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Summary. We develop explicit formulas for Hecke operators of higher genus in
terms of spherical coordinates. Applications are given to summation of various gen-
erating series with coefficients in local Hecke algebra and in a tensor product of
such algebras. In particular, we formulate and prove Rankin’s lemma in genus two.
An application to a holomorphic lifting from GSp2 x GSp2 to GSpy is given using
Ikeda-Miyawaki constructions.

1 Introduction: generating series for the Hecke operators

Let p be a prime. The Satake isomorphism [Sa63] relates p-local Hecke algebras
of reductive groups over Q to certain polynomial rings. Then one can use
a computer in order to find interesting identities between Hecke operators,
between their eigenvalues, and relations to Fourier coefficients of modular
forms of higher degree.

The purpose of the present paper is to extend Rankin’s Lemma to the
summation of Hecke series of higher genus using symbolic computations. We
refer to [Ma-Pa77], where Rankin’s Lemma was used in the elliptic modular
case for multiplicative and additive convolutions of Dirichlet series. That work
was further developped in [Pa87], [Pa02], see also [Ma-Pa05].

Recall that a classical method to produce L-functions for an algebraic
group G over Q uses the generating series

Samn= = T S 0%,

n=1 p primes 6=0
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of the eigenvalues of Hecke operators on an automorphic form f on G. We
study the generating series of Hecke operators T(n) for the symplectic group
Spg, and Ag(n) = Ag(T(n)).

Let I' = Sp,(Z) C SL24(Z) be the Siegel modular group of genus g, and
[plg = pIag = T(p,--- ,p) be the scalar Hecke operator for Sp,. According to

29
Hecke and Shimura,

Dy(X) = iT(p‘S)X‘S
6=0

1
1 —T(p)X + p[pl1 X*’

ifg=1
(see [Hecke], and [Shi71], Theorem 3.21),
1 - p?[p]2X°

1=T@)X + {pT1(p?) + p(»? + 1)[pl2} X? — p3[pl2T(p) X3 + pb[p]5 X *
if g = 2 (see [Shi63], Theorem 2),

where T(p), T;(p?) (i = 1,--- ,g) are the g+1 generators of the corresponding
Hecke ring over Z for the symplectic group Spy, in particular, T, (p?) = Py

It was established by A.N. Andrianov, that there exist polynomials
E(X), F(X) € QIT(p), Ty (52), -+ , Ty (p%), X] such that

S E(X)
(X) =2 "X = 5%y
5=0
29 4
with a polynomial F(X) = quXJ of degree 29, and such that E(X) =
j=0

292
Z quj is a polynomial of degree 29 — 2 with the leading term
§=0

(—1)9-1polot )20 7% —g® (112771 —1 x20 -2
(as stated in Theorem 6 at p. 451 of [An70] and at p. 61 of § 1.3, [AnT74]).

In the present paper we study explicit formulas for Hecke operators in
higher genus in terms of spherical coordinates. Applications are given to
summation of various generating series with coefficients in local Hecke al-
gebras. The question of computing such series explicitly was raised by Prof.
S.Friedberg during first author’s talk at the conference "Zeta Functions" (The
Independent Moscow University, September 18-22, 2006).
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In particular, we formulate and prove Rankin’s lemma in genus two for
generating series with coefficients in a tensor product of local Hecke algebras.

We prove in Theorem 4 that for g = 2,

- _ (1—p°p] @ [p]X?) - R(X)
gT(p‘s) ®T(p’) X = 5% :

for certain two polynomials
R(X) =14+rmX+---+ T11X11 -|-’I"12X12 with ry =ry; =0,
S(X) = 1+81X+"'+816X16

with coefficients explicitly expressed through Hecke operators in Appendix.
A motivic interpretation of the polynomial S is given in terms of the tensor
product of motives.

For the group GL(n), a simpler result could be obtained using the Tama-
gawa generating series (see [Tam]) and its expansion into simple fractions:

n —1
!

1 Qo
=» ——— where o = =———,
1—21X). (1 —2,X) ; 1—u;X ! [Tz — )

see Remark 6.

Also, it is helpful for the reader to remember cases where the Hecke se-
ries do have simple numerators: Andrianov (GSp(2), see ([An74]), Tamagawa
(GL(n), see [Tam]), Bocherer (for standard-L-function, see [BHam]).

2 Results

2.1 Preparation: a formula for the total Hecke operator T(p®) of
genus 2

We establish first the following useful formula (in spherical variables xg, 21, x2):

2P (T’)) = (1)

— 344 246 349 246 2446 3+9
P ot el D 2 o050
1(2+5) 2+ $1(1+5) o

—pz :c2(3+5) +pw2(2+5) +px —pr2—T

+ x1(2+6) $2(1+5) - :cl(lH) .T2(2+6) + af $2(2+5) - $2(1+5) —af m + @ 1)/

(T =21) (1 —22) (1 — ;1 22) (11 — 22))
=—p! ;cg((l — 1 132) (pr1 — a2) xl(Hl) +
—(1—pm m) (31— 2) (31 22) T — (p— 21 3) (11 — 22))/

(T =21) (1 = 22) (1 = 71 32) (11 — 72)).

(1 -2 2) (11 — pa) x2(5+1)
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Andrianov’s generating series

The expression (1) comes from the following Andrianov’s generating series

_fl)g(l)]fLQ 2
> o S
(1—a?()X)(l—.I’()xlX)(l—.’lfong)(l—afofﬂlﬂigX)

after developing and a simplification using change of summation.
Note that the formula (1) makes it possible to treat higher generating
series of the following type

irz mO)) X0 (m=2,3,---)

6=0

(in spherical variables g, 21, z2).

2.2 Rankin’s generating series in genus 2

Let us use the spherical variables zq, z1,z2 and yg, y1, yo for the Hecke oper-
ators.

Note that there are two types of convolutions: the first one is defined
through the Fourier coefficients (it was used by [An-Ka] for the analytic con-
tinuation of the standard L- function), and the second one is defined through
the eigenvalues of Hecke operators, and it is more suitable in order to treat the
L-functions attached to tensor products of representations of the Langlands
group. However, a link between the two types is known only for g = 1.

In order to state a multiplicative analogue of Rankin’s lemma in genus
two we need to write the corrseponding formula for Hecke operator T(p%) (in
spherical variables yo, y1, y2).

_ 5 346 240 246 3+4
9352)((5))=p1y0(3/1(+)J py("") y(+)(+)+p(+)(+>
344 246 246 1+6

—pPu y(+)+py(+)+py — Py *y(“yfry(“
246 1+6 1+5 246 246 1
4oy PHO) SO (0 0] g2 B0 ) 2 o 42)/

(T=y1) (T = 92) (1 = y192) (31 — 92))

Then we have that the product of the above polynomials is given by
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2P (TE")) - 2P (TR)) =

Y

-2, 6( (349) o

245 3+8) (2+6 2+5) (3+6
D "Iy Yo(pT I1( )—p%( )1’2( )+pl’1( )12( )

- D
346 246 2496 146
o 4 4y pay - o) a2 o,

I x1(2+5) $2(1+5) - x1(1+5) :r2(2+6) + 22 x2(2+6) —x x2(1+6) — 2l m + )

346 2435 346 246 245 3+35
Sy g — p g p 3O YO (240) (340)
(

3+46 2+0 245 146
— o v+ oy —pup — y T 2 4y g

245) (146 148) (249 246 1+6
+y1(+)y2(+)_yl(+)y2(+)+y12y2(+)—y1y2(+)_y12y2+y1y22)/

(T =2)(1 = 22)(1 — z1m2) (21 — 22)(1 — 1) (1 — y2)(1 — y192)(y1 — ¥2))

We wish to compute the generating series

oo

> 0P(T ) - 2P(T() X° € Qlwo, 21, 22,50, y1, y2] [X]-
6=0

The answer is given by the following multiplicative analogue of Rankin’s
lemma in genus two:

Theorem 1. The following equality holds

S 0P (1)) - AP(T) x° = @)
6=0

_ (por —m2) (L —py1y2) T y1 42
p? (1= a1) (1 —a2) (21 —22) (1= 1) (1 — 92) (1 — w1 y2) (1 — 20 21 yo 41 y2 X))
n 2 y1 (T —pa2) Py — y2)
pP(L—2) (1 —22) (21 —22) (L —y1) (1 — 92) (11 — 2) (1 — 20 22 Yo y1 X))
. 2 y2 (11 —p22)(y1 — py2)
pP(1—m) (1 —22) (21— 2) (1 — 1) (1 — w2) (9! —y2) (1 — 20 Yo 22 y2 X)
291 92 (11 —pa2) (1 — py1 y2)
PP(l—m) (1 —2)( —22) (1T —y) (1 —y2) (1= y1y2) (1 — 2022 90 1 Y2 X)
_ i (po — 22) (P— Y1 92)
PP(1—m) (I —22) (2 —22) (1 — 1) (L —y2) (1 — 1 92) (1 — 2021 o X)
s yi(l—pma2) (pyr — yo)
PPl-—z)(l—2) (1 —z22) (1 —y1) (1 —y2)(y1 —y2) (1 — 2021 2290 Y1 X)
B 22 y2 (1 —paa2) (Y1 —py2)
PP(1—m) (I —22) (1 =21 22) (L —y1) (1 —y2) (31 — y2) (1 — 20 21 22 Yo Y2 X)
n yiy2 (P — 21 22) (1 —py1 y2)
Pl-z)(l-m)(d-z22)1—y) 1 —1y)—yy) -2y y2X)
1—pzia)(p—y1y2)
(1=y1) (1 —y2) (1 —y1y2) (1 — 2oz 22 90 X)

+ I T2
p2 (1 — I1) (1 —_ 112) (1 — I1 T2

— |~ — | —
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z (po —22) (Pyr — ¥2)

=

pPPl—z)(1l—m)(z1—22) (T —y1) (1 —y2) (y1 —y2) (1 — 2o 21 yo y1 X)
N oy (po — ) (11 — P ye)
p?(1—z)(1—a) (1 —22) (1 —y1) (T —v2) (y1 — y2) (1 — 20 21 yo y2 X)

w2 (1 —pa2) (P — Y1 92)
PPl-—z)(l—2)(m—22)(L—y1) (L —y2) (1 —y192) (1 — 202290 X)
sz y1y2 (L—paiae) (1—pysy2)
PPl-—z) (I —22)(1—222) (T —y1) (T —y2) (1 —yr92) (1 — 2021 22 Y0 41 42 X)
(p—2122) (P — 11 y2)

+

I —a) A —a2) (L= a2) (L— 1) (1 — y2) (1 — 91 92) (1 — 70 90 X)
_ 1 (p—m2) Py — y2)

A (-2 (= m ) () () =) (0~ w505 X)
Y2 (p— 1 22) (11 —PY2)

PP(1—z1) (L —22) (1 =@ 22) (1 —y1) (1 — w2) (1 — y2) (1 — 20 o y2 X)

Remark 2 (On the denominator of series (2)). One finds using a com-
puter that the polynomials not depending on X in the denominators of (2)
cancel after the simplification in the ring Q[zo, x1, z2, Yo, y1,y2][X], so that
the common denominator becomes

(1 =20 y0X)(1 = 70 yo 21 X)(1 — 20 9o y1 X)(1 — o yo 22 X)(1 — 70 Yo y2 X)

(1 =20 yom 11 X)(1 — 70 yo 21 22 X)(1 — 70 yo 71 Y2 X) (1 — 20 yo 1 22 X))

(1 — 20 yo y1 y2 X)(1 — 20 4o 72 y2 X)(1 — 70 Yo 21 y1 22 X)(1 — 70 Yo 21 Y1 Y2 X)
(1 — 20 yo 71 72 y2 X)(1 — 20 Yo y1 T2 Y2 X) (1 — 70 Yo 71 Y1 T2 Y2 X).

Remark 3 (Comparison with g = 1). It turns out by direct computation
that the numerator of the rational fraction (2) is a product of the factor

1 — 22y ;11292 X2 by a polynomial of degree 12 in X with coefficients in
Q[zo, 21, T2, Yo, Y1, y2] with the constant term equal to 1 and the leading term

12, 12
Lo Yo 1195221192 x12.

2
p
Moreover, the factor of degree 12 does not contain terms of degree 1 and 11
in X. The factor of degree 2 in X is very similar to one in the case g = 1 (this
series was studied and used in [Ma-Pa77] ):

0 5 (1 - I(1+5)) y5 (1 - y(1+6))

Z‘Ql Q(l)( ( ))XzS: T 1 .70 1 XJ
l—xl l—yl
6=0
_ 1 . Y1
(IT=z)(I—y)A—2myX) (@T—z)1—y)d—20y0mX)

_ 44l T 1Y
A=-z)A=y)A=2ymX) (1—z)(1 =)l -2y 213 X)

_ 1— a5 yg mpn X2

S Q—zoyonm i X) (1 —z0y011 X) (1 — 20 y0 91 X) (1 — 20 yo X)
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2.3 Symmetric square generating series in genus 2

Using the same method, one can evaluate the symmetric square generating
series and the cubic generating series of higher genus. Note that this series,
written here in spherical variables xq, z1, 22 is different from one studied by
Andrianov-Kalinin, and has the form:

0 2,.

3 2P(TE¥)Xx° = (1 - D0 x)x
p

=0

y (1 +$OCE1X+£COI2X+2IO$1CE2X +a:0m1$2X + g X + agrizi X?)
(1 — a5 of 25 X)(1 — ag of X)(1 — 2§ 25 X)(1 — 25 X)

2.4 Cubic generating series in genus 2

The cubic generating series of higher genus, written here in spherical variables
T, T1, T2 has the form:

o0

> QL) X0 = p (—p+ af af af X2 + a8 o ) X2+ 208 0 af X°
6=0

—pa:oxleXz px0x1x2X2 2p a8 af wp X + ad 1 x5 X2
tadad e X2 4 al ad a) X2 4+ ol ) 2 X2 + 340 2 2 X2
+xg1:12:r22X2+2x06xfz22X27p$0xlX prIQX pxS:L’fx%XQ
2paim i X —palatal XP b ad it ai X vl mpan X
—padatad X? —paladal X? —padatad X —padalai X

—2padalal X —pad el X +ad ala X + 1 af 2 X3

6,3 .3 v2 3, .95 .43
—2paladad X% —2pad man X + 1 aft wp X3+ 1 1) 2y X
6,3 4 9.5 .5 yv3 4 32

—padad ey X2 4 adm ai X + o) 2P v X +x0x1x2X

6,43 yv2 3, .3 2
—prdatw X2 —parimal X —prgm X —pargm X + 228zl 23 X

+2x§zf’x§X2)/((1fx§X)(l xgfo)(l xg’xSX)(l :cg’:cfng))

3 Proofs: formulas for the Hecke operators of Sp,
3.1 Satake’s spherical map (2

Our result is based on the use of the Satake spherical map 2, by apply-
ing the spherical map (2 to elements T(p°) € Lz of Hecke ring L; =
Z[T(p), T1(p?), -, Tp(p?)] for the symplectic group, see [An87| chapter 3.
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e Case T1(p?) In genus 2 (in spherical variables g, z1,72), we obtain using
Andrianov’s formulas:

o (2 22 + m1 23) p? 4 3 22 p* — 21 22 + (21 + 22) P°)

2(T1(p%) = 5
o Cases Ty(p?) = [p]2 and T(p)
007 = A () = a1 +2)(1 + ).

3.2 Use of Andrianov’s generating series in genus 2

We refer to [An87], p.164, (3.3.75) for the following celebrated summation
formula:

i Q(T(R) X = 3)
6=0

1_3)3%1()’,‘2){2
p

(1—1}0X)(1—.’L’ol‘lX)(l—.’L’QIQX)(l—.foIlIQX)

gives after development and simplification the following formula

_ 344 246 3446 2440 2448 3+46
QO(TE) = p a2z — paT —pa® TV g 4 p a5

—pm I2(3+5) + p332(2+5) tpm —pay — x1(2+5) :E22 + x1(1+5) 7

+ 371(2+5) :r2(1+5) — x1(1+6) a:2(2+5) + x} a:2(2+5) -1 x2(1+5) —alm i ad))
(T =2) (1= 22) (1 = 21 32) (21 — 22))
Then we use two groups of variables: xg, ..., z, and yq, . . ., ¥, in two copies
{2, §2, of the sperical map, in order to treat the tensor product of two local

Hecke algebras.
Next, in order to carry out the summation of the series

S (TG - 2P (1) X°
6=0

on a computer, we used a subdivision of each summand (over ) into smaller

parts. These parts correspond to symbolic monomials in z9, v, 23, 43, (z122)°,

(y1y2)5.

3.3 Rankin’s Lemma of genus 2 (compare with [Jia96])

Let us compute the series
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T(p°) @ T(0°) X° € Loz @ Loz X]

NE

1,1 _
DM (X) =

>
I

0

in terms of the generators of Hecke’s algebra L5 7 ® Lo 7 given by the following
operators:

T(p)® 1, T1(p*) ®1,[p] ®1,1® T(p), 1 ® T1(p?),1 ® [p] € L27 ® L2z[X].

Theorem 4. For g = 2, we have the following explicit representation

DMV (X) = ;T(p‘s) ®T(p’) X° = (1= r[p] %([2]))(2) : R(X), where

R(X),58(X) € L27® Lo 7[X]

are given by the equalities (4) and (5):

R(X) =14 712X? 4 110X "0 + 112X € L7 ® L[ X] @)
with r1 =111 =0,
S(X)=1+5X 4+ 56X (5)

=1—(T(p) @ T(P)X + -+ (P°[p] ® [p))’X ' € Loz ® Lo7z[X],

with r; and s; given in Appendiz. Moreover, there is an easy functional equa-
tion (similar to [An87], p.164, (3.3.79)):

s1i6-i = (P°Pl @ [P))*'si (i=0,---,8).

Remark 5 (Comparison with the case g = 1). The corresponding result
in the case g = 1 written in terms of Hecke operators, looks as follows (see
3):

[e.9]

> TE)) @ T(P’) X° = (1-p*pl @ [pIX?)/
6=0

(1-T(p) @ T(P)X + (p(T(p)* ® [p] + [P] ® T(p)*) — 2p°[p] ® [p]) X>
- p*T(p)[p] ® T(p)[p]X* + p*[p]* @ [P]*X*).

Indeed this follows directly from Remark 3.

Remark 6. For the group GL(n), a simpler result could be obtained using
the Tamagawa generating series (see [Tam]) and its expansion into simple
fractions:
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n

1
1 —21X) . (1 — 20 X) ;1—90)( — 120‘1 ’
1 n
(1= X). (I —ynX) Zl*yX ;;ag -
n—1 n—1
i Yi , hence

where «;(z) =

T (o0 Y T T, w)
A
1]2:1 ;O‘z(x)% )X = zj2:1 1= ziy; X
If n = 3, this gives after simplification the following fraction:
(s 25 ys a3 y5 21 X0 —yowoyr v w1 23 X — o a3 yy ys® w1 w5 X*
—yamoynaf w3ys® X' — 3 woyrys w1 ws® Xt — Y3 adyrys vy w3 X
— s ey aiways X' —yo a3yt myys o Xt — yo wa i 23 ys g X
—nynyxgxfngZl—|—y2x3y1mfy3X3+y2m2y§x1x3X3
+ysways a3 X° 4 yswa yi w3 11 X° + Y2 woyr 2 yz X
+yazayrys 3 X2+ yp w3y ys s X° 4+ 43 wayr 4y w3 X°
+dypxayiyz i w3 Xo g yrysan Xo 4 ypadyryz o X°
Fypzoyr w31 X2 + oy Y3 w301 X° — ypwoyr w3 X — yz o yr 11 X7
—ypays 1 X° —yowzys w1 X° —yp sy a1 X —ysazyr a1 X7
—y3$2y1$3X2—y2332y1!E1X2—y2$2y3$3X2+1)/((1—$3y3X)

(I—z2y3 X) (1 =213 X)(1 =232 X) (1 — 2292 X) (1 — 2192 X)
(I=23y1 X)(1 = 2291 X) (1 — 2191 X))

4 Relations with L-functions and motives for Sp,,

The modest purpose of this section is to recall the motivic origin of the L-
function produced by the denominator of our Hecke series.

L-functions, functional equation and motives for Sp,, (see [Pa94],
[Yosh01])

One defines
b nyP(X) = (170&0X)H H (liaoah”'airX)a

r=11<i1<--<i.<n

e Ry, (X) )]0 = o' X)(1 - aiX) € Qo™ -+, '] [X].
=1
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Then the spinor L-function L(Sp(f),s) and the standard L-function
L(St(f),s,x) of f (for s € C, and for all Dirichlet characters) x are defined
as the Euler products

o L(Sp(f),s.x) =] Qrolx(p)p™)~"
o L(St(f),s.x) =] Rrpx()p*)~"

Motivic L-functions

Following [Pa94] and [YoshO01], these functions are conjectured to be motivic
for all k£ > n:

L(Sp(f),s,x) = L(M(Sp(f))(x). ), L(St(f),s) = L(M(St(f))(x),s), where
and the motives M (Sp(f) and M (St(f) are pure if f is a genuine cusp form
(not coming from a lifting of a smaller genus):
o M(Sp(f)) is a motive over Q with coefficients in Q(A¢(n))pen of rank 27,
of weight w = kn — n(n +1)/2, and of Hodge type &, (H?¢, with
p=(k—i1)+(k—iz)+-+(k—i), (6)
g=(k—j1)+(k—j2)+---+ (k—1is), wherer + s =mn,
1< <in<--- <4, <N, 1< <ja<--<Js <,
{ila"' aiT}U{jlv"' aZS} = {1527 7n}7

e M(St(f) is a motive over Q with coefficients in Q(Af(n))nen of rank 2n+1,
of weight w = 0, and of Hodge type H*:® @n_ | (H-k+ik=i g gk—i—kt+i)

A functional equation

Following general Deligne’s conjecture [De79] on the motivic L-functions, the
L-function satisfy a functional equation determined by the Hodge structure
of a motive:

A(Sp(f),kn —n(n+1)/24+1—3s) =¢e(f)A(Sp(f),s), where
A(Sp(f),5) = Tk ()L(SP(f), 8),6(f) = (=1)%",

I g(s) =Ic(s) =2(2m)~°I'(s), T2 k(s) = Ic(s)Ic(s — k+2), and
Low(s) = ey Te(s — p) Rt (s — (w/2)) k(s +1— (w/2))* for some non-
negative integers ay and a_, with a; +a_ = w/2, and I'g(s) = 7—*/2I'(s/2)
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Motive of the Rankin product of genus g = 2

Let f and g be two Siegel cusp eigenforms of weights k and [, & > [, and let
M(Sp(f)) and M(Sp(g)) be the spinor motives of f and g. Then M (Sp(f))
is a motive over Q with coefficients in Q(Af(n))nen of rank 4, of weight w =
2k — 3, and of Hodge type HY2F=3 @ gF—2k=1 ¢ gk—1k=2 ¢ [2k=3.0 and
M(Sp(g)) is a motive over Q with coeflicients in Q(Ag(n))nen of rank 4, of
weight w = 21— 3, and of Hodge type H®? =3 @ H!=2!-1 g gl-LI=2 g g2-3.0

The tensor product M (Sp(f)) ® M(Sp(g)) is a motive over Q with coef-
ficients in Q(Af(n), Ag(n))nen of rank 16, of weight w = 2k + 21 — 6, and of
Hodge type

0-2k421=6 oy Fpl=2.2k+1-4 g prl—1.2k+1=5 g py2l—3.2k—3

- - — 4 k+1— k+1—3,k+1—3 —5k—
Fh2k420=4 o prhtl—d ket 2@H++ +H=3 g prk+2l-5k-1
JrE-Lh+20=5 gy prhH=8 k=3 o k=2 k-4 g prk+2l—d.k—2

H2k—3,2l—3 o H2k+l—5,l—1 D H2k+l—4,l—2 D H2k+2l—6,0

Motivic L-functions: analytic properties

Following Deligne’s conjecture [De79] on motivic L-functions, applied for a

Siegel cusp eigenform F for the Siegel modular group Sp,(Z) of genus n = 4

and of weight k£ > 5, one has A(Sp(F), s) = A(Sp(F),4k — 9 — s), where
A(Sp(F),s) =TIc(s)c(s—k+4)Ic(s—k+3)Ic(s—k+2)c(s—k+1)
X Ic(s —2k+7)Ic(s —2k+6)Ic(s — 2k + 5)L(Sp(F), s),

(compare this functional equation with that given in [An74], p.115).

On the other hand, for n = 2 and for two cusp eigenforms f and g for
Spy(Z) of weights k.1, k > 1+ 1, A(Sp(f) ® Sp(g),s) = e(f,9)A(Sp(f) ®
Sp(g)7 2k + 21 -5 — S>7 ‘€(f7g)| = 1a where

A(Sp(f) ® Sp(g), s) = Te(s) (s =1+ 2) (s =1+ 1)Ic(s — k+2)
xIc(s—k+DIc(s—20+3)c(s—k—1+2)[c(s—k—1+3)
x L(Sp(f) @ Sp(g),s).

We used here the Gauss duplication formula I'c(s) = Ir(s)Ir(s + 1). Notice
that a; = a_ = 1 in this case, and the conjectural motive M (Sp(f)) ®
M(Sp(g)) does not admit critical values.

5 A holomorphic lifting from GSp, X GSp2 to GSp,: a
conjecture

(compare with constructions in [BFG06], [BFG92], [Jia96] for generic auto-
morphic forms).
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Our computation makes it possible to compare the spinor Hecke series of
genus 4 computed in [VaSp4] (in variables ug, u1, us, us, ug) with the Rankin
product of two Hecke series of genus 2 (in variables g, z1, Z2, Yo, Y1, y2). It
follows from our computation that if we make the substitution ug = xoyo, u1 =
T1,Us = T, U3 = Y1, Us = Yo then the denominator of the series

5=

[}

coincides with the denominator of the Rankin product
Z QP(T@)) - 2P (T(p°) X° € Qlo, 21,72, Yo, y1, y2) [X].
§=0

On the basis of this equality we would like to push forward the following

Conjecture 7 (on a lifting from GSpy; x GSps to GSp,). Let f and g be
two Siegel modular forms of genus 2 and of weights k > 4 and | = k — 2.
Then there exists a Siegel modular form F of genus 4 and of weight k with
the Satake parameters

Yo = B, 71 = 1,72 = a2,73 = B1, Vs = Ba,

for a suitable choice of Satake’s parameters ag, ay, s and By, 51, B2 of f and
g.
Remark 8. An evidence for the conjecture comes from Ikeda-Miyawaki con-
structions ([Tke01], [Mur02], [Tke06]): let k& be an even positive integer, h €
Sor(I1) a normalized Hecke eigenform of weight 2k, Fy(h) € Sii1(l2) =
Maass(h) the Maass lift of h, and Fs,, € Skin(I2n) the Ikeda lift of h (we
assume k = n mod 2, n € N).

Next let f € Skintr(I}) be an arbitrary Siegel cusp eigenform of genus r
and weight k& +n + r, with n,r > 1. Then according to Tkeda-Miyawaki (see
[TIke06]) there exists a Siegel eigenform Fj, y € Sktn+r(I2n+r) such that

2n
L(s, Fng,St) = L(s, £, 5t) [ [ L(s + k +n — j, ) (7)

j=1

(under a non-vanishing condition, see Theorem 2.3 at p.63 in [Mur02]). The
form F, ¢ is given by the integral

‘Fh,f(Z) = <F2n+2r(diag(zv Zl)a f(ZI)>Z’
If we take n = 1,7 = 2, k := k + 1 then an example of the validity of the
conjecture is given by g = Fy(h),

(f,9) = (f. F2(h)) = Fyn € Skts(lh),

(f.9) = (f, F2(h)) € Skt3(I2) X Sk41(L2).
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Remark 9. Notice that the Satake parameters of the Tkeda lift F' = Fy,,(h)
of h can be taken in the form By, 51, - , Bom, where

ﬂo = pmkim(m+1)/2aﬂi = api71/27 ﬂm,+i = ailpiil/za (7’ = 17 e 7m)

and

o0
(1—ap* ' 2X) (1 —a P 2X) = 1 —a(p)X +p ' X2 h =) " a(n)g"

n=1
see [Mur02].

The L-function of degree 16 in Conjecture 7 is related to the tensor product
L-function as in [Jia96]. In the example of Remark 8 it coincides with the
product of two shifted L-functions of degree 8 of Boecherer-Heim [BoeH06].

Conjecture 10 (on a lifting from GSpa,, X GSpay, to GSpan).

Here is a version of Conjectire 7 for any even genus r = 2m. Let f and g be
two Siegel modular forms of genus 2m and of weights k > 2m and | = k—2m.
Then there exists a Siegel modular form F of genus 4m and of weight k with
the Satake parameters vo = aofo, 71 = 1,72 = @2, ,Yom = Q2m, Vom+1 =
B, yYam = Bom for suitable choices ag,aq, -+ ,Qom and By, B1,+ , Bam
of Satake’s parameters of f and g.

One readily checks that the Hodge types of M(Sp(f)) ® M(Sp(g)) and
M (Sp(F)) are again the same (of rank 2*™) (it follows from the above de-
scription (6), and from Kinneth’s-type formulas).

An evidence for this version of the conjecture comes again from Ikeda-
Miyawaki constructions ([Ike01], [Mur02], [Ike06]): let k& be an even pos-
itive integer, h € Sor(I1) a normalized Hecke eigenform of weight 2k,
Fy,, € Siin(I3y) the Ikeda lift of h of genus 2n (we assume k& = n mod 2,
n € N).

Next let f € Skintr(I3-) be an arbitrary Siegel cusp eigenform of genus
r and weight k + n 4+ r, with n,r > 1. If we take in (7) n = m,r = 2m,
k:=k+m, k+n+r:=k+ 3m, then an example of the validity of this
version of the conjecture is given by

(f»g) = (fa FQm(h)) = fh,f S Sk+3m(F4m)a
(f; g) = (fa FQm) S Sk+377L(F277L) X Sk+m(F2m,)~

Another evidence comes from Siegel-Eiseinstein series
2m 2m
f=E;™ and g = E;",,

of even genus 2m and weights k and k — 2m: we have then

k—2m k—1
040:17041:17 y o, 0om =P )

ﬁo = 1aﬂl = pk—4777,7 o aﬁ?m = pk_Qm_la
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then we have that

Yo=1,71 =p" 4"y, = pF L,

are the Satake parameters of the Siegel-Eisenstein series F' = E}™.

Remark 11. If we compare the L-function of the conjecture (given by the
Satake parameters 7o = aof0,71 = Q1,72 = Q2,° " ,Vam = Q2m,V2mil =
81, s Vam = Pam for suitable choices ag, a1, -+, aom and By, 81, -, Bom
of Satake’s parameters of f and g), we see that it corresponds to the tensor
product of spinor L-functions, and is not of the same type as that of the
Yoshida’s lifting [Yosh81], which is a certain product of Hecke’s L-functions.

We would like to mention in this context Langlands’s functoriality: The de-
nominators of our L-series belong to local Langlands L-factors (attached to
representations of L-groups). If we consider the homomorphisms

LG Spay = GSpin(4m+1) — GLgem, LGSpyy, = GSpin(8m+1) — GLgim,
we see that our conjecture is compatible with the homomorphism of L-groups
GL22m X GL22m — GL24m7 (91792) = g1 X g, GLn((C) = LGLn

However, it is unclear to us if Langlands’s functoriality predicts a holomorphic
Siegel modular form as a lift.

A Appendix: Coefficients of the polynomials R(X) and
S(X)

We give here explicit expressions for the coefficients of the polynomials R(X)
and S(X) from Theorem 4. From these formulas one can observe some nice
divisibility properties (by certain powers of p and the elements [p] ® [p] €
Lo7® Laz):
RX)=1+7mX>+ -+ 70X + 712X € L27® Lo7][X]
with r =7r1= 07
S(X) = 1+81X+ "'+816X16
=1—(T(p) @ T(P))X + -+ (°[p] @ [P)*X'® € L2 ® L22[X],

with r; and s; given as follows

ra=p°((2p—1)(®* + Dp] @ [p] — (p° — p+ 1)(T1(p°) @ [p] + [p] ® T1(»*))
—(T1(p*) ® T1(p*) + T(p)* ® [p] + [P] ® T(p)*),
rs =p°(p+1)(2[p] ® [p] + T1(p*) ® [p] + [P] ® T1(p*))T(p) ® T(p),
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ra=—p°((p" +2p° — 2p° + 6p* + p* + 6p> + p+ 2)[p)* ® [p]*
— (" +1D)(P* —3p> —p—3)(T1(p*) ® [p] + [p] ® T1(p*))[p] © [p]
+(@+49@" +1DTi(p)pl @ T1(p°)[p] — (> — p* — )(T1(p*)* @ [p)* + [p)° @ T1(p")°)
+(T1(p*) © [p] + [P] ® T1(p*)) T1(p*) @ T1(p°) — p(p° + 20° — p+ 2)(T(p)* © [p]
+[p] © T(p)*)[p] © [P] — 2p(T(p)* ® T1(p") + T1(»*) ® T(p)*)[P] @ [P]
+p*(T(p)*T1(p*) ® [p) + [p)* ® T(p)*T1(p?)) + (p+ 2)T(p)*[p] ® T(p)*[p]) ,

rs=—p (2(p+ 1)(2p" = p’* +p° = D[P @ [p] + (P + 1)(p — 2)(T1(p*) @ [p] + [p] ® T1(p*))
—2T1(p”) ® T1(p®) — p(p + 1)(T(p)* @ [p] + [P] ® T(p)*)) T (p)[p] ® T(p)[p],

re =—p" (p(p* + 1)(®° — 2p° — 8p* —p— 4)[p]’ ® [p]’

—p(p° +4p" +2p° +12p” + p+ 6)(T1(p°) @ [p] + [P] ® T1(p?))[p)* @ [p)®
(»*)p)?

+p(p—4)P°+1)T1(p*)[p]”’ ® T:

—pp+49)@°+1)(T1(p°)* @ [p)* + [p]” ® T1(p°)*)[p] ® [p]
—p(T1(p”) @ [p] + [P] ® T1(p*))T1(p*)[p] ® T1(p*)[p]
—p(T1(®*)* @ p)* + [p)° ® T1(»*)%)

5 2

— (@ = 4p* —p—2)(T(p)* @ [p] + [p] ® T(»)*)[p]” @ [p]
(P +3)(T(p)* ® T1(p*) + T1(p*) ® T(p)*)[p)* ® [p]”
(T(p)’[p] ® T1(p")? + T1(p*)* @ T(p)*[p))[P] ® [P]
(»” +3p> +p+ D(T(p)’T1(p*) ® [p)* + [p]* @ T(p)*T1(p*))[p] © [p]
(T(p)* @ [p] + [p] ® T(p)*)T1(p*)[p] © T1(p*)[p]
(P2+1) T(p)*[p)” ® T(p)*[p]?),
re=—p? 2@+ D@’ +p- VP @ [Pl - (p+1)(p* - 2p+2)(T1(p*) ® [p] + [P] ® T1(p*))
— 2T (p*) ® T1(p*) — (p+ (T (p)* ® [p] + [p] ® T(p)*))T(p)[p)* © T(p)[p)*,
(2p° +3p° + 6p* —p* + 6p° — p+2)[p]° ® [p]’

N
+
.
.
N

rs =—p°(p
+p(P*+1)(@° +3p> —p+3)(T1(p”) ® [p] + [P] @ T1(p%))[P] © [P]
+p(p+4)(P*+1)T1(p*)[p] @ T1(p*)[p]
+p(* —p+ D(T:1(0*)* ® [p)* + [p]* © T1(p*)?)
+p(T1(p*) @ [p] + [p] ® T1(p*)) T1 (p*) © T1(p)
—p(2p° +p° +2p — )(T(p)* ® [p] + [p] ® T(p)*)[p] ® [p]
—2p*(T(p)* ® T1(p”) + T1(p*) @ T(p)*)[p] ® [p]
+p(T(p)’T1(p*) @ [p]* + [p]* ® T(p)*T1(p"))
+ (2p+1)T(»)*[p] ® T(p)*[p))[P)* ® [P)?,
ro = p”°(p+ 1)(2[p] ® [p] + T1(p*) @ [p] + [p] © T1(p*))T(p)[p]° @ T(p)[p]°
rio = p (P* + V(0" +2p” —p* = DIp] ® [p] + (p° — p* — 1)(T1(p*) ® [p] + [P] ® T1(p"))
- Ti(p*) @ T1(p°) — P*(T(p)* @ [p] + [P] ® T(p)*))[p]" ® [p]*

T11 = 0,

ri2 = p*'[p]° ® [p)°,
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As for the coefficients of S(X), one has

541

S(X)=1—(T(p) @ T(p)X +---+ (p°[p] ® [P])*X'° € Loz ® L22[X],

where

s1=-T(p) ® T(p)

S3

S4

S5

=—p2p@°+1)’[p]®[p] +2p(p° +1) (T1(»”) ® [p] + [P] ® T1(p

+2pT1(p?) ® Ti(p°) — (p* +1)(T p)* ® [p] + [p] ® T(p)*)
—(T(p)* ® T1(p*) + T1(p*) ® T(p)*))
=p*((2p" +4p" — 1) [p] ® [p] + (
—T1(p*) ® T1(p®) — p(T(p)* @ [p] + [P] ® T(p)*))T(p) @ T(p))
=p'((p® +12p° + 10p* +4p° + 1) [p]* ® [p)”
+2(3p" +5p" +3p" + 1) (T1(r*) ® [p] + [p] © T1(p*))[p] © [P]
+4(p" +1)° T1(p?)[p] ® T1(p”)[p]
+3p" +2p” +1) (T1(p")* @ [p)” + [p)* @ T1(p")*)
+2(p* + 1) (T1(p*) @ [p] + [Pl © T1(p*)) T1(p*) © T1 (p?)
+Tai(p")” @ T1(p*)”
—2p(p" +4p° + 1) (T(p)* @ [p] + [Pl ® T(p)*) [p] © [P]
—4p(* +1)(T(p)* @ T1(p*) + T1(p*) @ T(p)*)[p] @ [P]
—2p(T(p)*[p] ® T1(p*)* + T1(p*)* © T(p)*[p))
—4p° (T(p)*T1(p*) @ [p)* + [P)* ® T(p)*T1(p”))

+(p* +2) T(p)*[p] ® T(p)*[p]
+ (T1(p*) ® [p] + [p] ® T1(p*))T(p)* ® T(p)?
+p° (T(p)* @ [p]* + [p]* ® T(p)"))
=—p°((6p° +2p" —p* +2)[p]° @ [p]®
+ (@' =" +3)(T:(»*) ® [p] + [p] ® T1(p*))[p] © [p]
+(3p* +4) T1(p”)[p] © T1(p*) [p]
—(2p° = 1) (T1(p*)* ® [p)* + [p)* ® T1(p*)?)
+(T1(") @ [p] + [p] @ T1(p")) T1(p") ® T (p*)
—p(2p° + 1) (T(p)* @ [p] + [P] ® T(p)*)[p] @ [p]
—2p(T(p)* @ T1(p") + T1(p”) @ T(p)*)[p] @ [P]
+p(T(p)’T1(p") @ [p]” + [p]* ® T(p)*T1(p"))
+ T(p)*[p] ® T(p)*[p))T(p) ® T(p))

“)

2p” —1) (T1(p*) ® [p] + [p] © T1(p*))
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se = —p°(2p° (p° +6p° + 11p* +8p* +2) [p)° ® [p]*
+2p° (5p" +12p° +6) T1(p") [p]* ® T1(p”)[p)
+(3p" +10p” — 1) T(p)*[p]* ® T(p)*[p)* — T(p)*T1(p”)[p] ® T(p)*T1(p*)[p]
+2p (3p° + 11p* + 12p2 +4) (T1(p”) ® [p] + [P) ® T1(p")) [P)* @ [p)°
+6p (0” +1)* (T1(»")* @ [p]” + [p]* @ T1(»*)*)[P] ® [p]
+6p° (p” +1) (T1(p*) @ [p] + [P] ® T1(p*)) T1(p°)[p] ® T1(p*)[p]
+2p° (p* + 1) (T1(p*)° @ [p]® + [p]° ® T1(p*)°)
+2p° (T1(p*)* @ [p) + [p)° @ T1(p*)*) T1 (p*) ® T1(p%)
—p(5p° +13p" +10p” + 2) (T(p)* ® [p] + [p] © T(p)*)[p)* @ [p]*
—p(Tp" +12p° +4) (T(p)> @ T1(p%) + T1(p°) ® T(p)*)[p)* @ [p]*
—3p(p° + 1) (T(p)’[p] ® T1(p*)* + T1(p*)* ® T(p)*[p])[p] ® [P]
—p(T(p)*[p)* ® T1(p*)* + T1(p*)’ ® T(p)*[p]*)
—2p(3p" +4p* +1) (T(p)*T1(p*) @ [p]* + [p]* ® T(p)*T:1(p*))[p] © [p]
—2p(3p* +1) (T(p)? @ [p] + [P ® T(p)*)T1(p*)[p] © T1(p*)[p]
—p(p* + 1) (T(p)’T1(p*)* @ [p)” + [p]” ® T(p)*T1(p*)*)
—p(T(p)*T1(p*) ® [p]* + [p]* ® T(p)*T1(p*))T1(p°) ® T1(p?)
+(5p° — 1) (T1(p”) ® [p] + [p] ® T1(p*)) T(p)*[p] ® T(p)*[p]
+2p° (0° + 1) (T(p)* @ [p)* + [p]* @ T(p)")[p] ® [p]
+2p° (T(p)* @ T1(p*)[p] + T1(p*)[p] ® T(p)") [P] © [p]
p(T(p)* ® T(p)*[p] + T(p)*[p] ® T(p)") [p] ® [P))
st=p" (p(5p° — 2p" +2) T(p)[p]’ ® T(p)[p]’
+8pT(p)T1(p*)[p)* ® T(p)T1(p*)[p)?
+pT(p)’[p]° ® T(p)’[p)
—p(" = 3)(T:(»*) @ [p] + [p] ® T1(p")) T(p)[p)* ® T(p)[p)*
—p(T1(p")* @ [p)* + [p)* @ T1(p*)*)T(p)[p] ® T(p)[p]
+2p(T1(p*) @ [p] + [Pl © T1(p*)) T(p)T1(p*) [p]
—p(T1(p*)’ ® [p]” + [p)° ® T1(p*)*) T(p) ® T(p)
- (3p" = 30" +2) (T(p)* @ [p] + [P] © T(
+ (0" = 3) (T(p)* @ T1(p") + T1(p*) ®
— (T(p)*[p) ® T1(p*)* + T1(p*)* @ T(p)*[p)) T (p)[p] © T(p)[p]
+(2p° — 1) (T(p)*T1(p*) @ [p)* + [P)* ® T(p)*T1(p*)) T (p)[p] ® T(p)[p]
— (T(p)* ® [p] + [P] © T(p)*) T(p)T1(p*)[p] ® T(p)T1(p")[p])



Rankin’s lemma of higher genus and explicit formulas for Hecke operators 543

=p"(2p° (2p° +4p° + 14p* + 12p° + 3) [p]* ® [P 14

+4p° (0° + 7p" +9p° +3) (T1(p°) ® [P + [P] © T1(»*)) [p)° ® [p)®
+16p% (p° + 1)* T1(p) [P’ ® T2 (p*)[p)

+2p° (3p* +10p” +5) (T1(p*)* ® [p]* + [p]* @ T1(p°)*) [p)* @ [p)?
+8p° (p” + 1) (T1(p*) @ [p] + [P] ® T1(p*)) T1(p*)[p]* ® T1(p*)[p)?
+4p* T1(p*)*[p)* ® T1(p*)*[p)?

+4p” (0 +1) (T1(p*)° @ [p]” + [p]° ® T1(p*)°) [P © [p]

+p* (T1(p*)* @ [p* + [p]* ® T1(p*)")
—4p(2p° +3p" +4p* + 1) (T(p)* @ [p

2 1+ [p] ® T(p)*)[p)* @ [p]*
P’ +1)* (T(p)? ® T1(p?) + T1(p%)

(

»* T(p)*)[p]’ ® [p)’
—4p(p*+1) (T(p)’[p] ® T1(p*)* + T1(p*)* @ T(p)*[p)) [p]*
—4p(p' +4p" +1) (T(p)*T1(p*) @ [p)* + [p)* ® T(p)*T

(

(

®+

—8p
2

® [p]

[

1(p*)[p)* ® [p)?
—8p(p* +1)(T(p)* @ [p] + [p] ® T(p)*) T1(p*)[p]* ® T1(p*)[p)*
—4p(T(p)* ®T1( *) + T1(p%) ® T(p)*)T1(p”)[p)* ® T1(p”)[p]
—4p° (T(p)*T1(p*)* @ [PI” + [P]° ® T(p)*T1(»*)*) + [P @ [P]
+2(5p" +2p% +2) T(p)*[p]’ ® T(p)*[p]’
+2(p” +2) (T1(p”) ® [p] + [p] ® T1(p*)) T(p)*[p]* ® T(p)°[p]?
+2T(p)’T1(p*)[p)* @ T(p)*T1(p”)[p)?
+(T:(p")* ® [p)* + [p)” @ T1(p*)*) T (p)*[p] © T(p)*[p]
+@3p'+2p° + 1) (T(p)' ® [p]° + [p)* ® T(p)")[p)* ® [p]”
+2(p*+1) (T(p)* @ T1(p”)[p] + T1(p°)[p] ® T(p)*) [p)° ® [p)°
+(T(p)* ® T1(p*)* + T1(p*)* @ T(p)*) [p)* ® [P)?
—2p(T(p)* ® [p] + [p] © T(p)*)T(p)*[p]* © T(p)*[p]*)

2

Then we find the remaining coeflicients sg, - - , s16, using an easy functional
equation (similar to [An87], p.164, (3.3.79)):

si6—i = (P°[P] @ [P])®**s; (i=0,---,8).

To conclude with, we give the Newton polygons of R(X) and S(X) with
respect to powers of p and X (see Figure 1). It follows from our comutation
that all slopes are integral. We hope that these polygons could help to find
some geometric objects attached to the polynomials R(X) and S(X), in the
spirit of a recent work of C.Faber and G.Van Der Geer, [FVAG].
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Fig. 1. Newton polygons of R(X) and S(X) with respect to powers of p and X,
of heights 34 and 48, resp.
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