Chapter 18

Invariant Measures

If p(t,z,dy) are the transition probabilities of a Markov Process on a Polish
space X, then an invariant probability distribution for the process is a distribu-
tion p on X that satisfies

/ p(t, z, A)dpu(z) = p(A)

for all Borel sets A and all ¢ > 0. In general y need not be unique. But if for
every pair z,y € X, there exists a t = t(z,y) < oo such that sup, [p(¢, z, A) —
p(t,y, A)| < 1 then we will be able to show that p is unique. To begin with
we construct a translation invariant measure P = P, on the space of maps
(—00,00) — X, that has p as the stationary marginal distribution. P, may or
may not be ergodic with respect to time translations.

Theorem 18.1. The only way P, can fail to be ergodic is if there is a decom-
position of X in to Borel sets X1, Xo such that X = X1 U X with X1 NXo =10
with the property that for i = 1,2, we have 0 < pu(X;) < 1 and

P,lz(t) € X; Vt € (—00,00)] = p(X5)

ie. = u(X1)p1 + w(Xa)pe where the restrictions u1, pa of u to X1, Xo are
themselves invariant and p(t,z, X;) = 1 for almost all x with respect to ;.

Remark 18.1. In particular if {p(¢,z,dy)} has two distinct invariant measures
fi1, pi2, then P, = [P, + P,,] is not ergodic and admits a decomposition of

the type stated in the theorem, which can not happen if p(¢,x,) and p(¢,y,-)
are not mutually orthogonal when x and y come from X; and Xo.

Proof. Let us recall the notation Fy = of{z(u) : s <u <t} Fooo = MF; .
If P, is not ergodic, there is an invariant set £ with 0 < P,(E) < 1. Given an
invariant set F and given any § > 0, there is a ts and a set Es € ft;t6 such
that P(EAEs) < . The translation invariance invariance allows us to replace
Es by Ty, Es and this means E can be well approximated by sets from Fj >
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and therefore £ € F;°°. Now again by invariance E € F, *° for every ¢t and
therefore in the remote past F_o.. A similar argument places E in the remote
future. But for a Markov process past and future are independent given the
present. An invariant set is therefore independent of itself given the present.
But such an event is trivial. Therefore an invariant set is trivial given the
present, i.e. it is a function of the present. It is of the form {x(0) € X;} for
some X; C X. O

To verify that a given u is invariant for p(t,z,dy) is often difficult. The
transition probabilities may not be explicit. They are often defined through
the infinitesimal generator. Let us suppose for simplicity we are dealing with
a diffusion on a compact manifold X, given in local coordinates as a second
order strictly elliptic differential operator with continuous coeflicients. We know
how L acts on smooth functions and we have a unique family of processes
{Py; x € X} on Q = C[[0, 00); X] satisfying P,[z(0) = z] =1 and

f(x(t))—f(I(O))—/O (Lf)(2(s))ds

is a martingale for smooth f, with respect to (2, F, P,), where F is the the
natural filtration o{x(s) : 0 < s < ¢}. Formally we need to check that £*u = 0.
This can be checked ”weakly” by testing

/ (CF)(@)du(z) =0

for all smooth f. Is that enough? Functional analysis does not answer the
question. With continuous coefficients, the relevant PDE’s can be solved only
in Sobolev spaces W5 ;, and unless i € L, for some ¢ > 1 we can not complete
the proof. However it is enough and that is the main thrust of the following
theorem.

Theorem 18.2. Let u on X satisfy

Jen@dutz) o

for all smooth f € S. We can then construct a family P, » of Markov chains
taking values in X with transition probabilities 7y (x,dy), and having p as an
invariant distribution for the chain, i.e.

[ 7o Wt = ()

for all Borel subsets of X. The piecewise constant processes {Pp ,:x € X} on
DI[0,T), X] starting from the initial distribution u, with transition probability 7y,
and time step h will converge weakly to the process P, = [ P, du(x). In partic-
ular i being the common marginal of P, ,, it will also be the common marginal
of P,. This implies 11 is invariant for the Markov process with generator L.



Proof. We start with the operator £, = (I —hL) mapping & — My,. According
to Lemma 18.3 there is an inverse T}, : M} — S that is a contraction, mapping

nonnegative functions to nonnegative functions and mapping 1 — 1. Fix h > 0.
We look at functions in C'(X x X) of the form

k

$(x,y) =Y Fi(2)Gi(y) + H(y)

i=1

where G; = LpH; € My, and F;, H € C(X). We define a linear functional
Ap(¢) on such ¢

2(0) = [[H@)+ 3 F@) @ H)@)dutz) = [1H(@)+ Y F@)Gi@)du(z)

According to Lemma 18.4 this is a well defined nonnegative linear function
which according to Lemma 18.5 can be extended to all of C(X x X) yielding
a probability distribution A on X x X that has both marginals equal to pu.
This is then used to define a Markov process P, that has p for an invariant
distribution. Finally in Lemma 18.6 it is shown that P, , has a limit as h —
which is shown to be the diffusion with generator £ and it has u as the stationary
distribution and this will complete the proof.

Lemma 18.3. T}, : M), — C(X) is positivity preserving and sup,, |(TpF (z)| <
sup,, |F(x)|.

Proof. If L, F = (I — hL)F = G > 0, then at x¢p where the infimum of F' is
attained, (LF)(x¢) > 0 by the maximum principle. Therefore F(xo) = G(xo) +
h(LF)(z9) > G(x9) and G > 0 implies F' > 0. In particular G = 0 implies F' =
0. (I —hL) therefore has an inverse. Moreover £1 = 0 which implies that 7,1 =
1. A linear positivity preserving map that maps 1 to 1 is a contraction. O

Lemma 18.4. If ¢(x,y) >0 on X x X, then Ap(¢) > 0 and it is well defined.

Proof. Tf ¢(z,y) = H(y) + Zle Fi(z)G;(y) > 0 for all z, in particular with
U(Gy,...,Gg) =infuex > Fi(x)G;, a concave function of G1, ..., Gy

k

H(y) + inf Fi(7)Gi(y)
=1

= H(y) + ¥(Gi(y),...,Gr(y))

= H(y) + V(L H) (), . ... (LrHi)(y))
>0

Consider the integral

10) = [ [110) + WL @), (L0 @) )
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for 0 <t < h. Let U be any concave function, then I(t) will be a concave
function of ¢t. If we can show that I'(0) < 0 then it will follow that I(0) >
I(h) > 0. This in turn will imply that

0<10) = [ [H@)+ W(H@),.... o)) dule)

= An(9)

In particular if ¢1 = ¢, then A(p1) = A(d2).

To show that I'(0) < 0 we can assume that ¥ is smooth. From the maximum
principle, or in the case of diffusions by direct calculation, it follows that for
concave ¥

k
LU (ug,ug, ..., up) < Z\I/j(ul, couk) Luy
j=1

Therefore from

/E\I/(ul,uz, cooyug)(@)du(z) =0

it follows that

J1 Wi wn) £uldn(a) > 0
j=1
Hence )
r'o) = _/Z (;9;1[1] (Hy(x),...,Hp(x))(LH;)(z) <0

Lemma 18.5. A(+) extends to all of C(X xX) as a continuous linear functional.
By Riesz’s representation theorem there is a \(dx,dy) such that

A@) = [ olw)\dzdy)
XxX
The measure A(A x X) = AX x A) = u(A4). In particular if we write
Mdz, dy) = p(dz)mn (2, dy)

then p(dz)m(z, A) = p(A)

Proof. The extension is just Hahn-Banach theorem. Any nonnegative linear
functional A defined on a subspace of the space of bounded continuous functions
of a compact metric space C(X) that contains constants and has the property
A(1) =1 is a bounded linear functional with norm 1. For any f, ||f|| £ f >0



and therefore || f||A(1) £ A(f) > 0. Conversely if A(1) = 1 and |A(f)] < |If]l
then if nonnegative, then || f — 3| f|||| = 3| f||. Therefore

A = 5 IIAM) = 5151 20

Our A on C(X x X) satisfies A(h(z)) = A(h(y)) = [ h(z)p(dz) and this iden-
tifies both marginals of A\(dz, dy) as p. O

Lemma 18.6. The piecewise constant Markov process with transition prob-
ability m(x,dy), initial distribution p and time step h, is tight in the space
DI[0,T], X] and any limit point P is a stationary Markov process with marginal
p and satisfies the Martingale relations for L. Therefore P = [ Pydu(x)

Proof. If we consider g, = f — hLf, then under P, 4, mp9n = f and

gn(X (nh) = gn(@) =Y _(f = ga)(X((j = 1)h)

j=1

is a martingale. To prove compactness we only need to estimate the exit time
from a small ball. Consider such a ball S of size § with center at z. Let f be
a smooth function with f =1 on S¢ and f(z) = 0. Its smoothness will depend
only on §. In particular ||£f]] < Cs uniformly in z. g will be uniformly close
to f and for small h, again uniformly in z, gn(z9) < Csh and gp(x) > 1 — Csh
on S(x,0)°. ||f — gnll = h|ILf|| < hCs. By Doob’s stopping theorem, if 7 is the
exit time from S(z, ), then Py ,[7 < ¢] can be estimated from

Elgn(z(r At))] — gn(z) < Cst

which leads to
Ph@[T < t] < C(;(t + h)

which is enough to prove tightness. In the limit

Fa(t)) - f(x) - / (CF)(a(s))ds

is a martingale and g is the common distribution of z(¢) under [ Pydu(z).
O

This completes the proof of the theorem.
O

Remark 18.2. We do not really need compactness. If we had R? for the state
space, nothing really would change, except for Reisz representation theorem.
We would need instead the following version of it. Let C = C(X x Y) be the
space of bounded continuous functions on X xY where X, Y are locally compact
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Polish spaces. Let A be a nonnegative linear functional on C with A(1) = 1. If
there are probability measures «, 8 on X and Y such that

/f A(f) for feC(X)CC

and

/ 9()B(dy) = A(g) for g € C(¥) C C

then there is a probability measure A on X x Y with marginals o and § such
that

A(h) = /h(x,y))\(d:v,dy) for heC

The proof requires us to show that A is o-smooth, i.e if h,(z,y) | 0, then
A(hy) | 0. Given any € > 0 we can find continuous functions f(z) and g(y)
with compact support such that 0 < f(z) < 1,0 < g(y) <1, [(1— f(z))a(dz)+
J(1—g(y))B(dy) <e. We can then verify that

A(hn) = A (2, y) f(2)9(y)) + Alha(z,y)(1 = f(2)g(y))
< sup hn (z,9) f(2)g(y) + A1 = f(z)) + A1 = g(y))

T,y

< sup hn(z, ) f(x)g(y) + €

z,y

By Dini’s theorem the first term goes to 0. € can be made arbitrarily small.

Having established that a measure is invariant for a Markov process with
transition probabilities p(¢, z, dy) two natural questions arise. Is it unique and
does p(t,x,-) converge to it as t — oo for every =? In the context of elliptic
diffusions on R the answer to both questions is yes. We will prove it in a few
steps. They depend on certain estimates from PDE. We state it without proof.

For any t > 0, p(t,,-) is continuous as a map (0,00) x R* into L1(R?). In
particular for any Borel set A, p(t,z, A) is continuous as a function of t > 0
and x.

Lemma 18.7. We have a diffusion process with transition probability p(t, x, A)
that corresponds to a uniformly elliptic operator

L= Za” DZJ—FZb

with continuous coefficients. {a; ;(x)} is bounded and uniformly positive defi-
nite. b;(x) are have at most linear growth. This is enough to yield the conti-
nuity of p(t,x, A) for t > 0 in (t,z) for every A. If G is any nonempty open
set p(t,x,G) > 0 for all x € R and t > 0. If for somet > 0 and v € R?,
p(t,z, A) =0, then for any x € R% and t > 0, p(t,x, A) = 0.



Proof. Assume p(to,x0, G) = 0 for some non empty open set, i.e. Pylx(to) €
G] = 0. Since {P : Plz(to) € G] = 0} is a closed set, this is true for any process
which is a limit of processes that are absolutely continuous with respect to P,.
In particular the process with generator

EN = Zai7j(:v)Dij + )\Z Cj(,T)Dj
,] J

where ¢;(z) = and A is large will at time ¢y stay away from a neigh-

_ _ZL—To
lz—=oll

borhood of xg. Computing with f(z) = ||z — z0||?
(L)(x) < =2X|a = zo|* + C

If g(t) = E[||z(t) — x0||?] then ¢'(t) < —2Xg(t) + C. It is easy to see that g(to)
will be small if A is large. If p(¢, x, A) is positive for some ¢ > 0,2 and A, then
p(t,z, A) = [p(,y, A)p($, 2, dy) and therefore p(5,y, A) > 0 for some y. But
p(%, y, A) is continuous in y and therefore it is uniformly positive on some open
set G around y. Since p(t,z, A) > [, p(5,y, A)p(5,z,dy) and p(§,2,G) > 0
the lemma is proved. O

Lemma 18.8. The invariant probability measure if it exists is unique.

Proof. Since either p(t,z, A) =0 for all z € R% t > 0 or strictly positive for all
r € Rt > 0, the set of A ’s for which any invariant measure is positive are
exactly the same. There can not be two mutually orthogonal invariant measures.
Therefore it is unique. O

Lemma 18.9. If u is an invariant probability measure then p(t,z,-) — p as
t — oo for every x.

Proof.

ot + 5,2,) — plt + 5,3, )12, = / | / p(t, . 2) — plt, 4, 2)]p(s, 2, 2')dz|dz’
< / / [p(t, 2, 2) — p(t v, 2)|p(s, 7 ') dzd?’
< / Ip(t, 7, 2) — plt, , 2)|d

Hence A(t,z,y) = ||p(t,x,-) — p(t,y,-)|| is | as a function of t.Let us denote by
A(z,y) its limit as t — oo. It is sufficient to prove that A(z,y) is identically
zero. It is upper semi continuous in = and y and is identically 0 on the diagonal
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x=1y.
/p(s, v,y)p(s, 2’ y") Aly, y')dydy’
= tlirglo/p(s,w,y)p(sw”y')lp(t,y,Z) —p(t,y', 2)|dzdydy’

> lim /|/p(s,w,y)p(saw’,y')(p(t,y72) —p(t,y', 2))dydy’|dz

t—oo

= lim /|/p(s+t,x,z)—p(s+t,;v',z)|dz
)

t—oo

= A(z, 2’

If we consider the process Z(t) = A(x(t), y(t)) where x(t), y(t) are independent
copies of the Markov process then Z(t) is a nonnegative sub-martingale that is
bounded by 2. Hence Z(t) has a limit as ¢ — co. Since the process is recurrent
on R? x R* and comes arbitrarily close to the diagonal infinitely often this can
only mean A(z,y) = 0. O



