Chapter 9

Girsanov Formula

If v is Gaussian with mean b; and variance a while 3 has the same variance but
a mean by the Radon-Nikodym derivative can be explicitly calculated
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This suggests that if P € Z(a,b) and Q € Z(a, b+ ac) for some bounded ¢, then
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where

Theorem 9.1. With

Rit.w) = expl [ cls,a(s)dy() ~ 5 [ (alo.als)es,2(5)) el als)hes)

if P € Z(a,b) then Q with %U—} = R(t,w) is in Z(a,b+ ac) and conversely if
Q € Z(a,b+ ac) then P with %U—} = m is in Z(a,b).

Proof. If P € Z(a,b) then with
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is martingale. We can define @ by %U—} = R(t,w). We can replace ¢ by
c(s,x) + 6 and will have

R(t,0,w) = exp [/ (0 + c(s,z(s))) - dy(s)
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is a martingale for all 6. It is easy to see that this equivalent to

exp [(9,y(t)—y(80)>—/ (0, als, z(s))c(s, x(s)))ds

1t
-5 /50 {a(s, (x(s))8, 6‘>d8}

1 t
- / (a(s, (2(5))0, B)ds]

being a martingale with respect to (C[so,T], F:, Q) i.e. Q € Z(a,b+ ac). The
steps can be retraced to prove the converse. O



