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Summary. We show that a nondegenerate unitary solution r(u, v) of the associative
Yang-Baxter equation (AYBE) for Mat(N,C) (see [7]) with the Laurent series at
u = 0 of the form r(u,v) = 221 4 ro(v) + ... satisfies the quantum Yang-Baxter
equation, provided the projection of 79(v) to sly ® sly has a period. We classify all
such solutions of the AYBE extending the work of Schedler [8]. We also characterize
solutions coming from triple Massey products in the derived category of coherent
sheaves on cycles of projective lines.

Introduction

This paper is concerned with solutions of the associative Yang-Baxter equation
(AYBE)

2 (=’ 0)r!3 (utad v ) =2 (utu’ o )2 (u, v) Fr (u, v+ )23 (Wl o) = 0,
1)
where r(u,v) is a meromorphic function of two complex variables (u,v) in a
neighborhood of (0,0) taking values in A ® A, where A = Mat(N,C) is the
matrix algebra. Here we use the notation r'2 = r® 1 € A ® A ® A, etc.
We will refer to a solution of (1) as an associative r-matriz. This equation
was introduced in the above form in [7] in connection with triple Massey
products for simple vector bundles on elliptic curves and their degenerations.
It is usually coupled with the unitarity condition
7‘21(—u, —'U) = —r(u, U). (2)

Note that the constant version of (1) was independently introduced in [1]
in connection with the notion of infinitesimal bialgebra (where A can be any
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associative algebra). The AYBE is closely related to the classical Yang-Baxter
equation (CYBE) with spectral parameter

[F12(0), (0 + )] = P, 2 )] + PP+ 0,20 =0 (3)

for the Lie algebra sly (so r(v) takes values in sly ® sly) and also with the
quantum Yang-Baxter equation (QYBE) with spectral parameter

R12(v)R13(v 4 v’)R23(v’) _ R23(U/)R13(,U + U/)R12('l}), (4)

where R(v) takes values in A® A. In the seminal work [3] Belavin and Drinfeld
made a thorough study of the CYBE for simple Lie algebras. In particular,
they showed that all nondegenerate solutions are equivalent to either elliptic,
trigonometric, or rational solutions, and gave a complete classification in the
elliptic and trigonometric cases. In the present paper we extend some of their
results and techniques to the AYBE. In addition, we show that often solutions
of the AYBE are automatically solutions of the QYBE (for fixed u).

We will be mostly studying unitary solutions of the AYBE (i.e., solutions
of (1) and (2)) that have the Laurent expansion at u = 0 of the form

r(u,v) = 132 +ro(v) +ury(v) +... (5)

It is easy to see that in this case r¢(v) is a solution of the CYBE. Hence,
denoting by pr : Mat(N,C) — sly the projection along C - 1 we obtain that
To(v) = (pr®pr)ro(v) is a solution of the CYBE for sly. We prove that if
r(u,v) is nondegenerate (i.e., the tensor r(u,v) € A ® A is nondegenerate for
generic (u,v)) then so is Tp. Thus, Ty falls within Belavin-Drinfeld classifica-
tion. Furthermore, we show that if 7y is either elliptic or trigonometric then
r(u,v) is uniquely determined by 7 up to certain natural transformations. The
natural question raised in [7] is which solutions of the CYBE for sly extend
to unitary solutions of the AYBE of the form (5). In [7] we showed that this is
the case for all elliptic solutions and gave some examples with trigonometric
solutions. In [8] Schedler studied further this question for trigonometric solu-
tions of the CYBE of the form rq(v) = T"l"iueﬁzl , where r is a constant solution
of the CYBE. He discovered that not all trigonometric solutions of the CYBE
can be extended to solutions of the AYBE, and found a nice combinatorial
structure that governs the situation (called associative BD triples). In this
paper we complete the picture by giving the answer to the above question for
arbitrary trigonometric solutions of the CYBE (see Theorem 0.2 below). We
will also prove that every nondegenerate unitary solution r(u,v) of the AYBE
with the Laurent expansion at u = 0 of the form (5) satisfies the QYBE with
spectral parameter for fixed u, provided 7o(v) either has a period (i.e., it is
either elliptic or trigonometric) or has no infinitesimal symmetries (see Theo-
rem 1.5). Thus, our work on extending trigonometric classical r-matrices (with
spectral parameter) to solutions of the AYBE leads to explicit formulas for
the corresponding quantum r-matrices. The connection with the QYBE was
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noticed before for elliptic solutions constructed in [7] (because they are given
essentially by Belavin’s elliptic R-matrix) and also for those trigonometric
solutions that are constructed in [8].

An important input for our study of trigonometric solutions of the AYBE
is the geometric picture with Massey products developed in [7] that involves
considering simple vector bundles on elliptic curves and their rational degen-
erations. In loc. cit. we constructed all elliptic solutions in this way and some
trigonometric solutions coming from simple vector bundles on the union of
two projective lines glued at two points. In this paper we consider the case
of bundles on a cycle of projective lines of arbitrary length. We compute ex-
plicitly corresponding solutions of the AYBE. Then we notice that similar
formula make sense in a more general context and prove this by a direct cal-
culation. The completeness of the obtained list of trigonometric solutions is
then checked by combining the arguments of [8] with those of [3] (modified
appropriately for the case of the AYBE). It is interesting that contrary to
the initial expectation expressed in [7] not all trigonometric solutions of the
AYBE can be obtained from the triple Massey products on cycles of projec-
tive lines (see Theorem 5.5). This makes us wonder whether there is some
generalization of our geometric setup.

Another question that seems to be worth pursuing is the connection be-
tween the combinatorics of simple vector bundles on a cycle of projective lines
X and the Belavin-Drinfeld combinatorics. Namely, the discrete type of a vec-
tor bundle on X is described by the splitting type on each component of X.
As was observed in [4], Theorem 5.3, simplicity of a vector bundle corresponds
to a certain combinatorial condition on these splitting types (see also Lemma
3.1). In this paper we show that this condition allows to associate with such
a splitting type a Belavin-Drinfeld triple (or rather an enhanced combinato-
rial data described below). It seems that this connection might provide an
additional insight on the problem of classifying discrete types of simple vector
bundles on X.

In [6] Mudrov constructs solutions of the QYBE from certain algebraic
data that should be viewed as associative analogues of Manin triples. Else-
where we will show how solutions of the AYBE give rise to such data and
will study the corresponding associative algebras that are related to both the
classical and quantum side of the story.

Now let us present the combinatorial data on which our trigonometric
solutions of the AYBE depend (generalizing Belavin-Drinfeld triples with as-
sociative structure considered in [8]). Let S be a finite set. To equip S with a
cyclic order is the same as to fix a transitive cyclic permutation Cy : S — S.
We denote by I'c, := {(s,Co(s)) | s € S} the graph of Cy.

Definition 0.1. An associative BD-structure on a finite set S is given by a
pair of transitive cyclic permutations Co,C : S — S and a pair of proper
subsets I',Iy C I'c,, such that (C x C)(I1) = I, where (C x C)(i,i') =
(C(5),C(i").
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We can identify I'c, with the set of vertices I' of the affine Dynkin dia-
gram Ay_1, where N = |S| (preserving the cyclic order). Then we get from
the above structure a Belavin-Drinfeld triple (17, I3, 7) for An_1, where the
bijection 7 : I'y — I is induced by C' x C'. It is clear that 7 preserves the in-
ner product. The nilpotency condition on 7 is satisfied automatically. Indeed,
choose (s1,Co(s1)) € I's\I:. Then for every (s, Co(s)) € I'1 there exists k > 1
with CF(s) = s1, so that (C x O)*(s,Cy(s)) & I1.

We extend the bijection 7 to a bijection 7 : P, — P, induced by C x C,
where

P, ={(s,Ck(5)) | (5,C0(5)) € T, (Co(s),C2(s)) € T},...,(CE(s),Cl(s)) e I}, 1 =1,2.

For a finite set S let us denote by Ag the algebra of endomorphisms of
the C-vector space with the basis (e;);ecs, so that Ag ~ Mat(N,C), where

= |S|. We denote by e;; € Ag the endomorphism defined by e;;(ex) = d;xe€;.
We denote by h C Ag the subalgebra of diagonal matrices (i.e., the span of
(eii)ies). Now we can formulate our result about trigonometric solutions of
the AYBE.

Theorem 0.2. (i) Let (Cy,C, I, I3) be an associative BD-structure on a fi-
nite set S. Consider the As ® Ag-valued function

1 ku
r(u7 ’U) 1 — exp Z €ii ® 6“ (u) 1 Z exp(ﬁ)eck(i)@k(i) ® eii+
0<k<N,i
1 muv
=1, 2 Py S
0<m<N,j=Cy* (i)
ku + mo ku + mv
Z [exp(—T)eﬁ ® e — eXP(T)ei’j’ ® €jil;

0<m<N,k>1;j=Cg" (4),7% (4,5)=(i',j")

where 1,4, 7,7 denote elements of S, and the summation in the last sum is
taken only over those (i,j) for which T is defined on (i,j). Then r(u,v)
satisfies (1) and (2). Furthermore, let us set

v

R(u,v) = (lexp(3) — exp(~ )] + [exp(3) — exp(—2)] 1) -rla,0). ()

Then R(u,v) satisfies the QYBE with spectral parameter (4) (for fized u) and
the unitarity condition

R(u,v)R** (u, —v) =1®1. (7)

(ii) Assume that N > 1. Then every nondegenerate unitary solution of the
AYBE for A = Mat(N,C) with the Laurent expansion at uw = 0 of the form
(5), where To(v) is a trigonometric solution of the CYBE for sly, is equal to

cexp(Auv) exp[u(l ® a) + v(b @ 1)]r(cu, ¢'v) exp[—u(a ® 1) — v(b ® 1)],
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where r(u,v) is obtained from one of the solutions from (i) by applying an
algebra isomorphism Ag ~ A, A, ¢ and ¢’ are constants (c # 0, ¢ #0), and
a,b € b are infinitesimal symmetries of r(u,v), i.e.,

[e®l+1®@a,r(u,v)=0b®1+1®b,r(u,v)] =0.

Note that the complete list of scalar unitary solutions of the AYBE was
obtained in Theorem 5 of [7]. The solution obtained from Theorem 0.2(i) in
the case N =1 coincides with the basic trigonometric solution from that list
(up to changing v to —v).

We will also deduce the following result about solutions of the AYBE not
depending on the variable w.

Theorem 0.3. Assume that N > 1. Let r(v) be a nondegenerate unitary so-
lution of the AYBE for A = Mat(N, C) not depending on the variable u. Then

c-1®1

=7 1+1
r()=Tw)+bR1+1®b+ No

where T(v) is equivalent to a rational nondegenerate solution of the CYBE for
sly, b € sly is an infinitesimal symmetry of 7(v), ¢ € C*. Also,

R(u,v) = (1 + %)_1 (1 + ur(v))

is a unitary solution of the QYBE with spectral parameter for fized u (hence,
the same is true for 2r(v) = lim, o R(u,v)).

The case of nondegenerate unitary solutions of the AYBE not depending on
v turns out to be much easier — in this case we get a complete list of solutions
(see Proposition 1.1). Note that there are no constant nondegenerate solutions
of the AYBE for A = Mat(N, C) (unitary or not), as follows from Proposition
2.9 of [2].

The paper is organized as follows. In section 1 we discuss nondegeneracy
conditions for solutions of the AYBE and show how to deduce the QYBE
in Theorem 1.5. After recalling in section 2 the geometric setup leading to
solutions of the AYBE, we calculate these solutions associated with simple
vector bundles on cycles of projective lines in sections 3 and 4 (the result
is given by formulas (32), (33)). Then in section 5 we consider associative
BD-structures on completely ordered sets and classify such structures coming
from simple vector bundles on cycles of projective lines (see Theorem 5.5).
In section 6 we prove the first part of Theorem 0.2. In section 7 we establish
a meromorphic continuation in v for a class of solutions of the AYBE and
derive some additional information about these solutions. Finally, in section
8 we prove the second part of Theorem 0.2 and Theorem 0.3.
Acknowledgment. I am grateful to Pavel Etingof for the crucial help with
organizing my initial computations into a nice combinatorial pattern. I also
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1 The AYBE and the QYBE

Recall that we denote A = Mat(N,C). Let r(u,v) be a meromorphic A ® A-
function in a neighborhood of (0,0). We say that r(u,v) is nondegenerate if
the tensor r(u,v) is nondegenerate for generic (u,v).

We start by collecting some facts about nondegenerate unitary solutions
of the AYBE. First, let us consider the case when r(u, v) does not depend on
v. Then the AYBE reduces to

2 (=) B (w4 ') — 23 (u 4w )t () + B (w)r®B (W) = 0, (8)

and the unitarity condition becomes r?!(—u) = —r(u).
Let us set P = Z e ® eji.

Proposition 1.1. All nondegenerate unitary solutions of (8) have form

r(u) = (¢a(cu) ®id)(P),

where ¢ € C*, a € sly, ¢.(u) € End(A) is the linear operator on A defined
from the equation

uga(u)(X) + [a, ¢a(u)(X)] = X.

Proof. Let us write r(u, v) in the form r(u) = (¢(u) ®id)(e), where e € A*® A
is the canonical element, ¢(u) : A* — A is an operator, nondegenerate for
generic u. Now set B(u)(X,Y) = (X, ¢(u)"1(Y)) for X,Y € A. It is easy to
see that the equation (8) together with the unitarity condition are equivalent
to the following equations on B(u):

B(—u)(XY,Z)+ B(-u)(YZ,X)+ B(u+4)(ZX,Y) =0, (9)
B(u)(X,Y)+ B(—u)(Y,X) = 0. (10)
Substituting Z = 1 in the first equation we find
B(—u)(XY,1) + (B(u+ ') — B(u))(X,Y) =0, ie.,

B(u+u)(X,Y) =¢(u)(XY) + B(u)(X,Y),

where £(u)(X) = —B(—u)(X,1). Exchanging u and u’ we get that C(X,Y)
B(u)(X,Y) — &(u)(XY) does not depend on wu. Substituting B(u)(X,Y) =
E(u)(XY) + C(X,Y) into the previous equation we get
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E(u+u') =E(u) +&(u),

hence, £(u) = u-¢ for some £ € A*. Now substituting B(u)(X,Y) = v-{(XY)+
C(X,Y) into (10) we derive that £(XY) = (Y X) and C is skew-symmetric.
Therefore, £ = ¢ - tr. Finally, equation (9) reduces to the equation

C(XY,Z)+C(YZ,X)+C(ZX,Y) =0.

Together with the skew-symmetry of C' this implies that C(X,1) = C(1,X) =
0 and the restriction of C' to sly xsly is a 2-cocycle. Hence, C(X,Y) =
(XY — YX) for some linear functional ! on sly. Conversely, for C of this
form the above equation is satisfied. Thus, all solutions of (9) and (10) are
given by

Bu)(X,Y) =cutr(X,Y)+ (XY - YX),

where ¢ € C* and [ is a linear functional on sly. Let us identify A with A*
using the metric tr(XY'). Then we can view ¢(u) as an operator from A to
A such that B(u)(X,Y) = tr(X¢(u)~1(Y)). Representing the functional [ in
the form [(X) = — tr(Xa) we obtain the formula

o(u)"HY) = cuY + [a,Y].

O

Remark 1.2. Tt is easy to see that ¢, (u) (and hence the corresponding asso-
clative r-matrix) always has a pole at « = 0 with order equal to the maximal
k such that there exists X € A with ad”(a)(X) = 0 and ad* ™" (a)(X) # 0. In-
deed, ¢, (u) cannot be regular at « = 0 since this would give [a, ¢, (0)(1)] = 1.

Let y y
o (u) = =k ufkkjl + ...

uk

be the Laurent expansion of ¢,(u). Then we have
Vi1 +ad(a)oth; =0

for ¢ # 0 and
-1+ ad(a) oy =id.

Decomposing End(A) into generalized eigenspaces of the operator ¢ — ad(a)o
1 we see that ¢_1 is the component of id € End(A) corresponding to the zero
eigenvalue. This immediately implies our claim. For example, if a is semisimple
then ¢, (u) has a simple pole at u = 0. More precisely, taking diagonal matrix
a= Zl a;e;; we get the associative r-matrix

1
T(u) = Z P — Fp— €ij & €j;-

)
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The proofs of the next two results are parallel to those of Propositions 2.2
and 2.1 in [3], respectively.

Lemma 1.3. Let r(u,v) be a nondegenerate unitary solution of the AYBE.
Assume that r(u,v) does not have a pole at v = 0. Then r(u,0) is still non-
degenerate, and hence has the form described in Proposition 1.1.

Proof. Let us fix vg such that r(u,v) does not have a pole at v = vy and
r(u,vp) is nondegenerate for generic u. Then we can define a meromorphic
function ¢(u,v) with values in End¢(A) by the condition

(¢(’U/7 ’U) ® ld) (T(ua UQ)) = r(u, U)'
We claim that this function satisfies the identity
P(u+ ', v)(XY) = ¢(u, v)(X)d(u',v)(Y), (11)

where X,Y € A. Indeed, since r(u,v) does not have a pole at v = 0, substi-
tuting v’ = 0 in (1) we get

2 (=, 0)rB(u -+, v) = v (u o, 0)r 2 (u,v) — 3 (u,0)r?3 (W, 0).

Note that the right-hand side is obtained by applying ¢(u,v) ® id ® id to the
right-hand side for v = vy. Applying the above equation for v = vy we deduce
that it is equal to

((u,v) ®id @id)(r'2 (=, vo) 3 (u + u’, vp)).
On the other hand, the left-hand side can be rewritten as
[(p(—u/,v) @id)r(—u,v0)] 2 [(p(u + v/, v) @ id)r(u+ u', v)]*.

Thus, if we write r(u,v9) = > K*(u) ® €4, where e, is a basis of A, then we
derive

$(—u',0) (K (~u))p(u+u',0) (K7 (u + ) = ¢(u, v) (K (~u) K (u+ 1))

By nondegeneracy of r(u, vg) this implies (11). Taking Y = 1 in this equation
we obtain

$(u+u',v)(X) = p(u, v)(X)p(u',v)(1). (12)

Similarly, we deduce that
p(u+u',v)(Y) = ¢(u',v)(1)¢(u, v)(Y).

Comparing these equation we see that ¢(u',v)(1) commutes with ¢(u,v)(X
for any X € A. Using nondegeneracy of r(u,v) we derive that ¢(u,v)(1) =
f(u,v) - 1 for some scalar meromorphic function f(u,v). Furthermore, we
should have
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f(u + ul7v) = f(u,v)f(u’,v),

which implies that f(u,v) = exp(g(v)u) for some function g(v) holomorphic
near v = 0. Next, from (12) we obtain that exp(—g(v)u)¢(u,v) does not de-
pend on w. Thus, all solutions of (12) have form ¢(u,v) = exp(g(v)u)i(v),
where for every v ¢ (v) is an algebra automorphism of A or zero. By our as-
sumption ¢(u, v) does not have a pole at v = 0. Therefore, ¥ (v) is holomorphic
near v = 0. Now we use the fact that every algebra automorphism of A is in-
ner, and hence has determinant equal to 1 (it is enough to check this for the
conjugation with a diagonalizable matrix). Since, 1)(vg) = id this implies that
det1p(v) = 1 identically. Therefore, det 1)(0) = 1 and ¢(u,0) is invertible. O

Lemma 1.4. Let r(u,v) be a nondegenerate unitary solution of the AYBE.
Assume that r(u,v) has a pole at v = 0. Then this pole is simple and
lim, o vr(u,v) = cP for some nonzero constant c.

Proof. Let r(u,v) = % + 7:’,53)1 + ... be the Laurent expansion of 7(u, v) near
v = 0. Considering the polar parts as v" — 0 (resp., v — 0) in (1) we get

—0% (u 4+ u' )2 (u, v) + 73 (u, v)023 (u') = 0, (13)
012 (—u" )3 (u 4+, 0") — 3 (u+ o', v)02 (u) = 0. (14)

Let V' C A be the minimal subspace such that 8(u) € V @ A (for all u where
0(u) is defined). Then we have 7'3(u,v)0?3(u’) € A®V @ A. Hence, from (13)
we get 023 (u+u')rt2(u,v) € A®V ® A. This implies that 712 (u,v) € A® Ay,
where

Ai={aec A : (a®1)0(u) e V® A for all u}.

By nondegeneracy we get Ay = A, hence AV C V. Similarly, using (14) we
derive that VA C V. Thus, V is a nonzero two-sided ideal in A, so we have
V = A. Now let us prove that the order of pole k cannot be greater that 1.
Indeed, assuming that k& > 1 and considering the coefficient with v!=* in the
expansion of (1) near v =0 we get

13

nlz(—u’)rl?’(u +ul’vl) . r23(u +u/7fvl)7]12(u) + 912(716/)57"

/ /
=0.
—(ut o, v)

Now looking at polar parts at v/ = 0 we get 0'2(—u")0'3(u + v/) = 0 which
contradicts to the equality V = A established above. Therefore, k = 1. Now
let us look at (13) again. Let us fix u and consider the subspace

Aw)y={rz €A : fu+u)(z®1)=(1®z)0(u) for all u'}.

Then from (13) we get that r(u,v) € A® A(u). By nondegeneracy this implies
that A(u) = A for generic u, so we get an identity

O(u+tu)(z®1) = (1@ 2)0(u)
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for all z € A. Taking © = 1 we see that 6(u) = 6 is constant. Finally, any
tensor § € A ® A with the property 8(x ® 1) = (1 ® x)6 is proportional to
P. a

Recall that if r(u, v) is a solution of the AYBE with the Laurent expansion
at u = 0 of the form (5) then ro(v) is a unitary solution of the CYBE (see
proof of Lemma 1.2 in [7], or Lemma 2.9 of [8]). The same is true for 7(v) =
(pr@pr)(ro(v)) € sly ®@sly. We will show below that the nondegeneracy of
r(u,v) implies that To(v) is also nondegenerate, hence it is either elliptic,
trigonometric, or rational. The first two cases are distinguished from the third
by the condition that 7p(v) is periodic with respect to v — v + p for some
p e C*.

Recall that by an infinitesimal symmetry of an A® A-valued function f(x)
we mean an element a € A such that [a ® 1 +1®q, f(z)] = 0 for all z.

Theorem 1.5. Let r(u,v) be a nondegenerate unitary solution of the AYBE
with the Laurent expansion at v = 0 of the form (5), and let To(v) =
(pr®@pr)(ro(v)). Then

(i) To(v) is a nondegenerate unitary solution of the CYBE.

(ii) The following conditions are equivalent:

(a) r(u,v) satisfies the QYBE (4) in v (for fized u);

(b) the product r(u,v)r(—u,v) is a scalar multiple of 1 ® 1;

(¢) 2 (ro(v) = To(v)) is a scalar multiple of 1 ® 1.

(d) (pr @ pr @ pr) P2 ()78 (0 + o) — 733 ()72 (0) + 78 (0 + )72 (0))] = 0.
(iii) The equivalent conditions in (ii) hold when To(v) either admits a period
or has no infinitesimal symmetries in sly.

Remarks 1.6. 1. In fact, our proof shows that equivalent conditions in (ii)
hold under the weaker assumption that the system

[Fo(v),a' + a2] = [ﬁ(v),b1 +b%+ va'l = [b,a] = 0

on a,b € sly implies that a = 0.
2. Note that the implication (b) = (a) in part (ii) of the theorem holds for
any unitary solution of the AYBE (as follows easily from Lemma 1.8 below).
It is plausible that one can check condition (b) in other situations than those
considered in the above theorem. For example, we have nondegenerate unitary
solutions of the AYBE of the form
w P

r(u,v) = o + =
where n > 1, w € A ® A satisfies w'?w!? = 0 and w?!' = (—1)""lw. It is
easy to see that these solutions satisfy r(u,v)r(—u,v) = 1®1/v?, so they also
satisfy the QYBE. On the other hand, the solutions of the AYBE constructed
in Proposition 1.1 do not satisfy the QYBE in general.
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Lemma 1.7. Assume that N > 1. Let r(u,v) be a nondegenerate unitary
solution of the AYBE with the Laurent expansion at u = 0 of the form (5).
Then r(u,v) has a simple pole at v =0 with the residue ¢ - P, where ¢ € C*.

Proof. By Lemma 1.4 we only have to rule out the possibility that r(u, v) has
no pole at v = 0. Assume this is the case. Then r(u,0) is the solution of (8)
that has a simple pole at u = 0 with the residue 1 ® 1. Let ¢(u) : A — A
be the linear operator such that r(u,0) = (¢(u) ® id)(P). Then ¢(u) has the
Laurent expansion at © = 0 of the form

tr(X) -1

Bu)(X) = T 4 p(X) 4

for some operator ¢ : A — A. By Proposition 1.1 we have
cud(u)(X) + [a, p(u)(X)] = X

for some ¢ € C* and a € sly. Considering the constant terms of the expansions
at u =0 we get
ctr(X) -1+ [a, (X)) = X.

It follows that [a,¥(X)] = X for all X € sly. Hence, the operator pr|q, :
sly — sly is invertible. Taking in the above equality X € sly such that
pr(X) = a we derive that a = 0 which leads to a contradiction. O

The next two lemmas constitute the core of the proof of Theorem 1.5.

Lemma 1.8. For a triple of variables ui,us,us (resp., v1,v2,v3) set u;; =
u; — uy; (resp., vij = v; —v;). Then for every unitary solution of the AYBE
one has

7”12(1112,1112)7”13(1123,013)7”23(1!12,@23) - 7‘23(U237U23)7’13(U127U13)7’12(U237012) =
}(urz, v13) — r'?(uiz, v13) 8% (ua1, vo3) =
) o 812

(U127 012)7’13(’&13, 013)7

573 (ug3, vag)1

7’13(”&13, 013)512(1@2, V12

where s(u,v) = r(u,v)r(—u,v).

Proof. In the following proof we will use the short-hand notation r%(u) for
7% (u,v;;). The AYBE can be rewritten as
2 (u12) 73 (ua3) — 722 (o3 )7 (ur3) 4 3 (u13)r? (ug1) = 0. (15)

On the other hand, switching indices 1 and 2 and using the unitarity condition
we obtain
7’23(U23)T13(U12) — T12(U12)T23(U13) + TIB(U13)T12(U32) =0. (16)

Multiplying (16) with r2(ug3) on the right we get
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7‘23(U23)T13(U12)7‘12(UQ3) — 7‘12(u12)7“23(u13)7“12(uQ3) + TlB(U13)512(U32) = 0

On the other hand, switching u; and ug in (15) and multiplying the obtained
equation with 712(u12) on the left we obtain

$12 (u12)r"3 (ur3) — 12 (u12)r? (u13)r 2 (ugs) + 112 (u12)r'3 (ugs)r?3 (u1) = 0.
Taking the difference between these cubic equations gives

23(

r u23)7"13(u12)7“12(u23)—7“12(ulg)rlg(ugg)r23(u12) = 812(U12)T13(U13)—T13(U13)812(U32).

The other half of the required equation is obtained by switching the indices 1

and 3 and using the unitarity condition. O

Lemma 1.9. Let r(u,v) be a unitary solution of the AYBE with the Laurent
expansion (5) at u = 0. Assume also that r(u,v) has a simple pole at v =0
with the residue cP. Then one has

s(u,v) =r(u,v)r(—u,v) =a®@1l+1®a+ (f(u) +gv)) - 1®1

with
o) = < rom @)
) = e 20
a = prp( 200,

ou

where 1 : A® A — A denotes the product. Furthermore, a € sly is an
infinitesimal symmetry of r(u,v), and if we write

ro(v) =To(v) + a(v) @1 — 1@ a(—v) + h(v) - 1® 1,

where To(v) € sly ®sly and a(v) € sly, then

v

a(v) = a(0) — A

Proof. Let us write r(u,v) = % + 7(u, v), where 7(u, v) does not have a pole
at v = 0. Then we can rewrite the AYBE as follows (where v;; = v; — v;):

rl?’(u, ’U13>’F23(—u + h,va3) = r23(h, vgg)r12(u, v12) — r12(u —h, U1g)r13(h, v13) =
7’23(h, ’Ugg)”l’lz(u, v12) — 7’12(u, vlg)rl‘g(h, v13) + [rlz(u, v12) — rlz(u — h, U12)]7"13(h, v13) =
7“23(]1, U23) — 7“23(}1, ’U13)

V12
[FlQ(u, ’1}12) - 7712<’U, — h, 1)12)]7“13(]1, Ulg).

P2 + [7“23(h, vgg)?lz(u, v12) — 72 (u, vlg)rlg(h, v13)]+
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Passing to the limit v, — v; we derive

23
r13(u, v)rz?’(fu + h,v) = fag (h, v)cP12 + [r23(h, v)?lz(u, 0) — Flz(u, 0)r13(h, v)]+
v

['7712(u, 0) — '7712(u —h, 0)]r13(h, v).

Next, we are going to apply the operator p®id: A A® A — AR A, where
w is the product on A. We use the following easy observations:

(p@id) (z3y*3) = zy, (u@id)(23y*?—y'22'?) = 0, (u@id)(z*P'?) = 1atr; (x),

where z,y € A® A, tr; =tr®id : A® A — A (the last property follows from
the identity Zij eijae;; = tr(a) - 1 for a € A). Thus, applying ¢ ® id to the
above equation we get

r(u,v)r(—u+h,v) = —c-1®tr1(%(h,v))+(u®id) ([F**(u,0) — 72 (u — h,0)]r"* (h,v)) .
Finally, taking the limit ~ — 0 we derive
d or(u,0
s(u,v) = —c- 1@ try ’"21(}“)) + u Tg; Het, (17)

where we used the equalities 9
can write s(u,v) in the form

r(0,v) _ dro(v) or(u,v) _ 9r(u,v)
5o = —qp and —5 = = == Hence, we

s(u,v) = a(u) @1+ 1@b(v) + (f(u) +g(W)1 @1,
where a(u) and b(v) take values in sly, and

dro(v)
c(;v )

b(v) = —cprtr(

The unitarity condition on r(u,v) implies that s*!(—u,—v) = s(u,v). This
immediately gives the required form of s(u,v) with some a € sly, as well as
the formulas for g(v), f(u), a and a(v). The fact that a is an infinitesimal
symmetry of 7(u, v) follows from the second equality in the identity of Lemma
1.8. O

Lemma 1.10. Let ro(v) € A® A be a unitary solution of the CYBE of the
form
ro(v) =To(v) + a(v) ® 1 = 1@ a(—v) + h(v) - 1® 1,

where To(v) € sly ®sly and a(v) € sly. Then
Folv —1'),a(v) @1+ 18 a(v')] = [a(v),a())] = 0.
In particular, if a(v) depends linearly on v, i.e., a(v) = b+ v - a, then

Fo(v),a®1+1®a] =[Fo(v),b®1+1®b+va®1l] =[ba] =0.
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Proof. Applying pr ® pr ® pr to both sides of the CYBE we see that 7 itself
satisfies the CYBE. Taking this into account the equation can be rewritten as

[Fo° (v12), @' (v13) + @ (v23)] + [ (v12), @' (v13)] + €p.(1,2,3) = 0,

where v;; = v; — v; (the omitted terms are obtained by cyclically permuting
1,2,3). Applying the operator pr ® pr ® id gives

[76% (v12), ' (v13) + a®(v23)] = 0.

Now returning to the above equality and applying pr ® id ® id we derive that
[a(v),a(v)] = 0. O

Proof of Theorem 1.5. (i) In the case N = 1 the statement is vacuous, so we
can assume that N > 1. By Lemma 1.7, ro(v) has a simple pole at v = 0
with the residue cP, where ¢ € C*. Projecting to sly we deduce that 7o(v) is
nondegenerate.

(ii) By Lemma 1.8, r(u,v) satisfies the QYBE iff

§23 (u, 1}23)T13(2U, v13) = 7“13(2117 013)523(71@ v93).

Using the formula for s(u,v) from Lemma 1.9 we see that this is equivalent
to the equality
[r(u,v),1®a] =0

which is equivalent to a = 0 by the nondegeneracy of r(u,v). Note that by
Lemma 1.9, both conditions (b) and (c) are also equivalent to the equality
a = 0. It remains to show the equivalence of (d) with this equality. To this
end we use the identity

ro? (0)rg” (v+v") =15 (V)rg? (v) 16> (00 )rg? (v)) = r1? (0) 411 (V") +1 7 (V')
(18)
deduced by substituting the Laurent expansions in the first variable into (1).
Let us denote the expression in the left-hand-side of (18) by AY BE[r¢](v,v’).
Using the relation between ro(v) and 7o(v) from Lemma 1.9 we obtain

—¢N - (pr@pr@pr) (AY BE[ro](v,v") — AY BE[ro](v,v")) =

Vgt (v)a® + 'R (W)at + (v + )T (v +v')d?,
where a' = a®1®1, etc. Note that (18) implies that (pr ® pr ® pr) AY BE[ro](v,v’) =
0. Therefore, it suffices to prove that the equation

vTp? (v)a® + VT (V)at + (v + V)T (v +v')a® =0

on a € sly implies that a = 0. Passing to the limit as v — 0 and v' — 0 we
deduce from the above equality that

(pr@propr)[P?a® + P¥a' + P%a?] = 0.
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Let a = ) a;;e;;. Looking at the coefficient with e;; ® e;; ® e;; we deduce
that a;; = 0 for 4 # j. Finally, looking at the projection to e12 ® e21 @ sly we
deduce that a;; does not depend on ¢, hence a = 0. a

(iii) It suffices to prove that under our assumptions the infinitesimal symmetry
a € sly appearing in Lemma 1.9 is equal to zero. We only have to consider
the case when 7o has a period, i.e., 7o(v + p) = Fo(v) for some p € C*. By
Lemma 1.10, it remains to check that the equation

[Fo(v),b®14+1Qb+va®1] =0
on a,b € sly implies that a = 0. From the periodicity of 7y we derive that
[Fo(v),a ® 1] = 0.

By the nondegeneracy of 7, it follows that a = 0. O

2 Solutions of the AYBE associated with simple vector
bundles on degenerations of elliptic curves

Now let us review how solutions of the AYBE arise from geometric structures
on elliptic curves and their degenerations. Let X be a nodal projective curve
over C of arithmetic genus 1 such that the dualizing sheaf on X is isomorphic
to Ox. Let us fix such an isomorphism. Recall that a vector bundle V' on X
is called simple if End(V') = C. The following result follows from Theorems 1
and 4 of [7].

Theorem 2.1. Let Vi, Va5 be a pair of simple vector bundles on X such that
Homo(Vl, Va) = Extl(Vl7 V2) = 0. Let y1, y2 be a pair of distinct smooth points
of X. Consider the tensor

T7‘4/11-,’?Y22 < Hom(vlfyl ’ V2*-,y1) ® Hom(V;yw Vl}tyz)

corresponding to the 1g)llo_q/z'ng composition
Y1 CVys

Hom(V1, Va(y1))

Hom(Vi 4, Va,y,) Hom(Vi y,, V2,4,),

where V; ,, denotes the fiber of V; at a point y € X, the map
Res, : Hom(Vi, Va(y))—= Hom(Vi , Vo y)

is obtained by taking the residue at y, and the map ev, is the evaluation at
y. Then for a triple of simple bundles (V1,Va, V3) such that each pair satisfies
the above assumptions and for a triple of distinct points (y1,y2,ys) one has

(RO — (P R + (IR =0 (19)
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in Hom(Vy', , Vo', ) @ Hom(V5', , V', ) @ Hom(V5', V", ). In addition the
following unitarity condition holds:

ViVan21 Vo V;
(Tylly;) - _Tyz2y11‘ (20)

Remark 2.2. The tensor r?‘jll;yv; in the above theorem is a certain triple
Massey product in the derived category of X, and the equation (19) follows

from the appropriate A.-axiom (see [7]).

We are going to apply the above theorem for bundles V; of the form V; =
V ® L;, where V is a fixed simple vector bundle of rank N on X and L; are
line bundles in Pic(X), the neutral component of Pic(X). Also, we let points
y; vary in a connected component Xy of X. Uniformizations of Xy N XY
and of PiCO(X ) allow to describe V;’s and y;’s by complex parameters. Thus,
using trivializations of the bundles V;*, = we can view the tensor 7";/117’73/22 in the
above theorem as a function of complex variables r(uy, ug;v1,v2) € A® A,
where A = Mat(V,C), u; describes V;, v; describes y;. Note that equation
(19) reduces to the AYBE in the case when r depends only on the differences
of variables, i.e., r(uy, ug;v1,v2) = r(u; — ug, v; — va).

A different choice of trivializations of V;* =~ would lead to the tensor
’I’”V(Ul, U2, 01, ’Ug) given by

(w1, ug;v1,v2) = (@(umU1)®<P(u17U2))T(U1,U2;U1,U2)(<P(u17U1)®90(u2,vz))_1

where p(u,v) is a function with values in GLx(C). We say that tensor func-
tions 7 and r related in this way are equivalent. Note that the condition
for functions to depend only on the differences u; — us and vy — vy is not
preserved under these equivalences in general. However, if (a,b) is a pair
of commuting infinitesimal symmetries of r(u; — ug,v; — v2) then taking
o(u,v) = exp(ua + vb) we do get a tensor function 7 that depends only on
the differences, namely,

7(u,v) = explu(l ® a) + v(b® 1)]r(u,v) exp[—u(a ® 1) — v(b® 1)]

(this kind of equivalence shows up in Theorem 0.2(ii)).

Since we are interested in trigonometric solutions, we will be using the
multiplicative variables x; = exp(u;), y; = exp(v;). The solutions of (19)
that we are going to construct in the next section will be equivalent to those
depending only on the differences u; — us, v1 — vo. It will be convenient for
us also to work with the intermediate form of the AYBE

2 (@) "y, ye)rt (zal sy, ys) — r2

(z2; y2, y3)r*2 (5 51, y2 )+ (21)
3 (x5 y1, y3)r?3 (2 y2,y3) = 0

for the tensor r(z;y1,y2) € A ® A, obtained from (19) in the case when
r(z1,22;Y1,Y2) = r(x1/22;y1,y2). The corresponding unitarity condition has
form

r?Y (@5 y1,y2) = —r(z 7 y2,00). (22)
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3 Simple vector bundles on cycles of projective lines

Let X = XoUX;U...UX,,_1 be the union of n copies of P!’s glued (transver-
sally) in a configuration of type Zn,l, so that the point co on X is identified
with the point 0 on X1 for j = 0,...,n — 1 (where we identify indices
with elements of Z/nZ). A vector bundle V' of rank N on X is given by a
collection of vector bundles V; of rank N on X; along with isomorphisms
(Vi)oo = (Vj41)o0. Since every vector bundle on P! splits into a direct sum of
line bundles, we can assume that

Vi = Op(ml) @ ... ® Op (mh)

for every j = 0,...,n — 1. Thus, the splitting types are described by the
N x n-matrix of integers (m?).

Let (20 : 21) denote the homogeneous coordinates on P!. We will use the
standard trivialization of the fiber of Opi(1) at 0 = (1 : 0) € P! (resp.,
at 0o) given by the generating section zg (resp., z1). Note that a section
s € Op1(1) is uniquely determined by its values s(0) and s(oo) (namely, s =
5(0)z0 + s(00)z1). .

Let us fix a splitting type matrix m = (m?). For every A € C* we define
the rank-N bundle V* = V*(m) on X by using standard trivializations of
V; = @ ,0(m]) at 0 and co and setting the transition isomorphisms (V;) e =

(Vi+1)o to be identical for j =0,...,n — 2, and the last transition map to be
AC7 (Voo — (Vi-1) oo

where C' is the cyclic permutation matrix: Ce; = e;_1, where we identify the
set of indices with Z/N Z. Note that in this definition only the cyclic order on
the indices {1,..., N'} is used. In particular, if we cyclically permute the rows
of the matrix (m]) (by replacing m] with m; ;) then we get the same vector
bundle.

Lemma 3.1 below provides a criterion for simplicity of V*(m). This result
is well-known (see [4], Theorem 5.3). For completeness we include the proof.
It is also known that every simple vector bundle on X is isomorphic to some
VX (m) (see loc. cit.). It will be convenient to extend the N x n-matrix (m?)
to the matrix with columns numbered by j € Z using the rule m

Jjtn _ 7
T =my_.

Lemma 3.1. The vector bundle V> (m) is simple iff the following two condi-
tions are satisfied: _
(a) the differences m] —m, fori,i’ € Z/NZ take values only {—1,0,1};

i

(b) for every i,i’ € Z/NZ, i # i, the nN-periodic infinite sequence

(m! —ml,), j€Z
18 mot identically 0, and the occurrences of 1 and —1 in it alternate.

Furthermore, if (a) and (b) hold then V1 (m) ~ V2 (m) iff (A1 /Xo)N = 1.
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Proof. First, we observe that if m — m, = 2 then there exists a nonzero
morphism Op1 (m i‘,) — Op(m iA) vanishing at 0 and oco. Viewing it as an
endomorphism of V; we obtain a non-scalar endomorphism of V. Hence, the
condition (a) is necessary. From now on let us assume that (a) is satisfied.

A morphism V' — V2 is given by a collection of morphisms A; : V; —
Vi, j=0,...,n—1, such that A;(c0) = A;41(0) for j =0,...,n —2 and

A1 _
2
We can write these maps as matrices A = (agi/)léi,i’SN’ where agl-, €

HO(P!, (’)(m —m,)). Let us allow the index j to take all integer values by using
€ HO(P',O(m] —ml,))
because of our convention on m? for j € Z. Then the equations on (4;) can
be rewritten as

@’

the rule a”, = aZ_M,_l Note that we still have a’

aly (0) = 2°Val; (00) (23)

for all 4,4’ € Z/NZ and j € Z, where x = A1 /A3, and §(j) = 1 for j = 0(n),
0(j5) =0 cherwise. Due to condition (a) we have the following possibilities
for each al:
(i) if m] < m then a”, =0;
zl, is a constant, so al;, (0) = al, (c0);
(iii) if m? > mi, then a,, is a section of O(1), so it is uniquely determined by
its values at 0 and oo, and these values can be arbitrary.

From this we can immediately derive that (b) is necessary for V* to be
simple. Indeed, if for some i # i’ we have m! = mJ for all j € Z then we

(ii) if m! = m then a

can get a solution of (23) with z = 1 by setting CLH,M.,HC =1forall jJke€Z
and letting the remaining entries to be zero. This would give a non-scalar
endomorphism of V*. Similarly, if for some i # i’ and some segment [j, k] C Z
we have

(m? —mJ,,m]-Irl mg,ﬂ,...,mf —-mk)=(1,0,...,0,1)
then we get a solution of (23) with = 1 by setting

al, =z,altt =1, a5 =16k = 2
and letting the remaining entries to be zero.

Conversely, assume (a) and (b) hold. Then one can easily derive that V?* is
simple by analyzing the system (23) (with z = 1). Indeed, let us show first that
al,, = 0 for ¢ # i'. It follows from (b) that in the case m] = mJ}, we can either
find a segment [j1,j] C Z such that m} = m, for j; < k: <j and m < mj17
or a segment [f, jo] C Z such that m¥ = mb for j < k < j2 and m < mk In
either case applying iteratively (23) we derive that al, =0 (recall that in this

J

case a}; is a constant). In the case m] > m], we can ﬁnd both segments [j1, 7]
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and [, j2] as above, so that (23) implies that al,(0) = al,,(00) = 0. Hence,

al,, = 0. The remaining part of the system (23) shows that all a{i are equal
to the same constant, i.e., V* has no non-scalar endomorphisms.

The above argument also shows that a morphism (azi,) : VM(m) —
V>*2(m) has @/, = 0 (assuming conditions (a) and (b) hold), while the re-
maining components a{i € C satisfy the equations

aJ+n J

J o .0(5),,Jd-1 _
Qi = T745 5 Ay = Q11

where z = \;/)\2. This system has a nonzero solution iff %V = 1, in which
case the solution gives an isomorphism V* (m) ~ V*2(m). O

4 Computation of the associative r-matrix arising as a
Massey product

Henceforward, we always assume that the matrix (m{ ) satisfies the conditions
of Lemma 3.1. Given a pair of parameters A;, Ao € C* and a pair of points
v,y € Xo \ {0,000} we want to describe explicitly the maps

Res,, : Hom(V*, V*2(y)) — Hom(Vy’\1 , Vy’\z),
evy : Hom(VM, V22 (y)) — Hom(VyA,l, VyA/Q)

and especially the composition ev,, o Res, ! (for generic A1, \z). We will iden-
tify the target spaces of both maps with N x N-matrices using trivializa-
tions of the relevant line bundles over y induced by the appropriate power of
20 € HY(P',O(1)). We also use the global 1-form trivializing wx that restricts
to dz/z on each P\ {oo} (where z = 21/20).

A morphism VAt — V*2(y) is given by a collection of morphisms

Ay : Vo= Wo(y), A1 Vi—= Vi, .. A1 i Vo = Vi

with same equations as before. Writing these maps as matrices we can

view Hom(V’\17V)_‘2(y)) as the space of solutions of (23), where aj;, €
HO(P', O(m! —m])) for j # 0(n) and af,, € H°(P',O(m] — m},)(y)) for
Jj =0(n).

Since the component X plays a special role, we will use a shorthand

notation m; := m% Qi = a?i/. Let us also set b;; = Resy(aii/). Recall that

for every pair i,7" € Z/NZ we have the following three possibilities.

(i) If m; < m; then we have a;; = yf“" , so that
Z1—Y=20
(771 (O) = _bii’7 Q47 (OO) = yb”/ (24)

a1 (00)z—ay; (0)y (

gy where z = z1/2g), so we get the

(ii) If m; = my then a; =
relation
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aiir(00) — a;ir(0) = byjr. (25)

(iii) If m; > my then a;y is uniquely determined by a;;(0), a;i(00) and by
Namely, one can easily check that
2(bir + air (0) — yaii (00)) — yasi (0) . zair(00)

Qi40 = * 20 *Z1.
Z—Y 2=y

Note that in the above three cases we also have the following expressions
for a;i (y'):

z/bf;/7 m; < my,
!’
aiir(y') = % + a;(0) = ;//b_; + aiir(00), my = my, (26)
’
% + a;j (0) + y/an‘/ (OO)7 m; > My,

To compute ev,s o Res, ! means to express all the entries a;; (y') in terms
of (b;7). The above formula gives such an expression in the case m; < m;; in
the case m; = m; we need to know either a;;»(0) or a;(00); and in the case
m; > m; we need to know both. Of course, in the latter two cases one has to
use equations (23). Then condition (b) of Lemma 3.1 will guarantee that we
get a closed formula for a;; (y') in terms of all the entries b;;r. To organize the
computation it is convenient to use the complete order on the set of indices
{1,..., N} given by

(x) @ < 4" if either m; < my or m; = my and the first nonzero term in the

sequence (m] —m,), 7 =0,1,..., is negative.

The fact that this is a complete order follows immediately from condition
(b) of Lemma 3.1. We will write (4¢) > 0 if ¢ < ¢/ and (¢¢/) < 0 if ¢ > 7/. We
will also use the notation —(i,4") = (¢, 14).

Let us define a partially defined operation on pairs of distinct indices in
Z/NZ by setting

(i) = (i —1,i' = 1) if (i — 1) < (i’ = 1) and m] = m?, for 0 < j < n.

Note that 7 is one-to-one. We denote by 7! the (partially defined) inverse and
by 7% the iterated maps. Condition (b) of Lemma 3.1 implies that for every
pair of distinct indices (i7’) there exists k > 0 such that 7% is not defined on
(ii").

Case 1. Assume that i < ¢/, i.e., (i¢') > 0. Then either m; < m;, or there
exists j > 0 such that mg/ = mg,/ for 0 < j/ < j and mz < mz,. In the first

case we can use formula (26). In the second case we have a?;/ = const for
0 <j" <j,j#0(n), while al,, = 0. Therefore, using (23) and (25) iteratively

we get the following expression for a;; (00):

—aii(00) = Z l’_kbrk(u")a (27)

k>1
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where the summation is only over a finite number of k’s for which 7%(i4’) is
defined. This gives the following formula

b“/ e s
aii(y') = y Zx kp crgy i (id7) >0, (28)
k>1

that works also for the case m; < m; (since in this case 7 is not defined on
ii')).

(Ca)s)e 2. Assume that i - i’y 1. €. (#') < 0. Then either m; > my, or there
exists j < 0 such that m- = m] for j < j* <0 and m! < m},. Assume first
that m; > m; . Note that in thls case there still ex1sts 7 < O Wlth the above
property, and in addition there is £ > 0 such that mi = m, for 0 < j <k
and m¥ < m% (by condition (b) of Lemma 3.1). Using equations (23) and
(25) we derwe that (27) still holds and also we have

an Zye(a‘r o boT*ka(i'L’)ﬂ (29)
k>1
where o is the transposition: o(i,7') = (i’,4), the summation is only over

those k for which 7=¥o(ii’) is defined, e(ii’) = 1 for (ii') > 0 and €(ii') = 0
otherwise. This gives

/
ai (y') = y,L+Z y T NG =y > a by if (i) < 0.
¥y-v = E>1
(30)
We observe that this formula still works in the case m; = m; (the second
summation becomes empty in this case).
Case 3. Assume that ¢ = ¢’. In this case we have relations

aii(0) = 2ait1,i+1(0) + 2bit1,i41

for all ¢ € Z/NZ. Solving this linear system for a;;(0) we get

aii(0) = (1 — 2 Z b ki

Finally, we derive

N—-1
bis + (1 —2™) 70N 2Fb ik (31)
k=0

Y

/

Y —

Qi (yl) =

Formulas (28), (30) and (31) completely determine the map ev,, OReSy )
so we can compute the associative r-matrix corresponding to the family of
simple vector bundles V* on X:
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r(a:; Y, y,) = Tconst (l‘, y/y/)+
Z [_xike—T’“(a) & eq + ye(i‘r_k(a))xke'r*k(a) KQe_q— y/xike—T’“(—a) & 6,04],
a>0,k>1

where

rconst(‘ra Z) = ﬁ Za>0 e_o®eq+ i Za>0 eq ®e_o+

- 32
Y e @en + (L—aN) T S S ey ® e (52)

In these formulas ¢ is an element of Z/NZ, and « denotes a pair of distinct
indices in Z/NZ. By a simple rearrangement of terms we can rewrite r(x; y,y’)
in the following way:

T(ZIZ; Y, y/) = 7ﬂconst(xa y/y/)+
Za>0,k21[xkea ® e_rh(a) — xike_rk(a) ® eq +yrFe_o ® €_rh(—a) — y’:c’ke_Tk(_a) ® e_ql
(33)

Recall that this is a solution of (21) with the unitarity condition (22).

Example 4.1. Assume that n > N and the only nonzero entries of (mz )

are m{v = mév_l = ... = m}\hl = 1. Then the domain of definition
of 7 is empty, so in this case we have 7(z;y,y') = Tconst(2,y/y’). Hence,

Tconst (€xp(u), exp(v)) is a solution of the AYBE.

Later we will show that r(exp(u);exp(v1),exp(vg)) is equivalent to an r-
matrix depending only on the difference v; — v2 (see Lemma 6.1), so that it
gives a solution of the AYBE.

5 Associative Belavin-Drinfeld triples associated with
simple vector bundles

The right-hand side of (33) depends only on the parameters z,y,y’ and on a
certain combinatorial structure on the set S = {1,..., N}. We are going to
show that this structure consists of an associative BD-structure as defined in
the introduction together with a compatible complete order (see below). Later
we will show that one can get rid of the dependence on a complete order by
passing to an equivalent r-matrix (see Lemma 6.1). However, for purposes of
studying splitting types of simple vector bundles on cycles of projective lines
the full combinatorial structure described below may be useful.

Definition 5.1. We say that a complete order on a set S is compatible with
the cyclic order given by a cyclic permutation Cy (or simply compatible with
Co) if Cy takes every non-mazimal element to the next element in this order.
In other words, if we identify S with the segment of integers [1, N| preserving
the complete order then Cy(i) = i + 1 (where the indices are identified with
Z/NZ). In this case we set ag = (Smax; Smin) € L0y, Where Smin (T€SP., Smax)
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is the minimal (resp., mazimal) element of S. A choice of a complete order
on S compatible with Cy is equivalent to a choice of an element oy € I,.
By an associative BD-structure on a completely ordered set S we mean an
associative BD-structure (Co, C, I, 1) on S such that the complete order is
compatible with Cy.

Note that a choice of an associative BD-structure on the completely or-
dered set [1, N] such that ag € I and g € I, is equivalent to a choice of
a Belavin-Drinfeld triple in Ay_1 equipped with an associative structure as
defined in [8].

We will need the following characterization of associative BD-structures
on completely ordered sets such that ag & I's.

Lemma 5.2. Let (S,<) be a completely ordered finite set equipped with a
transitive cyclic permutation C : S — S. Then to give an associative BD-
structure on S with ag & Iy is equivalent to giving a pair of subsets P, and
Py in the set of pairs of distinct elements of S, such that (C x C)(Py) = P
and the following properties are satisfied:

(a) For every (s,s’) € Py one has s < s'.

(b) Assume that s < s’ < §". If (s,8") € Py then (s,s'),(s',s") € P1. The
same property holds for Py. Also, if (s',s) € Py then (s',s"),(s",s) € P
(resp., if (s”,s") € Py then (s",3s),(s,8") € Pp).

The proof is left for the reader. Let us observe only that property (b)
assures that P, is determined by I, = P, N [¢,, where ¢ =1, 2.

Now let us check that in the setting of section 4 we do get a completely
ordered set with an associative BD-structure.

Lemma 5.3. Let (m ) be a N x n-matriz satisfying conditions of Lemma 3.1.
Equip the set S = {1,..., N} with the complete order < given by (x) and the
cyclic permutation C(i) =i — 1. Also, let

Py ={(ii") | ml =mi, for 0 <j <n and C(i) < C(i')}.
Then these data define an associative BD-structure with ag & Is.

Proof. We use Lemma 5.2. The only question is why property (b) holds. Let
i< =< ;

Assume first that (i,i”) € P». Then ml+1 = ml for j € 1,n —1].
Suppose there exists j € [1,n — 1] such that m? e # mz/_H Consider the
maximal such j. We have either m?, , < mz,Jrl orml, , < mi A By condition
(b) of Lemma, 3.1, the former assumption contradicts to i < ', while the latter
contradicts to 7' < i”. Hence, mj , = mj, ., =m], , for allj €[l,n—1], so
that (i,4), (i',") € Pa. . ‘

Assume that (¢,i”) € Pi. Then m] =m, for j € [1,n — 1] Furthermore,
since i < ¢ and i — 1 < i’ — 1 we should have m{ = m{, (by condition
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(b) of Lemma 3.1). Suppose there exists j € [0,n — 1] such that m! # mg,.
Consider the minimal such j We have either mg > mg, or mg, > mz/,. But the
former contradicts to i < ¢’, and the latter contradicts to i’ < i”. Therefore,
m! =ml, =ml, for all j [O n — 1], so that (i,4'), (¢/,i") € P.

Finally, assume that (i/,i) € P; (resp., (”,i’) € Py). Then m! = mJ,
(vesp., m), = m?,) for j € [1,n —1]. Also, since i’ > i and i'—1= i— 1 (resp.,
i > i and i —1 <7 — 1), we necessarily have m{ < m}, (resp., mY < m,).
Hence, m?, = m?,, (resp, m = m; Y. Suppose there ex1sts jel,n— 1] such

that m}, # mi, (vesp., m] # m;] ) Consider the minimal such j. Since i<

(resp., i < z), we have mj =mJ, < ml, (vesp., m] < m/ zm//) But this
contradicts to condition (b) of Lemma 3.1 (apphed t0 4 and i ). Therefore,
ml = mj, = mJ, for all j € [1,n — 1]. Since mY = mY, (resp., m = mY),

we have i’ —1 <" — 1 (resp., i —1 < ¢’ — 1), and hence (¢/,i") € Py (resp.,

(i,i") € Pp). Also, i —1 < i — 1 (by condition (b) of Lemma 3.1), so that
(i,4) € P,. 0

We will need below the following two operations on associative BD-
structures.

Definition 5.4. For an associative BD-structure (Coy,C,I1,13) on a finite
set S we define

(i) the opposite associative BD-structure to be (Cy',C,o(I1),0(I%)), where
o is the permutation of factors in S x S (note that o(I'¢c,) = chl);

(ii) the inverse associative BD-structure to be (Co, C~1 I, I1).

Note that under passing to the opposite associative BD-structure each set
P,, v = 1,2, gets replaced with o(P,).

Theorem 5.5. An associative BD-structure on a completely ordered finite set
S is obtained by the construction of Lemma 5.3 from some matriz (m]) (sat-
isfying conditions of Lemma 3.1) iff g & I'y and C = C§ for some k € Z
(relatively prime to N = |S]).

Proof. “Only if”. Let us denote by #; = Y7~ Olm i=1,..., N, the sums of

entries in the rows of the matrix (m?). Then we claim that for i < i’ one has

e .
ti_ti’:{L . ife—1>14 -1, (34)
0, otherwise.
Indeed, assume first that m? = m?, for all j € [0,n—1]. Then i—1 < i’ —1 and
t; = ty, so the above equation holds. Next, assume that m{ #+ mg, for some
4 € [0,n—1]. Then the first nonzero term in the sequence (m? — g/)je[o,n—l]
is —1. Since —1’s and 1’s in this sequence alternate, we have t t; = 0 (resp.,

t; — ty = —1) iff the last nonzero term in the sequence (m? — mJ) i€[0,n—1]
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is 1 (rebp ,_—1) But this happens precisely when the first nonzero term in
(m?_, —m?,_)j>0is —1 (resp., 1), so (34) follows.

Now assume that ¢ < ¢ < ¢"”. Then it follows from (34) that either C(i) <
C(') < C@E") or C(i') < C(i") < C>i) or C(#") < C(i) < C(¢'). Since this
holds for every triple (i,4’,4"), it is easy to deduce that C' = CF for some
keZ.

“If”. First, note that the construction of the associative BD-structure on a
completely ordered set S given in Lemma 5.3 can be rewritten as follows.
Assume we are given a transitive cyclic permutation C' of S and a matrix
(m?), where j € [0,n], s € S. Then we can extend the range of the index j to
Z using the rule mJ™" = m]C(S). Assuming that condition (b) of Lemma 3.1
holds for this extended matrix we can proceed to define the complete order
by (x) and the set P; as in Lemma 5.3. Of course, we can always identify S
with {1,..., N} in such a way that C(i) =i — 1, so that we get to the setup
of Lemma 5.3. The advantage of the new point of view is that we can also
consider the set S = {1,..., N} with the cyclic permutation C(i) = i — k,
where k € Z/NZ is relatively prime to N. Then as was noted above we have to

modify the definition of the extended matrix by using the rule mj = mg_ .

Note that changing (m?) to (—m?) changes the associative BD-structure
on S to the opposite BD-structure, and the complete order on S gets reversed.
Let us denote by wq : S — S the permutation that reverses the order. Assume
that we have C = Ck. Then conjugating by wy the BD-structure associated
with (—m?) we get a BD-structure that is obtained from the original one by
leaving the complete order the same, changing C = C¥ to Cy k and replacing
Py with (wg x wg)o(Py). Therefore, it is enough to show that Lemma 5.3
produces all associative BD-structures with C' = C k7 where N/2 < k < N.

Next, we describe a construction of a class of matrices (mf ) satisfying
conditions of Lemma 3.1. Fix k, relatively prime to N, such that N/2 < k <
N. Start with a sequence (aq,...,an) such that a; = 1, ay = n — 1 (where
n > 1), and for every i € [1, N — 1] one has either a;,11 = a; or a;11 = a; + 1.
Then set m{ = 1 for i € [k + 1, N, my',_;=1fori=1,...,N, and let the
remaining entries to be zero. We are going to check that this matrix satisfies
conditions of Lemma 3.1 (with the modified definition of the extended matrix).

It is convenient to extend the range of the index i to Z by the rule m] =
mf LN SO that we get a matrix (mf ) with rows and columns numbered by Z.
Let us consider the subset A C [k +1— N, N] x [0,n — 1] defined by

=([k+1,N] x {0 U{(k+1—i,a)|i=1,...,N}.
Then we have
{(i,§) €ZXZ | m? # 0} = Uyez Ay, where
Ag = Upez(A +b(2N — k,n)), A, = Ao + a(N,0).

Note that each A, intersects each row once, and if we denote by (i, 74(7)))
the intersection point of A, with the ith row then either j,(i — 1) = j, (i) or
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Ja(i — 1) = ju(i) + 1. In other words, as we go down one row the point of
intersection either stays in the same column or moves one step to the right.
It follows that the intersection of A, with each column is a line segment.
Moreover, it is easy to see that the number of elements in this intersection
is at most N. Indeed, for columns corresponding to j = 0(n) the intersection
segment has N — k elements. On the other hand, for j # 0(n) this number is
equal to the number of ¢ € [1, N| such that j = a;(n), so it is at most N. This
implies that A, and A, are disjoint for a # a’. Hence, j, (i) < jo+1(7) for all
a €Z and 1 € Z.

Let us set E; = {ju(i) | a € Z} for every i € Z. We have to check that
for every pair of rows, the i-th and the i’-th, where i < i’ < ¢ + N, one has
E; # FE;, and the subsets E; \ By and E; \ E; in Z alternate.

To prove that E; # F; we recall that by the construction, for every b € Z
the intersection of Ay with the dn-th column is the segment [k + 1 + b(2N —
k), N4+b(2N —k)]. The intersections of other sets A, with the same column are
obtained from the above segment by shifts in NZ. Since 2N — k is relatively
prime to I, it follows that for appropriate b € Z the intersection of U,A,
with the bn-th column contains exactly one of the numbers 7 and /. Hence,
bn belongs to exactly one of the sets F; and E;.

Finally, we have to prove that subsets E; \ E; and E; \ E; alternate.
Note that for all a we have j,(i') < j, (7). Hence, our assertion would follow
once we check that for every a € Z one has j,(i) < j,+1(¢'). Suppose we
have j,+1(i") < ja(4). Then the intersection of A,+1 with the j,(9)-th column
is a segment [i1,i2], where i < i3 < iy < i’. Since Ay,41 = A, + (NV,0),
the intersection of A, with the j,(#)-th column is [i; — N,is — N]. Hence,
1 < iy — N < i — N, which contradicts our assumptions on 7 and 4’.

Now given a BD-structure on a set S = {1,..., N} with the complete
order 1 <2 < ... < N and the cyclic permutation C' = Cy* (where N/2 <
k < N) we define the sequence (ay,...,ayn) as follows. Set a; = 1, and for
i=1,...,N —1 set

a; if a4 € I,
Qi1 = .
a; +1 otherwise
(this uniquely defines n). It is easy to check that the corresponding matrix
(m]) realizes our BD-structure. O

6 Solutions of the AYBE and associative BD-structures

Let (S,<,C, I, I) be a completely ordered finite set with an associative
BD-structure such that g & I's. As in the introduction, for an element o =
(i,7) € S x S we set e = e;; € Ag >~ Maty(C) (where N = |S], the rows and
columns are numbered by S). We write (¢,5) > 0 (resp., (i,7) < 0) ifi < j
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(resp., i > j). Also, for a = (4, j) we set —a = (j, 7). Mimicking formulas (32)
and (33) we define

Teonst (¥, 2) = 725 Yan0 €—a ® €a + 755 Dano €a ® €—at
_ N—-1
25 Dies i @ e + (1 —aN)7H Y0, o D700 aes s @ ecn iy ok (i)

r(@39,y') = Teonst (T, y/y')+

Za>0,k21[xkea & e*‘rk(a) - SL'_kB,Tk(a) & ea]+ (36)

Za<0,k21[y$k€a & €_rk(a) — yleke_fk(a) ® eq).
In the last formula we use the operation 7 defined on P; C S x S; the summa-
tion is extended only over those (k,«) for which 7%(a) is defined. Below we
will show that r(x;y,y’) is a solution of (21) (see Theorem 6.2). To deduce
from this Theorem 0.2(i) we will use the following simple observation.

(35)

Lemma 6.1. In the above situation the Ag ® Ag-valued function
Uy — U2
N

is equivalent to the one given in Theorem 0.2(i) for the inverse associative
BD-structure (Co, O™, Iy, I'l), where u = uy — up and v = vy — va.

—r(exp( );exp(v1), exp(v2))

Proof. We can assume that S = [1, N] (the segment of natural numbers) with
the standard order. Let us set

ju
p(v)ej = exp(=77)e;-
Then the corresponding equivalent matrix 7(u, us;v1,v2) is obtained from

U1 —U2

r(exp(*“5*2);exp(v1), exp(ve)) by multiplying each term e;; ® ejyr with
exp(w). Now we observe that reonst(z,y/y’) is a linear com-
bination of e;; ® ejr;, where j —i = j' —4’. Such a term gets multiplied by
exp(%). The same is true about the terms in r(z; y, y’) not containing
yory'. Indeed, if i < j and 7% is defined on (4, §) then C*(5)—C¥(i) = j—i. On
the other hand, the terms involving y = exp(v1) and ¢y’ = exp(vs) are linear
combinations of e; j ®e;s ;+, where j' —4' = j—i+ N. Indeed, this follows from
the fact that if i > j and 7* is defined on (i, j) then C*(j) —C*(i) = j—i+ N
(the proof reduces to the case (i,5) = (N, 1)). The only other observation we
use to rewrite —7 in the form given in Theorem 0.2(i) (with C replaced by C'~!
and I'; and I exchanged) is that for 0 < m < N and for ¢, j € [1, N] we have
j—i=m(N) iff either i < jand j=i+m,ori>jand j=i+m—N. O

Since for every associative BD-structure on a finite set S we can choose a
compatible complete order in such a way that ag & I, Theorem 0.2(i) will
follow easily from the above lemma and the next result.

Theorem 6.2. Let (S, <,C, I, I5) be a completely ordered finite set with an
associative BD-structure such that g & I's. Then the function r(x;y,y') given
by (36) is a solution of (21) satisfying the unitarity condition (22).
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Remark 6.3. By Theorem 5.5 we already know the statement to be true if
C = Ck. Also, the work [8] deals with the case when in addition ag ¢ I'y (this
fact will be used below).

The rest of this section will be occupied with the proof of Theorem 6.2 (in
the end we will also explain how to deduce Theorem 0.2(i)).

Let us denote by P = Z - €;5 @ e5; the permutation tensor. Then we can
rewrite our r-matrix in the form

r(ziy,y) = alz) + yb(z) — y'c(a) + ——P,

Yy -y

where

a(z) = 1—:1: ZZLL‘ e”®eck(l)ck()+26a®e,a+

i€S k=0 a>0

Z [xkeoz ® €_rk(a) — xike—q—k((x) ® ea},

> wrea®e i,

a<0,k>1

c(z) = b*!(x Z TTVe_rk(a) ® €q-

a<0,k>1

Lemma 6.4. Assume that ag & Is. Let us set I'f = I \ {ao}, Iy = 7(I7).
Then

Y
alx P
(z) -

is exactly the r-matriz corresponding to the associative BD-structure (S , < ,C ,I7).

Proof. It is easy to see that P{ = {& € P; | @ > 0}. Thus, the terms b(z) and
¢(z) in the r-matrix associated with the new associative BD-structure vanish.
We claim that the term a(z) for the new associative BD-structure is the same
as for the old one. Indeed, it is enough to check that « € P{ is in the domain
of definition of 7% iff it is in the domain of (7/)*, where 7/ : P| — P} is the
bijection induced by 7. But this follows immediately from the fact that Py
consists only of a > 0 (due to the assumption that ag & ). O

Let us denote by AY BE[r](x, 2’; y1,y2,ys3) the left-hand side of (21).

Lemma 6.5. Consider the r-matriz of the form

r(@; 1, 92) = a(x) + y1b(x) — yac(z) + —2—P, (37)
Y2 — Y1

where a®!(x7 1) +a(x) = P and b*' (=) = c(x). Then r satisfies the unitarity
condition (22). Also, AY BE[r] = 0 iff the following equations are satisfied:
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(i) AY BE[a] = 0;

(ii) b'2(2)b13(2') = 0;

(ZZ’L) blg(m)b%(x/) =21 (m’)b13(xfc’) + b23(xx/)b12($);

(w) 013($)a23($/) + a12((x’)_1)cl3(x:v’) — 023(xx’)a12(9c) _ a13(x)023(gc’),

Proof. The unitarity condition follows immediately from our assumptions on
a(z), b(z) and c(x). It is easy to check that

B Pz, a's 1, y2 ys) =
— Y

AY BE[a(x) + y1b(x) — y2c(z) + m

AY BEa(z) + y1b(x) — y2c(2)](, "5 y1, Y2, y3)
_ y1021(x’)P13 _ y2613(m)P23 _ y1b23(x$/)P12.

Now the conditions (i)-(iv) are obtained by equating to zero coefficients with
various monomials in y1, y2 and ys (of degree < 2). Namely, (i) is obtained
by looking at the constant term (i.e., by substituting y; = 0). Conditions (ii),
(iii) and (iv) are obtained by looking at the coefficients with y?, y,7- and ys,
respectively. To see that these conditions imply AY BE[r] = 0 we can use the
identity

AYBE[T] (.’B, $,; Y2, Y3, y1)231 = AYBE[T]((:E‘TI)717 Z3Y1,Y2, y3)
that holds for any r satisfying the unitarity condition (22). O

Let us introduce the following notation. For every k > 1 we denote by
P(k) C P; the domain of definition of 7% and by P(k)™ C P(k) (resp.,
P(k)~ C P(k)) the set of all & > 0 (resp., a < 0) contained in P(k). Note
that P(1) = P;. The assumption «g & I implies that 7(P(k)) C P(k — 1)*.
Using this notation we can rewrite our formulas for a(x), b(z) and c(x) as
follows:

a(x) = (1 — ;1;7")71 Z $kei,i X ECk(3),Ck (4) + Zei’j & ej it
0<k<r, 1<j

[ ei; @ ecn(gy.one — T eory.or @ €l
(i.)EP(k)+

bz)= Y ale; @ecr)or
k>1,(i,j)€P(k)~
c(:c) = Z $7keck(j)7ck(i) e .

k>1,(i,j)eP(k)~
The following two combinatorial observations are also going to be useful

in the proof.

Lemma 6.6. Let (i1,i2,13) be a triple of elements of S and let k > 1. Then
the following two conditions are equivalent:
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(a) (i1,i3) € P(k)™ and iy < is (resp., iz < i3);
(b) (i1,i2) € P(k)T and (ia,i3) € P(k)™ (resp., (i1,i2) € P(k)™ and (iz,i3) €
P(k)*).

The proof is straightforward and is left to the reader.

Lemma 6.7. Let k > 1. Then for every (i1,i2) € P(k)™ one has a decompo-
sition S = S1 U S, where

Sy ={i|i<iy,CHE) > C*(iy)}, So={il|i>iy,C*(i) < C¥(iz)}.

Proof. We can assume that S = [1, N| with the standard order. Note that the
map CF restricts to a bijection

[iv, NTU [1,82]=[C* (i), C* (i2)).

Passing to the complements we derive that the open segment (ig,i1) is the
disjoint union of its intersections with S; and Sy. Next, if ¢ < ig then (i1,7) €
P(k)~ (by Lemma 6.6), so that C*(i1) < C¥(i). Hence, [1,45] C Si \ So.
Similarly, [i1, N] C S\ Si. O

Proof of Theorem 6.2. Let us check that equations (i)-(iv) of Lemma 6.5 hold
in our case. Equation (i) follows from Lemma 6.4 and Theorem 3.4 of [8]. More
precisely, one can easily check that in the case when ag ¢ I and ay & I3
our r-matrix coincides with the associative r-matrix constructed in [8] for the
opposite associative BD-structure on S. Equation (ii) follows from the fact
that for any (i,7),(i',j') € P(1)~ one has i’ > j and i > j' (otherwise we
would have Iy = I's). To check equation (iii) we write

blS(I)bQS(I/) _

Z * (@) e ® e @ ECk(j),Ccm (i)
k>1,m>1;(i,5)€P(k)~,(',j ) EP(m)~=;C*(1)=C™(5")

Note that we cannot have & = m since this would imply that ¢ = j’ contra-
dicting the assumption that (¢,5) € P(k)~ € P(1)~ and (¢',j') € P(m)~ C
P(1)~. Hence, we can split the summation into two parts: one with k& > m
and one with & < m. Denoting k — m (resp., m — k) by [ in the first (resp.,
second) case, we can rewrite these sums as

M= Z (pl(mx/)meiyj(@eizvcl(i)®ecm+1(j)7cm(i/),
121,m>15(i,§) €EP(m+1) =, (i/,Ct (i)) EP(m) ~

5y = > (za')™ (2") ecn(jry j®eir j Becm (j),cm(ir)-
21,m> 141§ € P(m1) (€1 () )€ P(m)

On the other hand, we have
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b3 (za" )b (2) =

Z o' (w2') e ® ey,ci(i) ® eomi(g),om(ir)-
121,m>1;(i,5) €P(1) =, (i, C1 (4)) € P(m)~

We claim that this is equal to Xy. Indeed, the condition (i,j) € P(m + 1)~
is equivalent to the conjuction of (i,3) € P(I)~ and (C'(i),C'(j)) € P(m)*.
Now our claim follows from Lemma 6.6 applied to the triple (i’, C'(3), C'(j))
(recall that C!(i) < C!(j) since (i,5) € P(l)). Similarly, we check that
b2 (2")b3(xx’) = Yo, which finishes the proof of equation (iii).

Finally, let us verify equation (iv). We can split both terms in the left-hand
side of this equation into four sums according to the four pieces comprising
a(x):

B (x)a®¥(2') = L1+ Lo+ Ls— Ly, a**((2") Y3 (xa’) = —Ls+Le+ Ly — Ls,
where
Ly =(1— ("))~ 'x
xik(x/)meck(j),ck(i) ® egn-m(j),cN-m(j) D € j,

0<m<N,k>1;(i,j)€P(k)~
L2 = Z x_meCm(j),Cm(i’) %9 €5 (4] €3l iy

m>15i<4,(i/,j)€P(m)~
L3 = > 27" (@) eecrim ). om(i) ® €ij © i or

k>1,m>1;(i,5)€P(k)*+,(#,C*(5))EP(m)~
L4 = Z Ifm(x’)*kecm(i'),cm(i) %] eck(j),ck(i’) X €5

k>1,m>1;(i,i’)€EP(m)~,(i',j)€P(k)+
Ly =(1— (@)") " x

> (@)N T (@a) " Rean () on ) ® ecrim(g) orim () @ €i,

0<m<N,k>1;(i,5)€EP(k)~
L¢ = Z (m')_kei/,ck(i) ® eck(j),i0 D €i g,

k>1,(i,5)€P(k)~ i’ <Ck(4)
L; =

Z (x')fm(mx')fkeigck(i) ® eck+m(j)7c'm(i/) ® ei,j7

k>1,m>1;(i,5)€P(k)=,(#,C*(j))€P(m)*
Lg =

Z (:C/)m(mm/)_kecm(j/)ﬁck(i) X €5’ [ €5
k>1,m>1;(3,5)€P(k)~,(#',j")EP(m)*+,Cm (i )=Ck(j)

We split each of the sums Ly and Lg into 3 parts according to the ranges
of summation & = m, k > m, and k¥ < m (in the last two cases we make
substitutions k — k + m and m — k + m, respectively):
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Ly=1Ls1+Lys+Ly3, Lg=Lgi+ Lga+ Lgs,

where

Lig = > (w2')Fecn().or ) @ cr.orw) @ €igs
k>1,(i,j)€P(k)—,i’'<j

L4’2 = Z xfm(x/)fkfmecm(i/)@m(i) (29 €Ch+m (§),Ck+m (i) [029] €i,j,
k>1,m>1;(i,¢ )€ P(m)—,(i,§) € P(k+m)+

Lys = Z Jf_k_m(l’l)_keckﬁ—m(i/)’ck+m(i) ® eck(j),ck(ir) D €5,
k> 1,m>13(6,0) € P (k) —(i7 ) € P(K)

Lg’l = Z xikeck(j/),ck(i) X 6]‘7]’/ (29 ei,j,

k>1,(i,5")eP(k) .5 <g’

Lgs = ) wE @) egm (g, onem iy @ €cr (), @ €y
K21m13(60)€ P (htm) —(CF(7),5)EP(m)+

Lg)g = Z x_k(x')mecmm(j/)’ck(i) X ey jr @ €;,cm (i)
k>1,m>1;(i,C™(¢))€P(k)~,(i/,j')€EP(k+m)*

Making appropriate substitutions of the summation variables and using
Lemma 6.6 one can easily check that

Ly =Lsy, Ly = Lsgs.
It follows that the left-hand side of (iv) is equal to
(L1 — Ls) + (Le — Laa) + (Lr — La2) — (Laz + Lg 2).

Next, making the substitution m — N — k — m in the sum L5 we find

Ly —Ls=— Z xik(x')fmeck(j)vck(i) & ecm(j),cm(5) @ €i,5-
0<m<k,(i,j)€P(k)~

Also, substituting i/ by C*(i’) in Lg, switching k and m in L4, and using
Lemma 6.6 we find that

L6—L4’1 = Z (mx’)_keck(i/)’ck(i)®eck(j)yck(i/)®ei’j7
k>1,(4,5)€P (k)= i’ >5,C*(i")<Ck(5)
Ly —Lyp =

> a @) T M eon @ or) @ eckam(g),orim(i) © €
E2Lm>1,(6,0)€ P(R) (CF (1), C* (1) EP(m)* i/

Finally, we can rewrite the sum of the other remaining terms as follows:
Ly —Ls—Ly3—Lgp =

—k—m /\—k
- > 2T (@) gk, onm ) @ Con(g),or i) @ €y
k>1,m>1,(i,i’,5) €M (k,m)
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where IT(k,m) is the subset of {(i,i,7) | (i,7) € P(k)~,(C*(i),C*(i")) €
P(m)*} consisting of (4,7, ) such that either i’ < j or C*(j) < CF(i'). It
follows from Lemma 6.7 that

(k,m) ={(i,7",5) | (i,j) € P(k)™,(C*(i),C*(i")) € P(m)*, 4" <}

We deal similarly with the right-hand side of equation (iv). Namely, we
write

B (xa)a'?(x) = Ry + Ry + R — Ry, a*®(2)c**(2') = Rs + R + Ry — R,

where the parts correspond to the summands in a(z). We also have a decom-
position Rg = Rs 1 + R3 2+ Rs 3 (resp., Rg = Rg 1+ Rs 2+ Rg3) obtained by
collecting terms with x*(zz')™™ (resp., z7%(z')™™) with k = m, k > m and
k < m. Now one can easily check that

R = R3,1, Ry = R3p.

Also, we have

Ry — Rs = Z {E_k(l'/)_meck(i)vck(i) ® ecm(5),Cm (3) @ €4 5.
m2>1,0<k<m;(i,j)€P(m)~

We denote by (R; — R5)k=m and by (R; — Rs5)r<m parts of this sum corre-
sponding to the ranges k = m and k < m. Then we have

(R1 — R5)k=m + Ro + Rs 1 =

> (2a") " ecr,or ® ecry,or ) © €
k>1,(i,5)€P(k)~,i<i’ or Ck(i')<C* ()

Using Lemma 6.7 it is easy to see that the condition on (i,7,4') in this sum-
mation can be replaced by the conjuction of (i,j) € P(k)~, j < ¢ and
C*(i") < C*(j) (same as in the formula for Ls — L4 1). Finally, we have

Rgo— Ry =
- Z x_k_m($/)_mecwm(j/),cwrm(i) & egm(j),cm (') @ €45,
k>1,m>1,(i,5)€P(m)~ .5’ <i,(C™(i),C™(j'))€P (k)T
(R1 = Rs)k<m + R334+ Rs,;3 =

—k( N —k—
> e (@) T ek iy, o) @ eorrmg),crm () ® i,
k>1,m>1,(i,5",5) €T’ (k,m)

where II'(k,m) is the subset of {(i,5,7) | (i,5) € P(k)=,(C*(j"),C*(j)) €
P(m)*} consisting of (i, 4, j) such that either i < j' or C*(j") < CF(i). By
Lemma 6.7, we get
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' (k,m) = {(i.4".5) | (i.5) € P(k)~,(C*(j"), C*(j) € P(m)*.j <j'}.
Now it is easy to see that parts of the left-hand side and the right-hand side
of equation (iv) match as follows:

Le — Ly = (R1 — Rs)k—m + R2 + Rg 1,
L7 — Ly = (Ri — Rs)k<m + R3 3+ Rs 3,
Ly —Ls—Lys—Lgo=Rgo— Ry.
O

Proof of Theorem 0.2(i). As was already observed, the fact that r(u,v) is a
unitary solution of the AYBE follows from Lemma 6.1 and Theorem 6.2. It
follows from Theorem 1.5 that r(u,v) also satisfies the QYBE for fixed u. It
remains to check the unitarity condition for the quantum R-matrix given by
(6). In view of the unitarity of r(u,v) this boils down to proving the identity

_ Uy _ _ Y2 uy_ _Uy-2) .
s(u,v) = ([exp(5) = exp(—=3)] 72 = [exp(5) —exp(—3)] 2) - 1@1. (38)
To this end we observe that from Theorem 1.5 and Lemma 1.9 we know that
s(u,v) = (f(u) +g(v)-1®1,

where f(u) = & tr,u(aT(“ 9y and g(v) = %(tr@tr)(dr(o “)). Now (38) fol-
lows immediately from the equalities

100 = 4o (o= ) = ~lexo(y) -~ exn(- 5017

90 = 5 (s =1) = ()~ exp(- 3
O

Remark 6.8. The following interesting observation is due to T. Schedler.
Assume that [ does not contain two consecutive elements of I, say,
(Cy*(io),i0) and (i, Co(ip)). Then the function 7(u,v) given by Theorem

0.2(i) is equivalent to the one of the form % + r(v). Indeed, let us de-

note by O(ig, i) the minimal & > 0 such that C*(ig) = i. Then one can easily

check that Olin.i
a= Z 7(27 l) €ii

is an infinitesimal symmetry of r(u,v) and

explu(1 @ a)]r(u, v) expl-u(a® )] = — L 4 x(w),

exp(u) —
where r(v) depends only on v. Note that the fact that r(u,v) is a unitary
solution of the AYBE is equivalent to the following equations on r(v):

AY BE[r](v,v) = 3 (v + '), r?(—v) +r(v) =1®1.
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7 Meromorphic continuation

As was shown in the proof of Theorem 6 of [7] (see also Lemma 4.14 of [8]),
a unitary solution of the AYBE with the Laurent expansion (5) at v = 0
is uniquely determined by ro(v). Therefore, it is not surprising that some
of the results from [3] about solutions of the CYBE (such as meromorphic
continuation) can be extended to solutions of the AYBE.

First, we apply the above uniqueness principle to infinitesimal symmetries.

Lemma 7.1. Let r(u,v) be a nondegenerate unitary solution of the AYBE
with the Laurent expansion (5) at u = 0. Then the algebras of infinitesimal
symmetries of r(u,v) and of ro(v) are the same (and are contained in the
algebra of infinitesimal symmetries of 7o ). If in addition Ty has a period then
these coincide with the commutative algebra of infinitesimal symmetries of 7.

Proof. Let a € A be an infinitesimal symmetry of 7¢(v). Then for any t € C
the function

explt(a®14+1®a)lr(u,v)exp[—tla® 1+ 1® a)]

is a solution of the AYBE with the same ro-term in the Laurent expansion at
u = 0. By the uniqueness mentioned above this implies that exp[t(a®1+1®a)]
commutes with 7(u, v), so a is an infinitesimal symmetry of r(u, v). Recall that
by Theorem 1.5(i), 7o(v) is nondegenerate. It is easy to see that if 7 is either
elliptic or trigonometric then the algebra of infinitesimal symmetries of 7 is
commutative. Indeed, in the elliptic case this algebra is trivial (see Lemma
5.1 of [7]). In the trigonometric case this follows from the fact proven in [3]
that there exists a pole 7 of 7y such that

To(v +7) = (¢ ®id)(Fo(v)),

where ¢ is a Coxeter automorphism of sly. Thus, any infinitesimal symmetry
is contained in the commutative algebra of ¢-invariant elements. O

Proposition 7.2. Let r(u,v) be a nondegenerate unitary solution of the
AYBE with the Laurent expansion (5) at uw = 0, such that the equivalent
conditions of Theorem 1.5(ii) hold. Then r(u,v) admits a meromorphic con-
tinuation to D x C, where D is a neighborhood of 0 in C. If r(u,v) has a pole
at v =~y then this pole is simple and To(v) also has a pole at v = .

Proof. Note that 7o(v) has a meromorphic continuation to C with at most
simple poles by Theorem 1.1 of [3]. First, we want to deduce a meromorphic
continuation for r¢(v). From the condition (c¢) in Theorem 1.5(ii) we know
that

ro(v) =To(v) +0®1—-10b+h(v) - 1®1, (39)
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where b is an infinitesimal symmetry of 7o(v) (by Lemma 1.10). Note that
b is also an infinitesimal symmetry of ro(v). Hence, by Lemma 7.1, b is an
infinitesimal symmetry of r(u,v). Applying the equivalence transformation

7(u,v) = explu(l ® b)]r(u,v) exp[—u(b ® 1)]
we can assume that b = 0. In this case we have

AYBE[T’QK’Ulg, 1)23) — AYBE[FO]('Ul% U23> =
[h(vlg) - h(’l}23)]7(1)2(’l}12) + C.p.(l, 2, 3) mod ((C F1®1I® 1)

where we use the notation from the proof of Theorem 1.5 (the omitted terms
are obtained by cyclically permuting (1,2, 3); we denote v;; = v; — v;). Ap-
plying pr ® pr ® id and using (18) we obtain

[A(v + ") = h(v")]7g* (v) = [(pr @ pr)ri(v)]™? — (pr@ pr®id) AY BE[Fo] (v, v').
(40)
Note that AY BE[Fo](v,v") is meromorphic on the entire C x C and has at
most simple poles at v =, v' =y and v + v’ = v, where v is a pole of T (v).
Also, by Lemma 1.7, r1(v) is holomorphic near v = 0. Choose a small disk D
around zero such that 7 (v) is holomorphic in D and 7o(v) has no poles or
zeros in D \ {0}. Assume that we already have a meromorphic continuation
of h(z) to some open subset U C C containing zero. Then the above formula
gives a meromorphic continuation of h(z) to U + D. Iterating this process we
continue h(z) meromorphically to the entire complex plane. Furthermore, it
is clear from (40) that h(v) has only simple poles and is holomorphic outside
the set of poles of To(v). Therefore, the same is true for ro(v).
Next, considering the constant terms of the Laurent expansions of the
AYBE in v (keeping u fixed) we get

13
12 or

0 (’U12)T13(U, v13) 413 (u, v13)7°83 (va3) — r23(u, 1)23)7“12(117 v12) =

(u, v13).

(41)
Since we already know that r¢(v) is meromorphic on the entire C, we can use
this equation to get a meromorphic continuation of r(u,v). Indeed, assume
that r(u,v) is meromorphic in D x D for some open disk around zero D C C.
For fixed v13 € D the above equation gives a meromorphic extension of

T23(U7U21 + U13)7‘21(—U7U21) = —7’23(% U23)7“12(U,U12)

to D x C. By the nondegeneracy of r(u,v) this allows to extend meromorphi-
cally 7(u,v) from D x U to D x (U + D). Iterating this process we get the
required meromorphic extension. The assertion about poles follows easily from
(41) by fixing v13 such that r(u,v) has no pole at v = v13 and r(u,vi3 — ) is
nondegenerate, and considering the polar parts at vis = 7. O

The argument in the following Lemma is parallel to that in Proposition
4.3 of [3].



Trigonometric solutions of the YB equations 601

Lemma 7.3. With the same assumptions as in Proposition 7.2 for every pole
v of To(v) there exists an algebra automorphism ¢., of A and a constant A € C
such that

r(u, v+ ) = exp(Au)(¢y ® id)(r(u,v)).

Proof. From Proposition 7.2 we know that the pole of r(u,v) at v = v is
simple. Set 7(u) = lim,_. (v —¥)r(u,v). Recall that lim,_,q vr(u,v) = c¢P for
¢ € C*. Let us define an operator ¢(u) € End(A) by the equality

7(u) = (¢(uv) ®id)(cP).
Considering polar parts near v = v in (1) we get
T2 (=B (u+ o0 ) = 1B (w4 )T ().
The right-hand side can be rewritten as follows:
2 (w4, 0" )2 () = c(p(u) @ id @id) (r* (u + o', v') P?) =
c(d(u) @id @id)(P2r'3(u+u',v")),
Hence, we have
T2 (=) (u+ a0 + ) = e(p(u) @id@id) (P2ri3(u + ', 0')).  (42)
Taking the residues at v = 0 we find
2 (=) (u+ ') = A(p(u) ® id ®id) (P2 P3).
This means that ¢(u) satisfies the identity
Bur + 1) (XY) = () (X) () (V),

where X|Y € A. Let D be a small disk around zero in C such that ¢(u) is
holomorphic on D \ {0}. For every u € D \ {0} we denote by I(u) C A the
kernel of ¢(u). Then from the above identity we derive that I(u)A C I(u+u')
and AI(u) C I(u+u') whenever u, v, u+u’ € D\{0}. In particular, we deduce
that I(u) C I(u+u'), so I(u) = I C A does not depend on v € D\ {0}. It
follows that I is a two-sided ideal in A. Since ¢(u) is not identically zero, we
derive that I = 0. Therefore, ¢(u) is invertible for every u € D\ {0}. Now as
in the proof of Lemma 1.3 we derive that

¢(u) = exp(Au)g,

for some A € C, where ¢, is an algebra automorphism of A. Applying ¢ I
id®1id to (42) we derive

exp(—M/) P (¢ @id @id)r'? (u + o/, 0" + ) = exp(Au) PP2r'3 (u + o/, 0').

This implies the required identity. a
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Lemma 7.4. Keep the same assumptions as in Proposition 7.2. Assume that
To(v+p) = To(v) for some p € C*. Then r(u,v+p) = exp(Au)r(u,v) for some
constant A € C.

Proof. Consider the decomposition (39) again. The identity (40) implies that
h(v+v") —h(v') is periodic in v with the period p. Hence, h(v+p) = h(v)+ A
for some A € C. It follows that ro(v + p) = ro(v) + A - 1 ® 1. Applying the
rescaling r(u,v) — exp(—Auv)r(u,v) we can assume that ro(v + p) = ro(v).
Now Lemma 7.3 implies that r(u,v + p) = (¢, ® id)r(u,v), where ¢, is an
automorphism of A. Since 79(v) is nondegenerate (as follows from Lemma
1.7), we derive that ¢, = id. O

We will use the following result in the proof of Theorem 0.3.

Proposition 7.5. Let r(u,v) be a nondegenerate unitary solution of the
AYBE with the Laurent expansion at w = 0 of the form (5) such that the
equivalent conditions of Theorem 1.5(i1) hold. Then one has

ro(v) =To(v) +b®@1+1®b+h(v)-1®1,
h(v) = Xv + cho(c'v),

where b € sly is an infinitesimal symmetry of To(v), A € C, ¢, € C*,
and ho(v) is one of the following three functions: Weierstrass zeta function
((v) associated with a lattice in C; & coth(%); or 1. Furthermore, if To(v) is
equivalent to a rational solution of the CYBE then ho(v) = *.

v

Proof. The equation (18) implies that
(6% (v12) + 75 (vas) + 78 (v31)]* = 22 (v12) + 2% (v23) + @ (v31),  (43)

where z(v) = r9(v)? — 2r1(v) (and v;; = v; — v;). On the other hand, it
is easy to see that z(v) is the constant term of the Laurent expansion of
s(u,v) = r(u,v)r(—u,v) at u = 0. Rescaling r(u,v) we can assume that its
residue at v = 0 is equal to P. Then we have

s(u,v) = [f(u) + g(v)] - 1@1,

where
s = 5 a8 gy = L o)

(see Lemma 1.9). If we change r(u,v) to exp(Auv)r(u,v) for some A € C then
f(u) changes to f(u)+ N (this operation also changes r¢(v) to ro(v) +Av-1®
1). Therefore, we can assume that f(u) has no constant term in the Laurent
expansion at © = 0. In this case we obtain z(v) = g(v)-1® 1. Hence, denoting

T (v1,v2,v3) = 74°(vi2) + 757 (v23) + 10 (vs1)

we can rewrite (43) as follows:
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T(v1,v2,03)* = [g(v12) + g(vas) + g(vs1)] - 1@ 1. (44)

Viewing T'(v1,v2,v3) € A® A® A as an endomorphism of V ® V ® V, where
A = End(V), we obtain

T(vy,v2,v3) = To(v1,v2,v3) + [h(v12) + h(v2s) + h(vs1)] - ldvevev, (45)

where T} is a traceless endomorphism and h(v) is defined from the decompo-
sition (39). Note also that for fixed (generic) vy and vs we have

lim (v; — vo)T(vy,v2,v3) = P2,

V1 —V2

The latter operator has S2V ® V and /\2 V ®V as eigenspaces. Therefore, for
v1 close to vo we have a decomposition

VeVeV =W W,
where dim Wy, = N?(N + 1)/2, dim Wy = N?(N — 1)/2, and
(T'(v1,v2,v3) — Aid)(W1) =0, (T(v1,v2,v3) + Aid)(W2) = 0, where

A = g(v12) + g(va3) + g(vs1).

Comparing the traces of both sides of (45) we derive
A = N[h(viz2) + h(vas) + h(vs1)].
Since g(v) = —Nh/(v), we obtain
N[h(v12) + h(vas) + h(va1)]* + b/ (v12) + B (vas) + B (v31) = 0.
Replacing h(v) by h(Nv) we get
[h(v12) + h(vaz) + h(vz1)]* + A (vi2) + B (va3) + B (vs1) = 0. (46)

We are interested in solutions of this equation for an odd meromorphic func-
tion h(v) in the neighborhood of zero having a simple pole at v = 0. It is
easy to see that the Laurent expansion of h(v) at v = 0 should have form
h(v) = 1/v + c3v® + .... As shown in the proof of Theorem 5 of [7], all such
solutions of (46) have form c - ho(cv), where hg is one of the three functions
described in the formulation.

Finally, if 7o(v) is rational then its only pole is v = 0 (see [3]). Therefore,
by Proposition 7.2, ro(v) also cannot have poles outside zero, which implies
that ho(v) = 1. O

v

Remark 7.6. In the case when 7y(v) is either elliptic or trigonometric the
assertion of the above proposition can also be deduced from the explicit for-
mulas for r(u,v) (the elliptic case is discussed in [7], sec.2; the trigonometric
case is considered in Theorem 0.2).

!Solutions of (46) were first described by L. Carlitz in [5].
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8 Classification of trigonometric solutions of the AYBE

Recall (see [3]) that to every nondegenerate trigonometric solution 7(v) of
the CYBE for sly with poles exactly at 2miZ Belavin and Drinfeld associate
an automorphism of the Dynkin diagram Ax_;1 by considering the class of
the automorphism ¢ of sly defined by

To(v + 2mi) = (¢ ®id)(To(v)). (47)

They also show that ¢ is a Coxeter automorphism. The next lemma shows
that in the case of trigonometric solutions coming from a solution of the AYBE
the automorphism of the Dynkin diagram is always trivial.

Lemma 8.1. Let r(u,v) be a nondegenerate unitary solution of the AYBE
with the Laurent expansion (5) at u = 0. Assume that To(v) is a trigonometric
solution of the CYBE with poles exactly at 2miZ. Then the automorphism ¢
in (47) is inner.

Proof. This follows immediately from Lemma 7.3, since every algebra auto-
morphism of A is inner. |

Now let us recall the Belavin-Drinfeld classification of trigonometric solu-
tions of the CYBE for sl corresponding to the trivial automorphism of Ay _1.
Let us denote by ho C sly the subalgebra of traceless diagonal matrices. For
every Belavin-Drinfeld triple (I, I5,7) for Ay_1 we have the corresponding
series of solutions

To(v) =t + 7‘3@&),1 (Pr&pr) X o<men,j—izm(n) XPUR)ei; @ €jit
ZO<m<N,k21;j—iEm(N),Tk(i,j):(i/,j')[exp(_%)eﬁ ® eqrjr — exp(5F)evyr @ €jil,

(48)

where t € hp ® ho satisfies
t12 42 = (pr@pr)PY, (49)
[T() ®id+id®at =0, «€ I7, (50)

where P° = >, €ii @ eq;. The result of Belavin and Drinfeld in [3] is that every
nondegenerate unitary trigonometric solution of the CYBE for sly that has
poles exactly at 2miZ and the residue (pr® pr)P at 0, is conjugate to

explv(b® 1)]7(v) exp[—v(b ® 1)],

where 7 (v) is one of the solutions of the form (48) and b € sly is an infinites-
imal symmetry of 7.

It is easy to see that the solution of the CYBE for sly obtained from the
associative r-matrix in Theorem 0.2(i) for S = [1,N] and Cy(i) = i + 1 is
given by the above formula with
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1
t=5(prapr) P’ +sc, (51)
where ) L
sc = Z (5 - ﬁ)eu‘ ® ecr(i),cr(i) € bo A bo-
0<k<N,i

The proof of the next result is almost identical to that of Lemmas 4.19 and
4.20 in [8]. Let us denote by e; : h — C the functional on diagonal matrices
given by e;(e;;) = d;;.

Lemma 8.2. Let r(u,v) be a nondegenerate unitary solution of the AYBE
with the Laurent expansion (5), such that To(v) is given by (48). Then there
exists a unique transitive cyclic permutation C' of [1, N| such that (51) holds.
Furthermore, for any (i, + 1) € IN with 7(i,4 + 1) = (i',4' + 1) one has
C@i)=14 and C(i+1)=1i+1 (ie., 7 is induced by C x C).

Proof. We will make use of the identity
(pr®pr®pr)(AYBE[F]) =0 (52)

that follows from Theorem 1.5. First, considering the projection of AY BE[7]
to h R bh® b we get

1
(preprepr)(AY BE[————

- 1PO +1t]) =0.

Using the fact that t'2 + 2! = P® mod (C -1 ® 1) this can be rewritten as
(pr®pr @ pr)(AY BE[t]) = 0.
Therefore, we have
[(e; —e1) @ (ej —e1) @ (ex —e1)](AYBE[t]) =0 (53)

foralli, j, k. Set t = Zi,j tijeii®e;j;. Note that tij+tj; = 0fori # jandt; = %
for all i. Let us set t;j = tij — tlj — til- Then substituting tij = t;j + tlj — tli
into ¢ and then into (53) we deduce that

tijtie — tinti; + tigte = i, 1<i,j,k<N. (54)
As shown in the proof of Lemma 4.20 in [8], the above equation implies that
t;j = :l:% for 1 <i,j < N, i # j, and there is a unique complete order < on
[2, N] such that t{; = $iffi < j (for i,j € [2,N], i # j). We define the cyclic
permutation C of [1, N] by the condition that it sends each element of [2, N]
to the next element with respect to this complete order. As in the proof of
Lemma 4.20 in [8] this easily implies that ¢t — £P° = s¢ mod (C-1®1).
Next, we want to check that 7 is induced by C' x C. Assume that 7(4, +
1) = (j,j + 1) and consider the coefficient A;;; with e;41,; ® e; j4+1 ® egx in
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AY BE[7y]. Let us denote by (e ® enp,(v)) the coefficient with e, ® ey
in 7(v). Then we have

Aijr = (€it1,i ® €jj+1,7(v12))(€ii @ e, 7(v13))
—(€ej; @ erk, r(ve3))(€it1,i ® € jr1,7(v12))+ (55)
(€it1,i @ e k1, 7(v13)) (€541 ® €kt1,k, 7(V23)).

Note that we cannot have 7"(j + 1, j) = (i + 1,4) since this would imply that
I (resp., Iv) is the complement to (j,j + 1) (resp., (i,7 + 1)), N is even,
j—1=N/2(N), and 7({,l +1) = (I + N/2,l + 1+ N/2), in which case the
nilpotency condition is not satisfied. Therefore,

v
(€it1, ®€jjr1,7(v)) = GXP(—N),

(€j,j+1 @ €it1,i,7(v)) = — exp(%)-

Next, we claim that the third summand in the right-hand side of (55) is zero
unless k = i or k = j. Indeed, 7 (resp., 7 1) cannot be defined on both (k, k+1)
and (k + 1, k). This leaves only two possibilities with k # ¢ and k # j: either
(i, i+1) = (k,k+1) and 772 (k, k+1) = (j, j+1), or 771 (j+1,4) = (k+1,k)
and 7"2(k 4+ 1,k) = (i, + 1) (where ny,no > 0). The latter case is impossible
since j # k. In the former case we derive that 77172 (4, i4+1) = (4, j+1) which
contradicts to our assumption that 7(¢,i+1) = (j,j + 1) (since ny +ng > 2).
Thus, recalling that

exp(N5H2)
<61'+171‘ ® €ii+1, T’(’U)> = W’
exp(x)
(€541 @ €ji1,5,7(v)) = ﬁ’
we can rewrite (55) as follows:
V12 Oik Ji
A = _— t,‘ — 1k -
ijk = exp( N Meir — tjx + exp(viz) —1  exp(va3) — 1
(N—1)vis Y23
V93 eXP(T) V13 exp(w)
Gexp(ZEPUTN ) exp(— 28y SRV
ik exp( N ) exp(viz) — 1 0k exp( N “exp(vg3) — 1
Hence,
v
exp(—2) Aijk = tik — Ljk — ik

N

Since pr ® pr ® pr(AY BE[ro]) = 0, it follows that A, ;, does not depend on k.
Therefore,

1
tik — tik — 0ik, = [(e; — €j) ® ex]sc — 5(61' +ej,ex)



Trigonometric solutions of the YB equations 607
does not depend on k (note that (e;,e;) = d;5), i.e.,
1
[(ei —ej) @ alsc = S(ei +¢j,0) (56)

for all roots @ € I'. Repeating the above argument for the coefficient with
€jj+1 ® €ir1,; ® exr in AY BE[Fo] we derive that

1
[(eir1 —eji1) ®alsc = S(eir1 +ej41,0) (57)
for all a € I'. As shown in the proof of Lemma 4.20 in [8], (56) and (57) imply
that C(i) =7 and C(i +1) =3+ 1. O

Lemma 8.3. Assume that N > 1. Then a nondegenerate unitary solution
r(u,v) of the AYBE with the Laurent expansion at u = 0 of the form (5)
such that ro(v) = To(v) mod (C-1® 1), is uniquely determined by To, up to
rescaling r(u,v) — exp(Auwv)r(u,v).

Proof. This follows from the proof of Theorem 6 in [7]: one only has to observe
that 7p(v) is nondegenerate by Theorem 1.5(i), so it has rank > 2 generically.
O

Proof of Theorem 0.2(ii). Let r(u,v) be a nondegenerate unitary solution of
the AYBE with the Laurent expansion at u = 0 of the form (5) such that 7o(v)
is trigonometric. Changing r(u, v) to cr(cu, ¢'v) we can assume that 7p(v) has
poles exactly at 2miZ and lim,_ovTg(v) = (pr@pr)P. Recall that we are
allowed to change r(u,v) to an equivalent solution

7(u,v) = explu(l ® a) + v(b ® 1)]r(u,v) exp[—ula ® 1) —v(b® 1)],

where a and b are infinitesimal symmetries of r(u,v) (note that a and b al-
ways commute by Lemma 7.1). This operation changes 7o(v) to an equiv-
alent solution in the sense of Belavin-Drinfeld [3] and also changes 7(v)
to ro(v) —a ® 1+ 1 ® a. Therefore, in view of Lemma 8.1 and of (39),
changing r(u,v) to an equivalent solution we can achieve that rq(v) = 7o (v)
mod (C-1® 1) and Tg(v) has the form (48). Note that in this case any in-
finitesimal symmetry of 7o(v) is diagonal (since it has to commute with the
corresponding Coxeter automorphism ¢ from (47)). It remains to use Lemmas
8.2 and 8.3. ad

Proof of Theorem 0.3. Let r(v) be a nondegenerate unitary solution of the
AYBE, not depending on u. Then one can easily check that

rv) = 221 4 ()

u

is also a nondegenerate unitary solution of the AYBE. By Lemma 1.4, r(u,v)
(and hence, 7(v)) has a simple pole at v = 0 with the residue ¢P, where ¢ # 0.
Now applying Lemma 1.9 we obtain
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1®1
s(u,v) = — 2 +g)-1®1,

where g(v) = —%(tr@tr)(d:l—(;)). Hence, by Theorem 1.5, 7(u, v) is a solution

of the QYBE and 7(v) is a nondegenerate solution of the CYBE. It is easy to
see that 7(v) cannot be equivalent to an elliptic or a trigonometric solution.
Indeed, if this were the case then r(u, v) would have a pole of the form u = ug
with ug # 0 (in the elliptic case this follows from the explicit formulas for
elliptic solutions in [7], sec.2; in the trigonometric case this follows from The-
orem 0.2(ii)). Now Proposition 7.5 gives the required decomposition of r(v).
Therefore, g(v) = —c?/v?, which shows that R(u,v) = (1/u + ¢/v)~'r(u,v)
satisfies unitarity condition (7). O

Remark 8.4. The function of the form r(v) = £ + 7, where r € A® A does
not depend on v, is a unitary solution of the AYBE iff r is a skew-symmetric
constant solution of the AYBE for A = Mat(N, C). Some information about
such solutions can be found in [2], sec.2 (including the classification for N = 2,
see Ex. 2.8 of loc. cit.).
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