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Abstract. We survey recent results on the value-distribution of L-functions with
emphasis on aspects of universality.

1. Voronin’s theorem

In 1975 Voronin [Vor75b] discovered a remarkable analytical property of
the Riemann zeta-function ((s). Roughly speaking, he proved that any non-
vanishing analytic function can be approximated uniformly by certain purely
imaginary shifts of the zeta-function in the right half of the critical strip. Af-
ter significant improvements due to Reich [Rei77] and Bagchi [Bag81] the
strongest version of Voronin’s theorem has the form (see [Lau96)):

Theorem 1. Suppose that # is a compact subset of the strip 9 := {s €
C: % < Re s < 1} with connected complement, and let g(s) be a non-vanishing
continuous function on JE which is analytic in the interior of £ . Then, for
any € > 0,

o1 ) .
hmlnffmeas {7‘ €[0,7] : ilé;g/(|§(s+m) —g(9)| < 6} > 0.

T—o0
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We may interpret the absolute value of an analytic function as an analytic
landscape over the complex plane. Then the universality theorem states that
any (finite) analytic landscape can be found (up to an arbitrarily small error) in
the analytic landscape of ((s). This remarkable property has several interesting
consequences on the value-distribution of the zeta-function. For instance, for
any n € N and any fixed s with Res € (3, 1) the set

{(C(s+ir), ¢ (s +ir),....,c" V(s +ir)): 7 e R}

is dense in C". Moreover, it follows that the zeta-function does not satisfy any
algebraic differential equation.

In the first half of the twentieth century, Harald Bohr applied probabilistic
methods in order to study the value distribution of {(s). Voronin’s proof of his
universality theorem relies heavily on Bohr’s ideas. Here we sketch a variant
of the proof in the language of weakly convergent probability measures due to
Bagchi [Bag81].

Denote by v = {s € C : |s| = 1} the unit circle in the complex plane and put
1= H Vp»
P

where 7, = v for each prime number p. With product topology and point-
wise multiplication this infinite dimensional torus §2 is a compact topological
abelian group, and hence the normalized Haar measure m on the metric space
(Q, B(Y)) exists; here Z() denotes the class of Borel sets of Q. This induces
a probability space (©, Z(€2), m). Let w(p) denote the projection of w € Q on
the coordinate space ,. Since the Haar measure m on {2 is the product of the
Haar measures m, on the coordinate spaces,{w(p) : p prime} is a sequence of
independent complex-valued random variables defined on (2, Z(€2),m). Now
denote by 2 (2) the set of analytic functions defined on the strip 2, equipped

with the topology of uniform convergence on compacta. For Res > I and

w € Q, let ) ’
C(s,w)=H(1—”(p))_ .

pS
P
This defines an J#(%2)-valued random element on the probability space
(Q, #(2),m). It can be shown that for almost all w € Q the infinite product
defining ((s,w) converges uniformly on compact subsets of Z.

The first step in the proof of Theorem 1 is to establish the weak convergence
of the probability measure P, defined by

Pr(A) = %meas{r C0,T] : C(s+ir) € A} for Ac BH(D)),
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to the distribution P of the random element ((s,w), given by

PA) =m{weQ: {(s+ir)e A} for Ae B(H(P)),
as T — oo. For short,
(1) Pr = P (T — ).

The proof of this limit theorem relies on fundamental results from probabilty
theory, e.g. Prokhorov’s theorems, ergodic theory for random processes, and
the simple but important fact that the logarithms of different prime numbers
are linearly independent.

The support of the random element

log {(s,w) = ) _log (1 - “’]Ef))l

is the closure of the set of all convergent series

> log (1 — “;f))_l with a(p) € 7.

The second step is to prove that the set of all these convergent series is dense
in S (Pn), where Iy == {s €: 3+ < Res < 1,[Ims| < M} and M is an
arbitrary positive constant. This involves the theory of entire functions of
exponential type, a rearrangement theorem in Hilbert spaces, and the prime

number theorem. The map f — exp f sends (%) to
1
{ge%(@M) i g(s) #0 for 3 < Res < 1}.

Now, roughly speaking, the limit theorem (1) ties both ends together. Since
J is a compact subset of Z, there exists some M for which &~ C 2. It follows
that any ¢ which is contained in the support of the random element ((s,w)
and has a non-vanishing analytic continuation to Z); can be approximated
uniformly by some shift ((s + i7) for s € " if ® denotes the set of ¢ € H#
such that

— <
max lo(s) —g(s)| <,

then

T—o00

1
lim inf 7 meas {T €10,7] : max IC(s+i1) —g(s)] < a} >P(®) > 0.
sE

The case of functions g with zeros in &y, \ # follows from an application of
Mergelyan’s approximation theorem). This yields the statement of Theorem 1.
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All known proofs of universality results for Dirichlet series, like the one for
the zeta-function above or those covered by Theorem 2 below, depend on some
arithmetical conditions. But is universality really an arithmetic phenomenon
or not? Reviewing the proof one might understand universality as a kind of
ergodicity on function spaces. It seems reasonable that the universality of
Dirichlet series is a common phenomenon in analysis, that it is related to Julia
rays in value-distribution theory and to ergodical dynamical systems as well.

2. Zeros and the Riemann hypothesis

Since any non-vanishing analytic function possesses an analytic logarithm,
it follows that log {(s) is strongly universal, i.e., log ((s) can uniformly approx-
imate functions having zeros; in fact, we have almost given a proof of this fact
in the previous section. It is natural to ask whether {(s) is also strongly uni-
versal. The answer is negative. We give a heuristic argument which can be
made waterproof with a bit more effort by the techniques of Section 5.

Assume that g(s) is an analytic function on |s| < r, where 0 < 7 < %, which
has a zero & with |¢| < r but which is non-vanishing on the boundary. Then,
whenever the inequality

¢ (s—i—i—i—zﬁ') —g(s)
holds, ¢ (s+ 2 +47) has to have a zero inside |s| < r. This can be seen as
follows. By the maximum principle the maximum on the left hand side of the
inequality above is taken on the boundary. The second inequality holds for
sufficiently small & (since the zeros of an analytic function form a discrete set
or the function vanishes identically). Consequently, an application of Rouché’s
theorem yields the existence of a zero of ((s+ 3 + i) inside |s| < r. If now for
any € >0

< & < min [g(s)[;

lsl<r

max
lsl<r

1
lim inf 7 meas {T € 1[0,7] : max

—00 |s|<r

C<s+i+z‘7) —g(s)

then we expect > T many complex zeros of (s) in the strip %—r < Res < %—i—r
up to height T'. This contradicts classical density estimates: for any o > %, the
number of zeros p = [ + 7y satisfying § > 0,0 < v < T is known to be o(T)
as T' — oo. Thus, uniform approximation of a function g(s) with a zero by the
zeta-function is impossible.

Bohr [Boh22] discovered an interesting relation between the Riemann hy-
pothesis and almost periodicity. He showed that if x is non-principal character,
then the Riemann hypothesis for the associated Dirichlet L-function L(s,x)

<5}>0,
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(i.e., the non-vanishing of L(s,x) for Res > 1) is equivalent to the almost
periodicity of L(s, x) in the half-plane Re s > % Because of the restriction on
non-principal characters y this result does not cover the case of ((s). More
than half a century later Bagchi [Bag81] proved that the same criterion holds
also for ((s), namely that Riemann’s hypothesis is true if and only if for any
compact subset £ of the strip % < Res < 1 with connected complement and

for any € > 0

o1 .
l1m1nffmeas {T €10,7] : Eg}gd((s—i-m—) —((9)| < 5} > 0.

T—o0

The crucial implication of Bagchi’s proof relies essentially on Voronin’s univer-
sality theorem, which, of course, was unknown to Bohr.

3. The Selberg class

Meanwhile, it is known that there exists a rich zoo of universal Dirichlet
series; for a list we refer to [Lau96], [Mat04], [Ste04]. It was conjectured by
Linnik and Ibragimov that all functions given by Dirichlet series and analyt-
ically continuable to the left of the half plane of absolute convergence, which
satisfy some natural growth conditions, are universal. In this section we are
interested in the universality of L-functions.

In 1989 Selberg [Sel92] defined a general class . of Dirichlet series having
an Euler product, analytic continuation and a functional equation of Riemann-
type, and formulated some fundamental conjectures concerning them. His aim
was to study the value-distribution of linear combinations of L-functions. In the
meantime this so-called Selberg class became an important object of research.
All known examples of functions in the Selberg class are automorphic (or at
least conjecturally automorphic) L-functions, and for all of them it turns out
that the related Euler factors are the inverse of a polynomial in p~°. This spe-
cial shape of the Euler product is related to Langlands’ reciprocity conjecture.
In the sequel we will consider a subclass of polynomial Euler products.

The class . consists of Dirichlet series

L(s)=3" aln)

nS

n=1

satisfying the following axioms:
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— Polynomial Euler product: for 1 < j < m and each prime p there exist
complex numbers «;(p) with |a;(p)| < 1 such that

(@
26 =TI (1- 47
b =1 P
— Mean-square: there exists a positive constant s such that
. 1
lim —— " |a(p)* = &;

Tr— 00 7'[‘({,[,') pgm

— Analytic continuation: there exists a non-negative integer k such that
(s — 1)*Z(s) is an entire function of finite order;

— Functional equation: there are positive real numbers @), A;, and there
are complex numbers p;, w with Rey; > 0 and |w| = 1, such that

Ag(s) = whz(1—3),

where

f
Ag(s) = ZL(s)Q° [ TOs +ny).
j=1
It should be noted that the axiom on the mean-square is intimately related to
Selberg’s conjectures (see [Sel92]). We expect that . contains all non-constant
functions from the Selberg class: .% = .7 \ {1}.
The degree of any non-constant function .2 € .# (and so in .#) is defined

by

f

dz =23 A
j=1

This quantity is well-defined. If N (T) counts the number of zeros of £ € .
in the rectangle 0 < Res < 1, [Im s| < T (counting multiplicities) one can show
by standard contour integration

d
Ng(T) ~ %TlogT,

in analogy to the classical Riemann-von Mangoldt formula for ¢(s). It is con-
jectured that the degree is always a positive integer (provided that £ is not
constant one).

The functions of degree one in .# are the Riemann zeta-function and shifts
of Dirichlet L-functions L(s + 6, x) attached to primitive characters y with
0 € R. Examples of degree two are normalized L-functions associated with
holomorphic newforms; normalized L-functions attached to non-holomorphic
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newforms are expected to lie in .#. The Rankin-Selberg L-function of any two
holomorphic newforms is an element of the Selberg class of degree 4. Further
examples are Dedekind zeta-functions to number fields K; their degree is equal
to the degree of the field extension K/Q.

In [Ste04] the following generalization of Voronin’s universality theorem was
proved.

Theorem 2. Let & €. and X be a compact subset of the strip

1 1
Dy :=95cC :max{-,1— — > <Res<1
2 de
with connected complement, and let g(s) be a non-vanishing continuous function
on & which is analytic in the interior of & . Then, for any e > 0,

1
hqgiio%ff meas {7‘ €10,7] : irelgz/qg(s +i1) —g(s)| < 5} > 0.
This theorem may be regarded as a verification of the Linnik-Ibragimov con-
jecture for Dirichlet series in the Selberg class.

4. The strip of universality

Besides the arithmetic axioms on the polynomial Euler product and on the
mean-square, a further important ingredient in the proof of Theorem 2 is the
second moment bound

T— o0

1 T
hmsupf/ |-Z (0 +it)[? dt < oo.
1

In [Ste04] an asymptotic formula for .2 € . in the range Z¢ was proved. If
d o > 2, the strip Z¢ does not cover the right half of the critical strip; any
extension of this strip to the left would imply universality in this extended strip.
However, the critical line is a natural boundary for universality of .Z € 57 (at
least in the sense of Theorem 2).

In particular cases of functions . € . with degree d & > 2 the existence of
the mean-square covering the strip Z is known. For instance, let L(s, x) be an
arbitrary Dirichlet L-function to a primitive character . Then ((s)?L(s,x) is
an element of .7 of degree 3, so Theorem 2 gives universality for % < Res < 1.
Using Montgomery’s estimates for the fourth moment of Dirichlet L-functions
and Ivi¢’s eigth-moment estimate for {(s), the Cauchy-Schwarz inequality yields

11—-8c
1

T
/ IC(o +it)?L(c +it, ) > dt < T" 2 T3t < T
1
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for any o > 3. Thus ((s)L(s, x) is universal in the strip 2 < Res < 1. If the
generalized Lindeléf hypothesis is true for 2 € .7, i.e.,

1
£ (2 + it) < t°
for any € > 0 as t — oo, then the strip of universality can be extended to the
full open right half of the critical strip.

5. Effectivity

The known proofs of universality theorems are ineffective, giving neither an
estimate for the first approximating shift 7 nor bounds for the positive lower
density. There are some remarkable attempts due to Garunkstis [Gar03], Good
[Goo81], and Laurin¢ikas [Lau00], however, their results are either restricted
to rather small classes of functions or conditional subject to certain unproved
hypotheses. Following [Ste03] we now consider the problem of effective upper
bounds for the upper density of universality.

Denote by B, the closed disc of radius r > 0 with center in the origin. We
define for a meromorphic function L(s), an analytic function g : B, — C with
fixed r € (0, 1), and positive ¢ the densities

< e} ,

<e}.

We consider analytic isomorphisms g : B, — Bj, i.e., the inverse g~ exists
and is analytic. Obviously, such a function g has exactly one simple zero ¢ in
the interior of B,. By the Schwarz lemma any such g has a representation

1
d(e,g, L) = liTminf 7 meas {7‘ €10,7] : max

s|<r

L<s+i+i7> —g(s)

and

— 1
d(e,g,L) = limsup 7 meas {T € [0,7] : max

T—o0 [s|<r

L<s+i+i7) —g(s)

1

g(s) = rexp(ip) §—f with ¢ €R and [¢] <.
r2—¢&s

Denote by 7. the class of analytic isomorphisms from B, (with fixed 0 < r < i)
to the unit disc. Further, let N (o1,09,T) count the number of zeros of L(s)
in % <01 <Res<oy<1, 0<t<T (counting multiplicities).

Theorem 3. Suppose that g € o,.. Assume that L(s) is analytic in Res >

% — 1 except for at most o(T) many singularities inside Res > % - 7,0 <
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Ims < T, as T — oo, and that d(e,g,L) > 0 for all e > 0. Then, for any
e€ (0,5 (5 +Relé])),

—_ 8rde

1
d(e,g,L) < limsup = Ny, (2+Re£_2rs’i+Re£+2rs’T)'

r? — |£‘2 T—o0 T

We sketch the proof (which is a bit in the spirit of Section 2). The zero £ of g is
related to some zeros of L(s) in % < Ress < 1. Since g maps the boundary of

B, onto the unit circle, Rouché’s theorem implies the existence of one simple
zero A of L(z) in

3
K, = {z=s+4+i7‘ : SEBT}7
whenever

max
se€B,.

L(s—ki—i—h) —g(s)

We may say that the zero A of L(s) is generated by the zero & of g(s). Uni-
versality is a phenomenon that happens in intervalls. Suppose that a zero A
of L(s), generated by &, lies in two different sets K, and K,,. Then one can
show that

1 = mi :
<e <1= min|g(s)

8rie
P
Now denote by .#;(T) the disjoint intervalls in [0,7] such that (1) is valid
exactly for 7 € |J; ;(T) =: #(T). By the latter estimate, in every intervall
Z;(T), there lie at least
r? - I¢? r? — ¢
g3, meas F5;(T)| = g3, meas F5(T)
zeros A of L(s) in the strip & < Res < 1. Therefore, the number .4 (T)) of such
zeros A satisfies the estimate

8rie

) = JeP

|’7'1 —T2| <

1+

N (T) = meas.7(T).

The value distribution of L(z) in K, is ruled by that of g(s) in B,. This
gives a restriction on the real parts of the zeros A\. Omne can show that
‘Re)\ — % — Ref‘ < 2re. This yields

3 3
N(T) < N, <4 + Re — 2re, 1 +Reé + 2r5,T) .
Since d (e, g, L) > 0, this leads via (2) to the estimate of the theorem. Note that

the set of singularities of L(s) in o > 2 —r has zero density but d (e, g,L) > 0.
So the singularities do not affect the above observations.
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Theorem 3 relates the density of universality to the value-distribution of L.
In the case of the Riemann zeta-function we can be more explicit. In view of
classical density theorems the set of singularities of log ((s) has density zero.
Hence, we may apply Theorem to L(s) = log((s). By Bohr and Jessen [BJ32],
Hilfssatz 6, the limit

.1 3 3
lim leogg <4 + Re& — 2re, 1 + Re& + 27’5,T>

T—o0

exists, and tends to zero as € — 0. Hence, under the above assumptions

d(e,expg,((s)) = o(e).

Thus, the decay of d (g,expg,() with & — 0 is more than linear in e.

6. Joint universality

We conclude with another interesting problem concerning universality of
L-functions.

Voronin [Vor75a] also obtained joint universality for Dirichlet L-functions,
that is simultaneous uniform approximation by a family of L-functions associ-
ated with non-equivalent characters; the non-equivalence of the characters as-
sures a certain independence of the related L-functions, and this independence
is necessary for joint universality. Recently, Laurinc¢ikas & Matsumoto [LIM04]
proved a joint universality theorem for L-functions associated with newforms
twisted by characters. It is natural to ask for joint universality in the Selberg
class. However, all known jointly universal families are given by (multiplicative
or additive) twists of a single universal Dirichlet series by characters. In some
sense, Selberg’s Conjecture B (see [Sel92]) states that primitive functions form
an orthonormal system in the Selberg class. As proved by Bombieri & Hejhal
[BH95], this implies the statistical independence of primitive functions. There
is some hope that this can be used as substitute for the independence induced
by non-equivalent characters in order to prove joint universality for distinct
primitive L-functions from the Selberg class.

For 1 < j < m, assume that the L-functions

2=y )

from . satisfy the orthogonality condition

(3) ZM =0,k loglogz + O(1),

p

p<T
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where k; is a positive constant depending on %}, and d;; = 1 if j = k and
0j1 = 0 otherwise. This condition is known to hold for several families of L-
functions in .¥ , for example for Dirichlet L-functions associated with pairwise
non-equivalent characters (in which case it is nothing else than the orthogonal-
ity relation for characters); it is expected to hold for any two distinct primitive
L-functions from the Selberg class (Selberg’s Conjecture B). Moreover, (3) may
be regarded as an extension of the axiom on the mean square in the definition
of ..

Conjecture. Suppose that L1, ..., %L, are elements ofj satisfying condition
(8). For1 < j < mletg(s) be a continuous function on J; which is non-
vanishing in the interior, where J¢; is a compact subset of the strip

1 1
= : - 1—-— s < 1
9 {s max{2, q } < Res < }

with connected complement, and d is the mazimum of the degrees of the Z; (a
quantity determined by the functional equation for £;). Then, for any e > 0,

.1 .
hTHi}OIéf 7 meas {7’ €10,7] : 12357“12% |-Zj(s +i1) — g;(s)| < s} > 0.
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