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Summary. In this article we provide a uniform construction of fields with all known
u-invariants. We also obtain the new values for the w-invariant: 2" + 1, for r > 3.
The main tools here are the new discrete invariant of quadrics (so-called, elementary
discrete invariant), and the methods of [14] (which permit to reduce the questions
of rationality of elements of the Chow ring over the base field to that over bigger
field - the generic point of a quadric).

1 Introduction

The u-invariant of a field is defined as the maximal dimension of anisotropic
quadratic form over it. The problem to describe values of this invariant is one
of major open problems in the theory of quadratic forms. Using elementary
methods it is easy to establish that the u-invariant can not take values 3, 5 and
7. The conjecture of Kaplansky (1953) suggested that the only possible values
are the powers of 2 (by that time, the examples of fields with u-invariant being
any power of 2 were known). This conjecture was disproved by A.Merkurjev
in 1991, who constructed fields with all even wu-invariants. The next chal-
lenge was to find out if fields with odd w-invariant > 1 are possible at all.
The breakthrough here was made by O.Izhboldin who in 1999 constructed
a field of u-invariant 9 - see [4]. Still the question of other possible values
remained open. This paper suggests a new uniform method of constructing
fields with various w-invariants. In particular, we get fields with any even u-
invariant without using the index reduction formula of Merkurjev. We also
construct fields with u-invariant 2" + 1, for all r > 3. It should be mentioned
that O.Izhboldin conjectured the existence of fields with such u-invariant, and
suggested ideas to prove the conjecture. However, this paper employes very
different new ideas. One can see the difference on the example of u-invariant
9. I would say that our method uses substantially more coarse invariants (like
generic discrete invariant of quadrics), while the original construction used
very subtle ones (like the cokernel on the unramified cohomology, etc. ...).



Thus, this paper amply demonstrates that the u-invariant questions can be
solved just with the help of “coarse” invariants. The method is based on the
new, so-called, elementary discrete invariant of quadrics (introduced in the
paper). This invariant contains important piece of information about the par-
ticular quadric, and, at the same time, is quite handy to operate. The field
with the given w-invariant is constructed using the standard field tower of
A Merkurjev. And the central problem is to control the behavior of the el-
ementary discrete invariant while passing from the base field to the generic
point of a (sufficiently large) quadric. This is done using the general state-
ment from [14] concerning the question of rationality of small-codimensional
classes in the Chow ring of arbitrary smooth variety under similar passage.
The driving force behind all of this comes from the symmetric operations in
Algebraic Cobordism ([12],[15]).
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2 Elementary discrete invariant

In this section we assume that the base field k has characteristic different from
2. We will fix an algebraic closure k of k.

For the nondegenerate quadratic form ¢ we will denote by the capital
letter @ the respective smooth projective quadric. The same applies to forms
p,0’',q ,.... Dimension of a quadric @) will be denoted as Ng, and if there
is no ambiguity, simply as N. We also denote dg := [Ng/2] (respectively,
d := [N/2]). For the smooth variety X we will denote as CH*(X) the Chow
ring of algebraic cycles modulo rational equivalence on X, and as Ch*(X) the
Chow ring modulo 2 (see [3] for details).

To each smooth projective quadric Q/k of dimension N one can assign the
so-called generic discrete invariant GDI(Q) - see [13], which is defined as the
collection of subrings

GDI(Q, i) := image(Ch™ (F(Q,)) — Ch™(F(Q,d)[p)),

for all 0 < @ < d, where F(Q,1) is the Grassmannian of i-dimensional pro-
jective subspaces on @), and the map is induced by the restriction of scalars
k — k. Note, that F(Q,0) is quadric Q itself, and F(Q,d) is the last Grass-
mannian.
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For J C I C {0,...,d} let us denote the natural projection between partial
flag varieties F'(Q,I) — F(Q, J) as m with subindex I with J underlined inside
it. In particular, we have projections:

F(Q.i) " F(Q.0.) "% Q.

The Chow ring of a split quadric is a free Z-module with the basis h®, [,
0 < s < d, where I, € CHy(Q[;) is the class of a projective subspace of
dimension s, and h* € CH*(Q|z) is the class of plane section of codimension
s - see [11, Lemma 8].

i—d ,
In CH*(F(Q,1)|z) we have special classes: Z eCH/, N-d—-i<j<
i—d ,
N — i, and W € CH’,0 < j < d— 1, defined by:

i—d i—d .
Z— = (m0.0)«(T0,0) (IN—i=j); Wy = (7(0,0)«(7(0,))" (K"7).
i—d i—d
Let us denote as z; and w; the same classes in Ch*. We will call
i—d i—d
classes z elementary. Notice, that the classes w always belong to
GDI(Q,1).

Let 7; be the tautological (i + 1)-dimensional vector bundle on F(Q,1%).
The following Proposition explains the meaning of our classes.

Proposition 2.1. For any 0 <t <d, and N —d—i < j< N —1,

J
d—i<j<N—i

d—i ,
ce(—T;) = ZW+2 z Z‘l_d .
j=0

Proof. Since Ty = O(—1) on @, the statement is true for ¢« = 0. Consider the

projections
T(0,5)

F(Q,i) "™ F(Q,0,i) "% Q.

Notice, that F(Q,0,¢) is naturally identified with the projective bundle

Pp(q,i)(Zi), and the sheaf 7, ;1 (7o) is naturally identified with O(—1). Thus,

(7(0,))+(T(0,1)) " (ce(=T0)) = (T(0,1))(ce(=O(=1))) = co(=Ti).
O

Remark 2.2. In particular, for ¢ = d we get another proof of [13, Theorem
2.5(3)].

Definition 2.3. Define the elementary discrete invariant EDI(Q) as the col-
i—d
lection of subsets EDI(Q,1) consisting of those j that Z € GDI(Q,1).
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One can visualise EDI(Q) as the coordinate d x d square, where some
integral nodes are marked, each row corresponds to particular grassmannian,
and the codimension of a “node” is decreasing up and right. The lower row
corresponds to the quadric itself, and the upper one - to the last grassmannian.
The South-West corner is marked if and only if @ is isotropic.

Example 2.4. The EDI(Q) for the 10-dimensional excellent form looks as:

L] [ ] [ ) L] o
L] L] [e] L) o
L] (] o o o
o [ ] o o o
(o) o o] o o

The following statement puts serious constraints on possible markings.

Proposition 2.5. Let 0 < ¢ < d, and j € EDI(Q,i). Then j,j — 1 €
EDI(Q,i+1).

This can be visualised as:
N4
L]
Proof. The Proposition easily follows from the next Lemma. Let us temporar-
ily denote 7(; ;1 1) as a, and 7(; i41) as (.

Lemma 2.6.

a*(Z) = ﬁ*(Z) +a(0(1)) -5*(2)'

J Jj—1 ’
o= = gt oy - g o< < a—
o o A Loy - g,

where O(1) is the standard sheaf on the projective bundle
F(Qa ZaZ + 1) = PF(Q,i“l’l)(,]—Zj\‘{‘l)?

for the vector bundle dual to the tautological one.

i—d i—d
Proof. By definition, Z,W have the form (7 ;))«(m(0,s))* (), for

certain € CH*(Q|;). Since the square

F(Q,iyi+1) <2 p(Q,0,4,i+ 1)
W(z,i+1>l l”(g,z,wl)

T(0,1)
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is transversal Cartesian, (7(; ;4+1))* of these elements is equal to

(70,4641« (T5,i4+1) " (T0,6) " (%) = (T(0,6,641))« (T(0,6,41)) " (T0,641)) " ()

Variety F(Q,0,4,7 + 1) is naturally a divisor D on the transversal prod-
uct F(Q,0,i + 1) Xp@it1) F(Q,i,i + 1) with O(D) = 7y, ,.4)(O(h)) @
F{o,g,ﬂ)(o(l» where O(h) is the sheaf given by the hyperplane section on
Q@. Then
(704,600 (T(@4.541)) " (T(0,41)) " (2) =
a(0(1)) - (W(i,ﬂ))*(W(o,ﬂ))*(ﬁ(g,iﬂ))*(xﬂ'
(7(i,i+1))" (T(0,141) )+ (T(0,i41))* (B - @).

It remains to plug in the appropriate x. a

Notice, that the projective bundle theorem

OB (Pr(guis1)(T1)) = Bl_ger (O(1))' - Ch* (F(Q,i + 1))
implies that the element of this group is defined over k if and only if all of it’s

i—d
coordinates are. Since the cycle z is defined over k, by Lemma 2.6 the
[i+1-d] [i+1-d]
7 and 1

cycles are defined too. O

The following Proposition describes the EDI of the isotropic quadric.

Proposition 2.7. Let p’ = p L H be isotropic quadratic form (here H is a
2-dimensional hyperbolic form (1,—1)). Then EDI of P and P’ are related
as follows: for any Np —dp —1 < j < Np —1

i—dp

2 (P) is defined < z; (P") is defined.

J

In other words, EDI(P) fits well into EDI(P’), if we glue their N-E corners.

Proof. The quadric P can be identified with the quadric of lines on P’ passing
through the given rational point x. Then we have natural regular embedding

1+1—dpr
e: F(Pi)— F(P,i+1), with e*( '—P’ mand

We have natural maps F(P,1) L (F(P',i+ 1)\F(P,)) % F(P’,i +1),
where the map f sends (i + 1)-dimensional plane m;41 to Ty pr N (z + mig1))
(expression in the projective space), and ¢ is an open embedding. It is an

i—d i+1—dps
exercise for the reader, to show that f*(z(P)) = g*(z(P')).

It remains to observe that F'(P,i) has codimension (Np — i+ 1) > j inside
F(P’,i+1), and thus g* performes an isomorphism on Ch’. This proves (=).
O

) follows.
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If we have a codimension 1 subquadric P of a quadric @, the EDI’s of
them are related by the following.

Proposition 2.8.

5

i—dp i+1-d
(P) is defined = Z(Q) is defined.

Proof. Consider the natural embeddmg e: F(P i) — F(Q,1). Then, it follows

from the definition that e* (2% . To prove the second statement
just observe that @ is a COdlmeanOH 1 5ubquadr1c in P/, where p’ = p L H
(if g =p L {(a), then p’ = ¢ L (—a)), and apply Proposition 2.7. O

i—d i—d
° (Q) is defined = Z(P) is defined;

5

Unfortunately, the Steenrod operations (see [1, 17]), in general, do not act
on the EDI(Q,1), since they do not preserve elementary classes. But they
act in the lower and the upper row: for the quadric itself, and for the last
grassmannian. Also, it follows from [13, Main Theorem 5.8] that EDI(Q,d)
carries the same information as GDI(Q, d). The same is true about EDI(Q,0)
and GDI(Q,0) by the evident reasons.

The action of the Steenrod operations on the elementary classes can be
described as follows.

Proposition 2.9. Let 0 <i<d, and N —d—i < j < N — i, then

i—d d=i s i—d
)8 (5K, D
k=0

where elementary classes of codimension more than (N — i) are assumed to

be 0.

Proof. We recall from [1] that on the Chow groups modulo 2 of smooth variety
X one has the action of Steenrod operations S® and S,, where the former
commute with the pull-backs for all morphisms, and the latter commute with
the push-forwards for proper morphisms. The relation between the upper and
the lower operations is given by

S® =5, ce(Tx).
From this (and the description of the tangent bundle for the quadric and the
projective space) one gets that S®(l) = (1 + k)N =+ . Since (mp,;)*(O(1))
is the sheaf O(1) on F(Q,0,7) = Pr(q,(7:),

Se(m0,i) (In—i—j) = ca(=Tr(q,0.0)) - (1 +H) T (m0.0) (In=i—j),

where H = ¢;(O(1)). Since S, commutes with the push-forward morphisms,
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-i—d
S*(z—) = 5*(m0,0)«(m(0,0)) " (In—i—j) =
(70,0 (co(=Triver) - (L + H)™ I+ (mg5)* (In—i))-
Recall that if V is a virtual vector bundle of virtual dimension M, and
ceM)(t) = > pso (V) - tM=k then for the divisor H, co(V @ O(H))(t) =

ce(V)(t+ H), and ca(VRQ O(H)) = co(V @ O(H))(1) = ce(V)(1 + H).
Since co(—Tiver) = co(—7; ® O(1)), by Proposition 2.1, (mod2) this is

A .
equal to Y00 w(l + H)~=1=F Thus,

— d—1 P ‘
5 = (5 k=m0 (ra) (14 Wiy =
k=0
d—1i . - -
B IMENES

j+r—k
r>0 k=0
O

Remark 2.10. In particular, for ¢ = d we get a new proof of [13, Theorem
4.1].

The following fact is well-known (see, for example, [2]). We will give an
independent proof below.

Proposition 2.11. The ring CH"(F(Q,1)|3) is generated by the classes

Z,Nfdfz‘gjngz', and W 0<j<d—i.

J J )

I—d
Proof. For 0 < I < i, let us denote the pull back of Z to F(Q,0,...,1)
by the same symbol. On this flag variety we have natural line bundles Ly :=
T/Tk—1. Let us denote hy, := cl(ﬁgl).

Lemma 2.12. Let E/k be some field extension. Suppose that Q|g is split.
I—d
Then the ring CH*(F(Q,0,...,1)|g) is generated by VV7 0<1I<i,
I—d
1<j<d—1, cde, 0<I<i, N—-d—-I<j<N-IL

Proof. Induction on <. For ¢ = 0 the statement is evident.

Statement 2.13. Let m: Y — X be a smooth morphism to a smooth variety
X. For z € X") Y, be the fiber over the point x. Let ¢ denote the generic
point of X, and s, : CH*(Y;) — CH*(Y,) be the specialisation map. Let
B C CH*(Y) be a subgroup. Suppose:

(a) the map B — CH"(Y¢) is surjective;
(b) all the maps s, are surjective.
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Then CH*(Y) = B - n*(CH*(X)).

Proof. On CH*(Y) we have decreasing filtration F'®, where F" consists of
classes, having a representative with the image under 7 of codimension > r.
This gives the surjection:

Oy Dyexn CH*(Y,) — grpe CH(Y).

Let [z] € CH"(X) be the class represented by the closure of z. Clearly, the
image of 7*([x]) - B covers the image of CH*(Y,) in F"/F"+1. O

Consider the projection
ﬂ(g,,d,l) F(Q,O,,Z*l,l) HF(Q,O,,Z*l)

Let Qy,2/E(x) be the fiber of this projection over the point z. It is a split
quadric of dimension N — 2¢. Thus, the condition (b) of the Statement 2.13 is
satisfied. Since [Ti]q,,, ] = [Li] +i-[0] = [O(=h;)] +i - [O] in Ko(Qyiy¢), it
follows from Proposition 2.1 that

S

@iy = In—2i—j,

=)

_pJ
|Q{7:},< = hi'

i—d
)

We can take B additively generated by Z N—-—d—-—1<j <N -2

i—d
and W, 0 < j < d —i. Then the condition (a) will be satisfied too. The
induction step follows. a

Lemma 2.6 implies that the Z, W, for | < i are expressible in
terms of Z,W and h,,0 < m < 4. Let A € CH"(F(Q,7)) be
W. Since F(Q,0,...

the subring generated by th_ , ,i) is a variety
of complete flags of subspaces of the vector bundle 7; on F(Q,1i), the ring

CH*(F(Q,0,...,%)) is isomorphic to
CE (F(Q. )[R .- bl /(o, () — en(T) 1 < < 4 1),

where o,.(h) are elementary symmetric functions on hy. But ¢.(7;) € A, by
Proposition 2.1. Since A and h,,,0 < m < i generate CH*(F(Q,0,...,1)), A
must coincide with CH* (F(Q, )). O

In particular, since the cycles W7 are defined over k, we have:

Corollary 2.14. The graded part of CH*(F(Q,1)|;) of degree less or equal
(d — 1) consists of classes which are defined over k.
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Notice, that for ¢ = d, Ch*(F(Q,d)|;) is generated as a ring by ZjE],

[o]

and moreover, GDI(Q,d) is always generated as a ring by the subset of 2;
contained in it - see [13, Main Theorem 5.8].
We will need one more simple fact.

Statement 2.15. The class of a rational point on F(Q,1)|; is given by the
product
2%
1 40
N—j
j=i

Proof. Use induction on N. Let x be a fixed rational point on Q|z. Then

we have a natural regular embedding e : F(P,i — 1) — F(Q,?), where P

is the (N — 2)-dimensional quadric of lines on @ passing through z, with
i—d i—d i—1—d

e«(l) = Z(Q), and e*(Z(Q)) = Z(P). Thus the induction

step follows from the projection formula. The base of induction is trivial. O

3 Generic points of quadrics and Chow groups

Everywhere below we will assume that the base-field k has characteristic 0. Al-
though, many things work for odd characteristics as well, the use of Algebraic
Cobordism theory of M.Levine-F.Morel will require such an assumption.

In this section I would like to remind the principal result of [14]. Let @
be a smooth projective quadric, Y be a smooth quasiprojective variety, and
7y € Ch™(Y'|3). This will be our main tool in the construction of fields with
various u-invariants.

Theorem 3.1. ([14, Corollary 3.5],[15, Theorem 4.3].)
Suppose m < Ng — dg. Then

y|m is defined over k(Q) < 7 is defined over k.

Example 3.2. Let a = {ay,...,a,} € KM (k)/2 be a nonzero pure symbol,
and @, be the respective anisotropic Pfister quadric. Then in EDI(Q,) the
marked nodes will be exactly those ones which live above the main (N-W to
S-E) diagonal.

o [ ] L] L] L]
o o ° () L]
o o] o L] L]
o [e] (o] [e] L]
o o o o o
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Really, over own generic point k(Q.) quadric @, becomes hyperbolic,
and so, all the elementary cycles are defined there. Then the cycles above
the main diagonal got to be defined already over the base field, since their
codimension is smaller than N¢g, — dg,,. On the other hand, the N-W corner
could not be defined over k, since otherwise all the elementary cycles on the
last grassmannian of ), would be defined over k, but, by the Statement
2.15, the product of all these cycles is the class of a rational point on this
grassmannian. Since @), is not hyperbolic over k, this is impossible. The rest
of the picture follows from Proposition 2.5.

The proof of Theorem 3.1 uses Algebraic Cobordisms of M.Levine-F.Morel.
Let me say few words about the latter.

3.1 Algebraic Cobordisms

In [7] M.Levine and F.Morel have constructed the universal oriented gen-
eralised cohomology theory Q* on the category of smooth quasiprojective
varieties over the field k of characteristic 0, called Algebraic Cobordism.

For any smooth quasiprojective X over k, the additive group Q*(X) is
generated by the classes [v : V' — X] of projective maps from smooth varieties
V subject to certain relations, and the upper grading is the codimensional one.
There is natural morphism of theories pr : * — CH*. The main properties
of Q" are:

(1) Q*(Spec(k)) = L = MU(pt) - the Lazard ring, and the isomorphism is
given by the topological realisation functor;
(2) CH*(X) = Q"(X)/L<%. Q*(X).

On Q" there is the action of the Landweber-Novikov operations (see [7,
Example 4.1.25]). Let R(01,02,...) € L{o1,09,...] be some polynomial, where
we assume deg(c;) = i. Then SE_, : Q* — Q*T98) i given by:

SE (w:V — X]) :=v.(R(c1,ca,...) - 1y),

where ¢; = ¢;(N,), and N, := =Ty + v*Tx is the virtual normal bundle.

If R = 0y, we will denote the respective operation simply as S% . The
following statement follows from the definition of Steenrod and Landweber-
Novikov operations - see P.Brosnan [1], A.Merkurjev [10], and M.Levine [6]

Proposition 3.3. There is commutative square:

S )
Q" (X) LN, Q*“(X)
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where S? is the Steenrod operation (mod2) ([17, 1]).
In particular, using the results of P.Brosnan on S* (see [1]), we get:

Corollary 3.4. (1) pro St (™) C 2-CH™™, ifi >m;
(2) pro (S7_ y —O)(Q™) € 2- CH*™, where O is the square operation.

proSt

2
and M. In reality, these maps can be lifted to a well defined, so-

called, symmetric operations ®* " : Q™ — Q"™ _ see [15]. Since over alge-
braically closed field all our varieties are cellular, and thus, the Chow groups
of them are torsion-free, we will not need such subtleties, but we will keep the
notation from [15], and denote our maps as ¢' .

This implies that ( modulo 2 —torsion ) we have well defined maps

3.2 Beyond the Theorem 3.1

Below we will need to study the relation between the rationality of 3 and
y|@ for codim(7y) slightly bigger than Ng — dg. The methods involved are
just the same as are employed for the proof of Theorem 3.1.

Let Y be smooth quasiprojective variety, @@ be smooth projective quadric.
Let v € Ch*(Y x Q) be some element, and w € Q*(Y x Q) be it’s arbitrary
lifting via pr. Over k, quadric @ becomes a cellular variety with basis of Chow
groups and Cobordisms given by the set {l;, h' }o<i<d, of projective subspaces
and plane sections. This implies that

CH*(Y x Qlz) = &2 (CH*(Y]g) - l; ® CH*(Y];) - h'), and

Q'Y % Q) = B (Y]R) - 1 & Q*(Y]) - hY)

- see [16, Section 2]. In particular,

dQ dQ
=Y (@ -k +7;-1;), and W:Z(Wi'hi+wi'li)-
i=0 =0

Denote as Ch~ the ring CH* /(2,2 — torsion).

Proposition 3.5. Let QQ be a smooth projective quadric of dimension > 4n —
1, Y be a smooth quasiprojective variety, and v € Ch2"+1(Y X Q) be some
element. Then the class

-0 11\ | =1 — 0
7+ S (0 )+T - UNg—20 + T - UNg—2n—1

—~ 2n+1
in Ch (Yg) is defined over k.
Corollary 3.6. Let Q be a smooth projective quadric of dimension > 4n —1,
Y be a smooth quasiprojective variety, and jj € Ch2"+1(Y\E) 1s defined over

k(Q). Then, either
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(a) Z(Qlk(y)) is defined; or
(b) for certain v € Ch*"(Y|z), and for certain divisor Ty,_2n € Ch' (Y]z),
the element
g+ 51 @)+ Ung-2n

—~2n+1
in Ch (Y]y) is defined over k.

Proof. Since § is defined over k(Q), there is x € Ch2”+1(Y|k(Q)) such that
T = Yl5gy- Using the surjection CH*(Y x Q) - CH"(Y|j(q)) lift the = to an

element v € Ch2"+1(Y x Q). Then v = Z?‘:‘go(ﬂi -h'+7v; - 1;), where 6O|1€(Q) =
y|@. But for any extension of fields F//k (with smaller one algebraically

closed), the restriction morphism on Chow groups (with any coefficients) is
injective by the specialisation arguments. Thus, 7° = 7. It remains to apply
the Proposition 3.5, and observe that if Un, 2,1 € Ch(Y|p) =Z/2 1is

nonzero, then the class Iy, _2n—1 = ZQM_? is defined over k(Y"). Really, this
class is just equal to U'W' O

Remark 3.7. One can get rid of factoring (2 — torsion) in the statements
above by using the genuine symmetric operations (see [15], cf. [14]) instead of
the Landweber-Novikov operations. As was explained above, for our purposes
it is irrelevant.

Before proving the Proposition let us study a bit some special power series.
Denote as ¥(t) € Z/2[[t]] the power series 1+3 ;- t2". Then ~(t) satisfies the
equation:

-y =t,
and generates the quadratic extension of Z/2(t). In particular, for any m > 0,
Y™ = amy + by, for certain unique ay,, by, € Z/2(t). The following statement
is clear.

Observation 3.8. (1) ama1 = tm + b, b1 = tam
(2) am, and by, are polynomials in t of degree < [m — 1/2] and [m/2], respec-
tively.

For the power series 3(t) let us denote as (3)«; the polynomial Zé’:o Bt
and as (8)s; - the remaining part 8 — ().

Lemma 3.9.
am = (V") <my2) = (V™) <im-1/2]

Proof. Let m = 2¥ 4+ my, where 0 < m; < 2F. Then 4™ = nyk Sy =
(@myy + bmy) + O(tQk) =1+ Zf:_ol 2 Yam, + bm, + O(tQk). Observation
3.8 implies that (Y")<m/21 = (1 + Zi‘:ol t2')am, + bm,. On the other hand,
2=yt (Zf;ll #2’), thus v™ is equal to
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k—1

(v + ) (@Y + biny) =

j=1

k—1 k-1
Am,y Y + Am,y t + (Z t* ), Y + bmy Y + (Z t )b, =
j=1 j=1

k—1 k—1
(1+ Z t21)am1 +bm, )y + (tam, + (Z tQJ)bTm)'
i=0 j=1
Hence, a,, = ((1 + Zi:ol 2 Yam, + bm,) = (Y"™)<[m/2- The second equality
follows from Observation 3.8(2) O
O

Lemma 3.9 implies that

,Ym - (’Ym)g[m—l/Q] -+ t(’ymil)Q[m—Q/Q]-

Lemma 3.10.

(V™) > fmy2) = t" (1 +mt) + O™ )
Proof. Use induction on m and on the number of 1’s in the binary presentation
of m. For m = 2F the statement is clear. Let now m = 2¥ + m;, where
0 < m <28 We have: (Y")s(my2) = (V™) <imy2)) > tmy2) +H(O™) <fm—1/2) -
771)>([m/2]—1) = t(am : ’771)>[m/2]—1~

k
am = (Y")<pmsz) = (2 7™ )<ims2) = (V™) <lms2] = (@my Y +bmy ) <fomy2);
and since degrees of a,,, and b,,, are no more than [mq/2], this expression

should be equal to 4™ + ap, 12 + O(t2"""). Then
k k
Ay - ,y—l _ ’}/ml_l +am1’y_1t2 + O(t2 +1) _

k k+1
(am1—17+bm1—1) +am1771t2 +O(t2 i ) =
k=1 ) »
(@my 1 (L D) 4 by —1) + 12 (g1 + @,y ™) + O ).
=0

Since the degree of a;,,—1 is no more than [ms/2] — 1, using Observation
3.8(1), we get:

k+1
t2

— k —
(@m Y D)spmy2—1 =1 (@m,—1 + am,y )+ O ) =
k k
2 (V"M gy iy )+ O =
ko S s — k+1
2y ™+ (™ Dgima—1/2) + O ).

Consequently, (Y")s[m/2] = t2k+1(7m1_1)>[m1—1/2] T+ O(t2k+l)- And, by
the inductive assumption, this is equal to

2L 4 (g — 1))y + 02 F™H2) = 471 4 mt) + O(t™F2).
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Corollary 3.11.
(am "Y_l)>[m/2]71 = tm_l(l +mt) + O(tm+1)

Observe now that y~1(t) = >0 t2'~1. Denote as 5(t) the polynomial
a2n+1(t). Then

5(0771 () = alt) + 27 + £ 4 O 2), (1)

where §(t) and «(t) are polynomials of degree < n. Observation 3.8(1) shows
that § = 1+t + .... For us it will be important that §(¢)y~*(¢) does not

contain monomials of degrees from (n + 1) to (2n — 1), but contains 2" and
£2n+1

Proof (of Proposition 3.5). The idea of the proof is the following: having some
element v € Ch2”(Y x @) we first lift it via pr to some w € Q*(Y x Q), then
restrict w to Y x Qg for various subquadrics ()5 of @, and apply to these
restrictions the combination of the symmetric operations ¢* and (Tys)« (see
below) in different order. The point is, that by adding the results with the
appropriate coefficients one can get the expression in question. In particular,
all the choices made while lifting to Q* will be cancelled out. And the needed
coefficients are provided by the power series §(t) above.

The case of dim(Q) > 4n—1 can be reduced to that of dim(Q) = 4n—1 by
considering arbitrary subquadric Q' C @ of dimension 4n — 1, and restricting
vtoY x Q. So, we will assume that dim(Q) = 4n — 1.

Let Q, =3 @ be arbitrary smooth subquadric of @ of dimension s. Denote
as w(s) the class (id x e;)*(w) € Q*"1(Q, x Y). Then

w(s) = Z w R + Z wj - lj74n+s+1'

0<i<min(2n—1,s) An—s—1<gj<2n—1

Let my,s : Qs x Y — Y be the natural projections.
Consider the element

2n+1
= (myanen)s8" (WA D)+ D San1 0t (v (w(p)

p=n-+1

in Ch*"*(Y), where §; are the coefficients of the power series § above. Let
us compute u. Since we are computing modulo 2-torsion, it is sufficient to
compute 2u, which is equal to the Chow-trace of

2n+1

(my2n1)« (ST = D)@+ 1)+ Y S2ar1-pST_n(Ty,p) (@ (D))
p=n-+1
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Using multiplicative properties of the Landweber-Novikov operations:

St_n(z-y) = ZSLN )ST-n(Y),
b+c=a

and Proposition 3.3, we get (modulo4):

2n—1 .
n — ¥l S
pr(myans1): SN (W(2n + 1)) = JE:O (Qn Cay 1) -2 9 (W) +

(") st @+ () s ),

Codimension of ¥/ is 2n + 1 — j, thus either (,, jj+1) is zero, or S7(v7)
is, and our expression is equal to pr(S?" x(Wan—_1) + St (Wan_2)). Also,

(modulo 4),
p’l“(71'y72n+1)*|:|(@(2n + 1)) =2 'p’l“(woﬁgn_g + @1w2n_1).

In the same way, (modulo4),

—(p+2

prst_y(myp)@p) = Y

min(2n—1,p) <
=0

jj)) 2. 89w+

IS (i 1) s
pr( Z < i >Sf:l]v(wi+4n—1—p))~
i=0
Observe, that the second sum is empty for p < 2n, is equal (modulo4), to
prS (Way,—1) for p = 2n, and to prSi"ngl(wgn 2) for p = 2n+ 1 (we used
here Corollary 3.4).
Since the coefficient (

the first sum is equal to:

7(ll+2)) is odd if and only if | = 2k — 1, for some k,

min(2n—1,p)

2 (v p—j - S7(@).

i=
Taking into account that 5(t) =1+4+t+..., we get:

2n+1

pr Z dont1-pST_N(Typ)«(@W(P)) =

p=n+1
2n+1 min(2n—1,p)

2 Z Z 52n+17p(’)’_1)p7j ’ Sj(ﬁj)"_

p=n+l  j=0

(prS7" N (Wan—1) + prS7hy (Wan—2)) =

2n—1
2 (07 a1 (@) + (prSTy (Wan—1) + pro7 N (Wan—2)) =
=0

2(0° + 8'(0")) + (prSi™ n (Wan-1) + prS7y (Wan-2)),
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in the light of formula (1) and Corollary 3.4.
Putting things together (and again using Corollary 3.4), we obtain:

21 = 2(7° + SY(T) + T - Va1 +T° - Ton_2).
Since u is defined over the base-field k, the Proposition is proven. a
There is another result which extends a bit Theorem 3.1.

Proposition 3.12. ([14, Statement 3.8]) Let Y be smooth quasiprojective
variety, Q smooth projective quadric over k. Let j € Ch™(Y|;). Suppose

ZNEQ]_dQ(Q) is defined. Then for m < Ng — dg,
Ulicqy is defined over k(Q) < 7 is defined over k.

Proposition 3.12 extends Theorem 3.1 in the direction of the following:

Conjecture 3.13. ([14, Conjecture 3.11]) In the notations of Theorem 3.1,

(Q) is defined. Then for any m <1,

suppose z;
ﬂ|@ is defined over k(Q) < 7 is defined over k.

This conjecture is known for | = Ng — dg, Ng — 1, Ng.

3.3 Some auxiliary facts

For our purposes it will be important to be able (under certain conditions) to
get rid of the last term in the formula from Proposition 3.5. For this we will
need the following facts.

Proposition 3.14. Let 0 < i < dg, and F(R,i) < F(R,0,i) 2 R be the

natural projections. Let ZN;ﬂ- is defined. Let t € Chy,,_;(F(R,1)) be such

i—dp
that By (t) = 1 € ChY(R). Then B.a*(t - z) =1; € Ch;(R).

i—d
Proof. Really, by the definition, z = a,0*(lp). By the projection for-
mula,

% (t - z) = [.a*(t z) = B, (a*(t) - 8% (lp)).

Np—i "“Np—i

Again, by the projection formula, 8, (a*(¢t) - 8*(lo)) = lp. Thus, a*(t) - 8*(lp)
is a zero-cycle of degree 1 on F(R,0,%), and a.(a*(t) - 5*(lp)) is a zero cycle
of degree 1 on F(R,i). Proposition follows. O

O
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Let v € Ch™ (Y x Q) be some element. Then

V= (ﬁzhzﬁ-ﬁlll)

Ng—m—d
Statement 3.15. Suppose z(Q) is defined. Then for any v as above,
there ezists u € Ch™ (Y x Q) such that ©° =7°, and Un,—m = 0.

Proof. If U, —m = 0, there is nothing to prove. Otherwise, the class In, —m €
Chng-m(Q|r(y)) is defined. Indeed, let

px : Ch*(Y x X) = Ch*(X|xv))

be the natural restriction. Then pg(7) = In,—m plus A - h™, if 2m = Ng
(notice, that Ty, —m € Cho). This implies that the class Ing—m = ZNQdfm
is defined on Q|j(y). Using Proposition 2.5 and Statement 2.15, we get that
the class of a rational point is defined on F(Q, Ng — m)|xy) (this proof is
somewhat longer than the standard one, but it does not use the Theorem of
Springer (see [5])!). Let 2 € Chgjm vy (F(Q, Ng —m) x Y') be arbitrary lifting
of this class with respect to pr(Q,Ng—m)- Let

F(QaNQfm)&F(anvNQfm)gQ

be the natural projections. Consider v’ := (8xid).(axid)*(z) € Ch™(QxY).
Proposition 3.14 implies that the (defined over k) cycle

W= (my ) (BN x 1y) - (8 x id). (a x id)*( (Q)))

T - Zm

. —0 —0 . — . — _
satisfy: u” = ', and (evidently) u” n,—n = 0. Since v/ Ny —m = 1 = Ung—m,
it remains to take: u:=v —u' +u”. O

O

4 Even wu-invariants

The fields of any given even wu-invariant were constructed by A.Merkurjev
in [9] using his indez-reduction formula for central simple algebras. The idea
of such construction is based on the, so-called, Merkurjev tower of fields,
which was first used in [8]. In our case, this tower is constructed as follows:
let F' be any field, and let Sp be the set of all (isomorphism classes of)
quadrics over F of dimesion > (M —2). Let F' :=lim;cs, F(X;e1Q:), where
the limit is taken over all finite subsets of S via the natural restriction
maps. Then starting from arbitrary field k one constructs the tower of fields
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k=ky— ki — ... > k. — ..., where k41 := (k,)". One gets huge field
koo := lim, k, having the property that all forms of dimension > M over it are
isotropic, and thus u(ks) < M. But to get a field whose u-invariant is exactly
M , one has to start with some special field k, and since one wants to have some
anisotropic M-dimensional form p over k., better to have it already over k,
and then check that p will not become isotropic while passing from k to k..
Of course, to be able to control this, we need to know something interesting
about p. That is, we need to control some other property which implies ours.
More precisely, for a given base-field k, on the set of field extensions E/k we
should define two properties: A and B, where

A(FE) issatisfied < p|g is anisotropic,
so that the following conditions are satisfied:

(1) B = A;

(2) B(E) = B(E(Q)), for arbitrary quadric Q/E of dimension > dim(P);

(3) Let {E;}es be the directed system of field extensions with the limit E.
Then B(E}) for all j implies B(E).

Then B(k) = A(ks)- So, if one finds quadratic form p of dimension M over
k and some property B satisfying the above conditions (and such that B(k)
is satisfied), then ko, will have u invariant M.

In the case M = 2n is even A.Merkurjev takes p € I? and the following
property B:

B(E) is satisfied < Cf (p|g) is a division algebra,

where C; (p) is the “half” of the even Clifford algebra Co(p) = Cy (p) x C5 (p)
(both factors are isomorphic here). Of course, for B(k) to be satisfied one has
to start with some form p for which C’SF is division over the base field. The
generic form from I? (that is, the form (a1, ..., a2,_1, (—1)"a1-.. .-ag,_1)/k =
ko(ai,...,as,—1)) will do the job. The condition (1) is satisfied since the
isotropy of p|g gives the matrix factor in Cy (p|g) ([5]), and the condition
(3) is clear. The only nontrivial fact here is the condition (2), which follows
from the index reduction formula of Merkurjev, claiming that over the generic
point of a quadric @ the index of a division algebra D can drop at most by
the factor 2, and the latter happens if and only if Cy(¢) can be mapped to D.
Indeed, if p is of dimension 2n, then Cgr (p) is a central simple algebra of rank
2n~1 and Cy(q) is either a simple algebra, or a product of two simple algebras
of large rank (this will not be true for odd-dimensional p!), thus there is no
ring homomorphisms Cp(g) — C (p), and the index of Cf (p|g) is equal to
that of Cf (p|p(q))-

Let me give another construction, which does not use the index reduc-
tion formula. Instead, I will use the North-West corner of the EDI and the

property:

B(E) is satisfied < ZNEP]_CZP(P\E) is not defined,
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Statement 4.1. Let M = dim(p) is even. Then our property B satisfies the
above conditions (1) — (3).

Proof. The condition (1) follows from Proposition 2.5, since the property A(F)
is satisfied < the South-West corner of the EDI is not defined for P|g. The
condition (3) is clear, since CH*(X|g_ ) = lim; CH*(X|g,). Finally, suppose

z—1(P|g) is not defined. Then, by Theorem 3.1, for any form g of dimension

> M, zn@l (P|g(q)) is not defined as well (will not work for M - odd). Thus,
the condition (2) is satisfied. O
O

Corollary 4.2. (A.Merkurjev, [9]) For each M = 2n there is a field of u-
mvariant M.

Proof. Take any form p/k of dimension M such that zn@l (P) is not defined.
One can use the generic form - see [14, Statement 3.6]. Then B(k) is satisfied
and, hence, A(ky) is satisfied too. O

O

5 Odd wu-invariants

Let us analyse a bit the above construction. Instead of working with the cycle

ZxN, — - the class of a rational point on a quadric P, we worked with the

(smaller codimensionall) cycle zNEOP]_ 4+ and used the fact that rationality of
the former implies rationality of the latter (Proposition 2.5).

Unfortunately, for odd-dimensional forms we can not use the class ZNEOPL dp-

Really, if p is any such form, then for ¢ := p L (dety(p)), zidp (Plr(o)) will
be defined, since the rationality of this class is equivalent to the rationality of

ZNEOQ]_dQ(Q|k(Q)) - observe that

G(Q7dQ) = G(P7 dP) HG(P, dP>7

and the rationality of the latter follows from the rationality of the class

—d
z(Q\k(Q)) (isotropy of Qx(q))- So, even if we start from the form, where

our class is not defined, over the generic point of some bigger-dimensional
form it will become rational, and we can not control anisotropy of P.

But the rationality of 2z — implies rationality not just of zN@P_ 4ps DUt

of all the West edge de—',-s? 0 < s < dp. So, let us use these other cycles.
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Let the form p has dimension 2" + 1. In this case, one can use previous to

[—1]
the last grassmannian, and the class Z2T-_1 4, on it.

Theorem 5.1. Let dim(p) = 2" + 1, r > 3, and EDI(P) looks as

@ o o
o o o
o o o

Let dim(q) > dim(p). Then EDI(P|jq)) has the same property.
Corollary 5.2. For any r > 3 there is a field of u-invariant 2" + 1.

Proof. Start with the generic form p over k = ko(aq, ..., azr41) and the prop-
erty

B(FE) is satisfied < FEDI(P|g) is as in the Theorem 5.1,

Then EDI(P) is empty. This follows from Proposition 2.5 and [14, Statement
3.6]. Thus, B(k) is satisfied. The condition (1) is satisfied by the definition of
A and B. The condition (3) is satisfied since CH*(X|g_, ) = lim; CH*(X|g, ).
And the condition (2) is equivalent to the Theorem 5.1. Then, as we know,
A(koo) is satisfied, and u(ke) = 2" + 1. O

O

Proof (of Theorem 5.1). Let d := dp = 2"~1 — 1. It follows from Theorem 3.1

that the cycles z P| k(@) 1 < j < d are not defined. That is, we have o’s
to the right of C’j In the hght of Prop051t10n 2.5 it remains only to treat the

case of z(P|k(Q)) (that is, the node just below the ().

This is done as follows. If this cycle is defined over k(Q), we can lift it to a
cycle v on F(P,d— 1) x Q. Over k quadric Q becomes cellular, and our cycle
decomposes in a standard way, producing coordinates 7, 7;. Using the fact
that dim(q) = 2" + 1,7 > 3 one can correct v in such a way that the “last”
of these coordinates will be zero. This is done by some play with elementary
classes using Theorem 3.1, Proposition 3.12, Proposition 2.9 and other major
statements, and is the most delicate part of the proof (in particular, it is
the only place where the high specific of the dimension is used - everything
else works for dim(q) = 1(mod4)). After this is achieved, one can apply
Proposition 3.5, and get a k-rational class on F(P,d — 1) given by the sum
of 4 terms, the last of which will be zero because of our choice of v. Now,
from the knowledge of the action of the Steenrod operations it is not difficult
to prove that the obtained k-rational class is nonzero. Finally, we use the
information about elementary classes on F'(P,d) and the main result of [13]
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to conclude that our nonzero k-rational class on F(P,d — 1) should be ZdJ_r2 .
This contradiction proves the Theorem.

-1
In more details, suppose, z(P| k(Q)) is defined. We clearly can assume
that dim(q) = dim(p) + 1 = 2" + 2. Let us denote F(P,d — 1) temporarily
-1
as Y. We have y € Chd“(Y\k(Q)) such that 7 = z € Chd+2(Y|@). Let

us lift it to v € Ch*™2(Y x Q) via the natural projection Ch*™?(Y x Q) z
Ch'™*2(Y k()

Statement 5.3. There exists such v € Ch?¥ (Y x Q) that 7° =7, and T4 =
0 € Cho(Y|p).

Proof. Let v be arbitrary lifting of y with respect to py. If 74 = 0, there is

1
nothing to prove. Otherwise, let us show that er,1+1(Q) is defined over k.
Suppose T4 # 0, then it is equal to 1 € ChO(Y|E). Then po(v) = lg €

En)

Cha(Qliiys) = Z/2 - la. Thus, 2575~ (Qli(y)) is defined. By Proposition 2.5,

-2
25— (Q|r(y)) is defined too (it lives in the same column above). We want to

—2
show that z(Q) is defined.

Consider the two towers of fibrations:
Spec(k) «— P — ... — F(P,0,1,...,d—1);
Spec(k) — Q «— ... — F(Q,0,1,...,d— 1),

with the generic fibers - quadrics P = Py, ..., Py, Q@ = @1, ..., Q4 of dimension
2d+1,2d—1,...,3, and 2d 4 2,2d, ..., 4, respectively. Let us denote &k, p :=
E(F(P,0,...,a—1) x F(Q,0,...,b—1)). Then

ka+1,b = ka,b(Pa) and ka,b+1 = ka,b(Qb)-
Since we have embeddings of fields

kCk(Y)=k(F(P,d—1)) C k(F(P,0,....d—1)) = kqo.

Z(Q|kd,0) is defined. Then by Proposition 2.5, 31@(@|kd,o) is defined. By
Theorem 3.1, z(Q) and Z(Q) = (21@](@))2 = Sl(z(Q)) are defined.

It follows from Corollary 2.14 that for arbitrary elements
@, € Ch*(F(Q,d — 1)[z-—) of codimension 2 and 1, respectively, the class

SY(@) +a@- 3 is defined over any field, where @ is defined, in particular, over
kq—1,0. It follows from Corollary 3.6 that
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—2
either z(Q|ka71,0) is defined;

Z(Q|ka’0) is defined =

or z5 (Palko_.4) is defined,
and dp, < 3.

Let us show that the second case is impossible. Really, by Proposition 2.5,

i, | o] |
73 (Palko_1.) is def. = ZS*dpa(Pa‘ka—l,d) is def.

Since 3 —dp, < 2, dim(Qp) > 4, and ZQE](Qd) is defined, by Proposition 3.12
and Theorem 3.1,

z?@dpa (Palky_y,) is def. = Z@dpa(Pa‘ka—l,b—l) is def.

Then Zg@dp (Py/kq—1,0) is defined, and 23@@ (P) is defined (by Theorem
3.1). This contradicts to the conditions of our Theorem (here we are using the
fact that r > 3). Thus,

—2 —2
Z(Q|ka’0) is defined = Z(Q|ka_lyo) is defined,

2 —1
and, consequently, z(Q) is defined. By Proposition 2.5, Z(Q) is defined
too. Proposition 2.9 implies that

@ =575 s

23T Z3
-1

is also defined over k. Since 25— +1(Q) is defined, everything follows from
Statement 3.15. O
O

Consider v € Chd+2(Y x @) satisfying the conditions of Statement 5.3.
r—1

As above, 7 = Z?:o (@' - h* 4+ v; - I;). Then, by Proposition 3.5, the class
0 + ST (@) + v'0gr 1 + 0%Dgr—1_y is defined over k. But Tyr—1_; = 0. Thus
on Y we have the class 2° 4+ S (0') 4+ 9'0yr—1 defined over k.

Now it is time to use the specific of Y and v. Our Y is a grassmannian
F(P,d — 1). In particular, it is a geometrically cellular variety, and the map

-1
Ch*(Y'|z) — Ch* (Y|@) is an isomorphism. Thus, 7° = z. On the other

hand, Ty—1 = U441 belongs to Ch' (Yl]5), and so is equal either to 0, or to

—1 —1
w. So, on F(P,d — 1) we have class either of the form z + S(w'), or

of the form z +St(wh) —&—Elw

T defined over k. The following Statement
shows that such class should be nonzero.
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Statement 5.4. Let R be a smooth projective quadric of dimension 4n — 1.

-1
Then ZdR+1(R) belongs to the image of neither of two maps:

—1
St(Sst+ w - ) : ChVETR(F(R,dR — 1)) — ChNE~ 95T Y (B(R dp — 1))
Proof. We can assume that k = k. Consider the natural projections:
F(R.dp — 1) & F(R,dg — 1,dg) 2> F(R,dg).

The map (3 provides F(R,dr — 1, dg) with the structure of the projective bun-
dle Pp(r,ap) (’]:ivR), and the Chern classes of 7, are divisible by 2 - see Proposi-
tion 2.1 (and [13]). Thus, Ch*(F(R,dr—1,dg)) = Ch*(F(R,dg))[h]/(R4r*1),
where h = ¢1(O(1)). By Lemma 2.6,

a™( )= 6%( [o] )-h, and h= a*(w).

ZNp—dpr+1 “Nr—dg 1

The first fact now is simple, since

sa e, =gy =, ) e,

Nr—dr+1 ZNR—dR : Nr—dgr
-1
by Proposition 2.9, and the latter element is nonzero. Thus, even a*(z N —dr +1)
can not be in the image of S!, since S' o S = 0.
To prove the second fact, observe that

e e LI I P S S Vv LI S

-1 —1
Let u € ChV* =" (F(R,dr —1)) be such that (S* +w- Yu) = ZdR+1'

Then (S* + h - )(6*(2’1@{7@) — a*(uw)) = 0. Since dgr is odd, the differ-
ential (S + h - ) acts without cohomology on Ch*(F(R,dg))[h]/(h?r*1).

Consequently, (ﬂ*(zNEOR]de) —a*(u) = (S*+h- )(w), for certain w €
ChVr=4"=1(F(R,dgr — 1,dg)). This implies

0 (R ag) = (8" 41 ),
since a,a* = 0. Notice that a : F(R,dgr — 1,dgr) — F(R,dr — 1) is
a conic bundle with relative tangent sheaf a*((’)(w)) = O(h). Thus,
a (ST +h- ) (w) = S (a.(w)), and a*a*(ﬂ*(z@_dR)) = Sl(a*a.(w)). But

oo (B* (25 —_g,,)) = V7471 = h97 and this element is not in the image
of S, as one can easily see. The contradiction shows that u as above does not

exist. 0
O
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It follows from the Statement 5.4 that in Ch®*?(F(P,d — 1)) we have
nonzero class x defined over k. Then a*(z) € Ch*"(F(P,d — 1,d);) will

be also nonzero class defined over k. But the subring of k-rational classes in
Ch*(F(P,d —1,d)|) is GDI(P,d)[h]/(h%*1), and by the main result of [13],

GDI(P,d) as a ring is generated by the elementary classes z;— contained in

it. By the conditions of our Theorem, among such classes only Z§1 could

be defined over k. Then the degree = (d + 2) component of the subring of

k-rational classes in Ch*(F(P,d—1,d)|;) is contained in Z/2- (5* (z@l) -h) =
-1 —1

Z]2 - a*(z). Thus, if  is nonzero, it got to be z. But this class is

not defined over k by the condition of the Theorem. And the contradiction

shows that the class zdlz is not defined over k(Q) as well. Theorem 5.1 is
proven. O
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