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Abstract. This paper is the second part of our preprint “Cluster ensembles,
quantization and the dilogarithm” [FG2|. Its main result is a construction,
by means of the quantum dilogarithm, of certain intertwiner operators, which
play the crucial role in the quantization of the cluster X-varieties and con-
struction of the corresponding canonical representation.

Cluster ensemble (loc. cit.) is a pair (A, X') of schemes over Z, called cluster
A- and X-varieties, related by a map p : A — X. The ring of regular
functions on the cluster A-variety is the upper cluster algebra [BFZ].

Cluster A- and X-varieties are glued from families of coordinatized split
algebraic tori by means of certain subtraction free rational transformations.
In particular it makes sense to consider the spaces of their positive real points,
denoted by A" and X'T.

The cluster X-variety has a Poisson structure, given in any cluster coor-
dinate system {X;} by

{Xi,Xj} = {/-:\inin, gij e 7.

The Poisson tensor &;; depends on the choice of coordinate system. There is
a canonical non-commutative deformation X, of the cluster X-variety in the
direction of this Poisson structure ([FG2]).

The gluing procedure underlying the definition of a cluster variety can be
understood as a functor from a certain groupoid, called the cluster modular
groupid G, to a category of commutative algebras.

In Section 3 we suggest a x-quantization of the cluster X-variety, under-
stood as a functor from the gropoid G to the category of non-commutative
topological x-algebras. More precisely, the coordinate systems on cluster va-
rieties are parametrized by the objects i of the groupoid G, called seeds. To
each seed i we assign two coordinatized tori, 4; and AX;j. The algebra of the
smooth functions on the latter admits a canonical h-deformation, given by
a topological Heisenberg *-algebra M. So to define a functor we need to
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relate these algebras for different seeds. We write the formulas relating the
generators of the algebras Hih, but do not specify the category of topological
x-algebras. As a result, the x-quantization of the cluster X-variety serves only
as a motivation, and we state in Sections 3 Claims instead of Theorems when
those unspecified topological algebras enter the formulations. Hopefully there
will be a precise version of Section 3. However the rest of the paper does not
depend on that, while motivations given in Section 3 clarify what we do next.

In Section 4 we proceed to a construction of the canonical unitary projec-
tive representation of the modular gropoid. It is realized in the Hilbert space
L?(A*) assigned to the set of positive real points of the cluster A-variety.

For each seed i there is a Hilbert space L?(A;") (which is canonically
identified with L?(A%)). In Section 4.1 the Heisenberg -algebra H' is repre-
sented in L2(A;"). In fact a bigger algebra — the chiral double H} @ HL, of the
Heisenberg x-algebra — acts on the same Hilbert space.

The morphisms in the groupoid G are defined as compositions of certain
elementary ones, called mutations and symmetries. Given a mutation i — i’
we construct a unitary operator

Ki—>i’ . LQ(A;F) — L2(Aj/_)

It intertwines the actions of the Heisenberg *-algebras related to the seeds i
and i’3. (Similar itertwiners for symmetries are rather tautological). This con-
struction is the main result of the paper. The operator K;_.; is characterized
by its intertwining property uniquely up to a constant.

Certain compositions of mutations and symmetries are identity morphisms
in the groupoid G. So to get a representation of the modular groupoid we
have to show that the corresponding compositions of the intertiners Kj .y
are multiples of the identity operators. This is a rather difficult problem. It
is solved in [FG3|, where we give another construction of the intertwiner and
introduce the geometric object reflecting its properties, the cluster double.
Alltogether the intertwiners give rise to a unitary projective reprersentation
of the cluster modular groupoid.

The paper is organized as follows: the essential for us properties of the
quantum logarithm and dilogarithm are collected, without proofs in Section
5. The proofs and more of the properties of these functions can be found
in Section 4 of [FG3]. In Section 2.1 we recall, for the convinience of the
reader, basic definitions/facts about cluster ensembles. Claim 2.2 delivers a
quantization of the space of real positive points of the cluster X-variety. The
main results of this paper is Theorem 10 providing an explicit formula for the
intertwiner K;j_ ..

3The precise meaning we put into “intertwining” is clear from the computation
carried out in the proof: we deal with the genrators of the Heisenbrg algebra only,
and thus are not concerned with the nature of the topological completion, which
was left unspecified in Section 3. For a different approach see [FG3].
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1 Cluster ensembles

1.1 Basic definitions

A seed iis a triple (I,¢e,d), where I is a finite set, ¢ is a matrix €, ,7 € I,
with €;; € Z, and d = {d;}, i € I, are positive integers, such that the matrix
Eij = sijdj_l is skew-symmetric.

For a seed i we assign a torus X; = (G, )’ with the coordinates {X;|i € I}
on the factors. and a Poisson structure given by

X, X} =&, X: X (1)

Let i= (I,e,d) and i’ = (I',&’,d’) be two seeds, and k € I. A mutation in
the direction k € I is an isomorphism py : I — I’ such that de(i) =d;, and

—Eij ifi==korj=k,
€l i) = § i if eanen; <0, )
gij + leikler; if eper; > 0.

A symmetry of a seed i = (I,¢,d) is an automorphism o of the set I preserving
the matrix ¢ and the numbers d;. Symmetries and mutations induce rational
maps between the corresponding seed X-tori, denoted by the same symbols
pr and o and given by the formulae 0* X, ;) = X; and

X1 if i=k
X k _ . 7 3
Foge(4) <X e (3) {Xi(l + X sgn(slk))—swC if i+ k. (3)

A seed cluster transformation is a composition of symmetries and muta-
tions. Two seeds are equivalent if related by a cluster transformation. The
equivalence class of a seed i is denoted by [i|. A seed cluster transformation
induces a rational map between the two seed X-tori, called a cluster transfor-
mation map.

A cluster X-variety &3 is a scheme over Z obtained by gluing the seed
X-tori for the seeds equivalent to a given seed i via the cluster transformation
maps, and then taking the affine closure. Every seed provides a cluster X-
variety with a rational coordinate system. Its coordinates are called cluster
coordinates. Cluster transformation maps preserve the Poisson structure. Thus
a cluster X-variety has a canonical Poisson structure.

The cluster A-varieties. Given a seed i, define a seed A-torus A; == (G,,)!

with the standard coordinates {A;|¢ € I} on the factors. Symmetries and
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mutations give rise to birational maps between the seed A-tori, given by
O'*Aa(i) = A7 and

A, if ik,

ALy = _ . e\ ap 4
Hi S (0 {Ak ' (Hile;”->o A+ TLijep<0 4 E’“) if 7=k @)
The cluster A-variety Aj; is a scheme over Z obtained by gluing all seed
A-tori for the seeds equivalent to a given seed i using the above birational
isomorphisms, and taking the affine closure.

There is a map p : A — X, given in every cluster coordinate system by
P X =Iler A7

Cluster A- and X-varieties have canonical positive atlases, so it makes
sense to consider the sets of their real positive points, denoted AT and X+.

The cluster modular groupoid. Seed cluster transformations inducing the
same map of the seed A-tori are called trivial seed cluster transformations. The
cluster modular groupoid Gy; is a groupoid whose objects are seeds equivalent
to a given seed i, and Hom(i,1') is the set of all seed cluster transformations
from i to i’ modulo the trivial ones. Given a seed i, the cluster mapping class
group Ij is the automorphism group of the object i of Gj;;. The group I acts
by automorphisms of the cluster A-variety.

The quantum space X;. It is a canonical non-commutative g-deformation
of the cluster X-variety defined in Section 3 of [FG2].

We start from the seed quantum torus algebra T{, defined as an associative
x-algebra with generators Xijtl7 i € I and ¢*' and relations

XXy =q XX, «X; =X;, xq=q "

Let QTor* be a category whose objects are quantum torus algebras and mor-
phisms are #-homomorphisms of their fraction fields. The quantum space &
is understood as a contravariant functor

n? : The modular groupoid Gj; — QTor™.

It assigns to a seed i the quantum torus s-algebra T, and to a mutation
i — 1" a map of the fraction fields Frac(T{) — Frac(T{), given by a g¢-
deformation of formulas (3)%: Set g, := ¢'/"*,

X! if i=k,
Eik

()" (X3) = {Xi (1‘['“*‘(1 +qiaflxkfsgn<€w>))f if i # k.

a=1

4See also a more transparent and less computational definition given later on in
Section 3 of [FG3].
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One uses Theorem 7.2 in loc. cit. to prove that n? sends trivial seed cluster
transformations to the identity maps.

The chiral dual to a seed i = (I,¢,d) is a seed i° := (I, —e,d). Mutations
commute with the chiral duality on seeds. Therefore a cluster X'-variety X
(respectively A-variety A), gives rise to the chiral dual cluster X-variety (re-
spectively A-variety) denoted by X° (respectively A°). They are related, see
Lemmas 1 - 2.

The Langlands dual to a seed i = (I,¢,d) is the seed i¥ = (I,¢Y,d"), where
dy :=d; ! and

Vo Vg1 7 T .— g1
g5 = —€j; = dj "€;;dj, di:=d; . (5)

The Langlands duality on seeds commutes with mutations. Therefore it gives
rise to the Langlands dual cluster A-, and X-varieties, denoted AY and X'V.

Below we skip the subscript |i| encoding the corresponding cluster ensem-
ble whenever possible.

1.2 Connections between quantum X-varieties

There are three ways to alter the space X} 4:

(i) change ¢ to ¢~ 1,

(ii) change i to i°,

(iii) change the quantum space &j;| 4 to the opposite quantum space X\(i)ﬁs'
(In (iii) we change every quantum torus from which we glue the space to the
opposite one).

The following lemma tells that the resulting three quantum spaces are

canonically isomorphic:

Lemma 1. a) There is a canonical isomorphism of quantum spaces
q .y, opp a\k .y .
ket Xijg — Xlilﬂrl’ (%) X — X,

(Given in on the generators of any cluster coordinate system by X; — X ).
b) There is a canonical isomorphism of quantum spaces

.q . -q \* ., o -1
it Xijg — Xjie|g-1, ((%)": X7 — X7

(Given in any cluster coordinate system by X? — X;l, where X7 are the
generators of Xjo 4-1).
¢) There is a canonical isomorphism of quantum spaces

q . 0 o opp _ o—1
Y = OLXOZX.X|10|7[I—>XIi|7q, X — X7

Proof. Apparently each of the three maps is an isomorphism of the cor-
responding seed quantum tori algebras. For example, in the case b) we have
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% (7)) THXXS) =g XX
(5% (q ) [kl q % j -

So we need to check that they commute with the mutations.

a) Let us assume first that ;5 = a < 0. The claim results from the
fact that the following two compositions are equal (observe that a* is an
antiautomorphism):

a

X XTI+ @ X 25 T+ a2 X)X
b=1 b=1

0\ * a
X, 0 x, W x [T+ @V x0).
b=1
The computation in the case £;; > 0 is similar.
b) To check that % o uj = ujf oi% we calculate each of the maps on the
generator X;. Let us assume €;; = —a < 0. Then €}, = a, and one has

%o (X = X7 T+ X,
b=1

a

1
pi o % (X7 = (X [Ja+ @ 0x) ) =

=1

o

a
(1 +q_(2b_1)Xk_1)Xi_1 —_ Xi_l H(l +q2b_1Xk_1)-
b=1

I
E@

b

Il
_

The case g;;, > 0 is similar. One can deduce it to the case g;; < 0 since
i o p = 1Id, and 5§k = —¢g;x. The part b) is proved.
c) Follows from a) and b). The lemma is proved.

Lemma 2. The cluster ensembles related to the seedsi and i® are canonically
isomorphic as pairs of varieties. The isomorphism is provided by the following
maps:

Id : .A|i| — .Aio; iy - Xm — X|io|.

Proof. In a given cluster coordinate system our maps are obviously iso-
morphisms. The compatibility with X-cluster transformations is the part b)
of Lemma 1; for the A-cluster transformations we have

apar, =TT (apkes TL @k = T A+ [ 4 = aua

EZi>O Ezi<0 £,i<0 £ki>0

Compatibility with the projection p is clear. The lemma is proved.
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2 Motivation: *-quantization of cluster AX’-varieties

2.1 #-quantization of the space X1 via the quantum logarithm

Let {X;} be coordinates on the cluster X'-variety corresponding to a seed i.
Since by definition the functions X; are strictly positive at the points of X',
we can introduce the logarithmic coordinates x; = log X; on XT. For every
seed i they provide an isomorphism

Bir SR e {a(1))
For a mutation py, : i — i’ there is a gluing map

x; — eiplog(1 4 e7sen(En)on) j £ |
— Tk i=k

(6)

To prepare the soil for quantization, let us look at this from a different
point of view. Let Com™ be the category of commutative topological *-algebras
over C. Recall the cluster modular groupoid Gj;;. There is a contravariant
functor

Bii : XT — AT, Bii (z7) = {

B Gy — Com*.

Namely, we assign to a seed i a commutative topological x-algebra S (Xi+) of
smooth complex valued functions in X;L with *f := f, and to a mutation
i — i’ a homomorphism 87 _; : S(X,F) — S(X1).

Let C be a category whose morphisms are C-vector spaces. Projectivisation
PC of the category C as a new category with the same objects as C, and mor-
phisms given by Hompc(C1,C2) := Home(Cq,C2)/U(1), where U(1) is the
multiplicative group of complex numbers with absolute value 1. A projective
functor F' : G — C is a functor from G to PC.

Let C* be the category of topological *-algebras. Two functors Fi, F5 :
C — C* essentially coincide if there exists a third functor F' and natural
transformations Fy, — F, F5, — F providing for every object C dense inclusions
Fi(C)— F(C), F1(C) — F(C).

Definition 3. A quantization of the space X\H is a family of contravariant
projective functors
Iiﬁ‘ . Q|i| — C*

depending smoothly on a real parameter h, related to the original Poisson
manifold Xl'i"‘ as follows:

i) The limit Kjj = limp o nﬁl exists and essentially coincides with the
functor B defining X5,

lif*

i1) The Poisson bracket given by limp_o[f1, fo]/h is defined and coincides

with the one on XlJir‘.
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Let us define a quantization functor x”

= rfj. We assign to every seed i
the Heisenberg +—algebra H. It is a topological x—algebra over C generated
by the elements x; such that
[z, zk] = 2mihgsy;  x) = xj; qg=e"h
Further, let us assign to mutation py : i — i’ a homomorphism of topo-
logical *-algebras
K" () : HYy — HY (7)

We employ the quantum logarithm ¢"(z), see (22). Denote by z! the genera-
tors of HJ:. Set

~ e bk (—g . s ;
hy, = diph; &M () © @ — {xl cind™ (—sgn(ew)zr) ik # 1, (8)

Claim. a) Formulas (8) provide a morphism of *—algebras /i‘hﬂ(uk) : HE
M,

b) The collection of *-algebras {H;} and morphisms {ﬁﬁ‘(uk)} provide a
quantization functor

—

I-ilhi‘ 1G) — PC*.

c¢) Let 1Y := 1/h. Then there are isomorphisms

y .
H?—ﬂﬁ@, T — ) = 9)

. . . Y
They give rise to a natural transformation of functors /@ﬁ‘ — ﬂﬁvl.

Justification. a) Property A3 of the function ¢"(z), see Section 4, guar-
antees that the morphism x™(yy) preserves the real structure. It follows from
Property A1l that when i — 0 the limit of the quantum formula (8) exists
and coincides with the mutation formula (6) for the logarithmic coordinates
ZTj.

b) To check that we have a functor one needs to check first that mutation
formulas are compatible with the transformations s (uy). This is a straitfor-
ward calculation using Property A5. Then one has to check that the defining
relations for the groupoid Gj;; are mapped to zero. Here we need the results
of Sections 3.2-3.3 of [FG2] and the following well known lemma:

Lemma 4. Suppose that A, B are selfadjoint operators, [A,B] = —\ is a
scalar, and f(z) is a continuous function with primitive F'(z). Then

B+
AHIB) _ Aoy { % /B + f(z)dz} — eAexp (F(B + /\>)\ - F(B)) |
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¢) Thanks to formula (5) the map z; — =z is an *—algebra homomor-
phism:

[, ] v~ 55 () RV
[z, 2z]] = EEFZQ = 2mihVE;/did; = 2mih'E}.
idj

To verify that it commutes with mutation homomorphisms we use Properties
A2 and A4 of the function ¢"(z), observing that

ztlewld™ (@) w A eidil6™ @) @)pae

= z) + e o™ (x)).
ah T Tk leinld™ ()

2.2 Modular double of a cluster X-variety and x-quantization of
the space Xt

Set
q:= 67rih’ q\/ = eﬂi/h’ heR.

Definition 5. The modular double X3 4 X Xjjv| v of a quantum cluster X-
variety Xjj 4 18 a contravariant functor

q q" . Gis Tor*
T]'i‘®n|iv| LY — QTor™.

\
So we assign to a seed i a quantum torus algebra T{ ® T}, , and to a mutation
pr 1 — i’ a positive *-homomorphism of the fraction fields of the quantum
torus algebras

q q” T & T9. T¢ & T T := Frac(T
77|1‘(/va) ®77‘iv‘(,uk) <Ay & v 4 & ivo = rac( )
We want to relate the modular double X3 4 X X}3v| v with the quantization
of the space Xl‘i"‘. We are going to define a natural transformation of functors
\2
My © g — Ky
We use the following easy fact. Assume that [y;,y;] is a scalar. Then we

have
eYie¥i = elviilg¥i gui (10)
Let i be a seed. Denote by X; the generators of T{, and by X’ the generators of
Vv
Ty, . It is easy to check using (10) that there are the following homomorphisms:

) v %
LTy — HP, Xir—e™, and I :TL — HP, X)€",

They evidently commute with the *-structures. Their images commute.
Indeed, since &;; € Z one has elziwi /M = 2™ = 1, So % commutes with
e*i/" Therefore they give rise to a homomorphism of the tensor product:

Li=Lol T &TL — HP.
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Proposition 6. For any mutation py : i — i’ the following diagram, where
Vv
the left vertical arrow is the map n?(ug)@n? (ux), and the right one is £™ (),

15 commutative:
L;

T? ® T?v = HP

1
N N Ve

V. Ly

Proof. We need Lemma 4. The case i = k is trivial, so we assume that
1 # k. Let €;, = —a < 0. Then applying the lemma we get

Kﬁ‘(ﬂk)L,/(XZ@l) = ﬁh(uk)el';/ — eﬂii"!‘a(bhk(wk) _

e%i zrp+2mihka N
- e ([ o) -

T

— 00

A5 ev o 2 2mihy, B
- 2m,hkexp< Ze—zfm(qu)thrle =

T =1

e T @e) = (Xi e q,za-lxk>) -
b=1 b=1

= La(nfy () © nffo (ux)) (X @ 1).

The calculation in the case €;; = a > 0 is similar. The proposition is proved.

Claim. The collection of homomorphisms {L;} provides a morphism of func-
tors y
h . h
L : oy ® mify) — Kj3)- (11)

Justification. Is given by Proposition 6.

Representations of the quantized Xl?‘-space. The following definition
serves as a motivation of the construction of intertwiners presented below.

Definition 7. A projective x-representation of the quantized Xl;r‘—space is the
following data:
i) A projective functor

Ly = Gji) — the category of Hilbert spaces.

It includes for each object i of Gj; a Hilbert spaces i, and for every mutation
W o1 — i’ a unitary operator, defined up to a scalar of absolute value 1:
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Ki,i’ . ]Li i Li/.

i1) A x-representation p; of the Heisenberg algebra H? in the Hilbert space
L;.
iii) The operators K; y intertwine the representations p; and py :

pi(s) = Kippu (Hh(llk)(s))Ki,iu s €M

The morphisms of the representations of the quantum XlJir‘—space are defined

in an obvious way.

Representations of the mapping class group I};. Restricting the functor
pji| to the group of automorphisms of an object of the groupoid Gj; we get a
projective unitary representation of I;.

The Heisenberg algebra H! has a family of irreducible *-representation by
operators in a Hilbert space. These representations are characterized by the
central character y.

The collection of the Hilbert spaces {L;} and representations {p;} is by no
means canonical: it depends, for example, on the choice of polarization of the
Heisenberg algebra. Once choosen, it determines the intertwiners Kj ;. Below
we introduce a canonical representation of the chiral double of the quantized
space XlJir‘, defined by using the Hilbert spaces L?(A;").

3 The intertwiner

3.1 A bimodule structure on functions on the A—space

Let X be an algebra. Recall that M is a bimodule over X if X acts on M from
the left as well as from the right, and these two actions commute. So M is an
X ® X°PP-module, where X°PP is the algebra with the product x x y := yx.

Let us choose a seed i. Recall the algebra Q[A4;] of regular functions on the
seed torus A;. We assume that ¢ € C*. For each i € I let us define commuting
algebra homomorphisms

A —s g i A,
tZ:-t : Q[.Al] — Q[Al], t;t : { v v .

Aj— A j #i.
Since €;; = 0, A; does not appear in the monomial p* X;, and so the operator
of multiplication by p*X; commutes with t;:. Let us define an T;-bimodule
structure on Q[A4;]. The left and right actions of the generator X; on f € Q[.A;]
are given by

Xiof=p"X;-t; (f), foXi=p*Xi -t (f), (12)
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Lemma 8. The operators (12) provide Q[A;] with a structure of a bimodule
over the algebra T}

Proof. Observe that one has
X)Xy =t (0 X;) P Xy = ¢ p Xap” X
Indeed, the first term equals to ¢ % p* X; -p* X, and the second is g i dip* X,
p*X;. One has
XX o f =q T p Xt (07 X) -t (f) =07 X - 0" X 45t ().
foq FXX; =q Tip X, - tf (p" X;) ]t (f) = p" Xi - p* X - £ (f).
Since the right hand sides are evidently symmetric in ¢, j we have the desired

relations, and hence the left and right actions of the quantum algebra torus.
Further, the two actions commute:

o (f o X;) = Xio (1 (Np"X;) = 0" Xty (0" X))t 6 ().

(Xio f)oX; = (p"Xit; (f)) 0 X; = p Xt (0" Xi)t]t; (f)-

The lemma, is proved.

The logarithmic version of the bimodule structure. Since the coordinate
functions A; are positive on the space A™, one can introduce new coordinates
a; = logA;. They provide an isomorphism a; : .A;r s R!. Set da :=
day A\ -+ Adajg. There is a Hilbert space L? (Al*) with a scalar product

_ /A ) fla)g(@)da

Apparently the form da changes the sign under a mutation i — i’. So the
Hilbert spaces L2(A;") for different seeds i are naturally identified. Consider
the following operators in L2(AF):

553_ = fmhd Z&:jkak, xj' mhd — + Zsjkak

Lemma 9. The operators {ff} provide the Hilbert space L*(A;") with a struc-
ture of a bimodule over the x—algebra 'Hih.

Proof. These operators are selfadjoint and one has
7,7, ] = 2mihjy; (], 3] = —2mihéyy, [Z;,2]=0
for any j, k € I.
The lemma is proved.

Remark. There is an automorphism z; —— —x; of the Heisenberg algebra
H;. Similarly there is an automorphism X; — Xj_1 of the quantum torus
algebra T}'.
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3.2 The intertwiner via the quantum dilogarithm

Let py : i — i’ be a mutation. By Lemma 9 for each seed i the Hilbert space
L%(A{) has a natural HJ-bimodule structure. According to Lemma 1, this is
the same as the H}* ® H.%-module structure. Our goal is to define an operator

Kiﬁi/ : LQ(AIJF) — LQ(Aj;) (13)

intertwining the H' ® HfL- and Hl ® Hl.-module structures. By this we
mean only that the operator K;_.; intertwines the action of the generators of
HIE@HL withthe action of their images under the gluing map map /fﬁl (i—1).

The function G. Let us introduce our key function
G(al, [P ,an) =
Z Ekjaj + ag
~ ~ jler; <0
D" (dye— epia;) " DM (—dye— EkiQ;) €XP cﬂskJ< - dc.
7 @) 3§ @)

wih
J J

(14)
Substituting the explicit integral expression for the function @ (z) one gets

G(ay,...,an) =

. L > Ekjaj +ag
exp(it _; exja;) sin(tdic) jlen; <0 7
= [ exp dt
0

de.
2it sh(nt)sh(rhyt) e il ¢

We denote by (aq, ..., a,) the logarithmic coordinates corresponding to v,
and by (a1,...,ay,...,a,) the ones corresponding to i’. Recall that only the
coordinate aj changes under the mutation ug. Let us define the operator
Ki_i by

(Ki—ﬁ’f)(ala .. '7a;c7 s ’an) =

/G(al,...,a;+ak,...,an)f(al,...,ak,...,an)dak, (15)

where a% + aj, and ay are on the k-th places.

Theorem 10. The operators K; .y intertwine the HI @M -module structures
on L*(A;") provided by Lemma 9.

Remark. We prove in [FG3] that the collection of Hilbert space L?(A;")
and operators K;_,;y provide a unitary projective representation of the group-
oid Gj;. This implies that the operators K; .y give rise to a unitary projective
representation of the cluster modular group I}y in L*(A;).
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Proof. We present a computation which allows to find the function G as
a unique up to a scalar function such that the corresponding integral trans-
formation intertwines the HP- and H.-bimodule structures on L2(A;") and
L2(A{). Recall that €2 = —;5, so we may write 5?;- = =+e¢;; and denote by
xzi the x;-coordinates for the seeds i and i°.

So we have to find G such that the integral transformation (15) induces a
map of operators:

, R Y sty e
P {xiAi €:,0™ (—sgn(ez;,)@;) 1fz #k (16)
-2 if i =k.

This means that we should have (changing z; to —Z; for convenience) for

1#£ k:

) L~ 0

mihd; B, + Z €305  €ipay, — mihd; 2, +

Jj#k

i Lo 0
Z gija; teiw | ap — @ —sgn(ieik)(mhdkaT + kajaj) , (17)
ik B
and 9 5
e ’ e
mndk@ + Zj:ekjaj - — (mhdka—ak + Zj: 6kjaj). (18)

Here we use the following conventions. The signs £ in our formulas always
use either + everywhere, or — everywhere, so F := —+. Thus we have one
set of the equations corresponding to the upper signs and another one to the
lower signs.

Observe that ex;, = 0. The relation (18) is satisfied by (15) if and only if

0
oal, Oay’
k k

feﬁej =ek;, and

Since these two conditions are evidently valid, we have the relation (18).
Substituting (17) into (15) one gets the identities:

/ (wihd; 0G 4 rindc 2L

da; o F €0 G €30 G )day, =
' b gk

- of
:/mhdiGaai i;eijajafi
J

~ 0
+ Gegp ak—gﬁhk sgn(&ik)(iFﬂihdkaiak—zj:&?kjaj) f ] dag.
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Since these identities should be valid for any f one gets the equations for the
function G:

m’hd

E &‘U a; F €ipart
Y ik

+eip ™ sgn(sik)(j:mhdk Zek]a] G =0.

Let us introduce the function G related to G by the Fourier transform:

N ape 1 ape ~
G(C) :/eiﬁG(ak)dakQ G(ak) = m/GW’EhG(C)dC

(we omit the variables aq,...,ax—1,0k41,.-,...,a, both G and G depends
on). Taking into account the relations

mhﬁ = c@, @ = fmh%
(‘3ak

one can get the equation for the function G:

0
8ai

L 0
Wlhdi + Z(E;j — sij)aj + Eikﬂ'lh%ﬂ:
#k

teird™ | sgn(e)(Edec — Y exja;) | | G=0. (19)
J
Taking sum and difference of the equations corresponding to the upper and
lower signs one obtains:

-9 .
i@ai 0" sgn(sik)(dkc—;ekjaj)

*Eikqshk sgn Ezk dkc — Z skja] G=0

and
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0
2 (ef; —eig)a; + 2eipmihs
7k

+5ik¢h’“ sgn(eik)(dkc—26kjaj) +
J

~

+eind™ | sgn(ei)(—dic — Zz—:kjaj) G=0.
J

Observe that these are the system of 2n — 2 equations on a function of n
variables. So it is an overdetermined system if n > 2. Using the identities

™ (sgn(a)b) = @™ (b) + (sgn(a) — )b/2; dieji = —dsei;
they can be transformed to the form

) alog@

2mih Da. :dglakix
(2

x [ ¢™ (dye - Zskjaj) — ¢ (—dye — Zskjaj) + dyc(sgn(ei) — 1)
J J
(20)

and ~
. Olog G _
2mih % 2(eik) 7" Z(Eij - Egj)aj (21)
7k
— ™ (dye — Zskjaj) — ¢ (~dre — ngjaj) + (sgn(eir) —1) ngﬂ'aﬂ'
j i ’

J

Taking into account that

, _ |5ik|5kj +5ik|5kj|

ih,j#k
we have the following identity:
2(eir) " (i — €55) + (sgn(ein) — Derj = (sgn(ejn) — 1)er;

Multiplying it by a; and taking the sum over j # k we get

2(eik) 1Y _(eij — €55)a; + (sgn(ei) — 1) Z&cja]‘ = (sgn(ejr) — Derjaj,

J#k J J

Thus (21) is equivalent to
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los G ~
27”'58 08G _ —¢"* (dre =Y eja;)—

Oc
J
— " (—de =Y exjag) + (senlen) — 1)) enja
J J
Therefore the solution of the equations (20) and (21) is given by the formula
a — OPph» (C/i\kcf Z 6kjaj)’1dihk (7&}607 Z Ekjaj)ec Zj(sgn(ejk)fl))skjaj/Qﬂih’
J J

where (' is an arbitrary constant. Taking C' = 272h, one obtains the desired
formula (14). The statement is proved.

Lemma 11. An integral operator given by the formula (15) for certain func-
tion G intertwines the operators (16) if and only if the standard formula for
the mutation of the function €;; holds.

Proof. The proof of the theorem shows that this formula, as well as the
formula for mutations of the A-coordinates follow from the anzatz (15) and
the mutation formulas for the quantized X-coordinates.

Representation of the modular double of the chiral double of Xj; 4. Com-
bining Claim 2.2 and Theorem 10 we see that the collection of Hilbert spaces
{L2(A{")} should provide a projective unitary *-representation of the modular
double of the chiral double of X); 4, defined as

Ailq X Xjie|,q X XJiv|,qv X Xjjov | qv-

According to [FG3], the collection of Hilbert spaces {Lz(A;")} should pro-
vide a representation of the modular double D; , X Djjv| v of the cluster
double of the quantum cluster X-variety &j; ,. Since there is a canonical map

of quantum spaces Dy, — X|j|,q X X|jo| 4, this implies the above claim.

4 The quantum logarithm and dilogarithm functions
The proofs of all results listed above can be found in [FG3].

Recall the dilogarithm function

Lig(z) := — /Ox log(1 — t)dt.

The quantum logarithm function. It is the following function:
efipz

Reoy . .
¢ (2) == 27rh/Q (77 = e—mr) (cmm — e_mp)dp, (22)

where the contour {2 goes along the real axes from —oo to oo bypassing the
origin from above.
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Proposition 12. The function ¢"(x) enjoys the following properties.

(A1) lim, P"(2) = log(e* + 1).

(A2) ¢"(2) = ¢"(=2) = =.

(A3) Wh(2) = ¢"(2).

(A4) ¢"(2)/h = ¢""(z/h).

(A5)

¢"'(z+inh) — ¢ (z —imh) = % ¢ (2 +im) — ¢ (2 —im) = 6,2/%

(A6) The form ¢"(2)dz is meromorphic with poles at the points {mi((2m —
1) + (2n — 1)R)|m,n € N} with residues 2wih and at the points {—mi((2m —
1)+ (2n — 1)A)|m,n € N} with residues —2mih.
The quantum dilogarithm. Recall the quantum dilogarithm function:
1 e~z dp
() =exp(—= [ —S P
(2) exp( 4 /Q sh(mp)sh(rhp) p)
It goes back to Barnes [Ba], and was used by Baxter [Bax|, Faddeeev [Fad],
and others.

Proposition 13. The function ®"(x) enjoys the following properties.

(B) 2mihdlog " (z) = ¢"(2)dz
(BO) ERzlinioo Ph(z) =1.

Here the limit is taken along a line parallel to the real axis.
—Lig(—@z)

. A N

(B1) %,li%é (2)/ exp ol = 1.

(B2) P(2)d"(—2) = =) R
z 2)=exp| | e .

(B3) Dh(z) = (8"(z))"1. In particular |®"(2)| = 1 for z € R.

(B4) DM (z) = &1/ (z/h).

(B5) &"(z 4+ 27mih) = &"(2)(1 + qe*), D" (2 + 2mi) = D(2)(1 + ¢Ve*/M).

(B6) The function ®"(z)dz is meromorphic with poles at the points
{mi((2m — 1) + (2n — 1)h)|m,n € N}

and zeroes at the points

{~mi((2m — 1) + (2n — 1)h)|m,n € N}
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