Chapter 4

Hydrodynamic Scaling

4.1  From Classical Mechanics to Euler Equations.

The basic example of hydrodynamical scaling is naturally hydrodynamics itself. Let us
start with a collection of N ~ pf3 classical particles in a large periodic cube A, of side ¢
in R3. The motion of the particles are governed by the equations of motion of a classical
Hamiltonian dynamical system with energy given by

N

1 1

H(p,q) = 52”1%‘HQ+§ZV(%—%‘) (1.1)
i=1 itj

Here, ¢; € A, is the position of the i-th particle and p; € R? is its velocity and k = 1,2,3
refer to the three components of position or velocity. The repulsive potential V' > 0 is
even and has compact support in R3. The interaction in particular is short range. The
equations of motion are

dgf _ 0H(p,q) _  k
= opk — P
dpk OH(p, N
v _ _# ==Y Vilai — q5)
where oV (q)
Vg
Vi(q) =
( aqk

is the gradient of V. The dynamical system has five conserved quantities. The total number
N of particles, the total momenta Zz]\;1 pk for k = 1,2,3 and the total energy H(p, q) given
by (1.1). The hydrodynamic scaling in this context consists of rescaling space and time by
a factor of £. The rescaled space is the unit torus T? in 3-dimensions. The macroscopic
quantities to be studied correspond to conserved quantities. The first one of these is the
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46 CHAPTER 4. HYDRODYNAMIC SCALING

density, and is measured by a function p(¢, x) of ¢t and . For each ¢ < oo it is approximated
by pe(t, z), defined by

N
1 i(£t)
| I@entta)ds = 55 3 1
T i=1
A straight forward differentiation using (1.2) yields
N
d d 1 qi(¢t)
— tyx)de = ——
N
1 qi(£t)
= & @) ey
i=1

~ / (V) (@) - polt, 2)ult, 2)dz
Td

where ©v = u*, k = 1,2,3 are the average velocity of the fluid. This introduces three
other macroscopic variables, which represent three coordinates of the momenta that are
conserved.

We can now write down the first of our five equations

op
EJFV (pu) =0 (1.3)

To derive the next three equations we start with test functions J and differentiate,
again using (1.2), for k = 1,2, 3

1N
IO

Dpker) = 3ZmaVﬂ<f»mm (4.1)

L NN
7 Z
The next step is rather mysterious and requires considerable explanation. Quantities

Zw% _QJ t))

3,j=1
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(qi(ft) — g;(¢t))  (4.2)

and
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are not conserved. They depend on spacings between particles or velocities of individ-
ual particles that change in the microscopic time scale and hence do so rapidly in the
macroscopic time scale. They can therefore be replaced by their space-time averages. By
appealing to an ‘Ergodic Theorem’ they can be replaced by ensemble averages with repect
to their equilibrium distributions. The ‘ensemble’ consists of an infinite collection of points
{Pa,qa}, in the phase space R? x R3. There is a natural five parameter family of measures
pu,7 that are invariant under spatial translation as well as Hamiltonian dynamics. The
points {p,} are distributed according to a Gibbs Distribution with density p and formal

interaction 1
ﬁ Z V(Qa
a!ﬁ

In other words {g,} is a point process obtained by taking infinite volume limit of N = £3p
particles distributed in cube of side ¢ according to the joint density

lexp Z Vg

where Z is the normalization constant. The velocities {p,} are distributed independently
of each other as well as of {g,}, having a common 3-dimensional Gaussian distribution with
mean u and covariance TI. Assuming that the infinite volume limit exists in a reasonable
sense it will be a point process defined as an infinite volume Gibbs measure p, 7. The
velocities {p,} will be an independent Gaussian ensemble v, 7.

The first term in (1. 4) involves sums of pl p; that are replaced by their expectations in
the Gaussian ensemble u*u" + T'6 -

If we now use the skew-symmetry of Vi, = gT‘;’ we can rewrite the second term of (1.4)
as

N N ) )
o S (D g Oy ety — g e0)

i=1 j=1
1 oo gl
o DI Zg )(g; (£t) — ¢ (€)) Vi (qi(£t) — q;(£t))
i=1 j=1
=5 Z; Z; (gi(€t) — g;(e1))
=/ o (P (plt,2), T (t,2))d

Where Pj.(p,T) is the ‘pressure’ per unit volume in the Gibbs ensemble

| 1 .
Pip. 1) = Jim 27 { 55 3 vilan a0}

laa| <L
lagl<¢t
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We now integrate by parts, remove the test function J and obtain

%(pu)-kv-(pu®U+PTI+P(PvT)):0 (1.5)

There is an equation of state that expresses the total energy per unit volume e as
1
e(p,u,T) = gp(luf* +3T) + f(p,T) (1.6)

where f(p,T), the potential energy per unit volume, is given by

1
f(p,T) ZZEIYOIOE“’*T{@ > V(ta —qza)}

lga | <2
lagl<e

Although we will not derive it, there is a similar equation for e(t,z) that is obtained
by differentiating

N

araim 2270

. N
d 1 %(gt)) |:pi(€t)2 + Z V(qi(ﬁt) - (Ij(gt)):|

j=1
and proceeding in a similar fashion. It looks like

%‘f‘v- [(e+T)u+P(p,T)u] =0 (1.7)

The five equations ((1.3),(1.5) and (1.7)) in five variables (actually in six variables
with one relation (1.6) ) is a symmetrizable first order system of non-linear hyperbolic
conservation laws. Given smooth initial data they have local solutions.

Rigorous derivation of these equations does not exist. The ergodic theory is definitely
plausible, but hard to establish. The reason is that we have essentially an infinite system of
ordinary differential equations representing a classical deterministic dynamical system and
the ergodicity properties are nearly impossible to establish in any general context. However
if we had some noise in the system, i.e. stochastic dynamics instead of deterministic
dynamics, then we will be concerned with the ergodic theory of Markov Processes of some
kind, which is far more accessible. This will be the focus of our future lectures.

4.2 Simple Exclusion Processes

The simplest example is a system of noninteracting particles undergoing independent mo-
tions. For instance we could have on 72, ky ~ pN? particles, behaving collectively like
independent Brownian Particles. If the initial configuration of the ky particles is such that

the empirical distribution
1
vo(de) = +5 Z%
(2
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has a deterministic limit po(z)dz, then the empirical distribution
1
v(dx) = N3 Z Oz, (t)
1

of the configuration at time ¢, has a deterministic limit p(¢,x)dz as N — oo and p(t,x)
can be obtained from pg(x) by solving the heat equation

op 1

“F_ZA
ot 2"
with the initial condition p(0,z) = po(x). The proof is an elementary law of large numbers
argument involving a calculation of two moments. Let f(z) be a continuous function on T
and let us calculate for

U= 35 Y Hai0)

the first two moments given the initial configuration (x1,--- , 2k, )

E(U) = % > | @l @i y)dy

and an elementary calculation reveals that the expectation converges to the following con-
stant.

/ F@p(t =, y)po(a)dydz = / Fwolt,y)dy
T3 JT3 T3

The independence clearly provides a uniform upper bound of order N—3 for the variance
that clearly goes to 0. Of course on T® we could have had a process obtained by rescaling
a random walk on a large torus of size N. Then the hydrodynamic scaling limit would be a
consequence of central limit theorem for the scaling limit of a single particle and the law of
large numbers resulting from the averaging over a large number of independently moving
particles. The situation could be different if the particles interacted with each other.

The next class of examples are called simple exclusion processes. They make sense
on any finite or countable set X and for us X will be either the integer lattice Z¢ in d-
dimensions or Z‘f\, obtained from it as a quotient by considering each coordinate modulo N.
At any given time a subset of these lattice sites will be occupied by partcles, with atmost
one particle at each site. In other words some sites are empty while others are occupied
with one particle. The particles move randomly. Each particle waits for an exponential
random time and then tries to jump from the current site z to a new site y. The new
site y is picked randomly according to a probability distribution p(z,y). In particular
>y p(x,y) =1 for every z. Of course a jump to y is not always possible. If the site is
empty the jump is possible and is carried out. If the site already has a particle the jump
cannot be carried out and the particle forgets about it and waits for another chance, i.e.
waits for a new exponential waiting time.
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If we normalize so that all waiting times have mean 1, the generater of the process can
be written down as

(AN =D n@) @ =), Ifn™) = Fo)

where 7 represents the configuration with n(xz) = 1 if there is a particle at x and n(z) =0
otherwise. For each configuration n and a pair of sites z,y the new configuration n™¥ is
defined by

n(y) if z=u
17(z) = {n(@) if 2=y
n(z) if z#wx.y
We will be concerned mainly with the situation where the set X is Z% or Z?V, viewed
naturally as an Abelian group with p(z,y) being translation invariant and given by
p(z,y) = w(y — x) for some probability distribution 7(-). It is convenient to assume that

7 has finite support. There are various possibilities. m(-) is symmetric, i.e. m(z) = 7w(—2)
or more generally 7(-) has mean zero, i.e. ), z7(z) =0, and finally ), z7(z) =m # 0.

We shall first concentrate on the symmetric case. Let us look at the function

Vi) = 3 J(a)n(a)

and compute
(AV)) () = ;n(x)(l —n(y)r(y —2)(J(y) — J(x))
_ Ifn(x)ﬂ(y —2)(J(y) — ()
- én(x)[(P —I)J)(x)

=Vie—ns(n)

The space of linear functionals is left invariant by the generator. It is not difficult to
see that

Ly [VJ(U(t))] = VJ(t) (n)

where

J(t) = exp[t(P —I)]J

is the solution of

d
() = (P=1)J(t,2)
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It is almost as if the interaction has no effect and in fact in the calculation of expec-
tations of ‘one particle’ functions it clearly does not. Let us start with a configuration on
Z?V and scale space by N and time by N2. The generator becomes N?A and the particles
can be visualized as moving in a lattice imbedded in the unit torus T¢, with spacing %,
and becoming dense as N — oo.

Let J be a smooth function on T¢. We consider the functional

(1) = 2 S TGt )

and we can write
£(t) — £(0) = / Vav(n(s))ds + My (t)
0
where
V(1) = (N2 AVy) (1) = Vi (n)
with
(In) ) = N* Y [T+ =) = J(@)]p(2)
~ 5(Ac)w)

for u € T¢. Here A refers to the Laplacian
82

S0

Z?]
with the covariance matrix C' given by

Cij= Zzisz(z>
4
Mp(t) is a martingale and a very elementary calculation yields
E{[MN(t)]2} <CtN™?

essentially completing the proof in this case. Technically the empirical distribution vy (t)
is viewed as a measure on T? and vx(-) is viewed as a stochastic process with values in
the space M(T?) of nonnegative measures on T¢. In the limit it lives on the set of weak
solutions of the heat equation 5 .
P
9 QAC P

and the uniqueness of such weak soultions for given initial density establishes the validity
of the hydrodynamic limit.
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Let us make the problem slightly more complicated by adding a small bias. Let ¢(z) be
an odd function with ¢(—z) = —¢(z) and we will modify the problem by making 7= depend
on N in the form

mv(2) = 7(2) + 1a(2)

Assuming that ¢ is nonzero only when 7 is so, m will be an admissible transition proba-
bility for large enough N. A calculation yields that in the slightly modified model referred
to as weakly asymmetric simple exclusion model Vi is given by

Viv(n) = Vi () + 37 32 n()(1 = () < m, VT (@) >

with

m = qu(z)

If one thinks of p(¢,u) as the density of particles at the (macroscopic) time ¢ and space u
the first term clearly wants to have the limit

/T S Bewplt, u)du

It is not so clear what to do with the second term. The ‘invariant’ measures in this model
are the Bernoulli measures with various densities p and the ‘averaged’ version of the second
term should be

<m,(VJ)(u) > p(t,u)(1 — p(t,u))du

Td
Replacing the linear heat equation by the nonlinear equation
dp 1
LA -V - 1 —
5 = gAcp mp(1 = p)

This requires justification that will be the content of our next lecture.

Let us now turn to the case where p has mean zero but is not symmetric. In this case
—d Y
V() = N3 (@) (1 —n(w)p(y — 2)[T(55) = T (55)]
a:7y
and we get stuck at this point. If p is symmetric, as we saw, we gain a factor of N2,

Otherwise the gain is only a factor of N~! which is not enough.
We seem to end up with

NS nw) < VD)) + (VD)) N =)y — )ply — @) >

= o S (VI(INE,
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where

U, = [n(2) Y (1= n(e+2)zp(2) + (1 —n(2)) Y n(x — 2)zp(=)]
= [=n(x) Y n(x +2)zp(z) + (1= n(z)) Y n(x — 2)zp(2)]
=0 —2)zp(2) —n(x) Y +2) + n(z — 2))zp(2)]

z

=1,

with 7, being the shift by x. In the symmetric case, the second sum is zero and ¥, can
then be written as a ‘gradient’

Wo=> 7,8 —¢
J

where T, are shifts in the coordinate directions. This allows us to do summation by parts
and gain a factor of N~!. When this is not the case, we have a ‘nongradient’ model and
the hydrodynamic limit can no longer be established by simple averaging.

4.3 Symmetric Simple Exclusion.

We will now begin the analysis of the symmetric simple exclusion process. We have a
probability distribution 7(z), on Z¢ that is symmetric and compactly supported. We will
also assume that its support generates entire Z¢. The covariance matrix C' is defined by

(€0 = (2,0°(2)

z

and is positive definite. The simple exclusion process is defined by the generator

(LHm) =D wly = z)n() (L = n)[f (") = f@n)]

I7y

Here the state space consists of {2 consisting of 7 : Zﬁl\, — {0, 1}. n represents a configuration
of particles with at most one particle per site. Let us recall that the convention is that
n(z) = 1 if there is particle at = and 0 otherwise and that ™Y represents the configuration
obtained by exchanging the situation at sites x and y.

nly) if z==
() = qnl@) if 2=y
n(z) otherwise
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The initial configuration is a state ny = {n(0,z)} and we assume that for some density
po(u) on the torus 74, 0 < po(u) < 1, we have

lim % S TGm0.2) [ Twpo(u)d

N—oo Td
d
TELS;

for every continuous function J : 74 — R. po(-) should be thought of as the macroscopic
density profile. We speed time up by factor of N? and let Py = Py 5, be the probability
measure on the space DI[[0,T];Q2y]. We can map the configuration 7 to the measure
An(du) = 375, 6z on 7. This induces a measure Qy on the space D[[0,T]; M(T9)].
We will prove the following theorem which is quite elementary.

Theorem 4.3.1. As N — oo, the distributions QN converge weakly to the degenerate
distribution concentrated on the trajectory p(t,u) which is the unique solution of the heat
equation

1 d
5 D Aoy
ij=1

with the initial condition p(0,u) = po(u).

Proof. Consider the function

) =502 3 T m(a)

xEZ%
We can compute
(N* " LyFy)(n) = N*~ dz )}n(x)(l—n(y))ﬂ(y—fv)
N2 T
= X @) — 1) — )@~ @I L) ~ Ty )
2—d ! T
-£ S late) = nlI ) = It =)
2—d x z x
= X Y @) e + D) — I )m(2)
2—d - x+z xr—z
- SV = 20+ IR

2Nd277 NAcJ)( )

_ % / (Ac) (W) Ay (du)
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We now establish two things. The sequence @y is compact as probability distributions
on D[[0,T7];€2]. Any limit @ is concentrated on the set of weak solutions of the heat
equation with the correct initial condition. Since there is only one solution, we have weak
convergence to the degenerate distribution concentrated at that solution, as claimed.

We will show compactness in D[[0, T]; M(T%)]. The topology on M(T?) is weak con-
vergence. The space is compact. If we use a continuous test function J, the jump sizes are
at most sup,_, ¢ |J(x) — J(y)|, where C' is the size of the support of 7(-). It is therefore
sufficient to get a uniform estimate on

On.1(0,€) =sup Py [ sup |Fs(t) — Fs(0)] > €]
N 0<t<s

and show that for any smooth J and e > 0,

lim sup Oy, 7(0,€) = 0
0—0 N

From our computation of (N2LyNF)(n) it follows that if J has two bounded derivatives,
then

supsup [(Ly Fy)(n)| < C(J)
n N
From the generator N2Ly. we occlude that
t
Fy(n(0) = Fo(u(0) = N* [ (ExFy)n()ds = M (1)

is a Martingale. N2|(LyFy)(n)] < C(J) and the quadratic variation of the martingale

Mjn(t) is easily estimated. The jumps are of size ](\’;((i‘i)l The total jump rate is at most

N4t+2 The quadratic variation is then bounded by
[C(J)}QN_2d_2Nd+2 — C(J)N_d

This is sufficient to prove the compactness of Q) and that any limit point ) will have the
property that for any J

/7'd J(W)A(t, uw)du — /7'd J(u)A(u)du — %/Ot /7'd(AC J)(u)A(s,du)ds =0
a.e Q. O
Remark 4.3.2. The symmetry of n(-) played a crucial part. n(zx)(1 —n(y)) —n(y)(1 —

n(z)) = n(x) —n(y) cancelled the nonlinearity. If we assumed only »_, zm(z) = 0, we will
not have the second difference and N*(LyF;)(n) will be of size N.
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4.4 Large deviations and weak asymmetry.

Now that we have established the Law of large numbers, let us investigate the large devia-
tion properties. We want to obtain a rate function I(A(-)) on D[[0,T]; M(T%)] and prove
a large deviation result for Q with this rate function. Lower bound requires a tilting
argument and upper bound involves estimates via some exponential martingales. First we
need to consider a class of tilts and then optimize over them. The tilts depend on the
choice of a function ¢(z) that is odd i.e. ¢(z) = —q(z), and ¢(z) = 0 unless 7(z) > 0.
Then we perturb 7(z) by 7(z) + %q(z) that introduces a weak asymmetry. The choice of
q(:) = q(s,u,-) can depend on u and s. The generator is modified accordingly

a(s, . 2)]

(N*LavgFr)n) = N4 ST — TG () (1 - )y — o) +
T,y

~ Q—de > () Z Ci,j(DiDjJ)(%)
2l als, 2,21~ (e + ), (VI)()

where the first term can be replaced as before by

5 /(e D@

It is not clear what to do with the second term. In the limit when A(du) becomes p(u)du
we would like this term to be

[t = pla)ms. ). (V) )

where

m(s,u) = Z zq(s,u,z)

z

because we expect locally the statistics to reflect the Bernoulli distribution with the correct
density. If we can accomplish it, we will establish the following theorem.

Theorem 4.4.1. The sequence of measures QQn 4 converges as N — oo to the distribution
concentrated on the single trajectory that is the weak solution of

Ip(t, u)
ot

with p(0,u) = po(u).

_ %Acp(t,u) — V- (p(t,u)(1 — p(t,u))m(t,u))
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But this requires justification. The route is complicated. There are various approxima-
tions that are needed. There are several measures. Py, @y and the perturbed ones Py 4
and Qn,,. Computations with Py are easier because it is a reversible Markov process.
Direct computations with Py, are harder. Even while examining Py it is easier if we
start in equilibrium, i.e. with a reversible invariant measure, uniform distribution of pN¢
particles among the N? sites. One can use Feynman-Kac formula and some variational
methods to obtain estimates. We can then transfer the estimates from Pﬁ,q to Py and Py 4
using entropy inequality.

We will deal with averages of all kinds. Let us set up some notation. If f = f(n) is a
local function on the configuration space 2 or )y their averages will be denoted

- 1

fro=mrrma 2. fEm)
’ 204+ 1)4 Y

S e
A special case is when f(n) = n(0), in which case we denote by

_ 1

Ne,w = W Z n(y)

yily—az|<L

n(x) can be n(s,x) representing the configuration at some time s. We denote by 7,7 the
configuration (7,7)(y) = n(z + y). The object we need to estimate is

T
/ en(e, s)ds
0

ex(ers) = B | S TG0 - fieso

where

and

~

f(p) = EF*[f(n)]

the expectation of the local function f with respect to the product Bernoulli measure with
density p.

Let pn(s,dn) be the marginal distribution on Qy of the configuration 7(s,-) at time s
and fiy its space and time average. More precisely

[ sonavon = [ [ |7 gmn)} p (s, dn) ds

We need the following theorem
Theorem 4.4.2. -
lim lim sup/ en(e,s)ds =0
0

e—0 N300
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This is proved in two steps.

Lemma 4.4.3.

Filn) — f<ﬁ<k>>r] ~0

lim limsup
k—oo Nooo

Lemma 4.4.4.
lim sup lim sup EFN |:77N€ — K =0

e—=0 N—oo
k— oo

We note the following.

e We can always replace for fixed k£ and large N, the sum

Nd Z J Txn

Ndzf ") g 1 1) 2k+ 2. Iy

yily—z|<k
1 Tz
N > J(g) o
x
e Lemma 4.4.3 allows us to replace this by

Ndzj% nkx

or

e Lemma 4.4.4 allows us to replace 7 , with large k by 7., with a small e.

e This allows us to replace n(z)(1 — n(x)) by fnez(1 — fney), which is sufficient to
prove Theorem 4.4.2

We now concentrate on the proof of the two lemmas. They depend on the following
observations.

e The function f(a,b) = (v/a — v/b)? is a convex function of (a,b) € R2. It is checked
by computing the Hessian
1 b2a~2 —(ab)_%
2 —(ab)fé a%bfg

of f which is seen to be positive semidefinite.
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e The invariant distributions fot A are all reversible and form a convex set with extreme
N
points wy , which are uniform distributions over (Qk ) configurations in Qy with a

given number k = erztfv n(z) of occupied sites.

The Dirichlet form corresponding to the operator A is given by
1
5 2 2 Lf0™) = f)Prly — w)wwi(n)
Ny

where wy (1) is any reversible invariant distribution.

e If 7(+) is irreducible, then they are all equivalent to

Z Z ﬂ)}QwN,k(n)

|z— y\l

o If uy = {un(n)} is a probability distribution on Qy its Dirichlet form is defined by

=23 anlrn) — Vi)

N |z—y|=1

e Let us denote by ay(k) = /‘N{erzfv n(z) = k}. Then the invariant distribution
that corresponds to px is the convex combination wy = ), an(k) wy k. If we write

pn(n) = f(mwn(n) then /f is in Ly(wn) with [V fllz,wy) = 1 and D) =
D(y/BnN)-

e An estimate of the form D(,/y) < CN92 has many consequences. If uy(s) are
such that fOT D(y/un(s))ds < CN9=2 then the average fiy over space and time,

defined by,
v = TNd/ > i (s)d

satisfies o
D(Vin) < TN -2

Since there is spacial homogeneity the quantity

Y S (VANGET) - VAN < 2N

n ylz—yl=1

e If we restrict the distribution to a block By of size k, the marginal distribution has
the Dirichlet form from bonds (x,y) : vt — y| = 1 internal to By which is at most
(2k:)d%N 2. As N — oo the Dirichlet form goes to 0. The limiting distribution
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is therefore permutation invariant. Hence it is uniform over all possible choices of
locations for the total number of particles in the block. This shows that

lim sup lim sup E#¥ [ fj, — f(ﬁk)] =0

k—oo N—oo

This is precisely lemma 4.4.3.

We want to estimate Zn(\/,u,N(nmvy) — v/ (n))? when |z —y| = £ instead of |z —y| =
1. Any interchange of x, y at a distance £ can be achieved by 2/ successive interchanges
of nearest neighbors and the simple inequality

y4
(a1 4 +a)? <Ly al

allows us to estimate

SV ~ Vi) < 2PN

In particular if |z] < Ne then

S (Vi GET) — Vi) < P SN < 2
n

This shows that if two microscopically large blocks are macroscopically close then
there empirical densities are close with probability nearly 1. This implies lemma
4.4.4.

All we need to do now is control the Dirichlet form. Our generator is of the form

1

the sum of the symmetric part A and the weak skew symmetric perturbation Sy 4. The
entropy is defined by

Zu )log - p)

a(n)

1
where a(n) = ¢ = ¢(N,p) = (N;) is the uniform distribution of ky = pN? particles on

Z]‘{,. It is invariant for the evolution under A.
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Let us note that p’; evolves according to the forward equation d“—N =N 2AN gHN-

Therefor for Hy (t) = H(uy) we have
dHy(t MN
log
.= Z i (m)
— N2 1 MN( ) et i t
- Z 08— AN gtn + Z prl ()
" "

= N (L qlog phy(n)phy (n)

=N S wly - @) + %q(t, % y — )] log mn(:z)(l = 1(y)) iy (n)

(™Y

o 2 T _ Q<ta%ay_m) o 1Y
- Zn:; A e T )

2T =

q(tvuzyfx)

Nr(y—2) * and using the inequality

Denoting by ¢y = en(t,u,y —x) =1+
zlogy < 2[zlogz —x + 1] + 2[\/y — 1]

(verify sup,|zlogy — 2(xlogx —x + 1)] = 2(,/y — 1)), we obtain

dH
N <2N2ZZ y—x CNlOgCN—CN-FUNN(??)

+ 2N?2 Z Zﬂ(y - x)[\/uﬁv(nxay) - \/uﬁv(n)]ufv(n)

q(t, %y —x)r
m(y — z)

We can also change n — n®Y in the summation. It just maps 2y onto itself. Assuming

lq(t,u,z)] < Cm(z), we end up with

U0 < ot S Yty =)~ )

If the support of 7(-) generates Z? it is routine to estimate

D(fy= > @™ =P <CY nly—a)[f™") — f(n)?

lz—y|=1

2N?(ecnlogey — ey +1) ~ [
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This leads to the estimate
N2
Hy(T) — Hy(0) < CTNY — el / D(\/1ly)dt
0

Since Hy(T) > 0 and Hy(0) < CN4, it follows that

/OTD(\/E)dt < C(T)N®?

4.5 Super-exponential estimates.

A consequence of the estimates of the previous section is the following theorem. Let
Muc = {mo : D<\/—MN> < CNH}

€Nk fa Nd Z ‘ 2k+ Z nyn (nl‘k)’

weZ ly—z|<k

dN,k,e(n) = m Z |77x,k - ﬁx,N6|
er%

Then

Theorem 4.5.1. For any C < oo and local function f,

lim limsup sup EMN [eN,k(fa 77)} =0

k—oo N oo UNEMN.C

lim limsup sup EMV [dNyk,e(n)} =0

k
6‘;%" N—oco puNEMN,c

Let {P,} = € X be a Markov family on the finite state space X i.e. measures on
DI[0,00), X] corresponding to a generator

(Af) (@) =D [f) - f(@)]q(z,y)

Y

Assume that p(x) is an invariant probability distribution for the Markov process. Let us
assume that the process is reversible with respect to p, i.e. A is self adjoint in Lo(p). This
is the same as q(z,y)u(z) = q(y, x)u(y). The Dirichlet form is given by

—(Af, Du == lfW) = F@)f@al y)n(@) = 5D [F ) = f@) ez y)u()

z,y z,Y
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If the process is not reversible then the Dirichlet form corresponds to 3(A4 + A*).

The Feynman-Kac formula says that for any V : X — R,

u(t, z) = EP[exp| /O V(a(t))de] (x(1))]

is the solution of

duiitt’ 2 = (Au)(t, ) + V(z)u(t,z); w(0,z) = f(z)
It follows that
u I3
W = ((A+ A% u(t) +2Vu(t), u(t)y = 2u()V, u(t)) — 2D(u(t))] < 224(V)[lu(®)]3

providing the estimate
lu(t, )3 < exp2EAa (V]I £13

where
Aa(V)= sup [(uV, u) — D(u)]

wi|lul|2=1

Taking f = 1 and using Schwartz’s inequality

E™ [eXp[/O Vi(x(s))ds]] = [lu(t)]1 < exp[tAa(V)]

(There are no constants!)
The following lemma is useful and replaces L,, L, duality of Holder’s inequality with
the entropy duality between zlog x and e®.

Lemma 4.5.2. Let Q << P with H(Q;P) = [ % log %dP < oo. Then for any bounded
measurable function g(x)

EQlg(o)] < H(QsP) +log [ ex®ap (4.3)
For any set A,
H(Q:; P 1
Q) < @2 (4.4
08 P(A)

Proof. The inequality
ab <blogb—b+¢e®

implies, with f(z) = g—g, for any ¢ > 0, (replacing b by ¢b and dividing by ¢),

f(2)g(x) < f(x)loglef(x)] — f(z) + %egm)
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Integrating with respect to P we obtain,
/ng <logc+ H(Q;P)—1+ %/eg(x)dp
Pick ¢ = [e9(®)dP. We then get
/ng < H(Q: P) + 1og/eg<ﬂf)dp
Take g(x) = k14(z) and k = log %. Then

[H(Q,P) + IOg/eklA(I)+1Ac(1)dP}

o
=
A

H(Q; P) + log[e" P(A) + P(A%)]]
H(Q;P)+1

1
log PA)

H(Q;P)+log2] <

|
e R

The following theorem is now an easy consequence of theorem 4.5.1

Theorem 4.5.3. Let n € Qpn be arbitrary. Then for any § > 0 and local function f,

1 T
lim sup lim sup —; Nd suplog P"[/ enk(f,n(t))dt > 6] = —
0

k—oco N—oo

1 T
lim sup lim sup a Sup log P"[/ AN ke(n(t))dt > 6] = —
0

k—oo  N—yoo n
e—0

Proof. We start by estimating

hmsupN—logE “ exp Nd/ Vin

N—ro0
T
< limsup — sup [INYVu,u) — N*D(u)]
N—oo [Jull2=1

= Tlimsup sup [(Vu,u) — N>"9D(u)]

Nooo [uf2=1

If V > 0 is bounded by C, then the supremum can be limited to u with D(u) < CN9~2.
Taking pn(n) = 2_Ndu2(n), if for some V, if we can control

MoV) = sup [o(Vu,u) — N> "9D(u)]

[[ull2=1
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then we can get estimates under P,. But each point carries a mass of 2-NIf we have
super exponential estimates under P, we have them uniformly under P, for n € Q. We
can take V(1) = eni(f,n) or V(n) = dn k.(n) and use Tchebychev’s inequality on

T
P“ex dO’ S S
B exp N| /O V(n(s))ds]

to get
. 1 T
limsup 17 log By /0 V(a(s))ds > ] < [~06 + A0V

N—o00
If M(cV) — 0 as k — oo (and € — 0) for every o > 0 we have our super exponential
estimates. O

Weak asymmetry introduces a perturbation m(y — ) — m(y — z) + +q(t, &,y — z).

Assuming %

to be

is bounded the relative entropy of this perturbation is easily estimated

T
N? / S (enlog e — ex + Dl — 2)(x)(1 — n(@))ux(t 1) < ON?
0 %,y

Therefore for the perturbation ), uniformly over all initial configuration

T
lim sup lim sup sup Q?V[/O enk(f,n(t))dt > 6] = —o0

k—oo N—oo 71

T
lim sup lim sup sup Q?V[/O AN k,e(n(t))dt > 6] = —oc0

koo  N—oo 1
e—0

Now we are ready to establish the large deviation lower bound.
Theorem 4.5.4. Let p(t,x) be a weak solution of

dp

a = %AC)O -V b(t7u)p(t7u)<1 - p(t7u)> =0; P(O7U) = PO(U> (45)

with a bounded continuous b(t,u). Then for initial condition ny compatible with py and for
any neighborhood G of p(-) in C[[0,T]; M(T )]

R 1" _
In particular the lower bound for the large deviation can be

1 T
inf - C0. b p(t. u)(1 — p(t, u))dtd
bellr?’l(P) 2/0 /7~d< by p(t,w) (1 — p(t, u))dtdu
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where B(p) consists of b that satisfies (4.5). The infimum is calculated to be

1 /T 1
5/0 e — 5EC’iijiDij%LC,p(l—p)dt

0]

= sup [ /T (T, u)p(T w)du ~ / J(0,4)p(0, u)du

J(,) T

1 T 1 1 T
_ 5/0 /7’d[Jt + 5 Zci,jDiDjJ]P(t,-’II) — 5/0 <CVJ,VJ>p<t, u)(l — p(t,u))dtdu

i!j

Proof. We begin by choosing a perturbation ¢(t, u, z). We need to choose ¢ so that

b(t,u) = Z 2q(t,u, 2)

z
while minimizing

la(t, u, 2))?
ZZ: 7(2)

The choice is
q(t,u,z) = (C71b(t, u), 2)m ()

and the minimum is (C~1b,b). Here C' = {C;;} is the covariance matrix of m(-). We
next need to prove compactness in C[[0,T]; M(T?)] for the perturbed process. We will
use repeatedly inequality (4.4). In particular if —log P(A) >> N? and H(Q, P) = O(N%)
then Q(A) << 1. To prove compactness we will show that a super exponential tightness
estimate holds in equilibrium. Then any limit will be concentrated on the weak solutions of
(4.5), and we need only prove uniqueness of them. The entropy will then have the correct
limit.

O

Actually there is a converse as well.

Theorem 4.5.5. If Py is a sequence of probability distributions on X such that every
sequence Qn with H(Qn; Pn) < CN s uniformly tight, then Py is super exponentially
tight.

Proof. Consider the set By = Un{Q : H(Q, Py) < {N}. By is tight. There is a compact
set Ky such that Q[KZE] < € for every Q € By. Take ¢ = % There is K, such that
Q(K§) =1> 1 implies H(Q; Py) > CN. Take Q to be the restriction of Py to K§. The
relative entropy of @ to Py is easily calculated to be —log Py(KY), proving Pn(Kf) <
exp[—{N]. O
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4.6 Exponential martingales.

For any Markov process with generator A, there are exponential martingales associated
with them. They are of the form

eXp[f(x(t))—f(x(O))—/o (e77 AeT) (a(s))ds]

and are quite useful for estimates.
In the case of the simple exclusion process, with

(m) =Y J()n(@)

we obtain the martingales

My (t) = exp ezzj J(E n(0,2)] - /0 Ay (s)ds]
where
An,(s) = N> wly — o)’ ®) &) —1Jn(s, 2)(1 = n(s,y))
) Y
= Sl )|~ (s, )1 (s, 9)
+ (/W) — (s, ) (1 = n(s, )
N2 T
= 2= D) = I ) = nlow)
2 X
+ = Yo mly — o)) = J() @)L = n(y)) +n(y) (1 = ()
x,y
S ICEEDS ZID T ()DI () 5 ()
erd 2,9
where

FIm) =Y m(2)zizine(1 = n(@ + 2)) + nl + 2)(1 = n(x))]
The exponential martingale has many uses. The first one is super-exponential tightness.

Lemma 4.6.1. Let J(u) be a smooth function on T¢. Let Py, be the simple exclusion
process with initial state . Then for any € >0,

1
lim sup lim sup sup — log P [— sup J n(t,x) —n(0,2)]| > €] = —cc
550 Neoo m N4 OB Nd t<6’ Z 10,2l 2 ¢
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Proof.
1 3 I ntta) 00 = [ A s(s)ds = Myt

erd
is a martingale, where

2
ANJ _N 1 Z

v () +J(=

(s )

and |[Ayn j| < C(J). It is therefore sufficient to estimate

Pl sup My, j(s) > 4]
0<s<t

We have the exponential martingales

exp [NdMNVJ(t) _ /O t BN,J(s)ds}
where
By (s N2Z IR — 1= (L) — TNl — Dl 2)(1 = (s, v)
<C( )
The usual bound (Doob’s inequality) for martingale yields

Py [ sup My, ;(t) > 0]
0<t<s
< P[sup ANMy ;(t) — C(AJ)N% > AN% — C(A\T)N %]
0<t<d
< e’Nd Ae+C(AJ)N2§

Hence
hmsup—logP"[ sup My j(s) >8] < =Xe+ C(A\J)d
Nooo N4 0<s<t
and
lim sup lim sup SUp 777 log Pl sup My, j(s) >8] < —Xe
0—0 N—oo 1 0<s<t
Since € > 0 and A > 0 is arbitrary we are done. U

This is actually all we need to prove super exponential tightness.
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Lemma 4.6.2. Let P be a probability distribution on [D[0,T]; X where X is a Polish space.
Let

Pl sup d(a(t),a(s)) > el Fi] < vp(s,¢)

t<s<t+d

and
Pld(xz(t — 0),z(t +0)) > 0] =0

Then for any integer k and 8 > 0,

o) k
P| sup d(X(t),X(s)) > 4e + 0] < kip(d,€) +eﬂTﬁk[ /0 e Ppp (8, €)dd

ls—t[<5
0<s,t<T

In particular if X is compact and { Py} is a family such that
(lsii% sup Yp, (0,€) =0
P, is uniformly tight family.
Proof. Define successive stopping times, 79 = 0,
Tjp1 = 1inf{t : ¢t > 7;,d(X(t), X (7)) > €}

Let k = inf{j : 7541 > T} and 0* = infi<j<i(7; — 75-1). Then if 0 < s,# < T and
|t — s| < 6%, there can be at most one 7; between them and hence d(X (s ) X(t)) <4e+6.
So we need to estimate

N[0F < 6] = ZQN < 8]+ Plmy, < T

We have control on the first term
Kk (6, €)

As for the second term we can estimate it by
Plr, < T] < eTEle™™] < Tk
where @ is an upper bound on
EP[e )| F ] <p(B,e)(1—e®) +e?
If we pick &g such that ¢p(dg,€) < % then

1+e%

o<
W=

for some positive §y. O



70 CHAPTER 4. HYDRODYNAMIC SCALING

Lemma 4.6.3. Given any { < oo there exists a compact set Ky € D[[0,T]; M(X)] such
that for any € > 0,

) 1
A}gnoo i s%p log PV [Kf] < —¢
Proof. We will use Theorem 4.5.5. It is sufficient to prove that if H(Qy : Py) < CNY,
then @u is tight. But since we are dealing with weak topology in M(X') this is the same
as tightness of the processes X ;(t) = (J, A(t)) under Qx. From lemma 4.6.1, we have the

estimates
w((s 6) < e—Nd)\e—i—C()\J)Nd(S

that are super exponential. Therefore for any sequence Qn with H(Qn; Py) < CN we
will have uniform estimates on (4, €). This will imply the uniform tightness of Qn. O

The following lemma allows us to use super exponential estimates in evaluating inte-
grals.

Lemma 4.6.4. Suppose for a sequence of distributions on some Polish space X we have
the estimates

1
lim sup N log/exp[NFN(az)}dPN <C

N—oo

where Fy is a sequence bounded by C. Suppose for each € > 0, Gy is another sequence
of continuous functions on X, such that they are all uniformly bounded by C', and for any
0>0,

1
lim sup lim sup — log Py[|Fy — Gn,| > 6] = —o0
e—0 N—o00 N

Assume further that as N — oo, Gy, — Ge uniformly on compact sets and G. — G
uniformly on compacts as € = 0. Then if Qn is such that

1
lim sup NH(QN; Py) < H

N—oo
and QN — Q weakly in M(X), then
E°[G(x)) <C+H

Proof.

EON[Gy ()] < ~[H(Qn; Px) + log E™ [exp[AG v ¢(7)]]

> =

On the other hand, writing

eXpP‘GN,e} < eXpP‘FN] X eXp[)“GN,e - FNH
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and using Holder’s inequality

P P P A
log B [exp[AGn (2)]] < Alog E™ [exp[Fy ()] 4 (1 — ) log E Yexp[—1GN.e — Fyl]]
The super exponential estimate implies that for any 0 < A < 1,

A
lim sup log EFN [eXp[ﬁ’GN7e — FNH] =0

N—o00
Therefore )
E9[G.] < limsup E9V[Gn ] < ~[H + C]
N—o00 A
We can let € — 0 and A — 1 to complete the proof. O

Now we need to establish the uniqueness of weak solutions to the problem

% _ %Acp — Vbt u)p(t,u)(1 — p(t, u))

The difference of two solutions r = p — p’ satisfies

% = %ACT — Vbt u)r(t,u)[1 — p(t,u) — p'(t,u)]

1
= §AC r—V - c(t,u)r(t,u)
d 2 1 2
—||r()]|5 = —= (CV7r,Vr)du + r{c-Vr)ydu < K||r||5
dt 2 Td Td
If we can establish some a priori regularity on the solutions then Gronwall’s inequality will
establish uniqueness.

We have the exponential martingales for Py. With

x 4 x
FJ = Z |:J(T, N)U(T,$) - J(Oa$)77(0,33) - /O Jt(t’ N)n(tvx)dt]

d
TELS;

T
N Y /O [eJ(t,}é)J(t,f@) —1nt,2)(1 —n(t,y))m(y — x)dt}

xyEZ%

E™ [exp[Ey(n(-,-))]] =1
This implies with the help of (4.3) that
1

G Fi] < < H Qi P)

EQN [ N
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Letting N — oo with H = limy_, H(lt’]z\vh;inv)7

EQ[/TdJ(T, u)p(T, u)du—/Td J(0,1)p(0, u)du —/OT /Td Jy(t, ) p(t, u)du
_ %/OT /Td(AC T)(t, w)p(t, u)didu
_ %/OT /Td<cw, VIt u)(1 — plt, u))dtdu} <H

One of the things we should remember while carrying out large deviation estimates is that
if
1
lim sup 3 log EF[eMi] <0

A—00

for i = 1,2, it follows that

1
lim sup — log EP[e)‘ maX(fhfz)] <0

A—00

Just notice that e*max(f1.f2) < A1 M2 and the sum of two exponetnials that do not grow
does not grow either. This is easily extended to a finite sum. It is now easy to see that if
we have a family f, of continuous functions and two sequences of probability measures Py
and @) such that @y — @ weakly,

1
limsup +H(Qx; Pr) < H

A—00

and

1
lim sup ~ log E [e)‘f‘”] <0
A—00 A
for every a € A, then of course
sup EQ[fa} <H
acA

But actually we get to move the sup inside for free.

EC[sup fo] < H
acA

It follows from our previous discussion that the above inequality is valid if we replace A
by any finite subset of A. But then by monotone convergence it is true for A. The rest is

routine. If @ is any limit point of {Qx} with W — H, we have
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Lemma 4.6.5.

EQ[Sljp [ /T (T, w)d /T (0, w)p(0, w)du ~ /0 ' /T ()l )

1 (T
- 5/0 Td(AC J)(t,u)p(t, w)dtdu

T
_ % / (097,91t )1~ p(t,u))dtdu” <H (4.6)
In particular,
pe € Lof[0, T); H-1 (T%)] (4.7)
and
p € Lo[[0,T]; Hy(T?)] (4.8)

Proof. We just have to make sure that estimate (4.6) is enough to provide (4.7) and (4.8).
Since p(1 — p) <1, (4.6) implies a bound on

ol [T 1 2
E ot — 5Ac pllZ dtdu
0

:EQ[sup[/ J(T,u)p (Tu)du—/ J(0,u)p Oudu—/ /Tthtu (t,u)du

——/ (Ac J)(t,u) tudtdu——/ C’VJVJdtdu”
Td Td
<H

We can do a convolution in space and time and approximate p by p¢ that is smooth. We
will continue to have

T
1
o [ | i - 3ac pﬁuﬂdtdu] <H
0

The cross term

1 1
EQ[/ Py, Acp©)-1,0dt] = / / pip-drdt = / pe(T,U)2du——/ p(0,u)?du < =
0 Td Td 2 Td 2

and we can get a uniform bound

T T
O+ [ [ (o9 Vo < 141
0 o JT

We can now let € — 0. O
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4.7 Upper Bound

The proof of the upper bound is almost done. We have already shown super exponential
tightness. From the exponential martingales we have (?7). Therefore the local rate function
is

sup G (p(-;-))
J

where

T
Gy = /Td [J(T, u)p(T, u) —J(07U)p(0,u)]du—/0 /Td Ji(t, u)p(t, u)dtdu

1

T
— —/ Ac J(t,u)p(t,u)dtdu
2 0 Td

17 .
- 5/0 /N<cw, ViVp(t, u)(1 — plt, u))dtdu

The supremum is calculated as

1T 1 )
B} o ot — §ACP||71,C,p(1fp)dt

where
12 =50 |2 [ at@s@au= [ €@, (Tl 0-pw)an| (19)

Finally we have to match the upper bound with the lower bound.

Lemma 4.7.1.

T
I(p(-,-)) = infl/O /Td(C'lb(t,u), b(t,u))p(t,u)(1 — p(t,u))dtdu

bep2

17 1 )
=3, llpe = 5 8¢ PIZ1 01— ) dt

Proof. First let us assume that p(t,u) is smooth and satisfies 0 < ¢; < p < g < 1. We
can do the variational problem in (4.9), py — 3A¢ p = f(t,u) being a smooth function. It
results in solving

V- p(t7u)<1 - p<t7 u))CVJ = f<t7 u)

and the rate function equals

1 T
: /O /T (CVLIT)pltu)(1 — plt, )t
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b(t,u) = CVJ € B(p), and

16, ) = 3 /O /T (O B)o(1 — )i

matching the upper and lower bounds.

Finally we need to approximate an arbitrary p with I(p(-,-)) < oo by p,, that are nice
such that I(p,(-,-)) — I(p(-,-)) We note that the rate function I(p(-,-)) is convex, lower
semicontinuous and translation invariant in space and time. Smoothing by convolution will
provide the needed approximation. O

We have finally established the Large Deviation Principle for the processes PJY on
DI[0,T]; M(T?)], under the assumption that ﬁ erztfv dznn(z) — po(u)du weakly in

M(T?).
Theorem 4.7.2. The large deviation principle holds for PN with the rate function

T
o) =~ [ = Lac)? dt
J4ND) 2 Jo Pt B CliZ1,c,p(1-p)

provided p(0,u) = po(u) and +o0o otherwise.



