Chapter 3

Large Time.

3.1 Introduction.
The goal of this chapter is to prove the following theorem.

Theorem 3.1.1. Let S, = X1 + Xo + -+ + X, be the nearest neighbor random walk on
7% with each X; = +e, with probability 2_1d where {e,} are the unit vectors in the d positive
coordinate directions. Let D,, be the range of Si,Sa,...,S, on Z. |D,| is the cardinality
of the range D,,. Then

1
lim —— log E[e 1P"l] = —k(v, d)

n—00 g3

where

k(v, d) = inf [o(d)e? + M(d)¢~2]

with v(d) equal to the volume of the unit ball, and A(d) is the smaller eigenvalue of —55A
in the unit ball with Dirichlet boundary conditions.

The starting point of the investigation is a result on large deviations from the ergodic
theorem for Markov Chains. Let IT = {p(x,y)} be the matrix of transition probability of
a Markov Chain on a finite state space X. We will assume that for any pair x,y, there is
some power n with II"(x,y) > 0. Then there is a unique invariant probability distribution
m = {m(x)} such that ) 7(x)p(z,y) = 7(y) and according to the ergodic theorem for any
f X = R, almost surely with respect to the Markov Chain P, starting at time 0 from
any r € X

n—00 N 4

im 3" £0%) = 3 f()n()
j=1 T
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The natural question on large deviations here is to determine the rate of convergence to 0

of
Pl 32 106) = 3 sG] 2 o (31)
j=1

More generally on the space M of probability distributions on X we can define a probability
measure @, , defined as the distribution of the empirical distribution 1 z which is
a random point in M. The ergodic theorem can be reinterpreted as

lim =4
oo Qn,m T

Jlj

i.e. the empirical distribution is close to the invariant distribution with probability nearly
1 as n — oco. We want to establish a large deviation principle and determine the corre-
sponding rate function I(x). One can then determine the behavior of (3.1) as

Z — > >
nh_)n(f)lo log P|| Zf Zf z)| > 6] =inf [I |Zf (ZEH > 4]
With a little extra work, under suitable transitivity conditions one can show that for x € A

i —l P, .| X; cAforl1 <5< — inf I
Jim —log [ or1<j<n]= ont (1)

There are two ways of looking at I(u). For the upper bound if we can estimate for V € V

lim sup % log EX[V(X1) + V(Xa) + - 4+ V(Xn)] < A(V)

n— o0

then by standard Tchebychev type estimate

I(p) = lim hmsup log P[— Zéxz € N(p,0)] < — sup[/ V(z)du(xz) — A(V)]

0—0 n—oco Vey

Of course when the state space is finite [V (z)du(z) = >, V(z)u(z). Notice that A(V +
¢) = AM(V) + ¢ of any constant c. Therefore

() > sup | V(@)du() (3.2)
eV /

It is not hard to construct V such that A(V') = 0.

Lemma 3.1.2. Suppose for some u : X — R satisfies C > u(x) > ¢ > 0 for all x, then
with V (z) = log (W“u()m()m) where (mu)(z) >, m(z,y)u(y), uniformly in x and n,

& < Bleal) V(X)) < < (33)

In particular \(V') =0, and (3.2) holds.
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Proof. An elementary calculation shows that

W X)) 1w () C
ESU[PZiZI (WU)(XZ)] S CESL’[Hizl (WU)(XZ) (Xn)] c S c

and (X) 1 (X) (2)
BalPia o) 2 S oy Xl =6 = ¢

O

To prove the converse one ”tilts” the measure P, with transition probability (x,y) to a
measure ), with transition probability ¢(x,y) > 0 that has p as the invariant probability.
Then by the law of large numbers if A, , 5 = {(z1,...,2p} : > ;" 02, € N(11,0)}, then

Qx[An,u,é] —1

as n — 0o0. On the other hand with zg = x, using Jensen’s inequality

m(2;, T
Px[An,u,é] = / [Hzn olg] dQ
An ow,6

q(:Elv :EH—I)
1 (25, Tig1)
- Qg | [H? 1) | g
0 Qx[ n,p,0 ] AnM5 0 Q(xzyl'z—i-l)
q ‘T’la ‘T’l-i-l)
> Q:c An, 01 €XP |:_/ 10g dQ:c:|
[An,u,s] Ao ZE% ( xz,xlﬂ)]
A simple application of the ergodic theorem yields
lim inf — logP _— Z,u q(a;,y)
n—00 o 7T(,Z'7y)

Since q(-,-) can be arbitrary provided ug = ¢, i.e > pu(x)q(x,y) = pu(y), we have

lim hmlnf log P, [ Z‘SX@ € N(u,0)] > — inf Z'“ Q(x,y)
Hg=p

§—0 n—oo N — W(x’y)

In the next lemma we will prove that for any pu,

u(r) q(:z:,y)
supzx: uw)log TSy = int MZ ula % ()

With that we will have the following theorem.
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Theorem 3.1.3. Let w(x,y) > 0 be the transition probability of a Markov chain {X;}
on a finite state space X. Let QQy . be the distribution of the empirical distribution vy, =
% S, dx, of the Markov Chain started from x on the space M(X) of probability measures
on X . Then it satisfies a large deviation principle with rate function

we) _ o Dl 1) log L&Y
- Tra(a) bt 2 () 108 2

Since we have already proved the upper and lower bounds we only need the following
lemma.

Lemma 3.1.4.

q(z,y)
m(z,y)

u(x
supZu(a;)log ( ) ZQLI;fHZM q(z,y)log

Proof. The proof depends on the following minimax theorem. Le F(x,y) be a function
defined on C x D which are convex sets in some nice topological vector space. Let F' be
lower semicontinuous and convex in x and upper semicontinuous and concave in y. Let
either C' or D be compact. Then

inf sup F(x,y) = sup mf F(z,y)
zeC yeD yeD zeC

We take C = {v: X - R} and D = M(X x X) and for v € C,m € D,

q(z,y)
m(z,y)

=Mwﬂ2wmﬂmmem+zmm@wm%wq
T,y

inf q(z,y)lo
L, 2 H@ae:y)log

q v T,y 77(51373/)
= supin v(x) —v q(z © e
= sup qf[Z[ (x) —v(y)la(= +Z“ 91 gw(w,y)]

x?y

The function F is clearly linear and hence concave in v while being convex in g. Here the
supremum over v of the first term is either 0 or infinite. It is 0 when pug = i and infinite
otherwise. The infimum over ¢ is over all transition matrices ¢(z,y). The infimum over ¢
can be explicitly carried out and yields for some u and wv.
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The normalization ), q(z,y) = 1 implies e'®) = (me™)(x). The supremum over v turns
into

O

Remark 3.1.5. It is useful to note that the function flog f is bounded below by its value
at f = e~ ! which is —e~'. For any set A, any function f and any probability measure j,

/ flog fdpu < /flogfdu+e—1
A

3.2 Large Deviations and the principal eigen-values.

Let {p(x,y)}, x,y € X, be a matrix with strictly positive entries. Then there is a positive
eigenvalue p such that it is simple, has a corresponding eigenvector with positive entries,
and the remaining eigenvalues are of modulus strictly smaller than p. If p(-,-) is a stochastic
matrix then Zy p(z,y) = 1 ie. p = 1 and the corresponding eigenvector u(z) = 1. In

general if > p(z,y)u(y) = pu(x), then w(x,y) = % is a stochastic matrix. An

elementary calculation yields
> p (@, yuly) = pul)
y

and consequently

inf, u(x) sup,, u(z)
< inf ) < < ——=F
@) S Zp (z,y) supzy:p =9) < L)

Combined with the recurrence relation
n+1 Z
p )

it is easy to obtain a lower bound

sup, u(x)

n+1 : 1
Pt (2, y) > g@fp(z,y) inf ZZ:P( z,2) 2 mfp(z V) inf, u(z)

In any case there are constants C, ¢ such that

cp” < p™(x,y) < Cp"

p = p(p(+)) is the spectral radius of p(-,-). Of special interest will be the case when
p(z,y) = pv(z,y) = 7(z,y)e”® ie p multiplied on the right by the diagonal matrix with
entries {ev(w)}. The following lemma is a simple computation easily proved by induction
on n.
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Lemma 3.2.1. Let P, be the Markov process with transition probability w(x,y) starting

from z. Then
B {exp[z V(XZ-)]} =S p )
i=1 y

where py (z,y) = (z,y)e" V).
It is now easy to connect large deviations and the principal eigenvalue.

Theorem 3.2.2. The principal eigenvalue of a matriz p(-,-) with positive entries is its
spectral radius p(p(-,-)) and the large deviation rate function I(u) for the distribution of
the empirical distribution %Z?:l dx, on the space M(X) is the convexr dual of

AV) =logp(pv (- -))

Remark 3.2.3. It is not necessary to demand that m(z,y) > 0 for all z,y. It is enough to
demand only that for some k > 1, 7(¥) (x,y) > 0 for all z,y. One can allow periodicity by
allowing k to depend on x,y. These are straight forward modifications carried out in the
study of Markov Chains.

3.3 Dirichlet Eigenvalues.

Let F C X. Our aim is to estimate for a Markov Chain P, with transition probability
m(x,y) and starting form = € F

P X, €eFi=1,...,n] = Z m(x, 1)p(21, 22) - T(Tn—1, Tn)

T1,e.,n€F
_ (n)
Y

where pr(z,y) = 7(z,y) if ,y € F and 0 otherwise. In other words pr is a sub-stochastic
matrix on F. In some sense this corresponds to py where V= 0 on F and —oo on F*°.
The spectral radius p(F') of pr has the property that for z € F,

lim llong[Xi eF,i=1,...,n] =logp(pr)

n—oo N
In our case it is a little more complicated, because we have a ball of radius ecn® and we want
our random walk in n steps to be confined to this ball. The set F' of the previous discussion
depends on n. The idea is if we scale space and time and use the invariance principle as
our guide this should be roughy the same as the probability that a Brownian motion with
covariance é[ remains inside a ball of radius ¢ during the time interval 0 < ¢t < nl—2e,
We have done the Brownian rescaling by factors n?® for time and n® for space. This will
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have probability decaying like Ag(c)n'=2% where \y(c) = % is the eigenvalue of % for the
unit ball in R? with Dirichlet boundary conditions. The volume of the ball of radius cn®
is vge®n® and that is roughly the maximum number of lattice points that can be visited

by a random walk confined to the ball of radius en®. The contribution form such paths is

exp[—vvgcined — %nl_za]. It is clearly best to choose o = ﬁ so that we have
o d Ad
lim inf —— log Elexp[—v|Dy|]] > —[vvac® + =]
n—oo nd_+2 02

If we compute

then

1
lim inf —— log Elexp[—v|D,|]] > —k(d)z/ﬁ

n—oo i3

We will first establish this lower bound rigorously and then prove the upper bound.

3.4 Lower Bound.

We begin with a general inequality that gets used repeatedly. Let Q << P with ¢ = %
and [ logydP = H(Q,P) = H < co. Then

Lemma 3.4.1. For any function f
EQ[f] <log E¥[e/]+ H

Moreover 4
e
Q(A) < T

- logm

and

P(A) > Q(A) exp|~H — / \H — log ¥]dQ)]

Proof. 1t is a simple inequality to check that for any z and y > 0, xy < e + ylogy — y.
Therefore
EC[f] = EP[fy] < B[/ +¢logy —¢] = B [e/] + H — 1

Replacing f by f +c¢
EC[f] <e‘EPle/] + H—-1—c

With the choice of ¢ = —log E¥[e/], we obtain

EQ[f] <log E”[e/]+ H
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If we take f = cxa,

Q(A) < ~[log[e“P(4) + 1~ P(A) + H]

with ¢ = —log P(A),

o) < H+12

log 7y
Finally
—log v 1 —log ¥ _—1
P(A) > /Ae dq > Q(A)Q(A) /Ae dQ > Q(A) exp| oA /Alog¢dQ]

and

1
M/Alogz/)ngHJr/W—lngdQ

Lemma 3.4.2. Let ¢,cq,co be constants. with co < c¢. Then for the random walk {P,}

lim P, [X; € B(0,cn®) V1<i<cn®™ & X, 20 € B(0,c3n®)]

= Q.[x(t) € B(0,c) Vt€[0,c1] & z(c1) € B(0,¢2)]
= f(z,c,c1,c2)
where @, is Brownian motion with covariance é[.
This is just the invariance principle asserting the convergence of random walk to Brow-
nian motion under suitable rescaling. The set of trajectories confined to a ball of radius ¢

for time ¢; and end up at time ¢; inside a ball of radius cs is easily seen to be a continuity
set for Brownian motion. The convergence is locally uniform and consequently

lim  inf  P.[X; € B(0,en®) ¥V 1<i<cn® & X, p2a € B(0,c3n%)]

n—0o0 xeB(0,c2n®)

= inf T, c,c1,C
:EGB(O,Cz)f( » & C1, 2)

In particular from the Markov property

P(][XZ S B(O,C?’La) V1<i< ’I’L)]
n172a
> xeBéélfgm P.[X; € B(0,en®) ¥V 1 <i < cin® & X pp2a € B(0,con®)] e

showing

1
lim ———log Po[X; € B(0,cn®) V1 <i < n)

n—oon,

1
> inf —log f(x,c,c1,c2)
x€B(0,c2) C1

Since the left hand side is independent of ¢; we can let ¢; — oc.
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Lemma 3.4.3. For any c2 < c,

1 Ad
lim inf —log f(x,c,c1,c9) = ——

¢c1—0 zeB(0,c2) C1 gf( ! 2) c?
Proof. Because of the scaling properties of the Brownian motion we can assume with out
loss of generality that ¢ = 1. Let ¢(x) > 0 be a function that is smooth and vanishes
outside the ball B(0,1) and ||¢|l2 = 1. Let g(z) = [¢(x)]?. Consider Brownian motion with
drift - %. Then its generator is

2d
1 1 Vg
Ay=—A+——".
9= 542" 24 g v
It has invariant measure g that solves

1 Vg

Ag=—V.—
g 2d g

The Radon-Nikodym derivative of the diffusion @x with generator A, with respect to
Brownian motion @), with generator %A is

oo |5 [ Llatnist) - & [P

with entropy

1000 = 2[5 [ Latopasts) - o [ 127t

- 9] [l

t [|Vg]?
% P dx
3 2
3 | Vol
and )
/\ Ogtwt — H|dQo — 0

where H = o [ |[V¢[%. In view of lemma 3.4.1 this provides the lower bound

AU 1 )
xeél?g’cz)cllgnooalogf(%c’ c1,¢2) > Gy |Vo|“dx

Minimizing over g proves the lemma.
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3.5 Upper Bound.

The upper bound starts with the following simple observation. If 7(z,y) is the transition

probability of a Markov Chain and V(z,y) = log %, then

n—1
B expl3 V(X K =1

i=0
Taking conditional expectation given Xi,...,X,_1 gives
n—1 n—2
E" [GXP[Z V(X;, Xi+1)]:| = E"* [GXP[Z V(Xi, Xi—l—l)]}
i=0 i=0

because
Zy 7T()(n—la y)u(y)

EP%n1 [exp|V (Xn_1, Xn)]] = () (Xp—1)

=1

Proceeding inductively we obtain our assertion.

Let us map our random walk on Z? to the unit torus by rescaling z — % € R? and then
on to the torus 7% by sending each coordinate z; to ;(mod)1. The transition probabilities
e

y(z,dy) are x — x £ $ with probability %. Let u > 0 be a smooth function on the
torus. Then

1 wlx + &

log %(:ﬂ) = —log 2d le;(x() =)

57 2+ [ule £ §) —u(z)]
u(x)

() + o(N7?)

:—log[l—i-
~__L Au
T 2dN? u

Denoting the the distribution of the scaled random walk on the torus starting from x, by
Py, we first derive a large deviation principle for the empirical distribution

]

1 n
aln,w) = - Z(SX@'
i=1

where X; € 7% are already rescaled. We denote by Qn, N,z the distribution of oy, on M(T?.
If n — 00, N = o0 and k = 3z — 00, then we have a large deviation principe for Qy vz

on M(T9).
Theorem 3.5.1. For any closed set C € M(T?),

1
limsup -1log Qn,no(C) < ~ inf I (1)

=N
k_Nzﬁw
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and for any open set G € M(T?),

e 1
hg}lgf 7108 Qn N (@) 2 ~ nf I(p (1)
k:mﬁoo

where, if du = fdx and V/f € Lo(T?),

A7 !
>—@/—f dw—ﬁ/wﬁu?dw

Proof. Lower Bound. We need to add a bias so that the invariant probability for the
perturbed chain on the imbedded lattice %Zﬁl\, is close to a distribution with density f on
the torus. We take v(z) =} m(z,y)f(y) and the transition probability to be

T(z,y) =m(x M
7T( 7y)_ ( 7y)U(l‘)

Otherwise I(p) = +oo.

then Y v(z)f(z,y) = o > i+ f(xz £ ei) = v(z), so the invariant probability is U(i)m It
is not hard to prove ( see exercise ) that if N — oo and 3z — oo then

lZ:V —>/

in probability under Qn N,z provided V is a bounded continuous function and [ f(z)dz = 1.
So the probability large deviation will have a lower bound with the rate function computed
from the entropy

nz Mlgfy :N2Z (x,y)f log—fafy;

N / VA,
N2 8d

Upper Bound. We start with the identity

EP’“”[exp il de’i((Xj) Nei)]}

= u(rE e
— E@n.Nae [eXp[—n/[log 2d Zz¢u((x)ﬂ: N )]da]

=1
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2d Zz:l: u(z & e,) 1 Au

N?1
8 u(x) ~ 2%

uniformly over x € T9. Tt follows that

hn%) lim sup 1Qan[B(a,5)] < —I(a)

N— o0
k——2—~>oo
where 1 A
u
I(a) = 575up / = &)da (3.4)

O

A routine covering argument, of closed sets that are really compact in the weak topology,
by small balls completes the proof of the upper bound. It is easy to see that I(«) is convex,
lower semi continuous and translation invariant. By replacing o by as = (1 — §)a * ¢p5 + 0
we see that I(as) < I(a), as — a as § — 0 and o has a nice density fs. It is therefore
sufficient to prove that for smooth strictly positive f,

1 A 1 \alk
s [ @@= o [ | f” da

Writing u = e, the calculation reduces to

2idsup [/[—Ah— |Vh|2]f(x)dx} _ %s%p [/[< VA, Vf > d:z:—/|Vh|2]f(x)dx}

_ 1 [IVAIP
&

One inequality is just obtained by Schwartz and the other by the choice of h = /f.

Exercise 3.5.2. Let 11, be transition probabilities of a Markov Chain Py, on a compact
space X such that %[Hh — I] — L where L is a nice diffusion generator with a unique
invariant distribution p. Then for any continuous function f: X — R, for any € > 0

hmsupsupPhxl—Zf /f Jdu()] > e =
h—0

nh— oo
Hint. If we denote by fi, . the distribution %Z?=1 II7(z,-), then verify that any limit
point of fi, . as h — 0, nh — oo and &’ — = is an invariant distribution of £ and
therefore is equal to p. This implies

lim =
hs0, Hn b w

nh—oo
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uniformly over z € X. The ergodic theorem is a consequence of this. If [V (z)du(z) =0,
then ignoring the n diagonal terms

lim = B, [(V(X1) 4 V(X)) + - V(X))

nooon2 ©

1
<2 lim —sup |V(2)E[V(Xi1) + - V(X)) |X; = 2]|

n—oo N x,0

=0

3.6 The role of topology.

We are really interested in the number of sites visited. If a,, is the empirical distribution

then we can take the convolution g, () = a(dz) * N%1¢c, (z) where Cy is the cube of

size % centered at the origin. Then

[ : gnves(@) > 0}] = 151 Da(w)

where | Dy, (w)] is the cardinality of the set D, (w) of the sites visited. We are looking for a
result of the form,

Theorem 3.6.1.

1 1 2
timsup + log BN N exp[—v|{z : g(z) > 0Y]]] < - 0i71}fg:1[1/\{a: 9(w) > 0} o / \Vgg! da]

N —o0
where Qg2 n is the distribution of gn N w(x) = oy (dz) * N¥1cy (@) on L(T?) induced by
the random walk with n = kN? starting from the origin.

2
We do have a large deviation result for Q2 y with rate function I(g) = 8—1d J %daz.

We proved it for the distribution of a,,,, on M(T?) in the weak topology. In the weak
topology the map o — a * N1, (z) of M(T9) — M(T?) is uniformly close to identity
that the large deviation principle holds for Q2 y that are supported on Li(T% c M(T?
in the weak topology.

If we had the large deviation result for Q2 y in the L; topology we will be in good
shape. The function F(g) = [{z : g(x) > 0} is lower semi continuous in L;. It is not hard
to prove the following general fact.

Theorem 3.6.2. Let P, be a family of probability distributions on a complete separable
metric space X satisfying a large deviation principle with rate function I(x). Let F(x) be
a nonnegative lower semi continuous function on X. Then

lim sup ! log EPr[exp[—F ()] = — inf [F(z) + I(x)]

n—soo N reX
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Proof. Let inf,[F(z) + I(z)] = v. Given € > 0 and y € X there is neighborhood B(y, €(y))
such that for large n

/ e—F(m)dPn(x) < e—infzeB(%e(y))F(w)Pn[B(:% e(y))] < e~ nvtne
B(y,e(y))

Given any L < oo, the set K, = {x: I(z) < L} is compact and can be covered by a finite
union of the neighborhoods B(y, €(y)) so that

Ger = Um(f’L)B(yi, e(yi) D Kp

1=

While )
lim sup — log/ e "F@gp, < —v+e
Gs L

n—oo N

we also have, since F'(z) > 0,

: 1 —nF(x) : 1 c
lim sup — log e dP, <limsup — log P, [G¢ ;]
n—oo N GE,L n—oo N ’

< — inf I(y)<— inf I
< yelg;L (y) < nf. (y)

<-L
We can make L large and € small. O

Let 0 > 0 be arbitrary. Let ¢5(x) be an approximation of identity. gs = g * ¢5 a map of
L1 — Lq. This is a continuous map from L; C M(Td) with the weak topology to L; with
the strong topology. If we denote the image of Qyn2 n by Qi N2N it is easy to deduce the
following

Theorem 3.6.3. For any § > 0 the distributions QiNz ~ satisfy a large deviation principle
as k — oo and N — oo so that for C € Li(T?) that are closed we have

. 1 5 .
limsup 7 10g Qe v[C] < inf | 1(g)

N—o0

and for G that are open

1
liminf = log Q° > inf I
1]%%% - 108 Q2 v[C] > Inf. (9)

But we need the results in the result for § = 0, and this involves interchanging the two
limits. This can be done through the super exponential estimate
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Theorem 3.6.4.

lim sup lim sup — . IOngNz N[ Mlgs —glli =€ < —
6—0 k—o00
N —o0

Once we have that it is not difficult to verify that the rate function for Qpn2 y in Ly

is also I(g) and we would have completed our proof. We will outline first the idea of the

proof and reduce it to some lemmas. Denoting N dlcN by xn The quantity

||a*NdlcN*¢5—a*NdlcNH1: sup |/V*XN*¢5da—/V*XNdoz|
ViV(z)|<1

= sup | V*(bgda—/Vda\
VeKy

where K, the image of V : |V (z)| < 1 under convolution with xyu, is a compact set in
C(T?). Given € > 0 it can be covered by a finite number 7(N, €) of balls of radius §. Let
us denote the set of centers by Dy ¢, whose cardinality is 7(V,€). Then we can estimate

€
Qrnenlg i llgs —glli > ] S T7(Nye) sup Qe n[| [ (V *ps — V)da| > 5]
VeDn e

We begin by estimating the size of 7(IV,e). The modulus continuity of any W € Dy
satisfies

Wia) =Wl < [ - 2) = xl - 2)ldz < §

provided |z —y| < & for some n = n(e). We can chop the torus into [%] sub cubes and
a1[5771¢

divide each interval [—1,1] into 2 subintervals. Then balls around [4]'n" simple functions

will cover Dy . So we have proved

Lemma 3.6.5.
log 7(N,€) < C(e)N?

Let Js={W : W =Vx¢s—V} and ||V] e < 1. We now try to get a uniform estimate
on

6

Quvenl [ Wial = 5] = P NQZ >

where Py, is the probability measure that corresponds to the random walk on Zﬁl\, starting
from z at time 0. We denote by

kN2

O(k,N,\,0) = sup sup EfNe [exp W(X ]
( ) vezd, Wels N? Z
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If we can show that
lim lim Elog@(k: N, )\ 0) =0

§—0 kﬂoo

for every A, then

§ 108 Qunall [ Wial 2 5] < <5 ~ Flog©(k N,A,5)

and

1
lim sup limsup sup — log Qun2 n]] /Wda| > E] < s
60 koo WeJ, k ’ 2 2

Since A > 0 is arbitrary it would follow that

lim sup lim sup sup —log QN2 N |/Wda| > —
6—0 kHOO Welds

Finally
Lemma 3.6.6. For any A > 0,

lim i —l N, =
lim ;315% : ogO(k,N,\,0) =0

Proof. We note that for any Markov Chain for any W

log sup E" [ZZ:; V(Xi)]]

is sub additive and so it is enough to prove

lim lim mleog O(k,N,\,0) =0

6—0 N—oo

We can let N2k — t and consider the limit

O(t,\,8) = sup sup Ef* [exp[/\ /t W(ﬁ(s))]}
zeTeWels 0

where P, is the distribution of Brownian motion with covariance é] on the torus 7¢. Since
the space is compact and the Brownian motion is elliptic, the transition probability density
has a uniform upper and lower bound for ¢ > 0 and this enables us to conclude that

lim sup lim sup log — @(t \0)=0

6—0 t—o00
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provided we show that for any A > 0

1 2
limsup sup sup [)\/Wfdzn——/ v/l dx}
50" Wels 171t 8d f

But
| /Wfdrc! - r/<v « 5 — V) fda] < /vrf5 ~ flde < Ifs — flh

On the other hand in the variational formula we can limit ourselves to f with [ Wdaz <
8Ag. But that set is compact in L1 and therefore for any C' < oo

lm  sup [fs = fllL =10
fif WA o<

3.7 Finishing up.

We have now shown that

1 1 2
7 log Elexp[—v[Dp[] < — inf [u|8upp i+ < v/l d:p]
n 1/ o

The torus ’77 can be of any size £. We will next show that we can let £ — oo and obtain

L L[ oAvse
1 f =
A o 145

d:lt] = inf[yogrd + )\—g]
r r

Here vy is the volume of the unit ball in R? and g is the first eigenvalue of —2—1dA in the
unit ball of R with Dirichlet boundary condition. One side of this, namely

1 2 A
hlgllsolip H}FE 1 [V\supp fl+ % /T[l @dw] < ilgf[ufudrd + r_;l]
=

is obvious, because if £ > 2r the ball can be placed inside the torus with out distortion.
For the other side, given a periodic f on 77 supported on a set of certain volume, it has to
be transplanted as a function with compact support on R? without increasing either the

2
value of fﬁd ”vf” dx or the volume of the support of f by more than a negligible amount,

more precisely by an amount that can be made arbitrarily small if £ is large enough. We
do a bit of surgery by opening up the torus. Cut out the set Ugl:1|:17i| < 1. This is done by
multiplying f = g2 by II(1—¢(z;)) where ¢(-) is a smooth function with ¢(x) = 1 on [~1,1]
and 0 outside [—2,2]. It is not hard to verify that if fUi{x:\xi|§2}[g2 + | Vg||?]dz is small
then [gT1%_, (1 — #(z;))]? normalized to have integral 1 works. While A = U;{z : |z;| < 2}
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may not work, we can always find some translate of it will that will work because for any

s
e[ padyde = A / fdo

72‘1 A+z



