). Then there exist constants C1,Cy depending only on
the norms of ut controlled by (1.11) and an exponent 3 < 2 depending only on d,s, o, such
that for every t € [0,T] we have

(1.12) Fr(Xh, ') < (Fx (X3, 1%) + C1N7) 21,
In particular, using the notation (1.6), if u% — u° and is such that

. 1
lim WFN(XR[’ /,LO) = 0,

N—oo

then the same is true for every t € [0,T] and

(1.13) o
in the weak sense.

Establishing the convergence of the empirical measures is essentially equivalent to proving
propagation of molecular chaos (see [Go,HM,Jab] and references therein) which means showing
that if f(x1,...,2y) is the initial probability density of seeing particles at (x1,...,zy) and
if f]% converges to some factorized state p0®- - -@u°, then the k-point marginals f]tv’ |, converge
for all time to (u!)®*. With Remark 3.6, our result implies a convergence of this type as well.

1.3. Comments on the assumptions. Let us now comment on the regularity assumption
made in (1.11). First of all, one can check (see Lemma 3.1) that the assumption (1.11) is
implied by

(1.14) p e L2([0,T],C%°(RY)) for some § >s—d+2,

which coincides with the assumption made in [Du] and is a bit stronger. This weakening
of the assumption allows to include for instance the case of measures which are (a regular
function times) the characteristic function of some regular set, such as in the situation of
vortex patches for the Euler equation in vorticity form, corresponding to (1.2) in the two-
dimensional logarithmic case. These vortex patches were first studied in [Ch2,BC,Si] where it
was shown that if the patch initially has a C® boundary this remains the case over time, and
our second assumption that the velocity Vg« u' be Lipschitz holds as well (see also [BK]). It
is not too difficult to check that in all dimensions this second condition holds any time y is C”
with o > 0 away from a finite number of C1'® hypersurfaces. More generally, such situations
with patches can be expected to naturally arise in all the Coulomb cases. For instance, in
the dissipative Coulomb case (1.1), in any dimension, a self-similar solution in the form of (a
constant multiple of) the characteristic function of an expanding ball was exhibited in [SV]
and shown to be an attractor of the dynamics. For the non-Coulomb dissipative cases, the
corresponding self-similar solutions, called Barenblatt solutions, are of the form

d 2 s—d+42
£ (0 — ba?t T2




MEAN FIELD LIMIT FOR COULOMB FLOWS 5

as shown in [BIK,CV] (and this formula retrieves the solution of [SV] for s =d — 2).

If the initial 1 is sufficiently regular, the stronger assumption (1.14) is known to hold with
T = oo for the Coulomb case (see [LZ] where the proof works as well in higher dimensions),
and it is known up to some 7" > 0 in the case (d —2); <s < d —1 [XZ]. As for (1.8), to
our knowledge the desired regularity is only known in dimension 2 for the Euler equation in
vorticity form (see [Wo,Ch2]), although the arguments of [XZ] written for the dissipative case
seem to also apply to the conservative one. Our convergence result thus holds in these cases,
under the assumption that the limit u® of u%; is sufficiently regular and that Fy (X<, u°) =
o(N?). Note that, as shown in [Du], the latter is implied by the convergence of the initial
energy

1
Jim ;g(fﬂg —aj) = //Rded g(z — y)dp® (x)dp (y)
which can be viewed as a well-preparedness condition.

For d — 1 < s < d, even the local in time propagation of regularity of solutions of (1.7)
remains an open problem. Note that the uniqueness of regular enough solutions is always
implied by the weak-strong stability argument we use, detailed in [Du], and reproduced in
Section 1.4 below.

Requiring some regularity of the solutions to the limiting equation for establishing con-
vergence with relative entropy / modulated entropy / modulated energy methods is fairly
common: the same situation appears for instance in [JW1,JW2] or in the derivation of the
Euler equations from the Boltzmann equation via the modulated entropy method, see [SR]
and references therein.

1.4. The method. As mentioned, our method exploits a weak-strong uniqueness principle
for the solutions of (1.7), resp. (1.8), which is exactly the same as [Du, Lemma 2.1, Lemma
2.2] (and can be easily readapted to the conservative case) and states that if u} and b are
two L solutions to (1.7) such that V?(g* u2) € L*([0,T], L), we have

5 [ el =9l = )@ = )0

t s s
<RIV ] o y)a(ud - )t - ).
Rd x Rd

But the Coulomb or Riesz energy (1.9) is nothing else than the fractional Sobolev H ™ norm
of p with @ = %, hence this is a good metric of convergence and implies the weak-strong
uniqueness property.

A crucial ingredient is the use of the stress-energy (or energy-momentum) tensor which
naturally appears when taking the inner variations of the energy (1.9) (this is standard in the
calculus of variations, see for instance [He, Sec. 1.3.2]). To explain further, let us restrict for
now to the Coulomb case, and set h* = g % . In that case, we have

(1.16) — AhF = cqp

for some constant cy depending only on d. The first key is to reexpress the Coulomb energy

(1.9) as a single integral in h*, more precisely we easily find via an integration by parts that
1

1
// glz — y)du(x)duly) = / Wdp=—— [ BFARE = — [ |VRHP
R4 xRd Rd Cd JRd Cd JRd
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The stress-energy tensor is then defined as the d x d tensor with coefficients
(1.17) (A, W) = 20;hH0;h* — |V hH|25,;,
with d;; the Kronecker symbol. We may compute that

2
. iv |h”, = =——u .
1.18 div [h*, h*] = 2AR*V R . V h*
d

(Here the divergence is a vector with entries equal to the divergence of each row of [h#, h*].)
We thus see how this stress-energy tensor allows to give a weak meaning to the product
uVht = pVg * p, with [h*, h*] well-defined in energy space and pointwise controlled by
|VR#|?, which can by the way serve to give a notion of weak solutions of the equation in the
energy space (as in [De, LZ]). Note that in dimension 2, it is known since [De] that even
though [h*, h*] is nonlinear, it is stable under weak limits in energy space provided p has a
sign, but this fact does not extend to higher dimension.

Let us now present the short proof of (1.15) as it will be a model for the main proof.
We focus on the dissipative case (the conservative one is an easy adaptation) and still the
Coulomb case for simplicity. Let puj and ps be two solutions to (1.7) and h; = g * p; the
associated potentials, which solve (1.16). Let us compute

(1.19) 875/ IV(hl - h2)|2 = 2Cd/ (hl - hg)at(,u,l — H?)
Rd Rd
= 2Cd /d(hl — hQ)diV (M1Vh1 — ,UQVhQ)
R
= —2¢q /d(Vh1 — th) . (M1Vh1 — ,LLQVhQ)
R

—~2s [ (V00— )P~ 2ca [ Fha T~ b~ )
R R

In the right-hand side, we recognize from (1.18) the divergence of the stress-energy tensor
[hl — hg, hl — hQ], hence

8t/ |V(h1 — hg)‘Q S —2Cd th . diV [hl — hQ,hl — hg]
Rd Rd

so if V2hy is bounded, we may integrate by parts the right-hand side and bound it pointwise
by

IV2hall / iy o,y — Bl < 29 ol e / 19— )P,
R R

and the claimed result follows by Gronwall’s lemma.

In the Riesz case, the Riesz potential h* = gx*u is no longer the solution to a local equation,
and to find a replacement to (1.16)—(1.18), we use an extension procedure as popularized
by [CaffSi] in order to obtain a local integral in A* in the extended space R4+,

In the discrete case of the original ODE system, all the above integrals are singular and
these singularities have to be removed. In place of the second term in the right-hand side of
(1.19), we then have to control a term which by symmetry can be written in the form

(1.20) // (Vh“ () — VI™(y)) - Va(z — y)d(u — pa) (2)d(n — p2)(w)
RIXRI\A
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where A denotes the diagonal, p is the limiting measure p! and s is the discrete empirical
measure ph. Such terms are well known (see for instance [Scho2]), and create the main dif-
ficulty due to the singularity of g. The key is as above to reexpress it as a single integral in
terms of a stress-energy tensor, but where this time we renormalize the singularity in (1.20)
via an appropriate truncation of h*, and then to show that (1.20) can be controlled by the
Coulomb (Riesz) distance itself, provided the limiting solution is regular enough. In carry-
ing out all these steps, we depart significantly from the previous proof of [Du]. The idea of
expressing the interaction energy as a local integral in A* and its renormalization procedure,
were previously used in the study of Coulomb and Riesz energies in [RS,PS,LS1,LS2], but it
was not clear how to adapt these ideas to control (1.20): in fact in [Du] this was dealt with by
a ball-construction procedure inspired from the analysis of Ginzburg-Landau vortices, which
led to the restriction s < 1 and d < 2.

Acknowledgments: I thank Mitia Duerinckx for his careful reading and helpful sugges-
tions.

2. MAIN PROOF

In all the paper, we will use the notation 1(; 5y to indicate a term which is only present in
the logarithmic cases (1.5) and 1s<4—1 for a term which is present only if s < d — 1.
Differentiating from formula (1.10), we have

Lemma 2.1. If X& is a solution of (1.1), then
(2.1) 9 Fn(Xk, pt) = —2N? / VRN Pty
a2 (T ) - T ) - Vo - gy — i) @)l — 1))
RIXRI\A

If X% is a solution of (1.2), then
(2.2)

AN = N ] (9 ) = 9 @) Tt ) @) )
Proof. We note that if s > d — 1, Vg is not integrable near 0, so Vg * u should be understood

in a distributional sense and uV(g* p) = pug* Vu as well, assuming that u is regular enough.
We may also check that this distributional definition is equivalent to defining

Vi (x) = P.V. /Rd\{ }Vg(w —y)du(y)

where the principal value (which may be omitted for s < d — 1) is defined by

P.V./ = lim .
RM\{z} TV JRNB(z,r)

We may now give the proof, which is as in [Du] (at least for the dissipative case) but we
reproduce it here for the sake of completeness.
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In the case (1.1), we have

OFN (XK, ph) = Nzat// (z—y)du* (x)du' (y +8tng x 2]\78,52/ zh—y)du'(y)
]Rdx]Rd

i#]
= —2N? \Vh“| —22 > V(i — )
i=1|j#£i
N
+23 VR (ah) - Vg(al — at) + 2N Y PV / Vh* (z) - Vg(x — at)dut(z).
i#j ! i=1 RN {zf}

We then recombine the terms to obtain
2

OFy(Xit) = —2N? [ dyly

P.V./ Ve(z —y)d(ply — 1) (y)
RY\{z}

N [ 9 Pt (a) 287 [V Py (o)
Rd Rd

—2N? [ VA" (2)- / Va(x — y)duly (y)duly (x)
Rd R\ {z}

+2N? / P.V. / Vh* (z) - Vg(x — y)du (@)dply (y).
Rd RN\ {y}
We recognize that the last four terms can be recombined and symmetrized into
-3 ] (T @) = T ) - Vi — )y — i@y — 1))

which gives the desired formula.
In the case (1.2) we have

O FN (XY, uh) = NQat// r—y)dp (z)du' (y —|—8tZg ai—a} 2N8t2/d g(zt—y)du' (y)
7]

=2) Vh (1) - IVg(xt — z5) + 2NZ PV. / IVI* () - Vg(x — ab)dpt (2)
i#£j 1=1 R\ {z}}

We then rewrite this as

OFN(X5 1) = 2N? [ Vit (x)- / IVg(z — y)duly (y)duly ()
Rd Rd\{a:}

+2N2/ P.V./ IVRH (z) - Vg(x — y)dp (x)duly (y).
Rd R\ {y}
By antisymmetry of J, we recognize that the right-hand side can be symmetrized into

_NQ// cj] (tht(x> B Vh“t(y)) Vgl — y)d(ﬂﬁv . Nt)(x)d(,u?v B ut)(y).
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The main point is thus to control the last term in the right-hand side of (2.1) or (2.2) :
we may reinterpret it via an appropriate stress-energy tensor, which we may show is itself
pointwise controlled by the modulated energy density, once we have given a renormalized
sense to all the quantities.

The crucial result we obtain this way is the following proposition.

Proposition 2.2. Assume that pu is a probability density, with p € C?(RY) with o >s—d+1
ifs > d—1; respectively p € L®(RY) or p € C7(RY) with o > 0 if s < d—1. For any Lipschitz
map 1 : RY — RY, we have

(2'3) ‘//c(¢(x)— )) Vgac— Zéacl_N,U' Z(smz_NM

< OVl (P (o) + (14 =) N8+ N2 (dlogN)1<1.5>)
st+l1—0o
+ Cmin ([0 lellll oo N5 4 (99 el N, [ el N5

+C{||V¢||Loo(1+||M\|00)N2_dl ifs>d—1
IVl (1 + [l )N?73 ifs <d -1,

where C' depends only on s, d.

The proof of this proposition will occupy Section 4. Here, all the additive terms should

be considered as moderate perturbations of Fly, in particular what matters is that they are
o(N?).
With this result at hand we immediately deduce from Lemma 2.1 that

t s 3 N
0P (X, it) < CIh | [ (P () + (14 1 )N'E 4 N8+ (G108 N ) 105 )

(14 [l llor) N7 + (VA [[oe + [ V2R | poo ) [lplloo NF567] if s > d — 1
_1 st1 s .
(1 + | ) N7 4 VR || oo ]| oo N6 4 [ V200 | poo ]| o) NTH5] if s < d = 1.

Since s < d and ¢ > s —d + 1, this implies by Gronwall’s lemma and in view of (1.11) that
for every t < T,

Fn(X4,ph) < (FN(XR,, 1P) + ClNﬁ) et for some f < 2.

In view Proposition 3.5 below, this proves the main theorem.

3. FORMULATION VIA THE ELECTRIC POTENTIAL

3.1. The extension representation for the fractional Laplacian. In general, the kernel
g is not the convolution kernel of a local operator, but rather of a fractional Laplacian. Here
we use the extension representation popularized by [CaffSi]: by adding one space variable
y € R to the space RY, the nonlocal operator can be transformed into a local operator of the
form —div (|z|7V-).

In what follows, k will denote the dimension extension. We will take k = 0 in the Coulomb
cases for which g itself is the kernel of a local operator. In all other cases, we will take k = 1.
For now, points in the space RY will be denoted by z, and points in the extended space R4tk
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by X, with X = (2,2), » € RY, 2 € RX. We will often identify R x {0} and R and thus
(x4,0) with x;.

If v is chosen such that
(3.1) d—24+k+v=s,

then, given a probability measure p on RY, the g-potential generated by y, defined in RY by

W) = [ o~ ) du(a)
Rd
can be extended to a function h# on R4t* defined by

W) = [ (Y~ (3.0)) du(a),
and this function satisfies
(3.2) —div (|2]7Vh") = cq s ptdpd

where by ps we mean the uniform measure on R x {0}. The corresponding values of the
constants cqs are given in [PS, Section 1.2]. In particular, the potential g seen as a function
of R4tk satisfies

(3.3) —div (|2|7Vg) = cq,s%.
To summarize, we will take

e k=0,7 =0 in the Coulomb cases. The reader only interested in the Coulomb cases
may thus just ignore the k and the weight |z|” in all the integrals.

e k=1,7=s—d+2—kin the Riesz cases and in the one-dimensional logarithmic case
(then we mean s = 0). Note that our assumption (d — 2); < s < d implies that v is
always in (—1,1). We refer to [PS, Section 1.2] for more details.

We now make a remark on the regularity of h*:

Lemma 3.1. Assume u is a probability density in C?(RY) for some § > s —d + 2, then we

have
(3.4) V3 oo ey < € (litllo- ey + el a ey ) »
and
(3.5) 9234 oo ey < € (Iltllcoey + 1l ge)) -

Proof. As is well known, g is (up to a constant) the kernel of A%, hence h* = cd7sA%u and
the relations follow (cf. also [Du, Lemma 2.5]). O

3.2. Electring rewriting of the energy. We briefly recall the procedure used in [RS,PS]
for truncating the interaction or, equivalently, spreading out the point charges. It will also
be crucial to use the variant introduced in [LSZ,.S2] where we let the truncation distance
depend on the point.

For any n € (0,1), we define

(3.6) gy :=min(g,g(n)), f,=g—g
and

(n) L.
(3.7) 6y = ———div([z]"Vegy),

Cd,s
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which is a positive measure supported on 9B(0, 7).

Remark 3.2. This nonsmooth truncation of g, can be replaced with no change by a smooth
one such that

1
gy(x) =g(x) for|z| >n, gy(x)=cst for|z|<n—-e¢ e < 577

and this way 5(()77) gets replaced by a probability measure with a reqular density supported in
B(0,7)\B(0,n — €). We make this modification whenever the integrals against the singular

measures may not be well-defined.
We will also let
(3'8) fa,n = fo — fn = 8n — Ba»

and we observe that f,, has the sign of o — 7, vanishes outside B(0, max(a, 7)), and satisfies

(3.9) g * (67 = 60")) = fa(- — )
and
(3.10) — div (|2 Vfay) = cas(85” — 6.

For any configuration Xy = (x1,...,2x), we define for any ¢ the minimal distance
(3.11) r; = min (irjné?uz—xﬂ,N_é) .
For any 77 = (11,...,nn5) € RY and measure p, we define the electric potential

N

(3.12) Hy[XN] = /IRd+k g(z —y)d (; 8y — NMRd) (v)

and the truncated potential

(3.13) HY, [ X] = /

Rd+k

N
glz —y)d <Z o5m) — NM5Rd> (y),

i=1

where we will quickly drop the dependence in Xy. We note that
N

(3.14) HY AXN] = HY[XN] =) fy(z —z).
i=1

These functions are viewed in the extended space R4tk as described in the previous subsection,
and solve

N

(3.15) —div (|2["VHRY) = cas (Z Oz, — Nde) in RI+K,
=1

and

N
(3.16) —div (|2 VHY ) = cds (Z §{m) Nde> in RItK,
=1



12 SYLVIA SERFATY

The following proposition shows how to express Fy in terms of the truncated electric fields
VHY 7~ In addition, we show that the quantities

N
L VS P = cae S e

i=1
converge almost monotonically (i.e. up to a small error) to Fi, while the discrepancy between
the two can serve to control the energy of close pairs of points.

Proposition 3.3. Let p be a bounded probability density on RY and Xy be in (RN, We
may re-write Fn(Xn, 1) as

Cd,s n—0

1. N
(3.17) Fn(Xpy,p) := — lim (/Rd+k |27 VHY A* — cd’SZg(ni)> :
=1
and we have the bound

(3.18) > (glwi — ) —g(m)),
i#]
1 N N
< Fn(Xpy,p) — (/ 27| VHY A = jg(m)> + CON |l g > s,
Cd;s JRI+ i1 i1

for some C' depending only on d and s.

The proof, which is an adaptation and improvement of [PS,1.S2], is postponed to Section 5.

What makes our main proof work is the ability to find some choice of truncation 7 such
that [pari 2] [VH ]’\‘,yﬁ|2 (without the renormalizing term —cgs >N | g(n;)) is controlled by
Fn(Xn,u) and the balls B(z;,n;) are disjoint. In view of (3.18) the former could easily be
achieved by taking the 7;’s large enough, say n; = N~Y4, but the balls would not necessarily
be disjoint. Instead the choice of n; = r; where r; are the minimal distances as in (3.11) allows
to fulfill both requirements, as seen in the following

Corollary 3.4. We have

N
s N
319) s <0 (FeCnw + (0 )N+ (Y o) 1)
=1
and
s N
20) [ JPIVH < O (o) + (0 )N 4 (10N 105)

for some C' depending only on s, d.

Proof. Let us choose n; = N~V for all 7 in (3.18) and observe that for each ¢, by definition
(3.11) there exists j # i such that (g(|z; — 2;]) — g(N~V9)); = g(4r;) — g(N~1/4). We may
thus write that

(3.21)

al _1 1 . 9 _1 s
> (gldr) — £V 4) < Pn(Xno) = [ sV Hy gl + Ne(VH) + OVl =) N
=1 ,S

from which (3.19) follows after rearranging and using the definition of g.
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Let us next choose n; = r; in (3.18). Using that r; < N—1/d_ this yields
1 ~y 2 N S
0< Fy(Xn,p) — — 2\ VHN A+ g(ri) + O(N||pl| )N
Cd,s Rd+k i=1
Combining with (3.19), (3.20) follows. O

3.3. Coerciveness of the modulated energy. Here we prove that the modulated energy
does metrize the convergence of uf to p'.

Proposition 3.5. We have, for Br the ball of radius R in RY centered at 0, for every
2d

1< p < s+d’

(3:22) IVHNIXN]ILe(Bp,L2 ®Y |21 dy))

1
1 N s\ 2
S CpN? +Chp (FN(XNaﬂ) + (d logN> Las +(1+ HMHLO@)NH")

In particular, if ﬁFN(XN,u) — 0 as N — oo, we have that

1N
(3.23) N 25%. — 1 in the weak sense.
i=1
Proof. In the Coulomb cases where k = 0, we have
d
Vi, |P < C. v _—
Lver<c, W<t

while in the cases where k = 1, we may write instead that

? 2d
NVEL 12 < f —_—
[, (L Erves) <o o pe 25

Using (3.14) and the fact that the balls B(x;,r;) are disjoint, we may thus write

D D
[ (L erwme) <c [ ([ ervae) + v,
R R

Combining with (3.20) and Hoélder’s inequality, it follows that

p
|, (L eromse)
Br \JRk

s N
<NC,+Cgr (FN(XN,/L) +C(1+ HuHLoo)N1+E + (d 10gN> 1(1.5)) ,

[N]4S]

which implies the result. Since

1%5 1
N & T TN

testing the left-hand side against any smooth test-function yields a result which is o(1). O

div (|=['VHY),

d,s

Remark 3.6. In a density formulation aiming at proving propagation of chaos, arguing
exactly as in [RS, Lemma 8.4] for instance, we may deduce from this result and the main
theorem the convergence of the k-marginal densities in the dual of (some weighted) WP
space with p large enough, with rate k/N times the right-hand side of (3.22).
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4. PROOF OF PROPOSITION 2.2

4.1. Stress-energy tensor.

Definition 4.1. For any functions h, f in R4 such that [pq |2|7|VAR|? and [pei |27V |
are finite, we define the stress tensor [h, f] as the (d + k) x (d + k) tensor

(4.1) [h, f] = |2|7 (0;h0; f + 0;h0; f) — |2|"Vh - V fd;;
where 6;; = 1 if i = j and 0 otherwise.
We note that
Lemma 4.2. If h and f are reqular enough, we have
(4.2) div [h, f] = div (|z|"VR)Vf +div (|z|]"Vf)Vh = V|z|"Vh -V f
where div T here denotes the vector with components ) _; 0;T;;, with j ranging from 1 to d 4 k.

Proof. This is a direct computation. Below, all sums range from 1 to d + k.
Z Ai[h, flij
i

= Z (|12[70:h)0; f + 0i(|2]70s f)Ojh + | 2|7 05 h0; f + | 2|70y fOsh] — O; <|z|7 Z(‘)@-h@f)
=div (|z|"Vh) + div (|2]"V f) = VR -V f0;|2]".
O
In view of (4.2), we have

Lemma 4.3. Let ¢ : RY — RY be Lipschitz, and if k = 1 let 1& be an extension of it to a map
from RIFK o RITK whose last component identically vanishes, which tends to 0 as |y| — oo
and has the same pointwise and Lipschitz bounds as 1. For any measures u,v on RITK if
—div (|2["Vh*) = cgsp and —div (|2[YVh") = cqsv, and assuming that [pe|2|7|Vh#|? and
Jres |27V 2 are finite and the left-hand side in (4.3) is well-defined, we have

@s) [ 0@ = b)) Vel —pdu@avt) = — [ Vi) s b

Cd,s JRd+k

Proof. If u is smooth enough then we may use (4.2) to write

// ((x) = (y)) - Ve(z — y)du(z)dv(y) = b - (Vhidy + VhYdp)
Rd+k x Rd+k Rd+k
- = - div [h*, h?)
Cd,s Rd+k

since the last component of @ZA) vanishes identically. Integrating by parts, we obtain

//Rd+kad+k (D)~ b(w)) - Vel — ydu()dv(y) = — Vi : [h,hY).

Cd,s JRd+k

By density, we may extend this relation to all measures p,v such that both sides of (4.3)
make sense. O
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4.2. Proof of Proposition 2.2. We now proceed to the proof. Given the Lipschitz map
Y RY — RY, we choose an extension @ to R9tK which satisfies the same conditions as in
Lemma 4.3.

Step 1: renormalizing the quantity and expressing it with the stress-energy tensor. Clearly,

N

(4.4) // y)) - Ve(z —y Zéxl - d(;% = Np)(y)
N
= liy //R d+kad+k d(a) ) - Valx —y 25@ — Nubgs)(@ ;5@ — Nubgs)(y)
. Z L (360 = 50) - Vo~ 2 )05

Applying Lemma 4.3, in view of (3.13), (3.16) we find that

N
ws) | (b(2) — ¥(v)) - Vel —y) 25“7 — Npubga) (@)d(3 00 — Npudis)(v)
Rd+kXRd+k i—1

N R C:e)

Cd,s JRd+k

Step 2: analysis of the diagonal terms. The main point is to understand how they vary
with 7;. Let & be such that a; > n; for every i.
We may write that

(4.6) //R o ane (D@ = )] - Vel = y)do2) (@)do (y)
- //R . ($(2) = () - Ve(z — y)dsls? (x)dsls) ()
o @)~ 00 Vil — e — s @) — 5 )

A~

12 // (D(z) — Dy)) - V(e — 1)dse (@)d(6m) — 509) (y).
Rd+k XRdJrk
We claim that
(4.7) // (D(z) — Dy)) - V(e — 1)dse (z)d(60) — 609 (y) = 0.
Rd+k  Rd+k

Assuming this, inserting it to (4.6) and using (3.9) and Lemma 4.3, we conclude that
) // () = () - Velw — y)do? (x)ds (y)
Rd+k><Rd+k

//Rd+kad+k (@) = b)) - Ve(@ — y)dsle) (z)ds) (y)

1
= vw [ azﬂ?z( - xi)7fai7m‘(' - xz)]

Cd,s JRd+k
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Step 3: proof of (4.7). Let us write the quantity in (4.7) as
(4.9) 2// ((x) = P(y)) - V(o — y)doP*) (z)d(67) — 5L29) (y)
Rd+k x Rd+k
2 b(x) — p(y)) - Vg — y)d (6 — §320) (z)d (601 — 52D (y).
w2 ff @) =) Vele = (5 - 5600) (@)a (52— 57) ()

In view of (3.7), Vg * 55(521.0"') = Vg, (- — x;) and in view of (3.9), Vg (59(CT) - 53(6?2')) =
Vfa;m (x — x;). We may thus rewrite the first term in (4.9) as
2PV, | Vha (- = 2)d02™) £ 2PV, | b Ve, (- — @i)d (601 — 604)).
Rd-+k ’ Rd+k ‘ ‘
But Vfq, 5 (- — x;) is supported in B(z;, ;) while 5;(50”) is supported on 9B(z;,2q;), and
in the same way Vg,, (- — x;) vanishes in B(z;,2«;) where (5;((;?) — 5&?” is supported, so we
conclude that the first term in (4.9) is zero. The second term in (4.9) is equal by (3.9) and

Lemma 4.3 to )

Cd7s Rd+k

VIZJ : [fzoci7ai(‘ - xi)7f06i777i(' - xl)]

and it is zero, since faq, o, and f,, ,, have disjoint supports. This finishes the proof of (4.7).

Step 4: combining (4.5) and (4.8). The following lemma allows to recombine the terms
obtained at different values of n; while making only a small error.

Lemma 4.4. Assume that i € C°(RY) with o >s—d+1ifs>d— 1. Assume u € L°(RY)
or u € C?(RY) with ¢ > 0 if s < d — 1. If for each i we have n; < oy < r;, then

Ty - I - R e
Rd+kv¢-[ NrpH ] Rd+kv¢ Nav Z Rd+k az,m( x1)7fai,7]i( zi)|+E

with

s N s
(4.10) |€] < C|| VY| (N2zl + Fn(Xn, p) + (d logN> 15+ 1+ HMHLOO)NH")

N N N
FON min (lleLwHuHLw > ol 4 [Vl | 3 af 5 [ llws lulles Zaf—s+0—1>

i=1 i=1 i=1
+CN{||vw||L°°(l+HMHC")sz'\Llai ifs>d-1
IV o (L4 plle) Sy i ifs<d—1
where C' depends only on s, d.
Assuming this, and combining (4.4), (4.5) and (4.8) we find that for any a; <,

| @ - o) vea—v) zaxz—w Za S R

Cd,s JRd+k

- Z // d+kad+k - %(y)) - Vg(z — y)dole) (2)ds) (y) + O(€)
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where £ is as in (4.10). Using the Lipschitz character of 1) and the expression of g, we find
that the second term on the right-hand side can be bounded by *

N
cIvel=3 [, el ndse @i
i=1 Rd+k x Rd+k

N N
= CITUl Y. [ ol = ) ds) = V= 3 len)
i=1 =1

where we have used (3.7). Choosing finally a; = r; < N9, bounding pointwise [HY; ., H}; ]
by 2|z|7|VHX -|? and using (3.20), while using (3.19) to bound SN g(r;), we conclude the
proof of Proposition 2.2.

Proof of Lemma 4. First, we observe from (3.14) that [Hy 5, Hy ;] and [Hy -, H -] only
differ in the balls B(z;, ;) which are disjoint since a; < r;, and that in each B(z;, o;) we have

Hy 7= Hy &+ faun (- — @0).
We thus deduce that

[ Vs (g ) U )
B /B( ) V1; : ([fai’m’fai’m]<. - xl) + Q[faimi(' - zTi)u HK[,&D

= / V@E : ([faiﬂiwfaimi](' - JJZ) + Q[faimi<' - xi)v HKI,&]) .
Rd+k

There only remains to control the second part of the right-hand side. By Lemma 4.3, we have

VQZ) : [f@ivm‘(' - xi)vHKf,d’]

Rd+k
; p o 5(05)
= cus // ((x) = b(y)) - Vel —y)d [ 305 = Npdga | (2)d (85— 519) (y).
Rd+k x Rd+k j:l

In view of (4.7), we just need to bound the sum over i of
(4.12)

oo [[ @) =) Vel — o) | 857~ Nudio | () (38~ 52 ()

RA+k  Rd+k i

= Cd,s 1[’ : Vfai,m(' —x;)d ( Z 59(6?3') — N;MSRd)

d+k . . .
R JiJFe

+ Cd,s/ 775 : (Z Vga, (x —xj) — NVh#) d ((5%71') _ 59(36:1-)) 7
R+ jii

where we used (3.9).

"n the case (1.5) we bound instead |z — y||Vg(z — y)| by 1, which yields an even better control.
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Step 1: first term in (4.12). Since fq, 5, (- — 2;) is supported in B(x;, o), 55?]') in B(xj, o)
and the balls are disjoint, one type of terms vanishes and there remains

—Ncys /d R Vfaimi(' — x;)dp.
R
Thanks to the explicit form of f, , we have
_Jelz—x) —glay)  for n<|z—wz| <q
faiu"]i(. - :UZ) -
g(ni) — glas) for |z — ;| <
and
Vo, m (- — xi) = Vg(z — xi)]‘ni§|x_$i|§0¢i'
It follows that

@iy [ el<cat [ fal<cat [0 < Caf et
Rd Rd Rd

Indeed, it suffices to observe that
(4.14) / fo = C/ (g(r) —g(a))rd~tdr = —C/ g (r)rd dr,
B(0,n) 0 d Jo

with an integration by parts.
We may always write

rd

[ FheunC =2l = )| < Ol plons |

(4.15)

< Clll=llpllcoras™,

and, integrating by parts and using (4.13),

(4.16)

y ¥ Vi (- = za) (@) | < [l [ V)] e /Rd o] < Nl poe (I V)] oo 0~
Alternatively, we may use the simpler bound derived from (4.13),

(4.17)

[0 Vo= 2| < Clla e~

A standard interpolation argument yields that [|g||(co) < ||g||‘(’cl)*||g\|%5g)* so interpolating
between (4.15)—(4.16) and (4.17), we obtain

[ o= )] < CIBIE o o lllomod ==,

We conclude that the sum over ¢ of the first terms in (4.12) is bounded by both

(4.18) Ol 115 o lliller D af =71 and Cllwllpelpllz D af "
) )
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Step 2: second term in (4.12). We may rewrite the integral as

(4.19) - N ) - Veahtd (607 — 6100))

Rd+k
}: b)) - Vo (x — x;)d (60 — §l@)
+Jj7éi Rd+k¢(xj) Vg J(x $]) <xl i )
s / (6 — $(x)) - Ve, (@ — 2;)d (5{1) — 609)
g I RIHK

Rd+k

where we used that the last component of zﬁ vanishes, so that only the derivatives along the
RY directions appear.
Substep 2.1: first term of (4.19). We may write that 5;&71') —(5&?” = —édiv (12" Vg (-—
x;)) and integrate by parts twice to get
1 A
— [ 2V ($la2) - ieh?) - Vg, (- — 72) = / (@) - Vit)fo,,-

Cd,s JRd+k Rd

Here, we used that —div (|2]7Vh*) = cqeudge and took the 9(z;) - Vg of this relation. In
view of (4.13), this is then bounded by

Cllgp | o |Vl L f .
Alternatively, we may integrate by parts in RY to bound it by

Clilz= (1l [ | [Fhou] + 19lza?™).

Interpolating as above, we conclude with (4.13) that the sum over i of these terms is bounded
by both

(4.20) Cllulles <!|¢|iw IVIIET o™ + [9ll 04?””1)

and ||pl[ Lo (kum Do T [V Zaf_s> :

Substep 2.2: second term of (4.19). Arguing in the same way as for the first term, using

that —div (|2|"Vga, (- — 75)) = cd756;(v(jj) and the disjointness of the balls, we find that this
term vanishes.

Substep 2.3: third term in (4.19). We separate the sum into two pieces and bound this
term by

(4.21) 3 / (W = $(x;)) - Ve, (- — 25)d (301 — 52)
1 Rd+k
JF i —xi | >N d

IVl > /IR o= 211V, (@ — )1 (88 +57) (2)

_1
J# e —zy | <N d
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For the first term of (4.21), we may use that |z; — z;| > N4 to write

A A s+l
IV (% = 9(5)) - Vea, ( = 2)l|oo(Baary < CIIVW[ N

and we may thus bound it by
s+1

CN|VilLeeN""d".
Since |Vga| < |Vg|, we may bound the second term in (4.21) by
(4.22) V]| o > i — ]

jifwi—e; <N
To bound this, let us choose n; = 2N~ in (3.18) to obtain that

1 1 s
> (gl — ) — g(2N_H))+ < FN(Xn, 1) + Ng(2N79) + Oz N4,
1#]
In the cases (1.4), it follows that
> gl@i— ) < Fn(Xn,p) + C(1L+ |l =) N' 4.
i ;| <N

In the cases (1.5), it follows that

N s
> log2 < Fn(Xn,p)+ g log N+ CllpflpN'*3
i;éj,\xi—acﬂgN_%
and this suffices to bound (4.22) as well. We conclude in all cases that the sum over i of the
third terms in (4.19) is bounded by
S S N
(@23) Vel (N5 4 Fy(Xy,) + (4 all)NE o+ (F og N ) 105

Substep 2.4: fourth term in (4.19). We may bound it by O (HV@/}HLooaiHVRd h“||Loo(Rd+k))
But since h* = g * p, it is straightforward to check that ||Vgeh*||poomatiy < [[VA*| foo(Ra)-
Using (3.4), we conclude the sum of these terms is bounded by

{Czi ;|| Vap| oo (1 + ||l L) ifs<d—1

4.24
(4.24) C> il VY| pee (14 ||ptf|ce) ifs>d—1and o >s—d+ 1.
Combining the bounds (4.18), (4.20), (4.23), (4.24) concludes the proof of the lemma. O

5. PROOF OF PROPOSITION 3.3

We drop the superscripts . First, [pasx ]2\7|VHN717|2 is a convergent integral and
(5.1)

N
NVH - n) _ N (m) _ )
/Rd 2|7V Nn’ Cds//Rd+k><Rd+k ) (Z‘S Mde> (x)d (; 61:1- Nﬂdﬂ%d> (y)

Indeed, we may choose R large enough so that all the points of X are contained in the ball
Bgr = B(0, R) in Rk, By Green’s formula and (3.16), we have

OHy N
12|V Hy 72 :/ 2| Hy 7 7 Hygd (>80 — Nudga | .
/BR 7 9B T on Ba 7 ; z; R
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Since [ d(32; 0z, — Np) = 0, the function Hy 7 decreases like 1/|z|"! and VHy 7 like 1/|z|5T2
as |z| — oo, hence the boundary integral tends to 0 as R — oo, and we may write

N
NVHy A2 = / Hy ~d sU) — NS
/R d+kIZI IVHy 7" = cas o N (; 2 HORd

and thus by (3.16), (5.1) holds. We may next write that

N N
}Zig%) //RdJrkadH e (Z 5(771 NM(SRd) () (Z; 53(0?0 - NMSRd) W= Z g(m)}

i=1

N N
- //A gl —y)d <Z Oy — Nu&w) (x)d (Z Oy — NMRd) (v)
=1 i=1

and we deduce in view of (5.1) that (3.17) holds.

We next turn to the proof of (3.18), adapted from [PS]. We have

N
(5.2) — div (|2['VHy 5) = cas( 089 — pdga),
i=1

and in view of (3.13), VHy ;= VHy g + 201 Vo, (- — 2;) thus

V\VHyH* = V\VHy g / IV, s (@ — 23) - Vo, . (2 — 3
Lo Vg = [ 1PV +3 [ o Vhoina =) T (o= )

N
+ 2 Z/ |2|"Via i (x — ;) - VHy 5
i=1J RItk

7a'

Using (3.10), we first write

Z/ 12| 7 Vo, i (@ = 25) - Vg, (
i Rd+k

=3 [ Founl = )iy (12 Vo (o
i,j Rd+k

Next, using (5.2), we write

QZ/RCH-k Z| Vfaz 771 ) VIi’]\/vt)t

T — )

_ cdsz / o (& — 25)d(30) — 6

—22 [ P =i (=P V)

N
= 2¢qs Z/ Nh — ;) d( Z 5&%) — ,U«(SRd)'
i= j=1

J
These last two equations add up to give a right-hand side equal to

Z Cd s/ formi ( — $z)d(5(a1) + 5(77]) — 2¢ds Z/ asmi(
i#]

— ;) dpdpd

+ Necgs / Foy iy (057 4 550y
RdJrk
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We then note that [ fq, », d(5(()ai) + 587”)) =— ffmdééai) = —(g(a;) — g(n;)) by definition of f,
and the fact that 6(()a) is a measure supported on 0B(0, «) and of mass 1. Secondly, by (4.13)
we may bound [pq fo,m, (¢ — ) pdge by Cllpl| oo ad™s.

Thirdly, we observe that since fq, ,, < 0, the first term in (5.3) is nonpositive and we may
bound it above by

Scae [ fund < Scas [ (g =00 = oo — i) dB”

1#£] i#£]

<ch5/ ., (@80) = ga,(Jzi — 2] + )

i#]
where we used the fact that g, is radial decreasing. Combining the previous relations yields

N
— CN|lpllzee D 8>+ cas Y (8o (|2 — 25| + ) — g(m)) ;.
i=1 it

S(/I‘{d ‘Z"YIVHNQ‘ _Cdszgaz>_</l%d ‘Z"Y‘VHNUI _Cdszgnz>

i=1 i=1
and letting all a; — 0 finishes the proof in view of (3.17).
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