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Chapter 1

Introduction

In mathematics, most areas deal with various types of spaces and study func-
tions defined between these spaces as well as how these functions preserve or
do not preserve various properties of these spaces. Linear algebra in particu-
lar deals with spaces in which objects can be scaled by a scalar and be added
together and studies functions that preserve such properties. We refer to these
objects, spaces and functions as vectors, vector spaces and linear transforma-
tions, respectively. We use linearity to collectively refer to the scalability and
additivity of vectors that are preserved under linear transformation across vec-
tor spaces. This linearity enables us to understand the universal structures of
the vector spaces and linear transformations. For example, vector spaces of the
same dimension are roughly equivalent. We also found that a linear transfor-
mation can be characterized by a rectangular array of numbers called a matrix.
Then, to investigate and classify linear transformations, we work with matrices
corresponding to linear transformations, and this allows us to successfully clas-
sify these linear transformations into Jordan forms. Such fundamental efforts
for classification have led to a variety of by-products that have proven to be use-
ful for many real-world applications. In this book, we do not make compromise
between the fundamental results and useful by-products, by providing readers
with gap-free derivations of useful by-products from the fundamental results.

Let us take a look in detail. Two most important objects in describing and
studying linear algebra are vectors and matrices. We may refer to vectors as
any mathematical objects for which vector addition and scalar multiplication
can be well-introduced. For the vector addition, we denote the identity which is
usually called a zero vector by 0. We also place a minus sign (-) in front of the

Kang & Cho, Linear Algebra for Data Science,
©2025. (Wanmo Kang & Kyunghyun Cho) all rights reserved.
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2 Chapter 1. Introduction

original vector to denote the inverse of the addition. A vector space is defined
as the collection of vectors that satisfy the distributive laws between the vector
addition and the scalar multiplication. For example, the distributive laws with
a notational convention of 1v = v enable, for any vector v in a vector space,

v + 2v = 1v + 2v = (1 + 2)v = 3v.

We will dive deeper into the vector space in Chapter 3.
One of the most intuitive yet important examples of a vector is a finite array

of numbers. We can vertically stack m real values v1, v2, . . . , vm to form an
m-dimensional vector v;

v =


v1

v2
...
vm


where we use vi to refer to the i-th element of v. We express that a vector v
is an m-dimensional vector by v ∈ Rm and often refer to it as either an m-
vector or Rm-vector. For Rm-vectors, we define the vector addition and scalar
multiplication by

v + w =


v1

v2
...
vm

+


w1

w2

...
wm

 =


v1 + w1

v2 + w2

...
vm + wm

 , cv =


cv1

cv2
...

cvm


where w ∈ Rm and c ∈ R. For the vector addition in Rm, the zero vector
0 ∈ Rm, whose entries are all 0, serves as the additive identity. When the
dimensionality matters, we use a subscript to emphasize it, such as in 0m for
the m-dimensional zero vector.

In this book, we define a matrix as a rectangular array of numbers by hori-
zontally concatenating Rm-vectors. Given n Rm-vectors

a1 =


a11

a21
...

am1

 , a2 =


a12

a22
...

am2

 , · · · , an =


a1n

a2n
...

amn

 ,
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we horizontally concatenate them to obtain a matrix A;

A = [ a1 | a2 | · · · | an ] =


a11 a12 · · · a1n

a21 a22 · · · a2n
...

... . . . ...
am1 am2 · · · amn

 .
We call the rows and columns of a matrix row vectors and column vectors,
respectively. When we are given the name of a matrix, such as A in this case,
we use (A)ij or aij to denote the entry in the i-th row and j-column. We say
that A is m × n matrix if the matrix A has m rows and n columns. We add
two matrices of the same size, A and B, by adding each pair of corresponding
components from these two matrices. That is,

a11 a12 · · · a1n

a21 a22 · · · a2n
...

... . . . ...
am1 am2 · · · amn

+


b11 b12 · · · b1n

b21 b22 · · · b2n
...

... . . . ...
bm1 bm2 · · · bmn



=


a11 + b11 a12 + b12 · · · a1n + b1n

a21 + b21 a22 + b22 · · · a2n + b2n
...

... . . . ...
am1 + bm1 am2 + bm2 · · · amn + bmn

 .
We define scalar multiplication by multiplying each entry with a scalar;

c


a11 a12 · · · a1n

a21 a22 · · · a2n
...

... . . . ...
am1 am2 · · · amn

 =


c a11 c a12 · · · c a1n

c a21 c a22 · · · c a2n
...

... . . . ...
c am1 c am2 · · · c amn

 .
We can regard any Rm-vector as a matrix of m rows and 1 column. We can
similarly consider each row of an m× n matrix as a 1× n matrix.

We often add various structures and operations to a vector space to use
it in practice. For instance, it is natural to equip a vector space of matrices
with matrix multiplication. We will delve deeper into matrix multiplication in
Chapter 2, and here, we consider a simple case of multiplying an m× n matrix
to an n× 1 matrix, which is equivalent to an Rn-vector. Such multiplication is
defined as

Av = v1a1 + · · ·+ vnan =

n∑
j=1

vjaj . (1.1)
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This results in an Rm-vector, i.e., Av ∈ Rm. This vector is a linear combination
of the column vectors of the matrix A, and vi’s work as the weights/coefficients
for this combination.

It is useful to use matrices and Rm-vectors to model data. For instance,
we can represent a group of n people by horizontally concatenating Rm-vectors
corresponding to their characteristics to form an m × n matrix, A. In this
matrix, (A)ij represents the i-th person’s j-th property. We can compute the
average of each of these properties as matrix-vector multiplication:

1

n
a1+ · · ·+

1

n
an =

1

n

(
a1+ · · ·+an

)
=

1

n
(A1) = A

( 1
n

1
)

where 1 =


1
...
1

 ∈ Rn.

As another example, consider the following model of economy.

• aij : the contribution of material j to the i-th product, aj : an Rm-vector
whose i-th element is aij ;

• xj : the amount of material j available, x: an Rn-vector whose j-th
element is xj .

Under this model, we can interpret the linear combination of aj’s with coeffi-
cients of xj’s, i.e., x1a1 + · · ·+ xnan =

∑n
j=1 xjaj , as the amounts of m manu-

factured products produced from the given amounts of n raw materials. We can
write this more concisely as Ax, with (A)ij = aij . Given a target production
vector b, we can now write the problem of finding the amount of enough raw
materials to satisfy the target production quantities, as solving for

Ax = b.

These examples illustrate how simple it is to use matrices and vectors to reason
about data.

We can naturally and seamlessly introduce and derive various concepts and
results in linear algebra by solving Ax = b above. More specifically, we will
learn the following concepts and results in this book:

• How to solve linear systems: Gaussian elimination;

• Abstraction and manipulation of data: a vector space and linear transfor-
mation;
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• Approximation of data: orthogonality, projection and least squares;

• Factorization of data: SVD (singular value decomposition) and PCA (prin-
cipal components analysis);

• Shapes of data: positive definiteness, convexity and covariance.

• Key features of matrices: determinant, eigenvalue and eigenvector;

• Advanced results for matrices: adjoint, positive definite cone and Perron-
Frobenius theorem;

• Theorems by Cayley-Hamilton and Jordan.

In data science, it is usual to analyze complex data by projecting their high-
dimensional vector representations in a lower-dimensional subspace and inves-
tigating the corresponding lower-dimensional vectors. SVD is one of the most
representative approaches to determining the best subspace for approximating
high-dimensional data. Additionally, positive definite matrices and their prop-
erties are frequently used to characterize the relationship within data, both in
data science and engineering. In this book, we make a significant departure
from existing textbooks and lecture notes in linear algebra and go directly into
the concept of projection, SVD and positive definiteness without introducing
eigenvalues nor eigenvectors in detail.

We support readers by providing them with real-world implementations of
concepts and algorithms investigated in this book. These implementations use
standard and modern tools, such as numpy, scipy, sympy and scikit-learn,
and are openly available at

https://github.com/kyunghyuncho/Foundations_of_LADS

https://github.com/kyunghyuncho/Foundations_of_LADS
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Chapter 2

Matrices and Gaussian
Elimination

We say that we solve multiple linear equations, when we determine the values
of unknown variables that satisfy multiple linear equations simultaneously. We
can do so by progressively eliminating unknown variables from these equations
by reading off the values of these unknown variables. This process, to which we
refer as Gaussian elimination, progressively modifies linear equations without
altering the solution of the original linear equations. By using matrices, we
can describe this process of successive elimination of variables from linear equa-
tions without referring to variables, signs nor equalities. In other words, such
Gaussian elimination can be described as a sequence of matrix operations. In
addition to scalar multiplication and addition, we define matrix-matrix multipli-
cation, in order to represent any modification of linear equations by Gaussian
elimination as multiplying a matrix representing the linear equations with a
specially-structured matrix. In doing so, we obtain a surprisingly rich set of
concepts and mathematical results on matrices.

More specifically, we introduce matrix-matrix multiplication in this chapter.
When we multiply a matrix with a vector from left, we get the linear combina-
tion of the columns of the matrix. When we multiple two matrices, then, the
resulting matrix consists of columns resulting from multiplying the first matrix
with the columns of the second matrix, respectively. The inverse of matrix-
matrix multiplication is called an inverse matrix, and not every matrix has its
inverse. We define the transpose of a matrix by swapping the column and row

Kang & Cho, Linear Algebra for Data Science,
©2025. (Wanmo Kang & Kyunghyun Cho) all rights reserved.
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8 Chapter 2. Matrices and Gaussian Elimination

indices and introduce a symmetric matrix as a matrix whose transpose is itself.
Symmetric matrices show up in many places throughout this chapter and the
rest of the book, as they exhibit mathematically favorable properties. We define
lower and upper triangular matrices, as matrices whose entries above and be-
low the diagonal are zeros, respectively. With these various types of matrices,
we show that Gaussian elimination corresponds to multiplying a series of lower
triangular matrices to the matrix of linear equations to arrive at an upper tri-
angular matrix. We call this process LU factorization, and this connects to the
process of inverting the matrix of the linear equations. We eventually describe
this whole process in terms of block matrices.

2.1 Matrix Operations
We can extend matrix-vector multiplication (1.1) to matrix-matrix multiplica-
tion. Instead of v ∈ Rn, consider an n × ℓ matrix B = [ b1 b2 · · · bℓ ] = (bjk).
Matrix-vector multiplication between A and the k-th column of B, bk, is then

Abk = b1ka1 + b2ka2 + · · ·+ bnkan.

We define matrix-matrix multiplication of A and B by horizontally concatenat-
ing the resulting vectors;

AB = [Ab1 Ab2 · · · Abℓ ].

Matrix-matrix multiplication is well defined only when the number of the rows
of the first matrix and the number of the columns of the second matrix coincide
with each other. In other words, multiplying an m × n matrix and an n × ℓ
matrix results in an m× ℓ matrix. We can express (AB)ij in multiple ways:

(AB)ij = b1jai1 + · · ·+ bnjain

=

n∑
k=1

aikbkj (2.1)

=
[
ai1 · · · ain

]
b1j
...
bnj

 .
Instead of constructing AB by considering the columns of AB, we can instead

focus on the rows of AB. The i-th row of AB can be expressed as[ n∑
k=1

aikbk1 · · ·
n∑

k=1

aikbkℓ

]
=

n∑
k=1

[aikbk1 · · · aikbkℓ]
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=

n∑
k=1

aik[bk1 · · · bkℓ]

= ai1b′
1 + ai2b′

2 + · · ·+ ainb′
n, (2.2)

where b′
k is the k-th row (a 1× ℓ matrix) of B. In other words, the i-th row of

AB is a weighted sum of the rows of B with the entries of the i-th row of A as
their weights.

Matrix-matrix multiplication is associative, i.e. (AB)C = A(BC). Matrix-
matrix addition and multiplication satisfy distributivity, i.e. A(B+C) = AB+

AC and (B +C)D = BC +CD. Unlike the product of real numbers, however,
matrix-matrix multiplication does not exhibit the commutative property. It is
easy to find two matrices, A and B, such that AB ̸= BA.

The identity for matrix addition is a matrix of all zeros, and we use 0 to
denote it. Although it is often unnecessary to specify the size of such an all-
zero matrix, if necessary, we use the subscript, i.e. 0m,n for an m × n matrix
of all zeros. The identity for matrix multiplication is a square matrix, which
has the same number of rows and columns, whose diagonal entries aii are 1

and off-diagonal ones are all zeros. We call this an identity matrix and use the
following notation:

I = In =


1 0

. . .
0 1

 .
When necessary, we use a subscript to indicate the size of the identity matrix,
as in

AIn = A = ImA,

where A is an m×n matrix. Another helpful, special matrix is a diagonal matrix
whose off-diagonal entries are all zeros. Although it is easy to imagine a square
diagonal matrix, a diagonal matrix can be rectangular, as can be demonstrated
in the following examples: [

1 0 0

0 −2 0

]
,

−1 0

0 1

0 0

 .
If a diagonal matrix is square with diagonal entries di, it is denoted as

d1 0
. . .

0 dn

 = diag(d1, . . . , dn).
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Diagonal entries may also be zero. When a matrix is multiplied by a diagonal
matrix from right, its columns are scaled by the corresponding diagonal entries.
When multiplied from left, the rows are scaled instead due to (2.2).

It is sometimes useful to transpose a matrix, which is defined as

Definition 2.1 An n×m matrix A⊤ is the transpose of an m×n matrix
A if (A⊤)ij = (A)ji for all i and j.

A simple example is

[
2 1 4

0 −1 3

]⊤
=

2 0

1 −1
4 3

 .
There are two useful properties of transpose in conjunction with matrix addition
and multiplication:

• (A+B)⊤ = A⊤ +B⊤

since
(
(A+B)⊤

)
ij

= (A+B)ji = (A)ji + (B)ji

= (A⊤)ij + (B⊤)ij = (A⊤ +B⊤)ij ;

• (AB)⊤ = B⊤A⊤

since
(
(AB)⊤

)
ij

= (AB)ji =

ℓ∑
k=1

(A)jk(B)ki

=

ℓ∑
k=1

(B⊤)ik(A
⊤)kj = (B⊤A⊤)ij .

It is natural to extend matrix transpose to vector transpose. Since an Rn-
vector a can be thought of as an n× 1 matrix, a⊤ is correspondingly thought of
as an 1×n matrix. If we use this in the context of matrix-vector multiplication
(1.1) with an 1 × n matrix, i.e., A = a⊤, Av = a⊤v results in an 1 × 1 matrix
which is a real-valued scalar. In such a case, we do not write it as a matrix but
simply as a scalar;

a⊤v =

n∑
j=1

ajvj . (2.3)

We call this (standard) inner product of a and v and will discuss it more in
detail later when we introduce the notion of inner products in a vector space
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(Definition 4.3). With this definition of inner product, we can view matrix-
vector multiplication as repeatedly computing the inner product between each
row vector of the matrix and the vector.

Now that we know what the transpose of a matrix is, we can think of a
matrix that is invariant to the transpose. We call such a matrix a symmetric
matrix.

Definition 2.2 A is symmetric if A⊤ = A.

Symmetric matrices possess many desirable properties and have been an im-
portant object of investigation in linear algebra. Some properties of symmetric
matrices include;

• Any symmetric matrix is square.

• Every square diagonal matrix is symmetric.

• For any matrix A, both A⊤A and AA⊤ are symmetric.

• ADA⊤ and A⊤DA are symmetric when D is a diagonal matrix.

We encourage you to think of how these properties hold. We will introduce you
to a richer set of properties of symmetric matrices throughout the rest of the
book.

2.2 Simultaneous Linear Equations
There is a close relationship between solving simultaneous linear equations and
manipulating matrices. Consider the following system of two linear equations.
We can represent the same system using matrix-vector multiplication or even
more succinctly using a single matrix:1{

(eqn 1) x + y = 5

(eqn 2) 2x − y = 1
⇐⇒

[
1 1

2 −1

][
x

y

]
=

[
5

1

]

⇐⇒

[
1 1 5

2 −1 1

]
How do we solve these linear equations? We modify the second equation by

multiplying both sides of the first equation by two and subtracting it from the
1We will often use ‘eqn’ in place of ‘equation’ for brevity.
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second equation. This process, to which we often refer as Gaussian elimination,
is equivalent to multiplying the 2×3 matrix on the right-hand side above with a
special matrix, called an elementary matrix, from left. In this particular exam-

ple, the elementary matrix is
[
1 0

−2 1

]
and captures the process of eliminating

the first variable x from the second equation:

(eqn 2)− 2× (eqn 1) ⇝ (eqn 2) :{
x + y = 5

− 3y = −9
⇐⇒

[
1 0

−2 1

][
1 1 5

2 −1 1

]
=

[
1 1 5

0 −3 −9

]
.

After this step, we can determine the value of the second variable y by

−3y = −9 =⇒ y = 3.

After substituting y with 3 in the first equation, we can determine the value of
the first variable x as

x+ y = 5, y = 3 =⇒ x = 5− 3 = 2.

The Geometry of Linear Equations

Unlike when there are three or more variables, it is possible for us to use vi-
sualization to investigate the geometry behind linear equations when there are
only two variables. More specifically, we can interpret the geometry of linear
equations from two perspectives.

Row-wise interpretation. We can plot the solution curve of each equation
(i.e., a curve over which the equation is satisfied). A point where these two
curves meet corresponds to the variable values that satisfy both equations. In
the matrix-vector notation, this corresponds to comparing the multiplication
of the row vector of the coefficient matrix and the variable vector against each
element of the vector on the right-hand side:{

x + y = 5

2x − y = 1
⇐⇒

[
1 1

2 −1

][
x

y

]
=

[
5

1

]
.
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x

y

2x− y = 1

x+ y = 5

intersection of 2 lines:
[
2

3

]

Column-wise interpretation. According to (1.1), the left-hand side of the
matrix-vector notation can be thought of as computing the linear combination
of the column vectors of the coefficient matrix A with the variables serving as
linear weights. In this case, we can consider solving linear equations as finding
the linear weights that produces the right-hand-side vector.

x + y = 5

2x − y = 1
⇐⇒ x

[
1

2

]
︸︷︷︸

v

+y

[
1

−1

]
︸ ︷︷ ︸

w

=

[
5

1

]
.

x

y

linear combination of 2 column vectors:
[
5

1

]v

2v

w

3w

With these in our mind, let us extend this two-variable example into a system
of m equations with n variables. We now know that we can represent this system
using an m× n coefficient matrix A, an n-dimensional variable vector x and an
m-dimensional vector b as Ax = b. Just like in the two-variable case above, we
can interpret the solution to the system x as the intersection of m hyperplanes in
Rn, represented by the m rows of A, or as the combination of n column vectors
of A in Rm. Based on how those m hyperplanes are arranged relatively to each
other, there may be either one unique solution, no solution or infinitely many
solutions. From the column-wise interpretation, we need to define the concept
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of linear independence of vectors, which we will define later in Definition 3.4,
in order to determine the existence of and the number of solutions. In the
example above, the column vector v cannot be expressed as a scalar multiple of
w, and vice versa. We can therefore express any vector b on the right-hand side
as a linear combination of v and w. Later, we will show more generally that
there exists a unique solution for any given b when there are at least m linearly
independent column vectors in the coefficient matrix A.

2.3 An Example of Gaussian Elimination

Let us consider the following system of three equations and three variables:

2u +v +w = 5

4u −6v = −2
−2u +7v +2w = 9.

We can write this system more concisely as a matrix:

 2 1 1 5

4 −6 0 −2
−2 7 2 9

.

How would we solve these equations? We eliminate the first variable from the
second equation and then eliminate the first and second variables from the
third equation. We then determine the third variable from the third equation
(because we have eliminated the first two variables already,) and plug it into
the first and second equations, after which we can determine the rest of the
variables. This whole process of progressive elimination can be expressed as a
series of multiplication from left by so-called elementary matrices, where the
elementary matrix is defined as an identity matrix with only one off-diagonal
entry set to a non-zero number.2 For instance, if we multiply A from left with
an elementary matrix E that has (E)ij = b for some i > j, we end up with a
matrix that satisfies

• All rows of EA are identical to those of A except for the i-th row;

• The i-th row of EA equals to the sum of the j-th row of A scaled by b

and the i-th row of A.

Let us solve the linear system above by Gaussian elimination:
2We sometimes call a product of elementary matrices also an elementary matrix.
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1. (eqn 2)−2 (eqn 1)⇝ (eqn 2) ⇔ left multiplication of

 1 0 0

−2 1 0

0 0 1


2u +v +w = 5

−8v −2w = −12
−2u +7v +2w = 9

⇐⇒

 1 0 0

−2 1 0

0 0 1


 2 1 1 5

4 −6 0 −2
−2 7 2 9

 =

 2 1 1 5

0 −8 −2 −12
−2 7 2 9



2. (eqn 3) + (eqn 1)⇝ (eqn 3) ⇔ left multiplication of

1 0 0

0 1 0

1 0 1


2u +v +w = 5

−8v −2w = −12
8v +3w = 14

⇐⇒

1 0 0

0 1 0

1 0 1


 2 1 1 5

0 −8 −2 −12
−2 7 2 9

 =

2 1 1 5

0 −8 −2 −12
0 8 3 14



3. (eqn 3) + (eqn 2)⇝ (eqn 3) ⇔ left multiplication of

1 0 0

0 1 0

0 1 1



2u +v +w = 5

−8v −2w = −12
w = 2

⇐⇒

1 0 0

0 1 0

0 1 1


2 1 1 5

0 −8 −2 −12
0 8 3 14

 =

2 1 1 5

0 −8 −2 −12
0 0 1 2



More concisely, we can write the whole process above as successive multipli-
cation of three elementary matrices from left (be conscious of the order of the
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elementary matrices):1 0 0

0 1 0

0 1 1


1 0 0

0 1 0

1 0 1


 1 0 0

−2 1 0

0 0 1


 2 1 1 5

4 −6 0 −2
−2 7 2 9



=

2 1 1 5

0 −8 −2 −12
0 0 1 2

 .
We call this process Gaussian elimination. After Gaussian elimination, the
resulting i-th equation should have all the variables up to the (i − 1)-th one
eliminated. Equivalently, the resulting coefficient matrix C = (cij) satisfies
ci1 = · · · = ci(i−1) = 0. Such a matrix is called an upper triangular matrix,
because non-zero entries only exist in the upper triangular region of the ma-
trix. We can similarly define a lower triangular matrix. Both upper and lower
triangular matrices remain upper and lower triangular, respectively, even after
matrix multiplication.

Fact 2.1 The product of upper (lower) triangular matrices is again upper (lower)
triangular. Furthermore, if the triangular matrices have unit diagonals, so does
their product.

Proof: Let A = (aij) and B = (bij) be upper triangular, that is, aij = bij = 0

if i > j. Assume that A has n columns and B has n rows. Then, for i > j,

(AB)ij =

n∑
k=1

aikbkj =

i−1∑
k=1

aik︸︷︷︸
=0

bkj +

n∑
k=i

aik bkj︸︷︷︸
=0

= 0 .

Therefore, AB is upper triangular. For lower triangular A and B, A⊤ and B⊤

are upper triangular, and AB =
(
B⊤A⊤)⊤ is lower triangular. The second

statement holds since (AB)ii = aiibii.

Once we have an upper triangular coefficient matrix, we can determine the
solution readily by back-substitution. In the example above, we determine the
values of the variables, starting from the final one to the first one by sweeping
through the equations from bottom to top.

row 3 : w = 2

⇒ row 2 : −8v = −12 + 2w = −8, v = 1

⇒ row 1 : 2u = 5− v − w = 5− 1− 2 = 2, u = 1 .

Gaussian elimination may fail due to one of the following reasons.
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Non-singular case (fixable by row exchange) We may end up eliminating
too many variables in the second row and cannot perform elimination in the
third row. In this case, we simply swap the second and third rows. This works
because the order of equations in a linear system does not change the problem.
See as an example:1 1 1

2 2 5

4 6 8

⇝
1 1 1

0 0 3

0 2 4

 ⇒
1 1 1

4 6 8

2 2 5

⇝
1 1 1

0 2 4

0 0 3

 .
Singular case (not fixable) If a row is a scalar multiple of another row,
Gaussian elimination results in a row with all zeros. In this case, there may be
either infinitely many solutions or no solution, depending on the right-hand-side
vector, and we cannot fix it to have a unique solution. For instance,1 1 1

2 2 5

4 4 8

⇝
1 1 1

0 0 3

0 0 4

⇝
1 1 1

0 0 3

0 0 0

 .
2.4 Block Matrices
We can view an entry of a matrix as encoding a relationship between the corre-
sponding row and column. This view can be extended to a group of consecutive
columns and a group of consecutive rows, in which case a submatrix corre-
sponding to these column and row groups can be thought of as encoding the
relationship between these groups. It is then natural to treat such submatrix
as a block within the original matrix and define various operations in terms of
these blocks rather than individual entries.

Let us write two vectors, u, v ∈ Rn1+n2 as u =

[
u1

u2

]
and v =

[
v1

v2

]
, where

u1, v1 ∈ Rn1 and u2, v2 ∈ Rn2 . The inner product of these two vectors can then
be written as

u⊤v =

[
u1

u2

]⊤ [
v1

v2

]
= u⊤

1 v1 + u⊤
2 v2.

We can furthermore express it as matrix multiplication by treating u⊤ and v as
a 1× (n1 + n2) matrix and an (n1 + n2)× 1 matrix, respectively:

u⊤v =
[
u⊤
1 u⊤

2

] [v1

v2

]
=
[
u⊤
1 v1 + u⊤

2 v2

]
.
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We can generalize this observation by considering a matrix A =
[
A11 A12

]
instead of u, where A11 and A12 are m× n1 matrix and m× n2 matrix, respec-
tively. This matrix-vector multiplication, Av, can then be understood as the
sum of two vectors from matrix-vector multiplication, A11v1 +A12v2:

Av =
[
A11 A12

] [v1

v2

]
= A11v1 +A12v2.

We can further replace v with an (n1 + n2) × ℓ matrix B =

[
B11

B21

]
, which

results in the following expression for matrix multiplication between A and B:

AB =
[
A11 A12

] [B11

B21

]
= A11B11 +A12B21. (2.4)

This procedure applies equally well even when the order of A and B is swapped:3[
A11

A21

] [
B11 B12

]
=

[
A11B11 A11B12

A21B11 A21B12

]
(2.5)

Example 2.1 When we encounter a matrix representing some data, such a
matrix often exhibits a structure within it. For example, the following matrix is

symmetric with diagonal blocks of zero entries, A =

[
0 B

B⊤ 0

]
. Such a structure

can be used to facilitate the analysis of data behind the matrix. As another
example, consider the following matrices which include blocks of heterogeneous
entries, and their product.1 2

3 4

a b

[−1 c e

−2 d f

]
=

 −5 c+ 2d e+ 2f

−11 3c+ 4d 3e+ 4f

−a− 2b ac+ bd ae+ bf

 .
By grouping entries of the same type into a block and applying (2.5), we see
that the diagonal blocks correspond to the products of the blocks of the same
type, while the off-diagonal ones to the products of two blocks of two separate
types, which provides us with a new perspective into the product of two original

3Recall that matrix multiplication is not commutative.
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matrices.
[
1 2

3 4

]
[
a b

]

[[
−1
−2

] [
c e

d f

]]
=



[
1 2

3 4

][
−1
−2

] [
1 2

3 4

][
c e

d f

]

[
a b

] [−1
−2

] [
a b

] [c e

d f

]


=


[
−5
−11

] [
c+ 2d e+ 2f

3c+ 4d 3e+ 4f

]
[
−a− 2b

] [
ac+ bd ae+ bf

]


We can multiply two block matrices, each of which consists of more than
two submatrices, by recursively applying (2.4) and (2.5) above. Let A be a block
matrix consisting of smaller matrices Aij as follows:

A =

[
A11 A12

A21 A22

]
,

where the sizes of these sub-matrices are A11 : m1 × n1, A12 : m1 × n2, A21 :

m2 × n1, A22 : m2 × n2, and A : (m1 + m2) × (n1 + n2), respectively, for
positive integers mi’s and ni’s. Similarly, let B be a block matrix consisting of
appropriately sized sub-matrices Bij :

B =

[
B11 B12

B21 B22

]
.

Then, AB equals[
A11 A12

A21 A22

][
B11 B12

B21 B22

]
=

[
A11B11 +A12B21 A11B12 +A12B22

A21B11 +A22B21 A21B12 +A22B22

]
. (2.6)

It must be satisfied that AijBjk is well-defined, for this matrix multiplication
to hold.

To see the similarity between the block matrix multiplication and usual
matrix multiplication, let us compare (2.4) with the multiplication of two 2× 2

matrices:[
a11 a12

a21 a22

][
b11 b12

b21 b22

]
=

[
a11b11 + a12b21 a11b12 + a12b22

a21b11 + a22b21 a21b12 + a22b22

]
.
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All indices of components in both cases coincide exactly. We have to however
keep in mind that the order of blocks in each component of the resulting matrix
must be strictly as it is in (2.4): neither B11A11 +A12B21 nor A11B11 +B21A12

can replace A11B11 + A12B21, due to the lack of commutativity of matrix
multiplication. This is unlike the usual multiplication of real numbers, where
a11b11 + a12b21 = b11a11 + a12b21 = a11b11 + b21a12.

For later use, let us consider powers of a block upper triangular matrix.
When a block matrix consists of square diagonal blocks and all components
below the diagonal blocks are zeros, we can express the k-th power of this block
matrix in a simple form, as shown in Fact 2.2.

Fact 2.2 Let a square matrix A be
[
B C1

0 D

]
where B and D are square matri-

ces. Then, Ak =

[
Bk Ck

0 Dk

]
for some Ck’s.

Proof: A2 =

[
B2 BC1 + C1D

0 D2

]
with C2 = BC1+C1D. If we assume Ak−1 =[

Bk−1 Ck−1

0 Dk−1

]
, Ak =

[
Bk BCk−1 + C1D

k−1

0 Dk

]
where Ck = BCk−1+C1D

k−1.

2.5 Inverse of a Matrix
For matrix addition, an all-zero matrix is the identity of addition, and a matrix
of which each entry’s sign is flipped is the inverse of matrix addition. We have
also learned of the identity matrix for matrix multiplication. In this section, we
now study the inverse for matrix multiplication. We first define the inverse of a
matrix as follows:

Definition 2.3 Let A be an m×n matrix. A matrix B is a left-inverse
of A if BA = In and C is a right-inverse of A if AC = Im. If a left-
inverse of A is also a right-inverse of A, then we say that A is invertible
and has an inverse.

There are a few interesting observations derived from this definition:
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1. If B is a k × ℓ matrix, then n = k and ℓ = m for AB and BA to be
well-defined. That is, B has to be of size n×m. In fact, it must be m = n

if B is an inverse of A, as we will show later.

2. Inverse is unique if it exists: if both B and C are inverses of A, then

B = BIm = B(AC) = (BA)C = InC = C .

We denote the inverse of A as A−1.

3. Keep this fact in your mind as we will use it frequently throughout this
book.

Fact 2.3 If there exists x ̸= 0 satisfying Ax = 0, then A has no left-inverse
and is not invertible.

Proof: If there exists a left-inverse B of A, then x = Ix = (BA)x =

B(Ax) = B0 = 0 for any solution x of Ax = 0.

4. Bb is a solution of Ax = b if B is a right-inverse of A.

5. A caution on using the left-inverse while solving Ax = b: Assume that a
left-inverse B of A exists. Then, for Ax = b, left multiplication of B to
both sides results in B(Ax) = Bb and consequently x = Inx = (BA)x =

B(Ax) = Bb. However, for x = Bb, Ax = A(Bb) = (AB)b may not
reproduce b unless B is a right-inverse of A. This case frequently happens
in regression analysis in statistics, and we are often satisfied with Bb as
an approximate solution. A typical example of a left-inverse which may
not be a right-inverse is the pseudoinverse in Fact 5.10, which can be used
to derive an approximate solution to such a regression problem.

Example 2.2 Consider Ax = b when A =

[
1

1

]
and b =

[
2

1

]
. 1 × 2

matrices B = [ 12
1
2 ], [1 0], and [0 1] are left-inverse matrices of A, since

BA = [1]. However, Bb = [ 32 ], [1], and [2] do not solve Ax = b,4 and A

has no right-inverse. Among these multiple left-inverses, it is a standard
practice to choose [ 12

1
2 ] for instance in regression analysis. Details are

discussed in Fact 5.10 .

4In fact, there is no solution that satisfies Ax = b.
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6. If ad− bc ̸= 0, then
[
a b

c d

]−1

= 1
ad−bc

[
d −b
−c a

]
. Check that this holds

on your own.

7. The inverse of a diagonal matrix is also diagonal: A =


d1 0

. . .
0 dn



⇒ A−1 =


d−1
1 0

. . .
0 d−1

n

 if di ̸= 0 for all i. If di = 0 for some i,

(AB)ij = 0 for j = 1, . . . , n and AB ̸= I, for any B. That is, A is not
invertible.

8. If both A and B are invertible, then (AB)−1 = B−1A−1. Check yourselves
that (AB)(B−1A−1) = I and (B−1A−1)(AB) = I.

9. (A−1)⊤ = (A⊤)−1, since A⊤(A−1)⊤ = (A−1A)⊤ = I⊤ = I.

10. If A is symmetric and invertible, then A−1 is symmetric since (A−1)⊤ =

(A⊤)−1 = A−1.

There is a simple yet useful observation on the inverse of a triangular matrix.
It is particularly useful to familiarize yourself with proof techniques behind this
result.

Theorem 2.1 Assume A is an upper triangular matrix. Then, A is invertible
if and only if every diagonal entry of A is non-zero. A−1 is also upper triangular
if it exists. If all diagonal entries of A are 1, then all the diagonal entries of
A−1 are also 1.

Proof: We use mathematical induction on n, the size of a matrix A. As the
induction hypothesis, we assume that the statement holds for matrices of size
smaller than n. We note that this holds for all 1 × 1 matrices trivially, since
any 1 × 1 matrix is invertible if and only if it is not zero. Let an n × n upper

triangular matrix A =

[
An−1 u
0⊤n−1 a

]
, where An−1 is an (n − 1) × (n − 1) upper

triangular matrix, u ∈ Rn−1, and a ∈ R. We may use 0 instead of 0n−1 for
brevity.

• “only if”: Assume that the n× n upper triangular matrix A is invertible.
If a = 0, then the last row of A vanishes, which makes the last row of AB
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vanish as well regardless of B. Because this contradicts to the invertibility

of A, a ̸= 0. Let B =

[
Bn−1 v
w⊤ b

]
be an inverse of A. From

AB =

[
An−1 u

0⊤ a

][
Bn−1 v
w⊤ b

]
=

[
An−1Bn−1 + uw⊤ An−1v + ub

aw⊤ ab

]
= In

we need aw⊤ = 0⊤, which implies w = 0 since a ̸= 0. Then uw⊤ =

0n−1,n−1 and the first block of AB has to satisfy An−1Bn−1 = In−1. On
the other hand,

BA =

[
Bn−1 v

0⊤ b

][
An−1 u

0⊤ a

]
=

[
Bn−1An−1 Bn−1u + va

0⊤ ba

]
= In

also implies Bn−1An−1 = In−1. Therefore, An−1 is an invertible upper
triangular matrix of size n − 1, and its diagonal should be non-zero by
the induction hypothesis. Combining with a ̸= 0, all diagonals of A are
non-zero, and the “only if” statement holds for matrices of size n.

• “if”: Assume that A has non-zero diagonals. Then, An−1 is invertible
by the induction hypothesis since An−1 is an (n − 1) × (n − 1) upper

triangular matrix with non-zero diagonals. If B =

[
A−1

n−1 −a−1A−1
n−1u

0⊤ a−1

]
,

then BA = AB = In and A−1 = B. That is, A is invertible.

If A is invertible, A−1 =

[
A−1

n−1 −a−1A−1
n−1u

0⊤ a−1

]
. Since A−1

n−1 is upper triangular

by induction, A−1 is also upper triangular. Furthermore, if a = 1, the final
diagonal entry a−1 of A−1 is 1. Therefore, assuming the unit diagonal of An−1,
all diagonal entries of A−1 are 1’s by induction.

If you recall the relationship between the inverse and transpose of a matrix,
you also see that Theorem 2.1 applies equally to lower triangular matrices.
Therefore, all elementary matrices, resulting from Gaussian elimination, are
invertible.

2.6 Triangular Factors and LU-Decomposition
It was not a coincidence that elementary matrices used in Gaussian elimination,
which were multiplied to the coefficient matrix from left, were lower triangular.
Let us consider the earlier example of Gaussian elimination.
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 2 1 1 5

4 −6 0 −2
−2 7 2 9

 1⇝

 2 1 1 5

0 −8 −2 −12
−2 7 2 9

 2⇝

2 1 1 5

0 −8 −2 −12
0 8 3 14


3⇝

2 1 1 5

0 −8 −2 −12
0 0 1 2


In this process of elimination, we have multiplied the following three lower

triangular elementary matrices:

1 : (eqn 2) - 2(eqn 1), L̃1 =

 1 0 0

−2 1 0

0 0 1

, L1 = L̃−1
1 =

1 0 0

2 1 0

0 0 1



2 : (eqn 3) + (eqn 1), L̃2 =

1 0 0

0 1 0

1 0 1

, L2 = L̃−1
2 =

 1 0 0

0 1 0

−1 0 1



3 : (eqn 3) + (eqn 2), L̃3 =

1 0 0

0 1 0

0 1 1

, L3 = L̃−1
3 =

1 0 0

0 1 0

0 −1 1


We obtain a single lower triangular matrix that represents Gaussian elim-

ination by multiplying these lower triangular matrices successively thanks to
Fact 2.1. In Gaussian elimination, we alter the i-th row by adding a linear
combination of the upper rows, i.e. the first to (i− 1)-th rows, to the i-th row
itself. All the elementary matrices that correspond to these changes and their
product then result in lower triangular matrices whose diagonal entries are all
1’s. In this particular example, the resulting lower triangular matrix and its
inverse are

L̃ = L̃3L̃2L̃1 =

 1 0 0

−2 1 0

−1 1 1


and

L = L̃−1 = L̃−1
1 L̃−1

2 L̃−1
3 = L1L2L3 =

 1 0 0

2 1 0

−1 −1 1

 .
Gaussian elimination turns the coefficient matrix into an upper triangular

matrix, and in this example, this matrix is
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 1 0 0

−2 1 0

−1 1 1


 2 1 1

4 −6 0

−2 7 2

 =

2 1 1

0 −8 −2
0 0 1

 .
After multiplying both sides by the inverse of the lower triangular matrix,

we get  2 1 1

4 −6 0

−2 7 2

 =

 1 0 0

−2 1 0

−1 1 1


−1 2 1 1

0 −8 −2
0 0 1



=

 1 0 0

2 1 0

−1 −1 1


2 1 1

0 −8 −2
0 0 1


= LU,

resulting in the product of the lower triangular matrix L and the upper triangu-
lar matrix U . We call this the LU -decomposition. The upper triangular matrix
can be further decomposed as DU with an invertible diagonal matrix D and
another upper triangular matrix U of which first non-zero entry is 1 for each
row,5 and we have A = LDU . It is called LDU -decomposition of the matrix A.
The matrix in the above example has LDU -decomposition of 2 1 1

4 −6 0

−2 7 2

 =

 1 0 0

2 1 0

−1 −1 1


2 0 0

0 −8 0

0 0 1


1 1/2 1/2

0 1 1/4

0 0 1

 .
When A is not invertible, the upper triangular matrix U in LU - or LDU -
decomposition of A is not invertible.

When A is invertible, with LU -decomposition we can solve the corresponding
system of linear equations for any b by back-substitution as in

Ax = b ⇒ LUx = b or Ly = b

⇒ y = L−1b

⇒ Ux = y = L−1b

⇒ x = U−1L−1b .

As we mentioned before, linear systems with upper or lower triangular coefficient
matrices can be efficiently solved by back-substitution.

5The first non-zero entry may not be located at diagonal for a non-invertible U .
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We can also use LU -decomposition to compute the inverse of the coefficient
matrix A. If U is invertible, A−1 = U−1L−1. We can thus perform Gaussian
elimination on an n × 2n expanded coefficient matrix [A I], so that the first
half results in an identity matrix, which transforms the latter half (the identity
matrix) into the inverse of A:

U−1L−1
[
A I

]
= U−1

[
U L−1

]
=
[
I U−1L−1

]
=
[
I A−1

]
.

As an illustration, consider computing the following inverse:

A−1 =

 2 1 1

4 −6 0

−2 7 2


−1

.

First, we augment the original coefficient matrix A by attaching an identity
matrix, resulting in  2 1 1 1 0 0

4 −6 0 0 1 0

−2 7 2 0 0 1

 .
We then multiply this augmented matrix with the lower triangular matrix L̃ =

L−1 from Gaussian elimination, which transforms the original coefficient matrix
A into the upper triangular matrix U . We continue by multiplying this matrix
again from left with U−1, making the coefficient matrix into a diagonal matrix.
Finally, we turn it into an identity matrix by multiplying it with the inverse of
this diagonal matrix. 1 0 0

-2 1 0

-1 1 1


 2 1 1 1 0 0

4 -6 0 0 1 0

-2 7 2 0 0 1

 =

2 1 1 1 0 0

0 -8 -2 -2 1 0

0 0 1 -1 1 1



⇝

1
1
8 0

0 1 0

0 0 1


2 1 1 1 0 0

0 -8 -2 −2 1 0

0 0 1 -1 1 1

 =

2 0 3
4

3
4

1
8 0

0 -8 -2 -2 1 0

0 0 1 -1 1 1



⇝

1 0 - 34
0 1 2

0 0 1


2 0 3

4
3
4

1
8 0

0 -8 -2 -2 1 0

0 0 1 -1 1 1

 =

2 0 0 3
2 - 58 - 34

0 -8 0 -4 3 2

0 0 1 -1 1 1



⇝


1
2 0 0

0 - 18 0

0 0 1


2 0 0 3

2 - 58 - 34
0 -8 0 -4 3 2

0 0 1 -1 1 1

 =

1 0 0 3
4 - 5

16 - 38
0 1 0 1

2 - 38 - 14
0 0 1 -1 1 1


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This matrix, resulting from the concatenation of the original matrix and the
identity matrix, is equivalent to the product of all the matrices that were multi-
plied from left. Because these multiplications transformed the coefficient matrix
A into the identity matrix, this resulting augmented matrix represents the in-
verse of the coefficient matrix. That is,

A−1 =

3/4 −5/16 −3/8
1/2 −3/8 −1/4
−1 1 1

 .
In short, this whole process can be expressed succinctly as

A−1 = (LDU)−1 = U−1D−1L−1,

although it requires Gaussian elimination for us to eventually obtain L, D and
U .

Uniqueness of LU-Decomposition

Assume a square matrix A can be decomposed as A = LDU where triangu-
lar matrices have unit diagonal entries and the diagonal matrix has non-zero
diagonal entries. This decomposition is unique. Assume two possible ways to
factorize the matrix A; A = L1D1U1 = L2D2U2. By moving L2, U1, and D1

to the other side, respectively, we get L−1
2 L1 = D2U2U

−1
1 D−1

1 . The left-hand
and right-hand sides are lower and upper triangular, respectively, according to
Theorem 2.1 and Fact 2.1. In other words, they are diagonal matrices. Because
L−1
2 L1 has unit diagonals, L−1

2 L1 = I, and similarly, U2U
−1
1 = I. It follows

that D1 = D2, and therefore A = LDU is unique.
Let us further assume that A is a symmetric matrix and factorized into

A = LDU without any row swaps. Due to the symmetry of A, LDU = U⊤DL⊤

holds. According to the uniqueness of LU -decomposition above, U = L⊤, mean-
ing that we can factorize A as A = LDL⊤.

LU-Decomposition with Row Swaps

We can perform Gaussian elimination on a matrix, such as the one below, that
would not admit Gaussian elimination in its original form:

A =

[
0 2 3

4 5 6

]
.
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We do so by multiplying A from left with the following matrix, which results in
swapping the first and second rows:6

Q =

[
0 1

1 0

]
.

We get such a matrix by (repeatedly) swapping two rows of the identity matrix
and call it a permutation matrix. Each row and column of a permutation matrix
has exactly one 1 each, and all the other entries are 0’s. (Refer to Appendix
B for the details of permutation matrices.) This results in the following matrix
QA:

QA =

[
0 1

1 0

][
0 2 3

4 5 6

]
=

[
4 5 6

0 2 3

]
,

which then can be factorized into QA = LU using LU -decomposition.

2.7 Inverse of Block Matrix
Let us consider the following 2× 2 matrix A with non-zero a11:

A =

[
a11 a12

a21 a22

]
.

To eliminate a21, we multiply an elementary matrix to the left of A as[
1 0

−a21a−1
11 1

][
a11 a12

a21 a22

]
=

[
a11 a12

0 a22 − a21a−1
11 a12

]
.

Then, to convert a11 into 1, we scale the first row by multiplying a diagonal
matrix to the left of A as[

a−1
11 0

0 1

][
a11 a12

0 a22 − a21a−1
11 a12

]
=

[
1 a−1

11 a12

0 a22 − a21a−1
11 a12

]
.

These two operations are achieved by multiplying once the following matrix[
a−1
11 0

0 1

][
1 0

−a21a−1
11 1

]
=

[
a−1
11 0

−a21a−1
11 1

]
.

This matrix representation of Gaussian elimination can be extended to block
matrices.

6If we multiply A from right, it will swap the first and second columns instead.
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Let A be a square matrix that can be represented as a block matrix as
follows:

A =

[
A11 A12

A21 A22

]
,

where A11 and A22 are also square matrices. If A11 is invertible, we can elimi-
nate A21 using Gaussian elimination. We can illustrate this process by matrix
multiplication:[

A−1
11 0

−A21A
−1
11 I22

][
A11 A12

A21 A22

]
=

[
I11 A−1

11 A12

0 A22 −A21A
−1
11 A12

]
. (2.7)

Here I11 is an identity matrix of the same size as A11. Similarly, we can eliminate
A12 by Gaussian elimination if A22 is invertible, which can be expressed as[

I11 −A12A
−1
22

0 A−1
22

][
A11 A12

A21 A22

]
=

[
A11 −A12A

−1
22 A21 0

A−1
22 A21 I22

]
. (2.8)

Let S22 = A22−A21A
−1
11 A12 to simplify the right-hand side of (2.7). We call

S22 a Schur complement of A11 with respect to A.7 The right-hand side of (2.7)

simplifies to
[
I11 A−1

11 A12

0 S22

]
, and with invertible S22 we can perform Gaussian

elimination further as follows:8[
I11 −A−1

11 A12S
−1
22

0 S−1
22

][
I11 A−1

11 A12

0 S22

]
=

[
I11 0
0 I22

]
.

By plugging in (2.7), we get[
I11 −A−1

11 A12S
−1
22

0 S−1
22

][
A−1

11 0
−A21A

−1
11 I22

][
A11 A12

A21 A22

]
=

[
I11 0
0 I22

]
,

from which we observe that the inverse of the original coefficient matrix A is
the product of the two triangular matrices:[

A11 A12

A21 A22

]−1

=

[
I11 −A−1

11 A12S
−1
22

0 S−1
22

][
A−1

11 0
−A21A

−1
11 I22

]

=

[
A−1

11 +A−1
11 A12S

−1
22 A21A

−1
11 −A−1

11 A12S
−1
22

−S−1
22 A21A

−1
11 S−1

22

]
(2.9)

7Similarly, with an invertible A22, a Schur complement of A22 with respect to A is S11 =

A11 −A12A
−1
22 A21.

8In other words, perform the following replacements; I11 ⇝ A11, A−1
11 A12 ⇝ A12, 0⇝ A21,

S22 ⇝ A22, and apply (2.8).
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As we have demonstrated, two equations (2.7) and (2.8), arising from Gaus-
sian elimination, are useful for performing thought experiments on various types
of matrices in the form of block matrices.

2.8 Application: Graphs and Matrices

We mathematically express as a graph or network the relationship between mul-
tiple objects in for instance a social network as well as engineering systems. We
call vi, in the figure below, a node, and you can imagine any object, that can
have a relationship with other objects, as nodes, such as a person, organization,
machine and computer. When two nodes are related to each other, we connect
these two nodes with an edge. Such an edge could be either undirected or di-
rected. In this book, we refer to an undirected edge as an edge, and to a directed
edge as an arc, in order to distinguish them clearly.9 It is intuitive to visualize
such a graph but is challenging to manipulate it. We thus express a graph as
a matrix to analyze the properties of and perform various manipulations of the
graph.

v1

v2

v3

v4

v5

v6

v7

v8

(a) Directed Graph

v1

v2

v3

v4

v5

v6

v7

v8

(b) Undirected Graph

Figure 2.1: Examples of Graphs

With n nodes in a graph, we create an n×n matrix. Each row/column of this
matrix corresponds to one node in the graph. If there is an arc between the i-th
and j-th nodes, the (i, j)-th entry of the matrix takes the value 1. Otherwise,
it is set to 0. For an edge, we regard it as two arcs with opposite origins and
destinations. This matrix is called an adjacency matrix. The adjacency matrix
of an undirected graph is thus symmetric by construction.

9You can think of the road connecting two cities as an (undirected) edge, while a relationship
between a cause and an effect as an arc.
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As an example, let us convert the graphs above into the adjacency matrices:

A1 =



0 0 1 1 1 0 0 0

0 0 1 1 1 0 0 0

0 0 0 0 0 1 1 0

0 0 0 0 0 1 1 0

0 0 0 0 0 1 1 0

0 0 0 0 0 0 0 1

0 0 0 0 0 0 0 1

0 0 0 0 0 0 0 0


, A2 =



0 0 1 1 1 0 0 0

0 0 1 1 1 0 0 0

1 1 0 0 0 1 1 0

1 1 0 0 0 1 1 0

1 1 0 0 0 1 1 0

0 0 1 1 1 0 0 1

0 0 1 1 1 0 0 1

0 0 0 0 0 1 1 0


.

By reordering the nodes, to be v3, v4, v5, v8, v1, v2, v6, v7, we get the following
block matrix as an adjacency matrix of the undirected graph:

1 1 1 1

1 1 1 1

1 1 1 1

1 1

1 1 1

1 1 1

1 1 1 1

1 1 1 1


=

[
0 B

B⊤ 0

]

By examining this adjacency matrix, we observe that there are two groups of
nodes, {v3, v4, v5, v8} and {v1, v2, v6, v7}. There is no edge between nodes within
each of these groups, but there are edges that connect nodes from these two
groups. We call such a graph a bipartite graph. This is a simple demonstration
of how we read out various properties of a graph by analyzing the graph’s
adjacency matrix.

Example 2.3 We can count the number of different ways to reach from one
node to another in a graph by matrix multiplication. Suppose A is an adjacency
matrix of a graph. The (i, j)-th entry of Am corresponds to the number of ways
to reach the j-th node in m hops starting from the i-th node of the graph. By
definition, A = A1 expresses whether there is an edge between two nodes, and
equivalently, whether there is (= 1) or is not (= 0) a way to reach one node from
another. In the case of A2, (A2)ij increments by one if there is a path connecting
the i-th and j-th nodes via another node k, because (A2)ij =

∑n
k=1(A)ik(A)kj .

By mathematical induction, we can show that this interpretation extends to an
arbitrary m ≥ 1. See any textbook on graph theory for more details.



Kang
&

Cho
(20

25)

32 Chapter 2. Matrices and Gaussian Elimination

Such analysis of an adjacency matrix is widely used in various disciplines,
including applied mathematics, engineering and social sciences. In doing so, it
is a usual and helpful practice to express and analyze an adjacency matrix as a
block matrix.

Let us name the arcs of the directed graph in Figure 2.1a as follows.

v1

v2

v3

v4

v5

v6

v7

v8

a1

a2

a4

a5

a6

a3

a7

a9

a8

a10

a12

a11

a13

a14

A directed graph can also be expressed as an incidence matrix. Each row
of the incident matrix corresponds to each node, and each column to each arc.
We set aij to 1 if the j-th arc starts at the i-th node, and to −1 if the j-th arc
terminates at the i-th node. Each column of any incidence matrix thereby has
two non-zero entries; one 1 and one −1. An incidence matrix A corresponding
to the directed graph above is then

A =



1 1 1

1 1 1

−1 −1 1 1

−1 −1 1 1

−1 −1 1 1

−1 −1 −1 1

−1 −1 −1 1

−1 −1


Consider an example where this directed graph represents a network of air-

ports, and an arc from the i-th node to the j-th node is associated with xk that
represents the number of flights from the i-th airport to the j-airport each day.
x = (xk) is then a vector representing all the flights in the sky each day. Ax
in turn represents the differences between the incoming and outgoing flights at
all airports. For instance, let b satisfy b1 > 0, b2 > 0, b8 = −(b1 + b2) < 0, b3 =

· · · = b7 = 0. When x satisfies Ax = b, x corresponds to having all flights from
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the first two nodes, v1 and v2, eventually fly out to the final node v8 without
any loss of the flights in-between. Of course, we want to constrain xk to be
non-negative in practice. This is an example of using an incidence matrix to
express the network flow and for representing the conservation of the flow, i.e.
Ax = b.
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Chapter 3

Vector Spaces

Imagine a familiar physical quantity of force, which most of us have learned
about earlier in our education. Given an object, we can apply force to manip-
ulate this object. We can also apply two different forces to the object simulta-
neously, which would be equivalent to applying the sum of two forces, or the
addition of these forces, to the object once. We can apply the same force twice
to the object, which would be equivalent to applying double the force to the
object. This thought experiment hints at a space of forces that can be added
with each other and multiplied with a scalar. In fact, this is how we define a
vector space in this chapter. A vector space is a set of things, called vectors,
and these vectors can be added to each other and multiplied by a scalar. In this
space, the distributive rule holds between addition and scalar multiplication.

Many things can be vectors, and naturally we can build many different vector
spaces, such as a collection of points on a plane, a collection of real matrices
of the same size, a collection of quadratic polynomials with real coefficients, a
collection of random variables on a sample space and more. When we combine
vector addition and scalar multiplication into one operation, we call it linear
combination. With linear combination, we can ask mathematically interesting
questions about a given vector space. Is a finite set of vectors minimal such that
no vector in the set is a linear combination of other vectors? Are finite number
of vectors many enough to represent every vector in the vector space as a linear
combination? The answers to these two questions lead us to the concept of a
basis, which is defined as a minimal set of vectors representing a whole vector
space. From this definition of the basis, we can define the dimension of a vector
space as the number of vectors in a basis. This allows us to compare two vector
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spaces and conclude that two vector spaces of the same dimension are (roughly)
equivalent.

By introducing a function between vector spaces called a linear transforma-
tion, we can tell more interesting stories. We soon see that a linear transfor-
mation corresponds to a matrix in a one-to-one fashion. Therefore, studying
matrices equally extends our understanding of linear transformations. For a
linear transformation described in terms of a matrix, the range of the trans-
formation is defined as the column space of the matrix, and the kernel of the
transformation is the null space of the matrix. Characterization of these spaces
is a by-product of Gaussian elimination of the matrix. We refine the Gaussian
elimination further to obtain the so-called row echelon form, whose pattern of
non-zero entries is essential to finding the column and null spaces as well as the
rank of the matrix. Many important observations on matrices and vector spaces
are related to the rank. We also briefly look at special structures of matrices
corresponding to geometric transformations like a rotation, a reflection, and a
projection.

3.1 Vector Spaces and Subspaces

We define vector operations in a vector space by collecting all manipulations
necessary for solving a linear system Ax = b as well as investigating the solutions
to its associated linear system Ax = 0 called a homogeneous system. When you
imagine a vector, you might think of a point in a familiar vector space of Rn. A
vector space is however a much more general concept, including for instance a
set of all equal-sized matrices and a collection of all real-valued functions that
share the same domain.

3.1.1 Operations in a Vector Space

There are two basic operations in a vector space; vector addition and scalar
multiplication. All other operations are derived from these two basic operations.

1. Scalar multiplication: First, we must think of what a scalar is. In this
book, we mostly consider a real-valued scalar in R, although a scalar can
be either real-valued or complex-valued (C). For any scalar c and vectors
v, its scalar multiple cv is also a vector. The scalar multiplication is
associative, i.e. (c1c2)v = c1(c2v). The multiplicative identity of scalars
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denoted by 1 works as 1v = v. In addition, for vectors v, we denote 0v = 0
and (−1)v = −v where 0 and −1 are the identity and its inverse of scalar
addition.

2. Vector addition: The sum of two vectors v1 and v2 is also a vector, i.e.,
v1 + v2. Vector addition is both commutative and associative; v1 + v2 =

v2 + v1 and v1 + (v2 + v3) = (v1 + v2) + v3. The additive identity is 0
and is often self-evident given a vector space. For instance, some of these
identities include an all-zero vector, an all-zero matrix, and a constant
function that outputs only 0. We denote v1 + (−1)v2 = v1 − v2 for
simplicity.

3. Two distributive interactions between vector addition and scalar multipli-
cation: c(v1 + v2) = cv1 + cv2 and (c1 + c2)v = c1v + c2v. From these,
we can derive the inverse of an arbitrary vector v for the vector addition.
Since v− v = 1v+(−1)v = (1− 1)v = 0v = 0, −v = (−1)v is the additive
inverse of the vector v.

Definition 3.1 A set V is a vector space if all vectors in V and scalars
in R or C satisfy the operational rules above.

Throughout the rest of this book, we consider a real-valued scalar (R) un-
less specified otherwise. Some of the representative examples of vectors spaces
include Rn, R∞, a space of a fixed-size matrices and a space of vector-valued
functions. In particular, Rn is a standard finite-dimensional vector space. We
will discuss more about the dimensionality later.

If a subset of vectors within a vector space satisfy the rules of a vector space
themselves, we call this subset a subspace of the vector space. In this case, any
linear combination of vectors in this subspace must be part of this subspace,
where the linear combination of k vectors v1, . . . , vk and k scalars c1, . . . , ck is
defined as

c1v1 + · · ·+ ckvk =

k∑
i=1

civi.

We define a subspace of a given vector space in terms of the linear combination.

Definition 3.2 A subspace of a vector space is a non-empty subset of
the vector space such that all linear combinations stay in the subset.
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In order to show a non-empty subset W of a vector space V is a subspace, all
we need to do is to check whether W is closed under vector addition and scalar
multiplication. That is, we check whether

• W ⊂ V;

• v,w ∈W ⇒ v + w ∈W;

• c ∈ R, v ∈W ⇒ cv ∈W.

A few examples of subspaces of V include {0} (potentially the smallest non-
empty subspace), {cv : c ∈ R} for a v ∈ V (a 1-dimensional subspace) as well as
{c1v1 + · · ·+ cnvn : c1, . . . , cn ∈ R} for fixed v1, . . . , vn ∈ V. A typical example
of a non-subspace is {(x, y) : x ≥ 0, y ≥ 0} in R2. In the case of a vector space
consisting of matrices, some of the example subspaces include a set of all lower
triangular matrices and a set of all symmetric matrices.

We can interestingly write scalar multiplication as either cv or vc, when
v ∈ Rn. The former, cv, is a standard way to express scalar multiplication
to a vector. On the other hand, we can think of vc as performing matrix
multiplication v[c], where v is an n× 1 matrix and c a 1× 1 matrix. The latter
with the associativity of matrix multiplication may help you identify useful
expressions with more than two multiplicands, such as the one below:

(u⊤v)w = w(u⊤v) = (wu⊤)v,

where u, v,w ∈ Rn. Unlike the first two terms, which are both scalar multipli-
cation, the right-most term is matrix-vector multiplication.

Let us introduce the following notation for summing sets of vectors:

Definition 3.3 For any pair of subsets, A and B, of a vector space V,
we define the sum of A and B asa

A+B = {u + v : u ∈ A, v ∈ B} .

If both U and W are subspaces of V, and U∩W = {0}, we use U⊕W in
place of U+W and call it the direct sum.

aFor brevity, we often shorten {v}+A = v +A for v ∈ V and A ⊂ V.

Both U+W and U ∩W are vector spaces if U and W are vector spaces.
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From this definition, we can derive an important uniqueness property of the
direct sum. If a vector in U ⊕W can be expressed as u1 + v1 = u2 + v2 with
u1, u2 ∈ U and v1, v2 ∈W, then u1−u2 = v2−v1 ∈ U∩W. Because U∩W = {0}
according to Definition 3.3, it holds that u1 = u2 and v1 = v2. In other words,
there is a unique way to express each vector in U⊕W in terms of vectors from
U and W.

Fact 3.1 A vector in a direct sum has a unique representation: For v ∈ U⊕W,
there exists unique u ∈ U and w ∈W such that v = u + w.

A two-dimensional Euclidean space with its two axes is a typical example
used to demonstrate the relationship between the summand subspaces and their
direct sum. A two dimensional Euclidean space can be expressed as a direct
sum of two subspaces induced from the two axes, R×{0} and {0}×R. That is,
R2 = (R× {0})⊕ ({0} × R), where the symbol × is called a Cartesian product
and defined as, for any two sets A and B,

A×B = {(a, b) : a ∈ A, b ∈ B}

with a and b that could be real numbers, vectors, or even functions.1 This
notation becomes helpful later when we encounter a vector space expressed as
a direct sum of subspaces.

3.1.2 Two Fundamental Subspaces induced by a Matrix

Let A = [ a1 · · · an], ai ∈ Rm be an m × n matrix. We can readily come up
with two subspaces from this matrix; a column space in Rm and a null space in
Rn.

• The column space of A, Col (A): the collection of linear combinations of
columns of A:

Col (A) = {v1a1 + · · ·+ vnan : v1, . . . , vn ∈ R} = {Av : v ∈ Rn} ⊂ Rm .

We enumerate a few (simple) properties of the column space.

1. Ax = b has a solution if and only if b ∈ Col (A);

2. Col (In) = Rn;

3. If A is an n× n invertible matrix, then Col (A) = Rn.
1Examples of the Cartesian product include R× R = R2 and Rm × Rn = Rm+n.
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4. Col (A) is a subspace of Rm.

• The null space of A, Null (A): the collection of vectors being mapped to
0 via the matrix A:

Null (A) = {v ∈ Rn : Av = 0} .

We often call Null (A) a kernel of A. Here are a few (simple) properties of
the null space.

1. Null (A) = Rn if and only if A = 0;

2. Null (In) = {0};

3. If A is an n× n invertible matrix, then Null (A) = {0}.

4. Null (A) is a subspace of Rn.

When we multiply a matrix with another matrix, the former’s column space
often shrinks, unless the matrix being multiplied from the right is invertible. In
that case, the column space does not change.

Lemma 3.1 For any pair of matrices, A and B, where the number of columns
of A and the number of rows of B coincide, Col (AB) ⊂ Col (A). If B is
invertible, then Col (AB) = Col (A).

Proof: For any x, (AB)x = A(Bx) ∈ Col (A). Therefore, Col (AB) ⊂ Col (A).
Assume B is invertible. Set C = AB. Then, A = CB−1 and Col (A) =

Col (CB−1) ⊂ Col (C) = Col (AB) by the first part of the lemma.

The null space of a matrix determines the structure of the set of solutions to
a linear system defined by the matrix. We obtain the solution set of any such
linear system by shifting the null space.2

Fact 3.2 Assume Ax⋆ = b. Then,

{x : Ax = b} = {x⋆ + y : y ∈ Null (A)} = x⋆ + Null (A).

Proof: Let Ax = b. Then, A(x − x⋆) = Ax − Ax⋆ = b − b = 0 and
x−x⋆ ∈ Null (A), which proves one direction of equality. For the other direction,
A(x⋆ + y) = Ax⋆ +Ay = b + 0 = b for y ∈ Null (A).

2A subspace shifted by a vector is called an affine space.
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3.2 Solving Linear Systems
Let us revisit the procedure to solve a linear system in Section 2.6. If we interpret
Ax as a linear combination of column vectors of A, we can regard solving Ax = b
as finding a linear combination that matches b. Therefore, more independent
columns in the coefficient matrix A in Ax = b imply more b’s for which there
exist solutions.3 An invertible matrix can be thought of as a matrix with the
maximal number of independent columns. In this case, the linear system has
a unique solution for any b, i.e., x = A−1b. On the other hand, if there exists
0 ̸= y ∈ Null (A),4 there may be no solution or infinitely many solutions to the
linear system depending on the choice of b, according to Fact 3.2. In general,
if the column space is a strict subspace of Rm (i.e., Col (A) ⫋ Rm), the linear
system has a solution only when b ∈ Col (A).

In order to solve Ax = b, we repeatedly eliminate coefficients of the linear
system by adding/subtracting an equation to/from another equation, resulting
in increasingly more zero entries in the coefficient matrix A. Gaussian elimi-
nation is where we do so by incrementally turning top-left coefficients of linear
system to zeros. In the resulting coefficient matrix, all entries below a zeroed-out
entry are all zeros, and we call a matrix in such a form a row echelon form.

3.2.1 Row Echelon Form

Let us perform the Gaussian elimination on

A =

 1 3 3 2

2 6 9 7

−1 −3 3 4

 .
• First pivoting: We use L̃1 to eliminate all entries of the first column of A

except for a11.

L̃1A =

 1 0 0

−2 1 0

1 0 1


 1 3 3 2

2 6 9 7

−1 −3 3 4

 =

1 3 3 2

0 0 3 3

0 0 6 6


• Second pivoting: We use L̃2 to eliminate all entries of the third column of
L̃1A below (L̃1A)23.

3We will define and discuss the notion of independent vectors later in Definition 3.4.
4In other words, the columns of A are related to each other in a non-trivial way, satisfying

Ay = y1a1 + · · ·+ ynan = 0.
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L̃2L̃1A =

1 0 0

0 1 0

0 −2 1


1 3 3 2

0 0 3 3

0 0 6 6

 =

1 3 3 2

0 0 3 3

0 0 0 0

 = U

As we introduced in the previous chapter, the matrices multiplied from left
are called elementary matrices, and they are lower triangular. We use pivots to
refer to the entries that were used to eliminate the others in the corresponding
columns. In the above example, (A)11 and (L̃1A)23 are pivot entries.

Some properties of the pivot entries are

1. Pivots are the first non-zero entries in their rows;

2. Below each pivot is a column of zeros after elimination;

3. Each pivot lies to the right of the pivot in the row above;

4. A pivot entry does not need to be 1.

After Gaussian elimination, we end up with an upper triangular matrix. We
call this form of a matrix a row echelon form.

We get the following matrix by multiplying all the elementary matrices above
in order:

L̃ = L̃2L̃1 =

1 0 0

0 1 0

0 −2 1


 1 0 0

−2 1 0

1 0 1

 =

 1 0 0

−2 1 0

5 −2 1

 .
According to Theorem 2.1, this matrix is invertible, and its inverse is

L = L̃−1 = L̃−1
1 L̃−1

2 =

 1 0 0

2 1 0

−1 0 1


1 0 0

0 1 0

0 2 1

 =

 1 0 0

2 1 0

−1 2 1

 .
Because L̃A = U and thus L−1A = U , we can write A as

A = LU =

 1 0 0

2 1 0

−1 2 1


1 3 3 2

0 0 3 3

0 0 0 0

 = lower triangular × row echelon form.

If it is necessary to swap rows during Gaussian elimination, we can apply per-
mutation of rows and still end up with a row echolon form of a permuted matrix.
This leads to the following result:
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Fact 3.3 For any m×n matrix A, there exist a permutation matrix Q, a lower
triangular square matrix L with a unit diagonal, and an m × n row echelon
matrix U which is upper triangular, such that QA = LU .

A Reduced Row Echelon Form

In a row echelon form, a pivot may not be 1, and entries above a pivot entry
may be not 0. We can impose these conditions by first multiplying a matrix
in row echelon form from left by an appropriate diagonal matrix to scale all
pivots to be 1 and next multiplying the resulting matrix from left again with
an appropriate upper triangular matrix to eliminate all non-zero entries above
the pivot entries. We call the resulting matrix to be in a reduced row echelon
form.5

Here, we try to obtain a reduced row echelon form of

L−1QA =

1 3 3 2

0 0 3 3

0 0 0 0


by additional scaling and elimination.

• Scaling the second row: we scale the pivot 3 to 1 by multiplying it with a
diagonal matrix from left.

D̃ L−1QA =

1 0 0

0 1/3 0

0 0 1


1 3 3 2

0 0 3 3

0 0 0 0

 =

1 3 3 2

0 0 1 1

0 0 0 0


• Eliminating non-zero entries above the pivot elements:

Ũ D̃L−1QA =

1 −3 0

0 1 0

0 0 1


1 3 3 2

0 0 1 1

0 0 0 0

 =

1 3 0 −1
0 0 1 1

0 0 0 0

 = R

We can rearrange all the steps taken so far, i.e. ŨD̃L−1QA = R, as

QA = LD̃−1Ũ−1R = LDUR, (3.1)

where every matrix multiplied to A (or modified A), including Q,L,D and U , is
invertible. Recall that the product of two upper triangular matrix, UR, is also
an upper triangular matrix due to Fact 2.1.

5A reduced row echelon form is unique up to permutation after Gaussian elimination.
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We can illustrate the matrix entries of a row echelon form and a reduced
row echelon form as:

U =


• ∗ ∗ ∗ ∗ ∗ ∗
0 • ∗ ∗ ∗ ∗ ∗
0 0 0 0 • ∗ ∗
0 0 0 0 0 0 •
0 0 0 0 0 0 0


scaling and
reduction

=⇒ R =


1 0 ∗′ ∗′ 0 ∗′ 0

0 1 ∗′ ∗′ 0 ∗′ 0

0 0 0 0 1 ∗′ 0

0 0 0 0 0 0 1

0 0 0 0 0 0 0

 .

3.2.2 Pivot Variables and Free Variables

We call variables (elements) in x that correspond to the rows in R (in a reduced
row echelon form) that contain pivot entries pivot variables, and the rest of
the variables in x free variables. Among many different ways to find a solution
to Rx = 0, one systematic way is to assign (literally) arbitrary values to free
variables and determine the values of pivot variables.

Let us continue from the previous example

 1 3 0 −1
0 0 1 1

0 0 0 0



u

v

w

y

 =

00
0

 ,
where u and w are pivot variables, and v and y are free variables. We can
express the pivot variables as functions of the free variables, as follows

{ u = −3v +y

w = −y

We can therefore readily determine the values of the pivot variables once we
assign arbitrary values to the free variables. Although we will only define the
notion of dimension rigorously in Definition 3.7, we can imagine that the number
of free variables is the dimension of the solution space of Rx = 0.

We can derive a few interesting properties.

• Ax = 0 ⇐⇒ Rx = 0: Because Q,L,D and U are all invertible in (3.1),
these two homogeneous systems are equivalent.

• We can express a vector in Null (A) by replacing each pivot variable with
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its equivalent expression in terms of free variables, as follows
u

v

w

y

 =


−3v + y

v

−y
y

 = v


−3
1

0

0

+ y


1

0

−1
1

 .

This can be thought of as a 2-dimensional plane in the 4-dimensional
Euclidean space, R4, geometrically. We can also express it as the column

space; Col


−3 1

1 0

0 −1
0 1

 , where the first column is a solution to Ax = 0

given v = 1 and y = 0, and the second column given v = 0 and y = 1.

By inspecting these representations based on pivot and free variables, we
make the following observations. Let A be an m× n matrix. Then,

• the number of pivots ≤ min(m,n);

• if n > m, there exists at least one free variable, and Ax = 0 has at least
one non-zero solution.

Because it will be useful in later sections, we summarize the last property
above into the following lemma.

Lemma 3.2 If a matrix A has more columns than rows, Ax = 0 has a non-zero
solution. Equivalently, if Ax = 0 does not have any non-zero solution, then A

has at least as many rows as there are columns.

Solving Ax = b, Ux = c and Rx = d

We are now ready to take the final step of solving a linear system. We assume
that we can obtain a row echelon form without swapping rows, that is, there is
no need to multiply a permutation matrix to proceed with Gaussian elimination.

First, we multiply both sides of Ax = b with a lower triangular matrix L−1

to obtain a linear system expressed in terms of a row echelon form coefficient
matrix, i.e.

L−1(Ax) = L−1(b) ⇐⇒ Ux = c.
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Consider the example above

Ax =

 1 3 3 2

2 6 9 7

−1 −3 3 4

 x =

b1b2
b3

 = b .

This corresponds to

L−1Ax =

 1 0 0

−2 1 0

5 −2 1


 1 3 3 2

2 6 9 7

−1 −3 3 4

 x =

 1 0 0

−2 1 0

5 −2 1


b1b2
b3

 = L−1b,

resulting in

Ux =

1 3 3 2

0 0 3 3

0 0 0 0

 x =

 b1

b2 − 2b1

b3 − 2b2 + 5b1

 = c.

We therefore see that there exists a solution to Ux = c (equivalently, Ax = b) if
and only if b3 − 2b2 + 5b1 = 0.

With b3 − 2b2 + 5b1 = 0, we can rewrite the linear system as1 3 3 2

0 0 3 3

0 0 0 0

 x =

 b1

b2 − 2b1

0

 .
By setting all free variables to 0 (v = 0 and y = 0), we get a particular solution
xp = (3b1 − b2, 0, 13b2 −

2
3b1, 0)

⊤, because 3w = b2 − 2b1, w = 1
3b2 −

2
3b1 and

u+ 3w = b1, u = 3b1 − b2.
Now we solve the following system, which is equivalent to the homogeneous

system, Ax = 0, of the original linear system:

1 3 3 2

0 0 3 3

0 0 0 0



u

v

w

y

 = 0.

As have seen earlier, we get the following two linearly independent solutions:

• v = 1, y = 0: x1 = (−3, 1, 0, 0)⊤

• v = 0, y = 1: x2 = (1, 0,−1, 1)⊤
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We can then express any solution with the corresponding α and β as

x = xp + αx1 + βx2 =


3b1 − b2

0
1
3b2 −

2
3b1

0

+ α


−3
1

0

0

+ β


1

0

−1
1

 .
We encourage you to show that Ax = b for this x yourself.

To summarize, assume U has r pivots when U is a row echelon form of A.
That is, it satisfies Ux = c which is equivalent to the original system Ax = b.
Because the last (m− r) rows of U are all zeros, the last (m− r) elements of c
must be all zeros as well, for the linear system to have a solution. If so, (n− r)
elements in x are free variables.

U may look different as we swap rows during Gaussian elimination. The
number of pivots in a matrix is however maintained and is called the matrix’s
rank. See Section 3.4 for more details.

3.2.3 LU-Decomposition by Partial Pivoting

As we have seen, any matrix A can be decomposed into a lower and an upper
matrices by Gaussian elimination after some appropriate row swaps. In other
words, once we know desired row swaps, represented as a permutation matrix Q,
before starting Gaussian elimination, we can proceed with the decomposition of
QA. It is however difficult to identify necessary row swaps in advance of Gaus-
sian elimination, in practice. One naive but inefficient approach is to perform
two rounds of Gaussian elimination. We identify the permutation matrix Q in
the first round, and use it to perform the second round of Gaussian elimination
on QA, resulting in L and U . This requires more computation and raises a
question whether we can avoid this extra step of identifying the permutation
matrix in advance.

Although we have seen that it is necessary to swap rows when the next pivot
candidate was zero during Gaussian elimination, there are other reasons to swap
rows in Gaussian elimination. For instance, it is widely known in numerical
analysis that the numerical stability of Gaussian elimination can be improved
with divisions by larger pivot entries. This suggests we choose as a pivot the
entry with the largest absolute value among the entries below and on the pivot
position in each column and swap rows to place this chosen entry on the pivot
position.
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Let Qj be a permutation matrix that swaps the j-th row with another row
below the j-th one, or an identity matrix if no swap is necessary, and Ej be
an elementary matrix that eliminates all entries below the diagonal of the j-th
column of

QjEj−1Qj−1 · · ·E1Q1A

j = 1, 2, . . .. Every diagonal entry of Ej is 1 with optional non-zero off-diagnoal
entries. If there was nothing to do for the j-th column, Ej is an identity matrix.
We then write k steps of partial pivoting as

EkQkEk−1Qk−1 · · ·E2Q2E1Q1A = U, (3.2)

where U is an upper triangular matrix.
Consider a matrix Êj with j < k that satisfies

Qk · · ·Qj+1Ej = ÊjQk · · ·Qj+1. (3.3)

Êj is uniquely determined, since all Qi’s are invertible. In both Ej and Êj ,
the diagonal entries are all 1, and non-zero entries exist below the diagonal
of the j-th column only. We see that this is the case by observing first that
Qj = Q⊤

j = Q−1
j and that Qj swaps columns when multiplied to a matrix

from the right. Qj+1EjQj+1 shares the same unit diagonal entries as well as
the same patterns of non-zero off-diagonal entries with Ej , because the left
application of Qj+1 swaps the (j+1)-th row and another row below of Ej while
the right application of Qj+1 the (j + 1)-th column and another column after.
By repeating this, we arrive at the conclusion that Ej and Êj share the same
patterns.

According to (3.3), we can rewrite (3.2) as

EkÊk−1 · · · Ê2Ê1QkQk−1 · · ·Q2Q1A = EQA = U, or QA = LU,

where Q is a permutation matrix, and E and L are lower triangular matrices
with unit diagonals, as we claimed.

3.3 Linear Independence, Basis, and Dimension
We introduce concepts of linear independence, spanning a subspace, a basis for
a subspace, and the dimension of a subspace, which are fundamental to linear
algebra.
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Linear Independence

When we refer to a set of vectors as linearly independent vectors, we are saying
that it is a minimal set of non-redundant vectors. More formally,

Definition 3.4 For vectors vi ∈ V and scalars ci, suppose c1v1 + · · ·+
cnvn = 0 holds only when c1 = · · · = cn = 0. Then, {v1, . . . , vn} is
linearly independent. If a linear combination vanishes for some non-
zero ci’s, then {v1, . . . , vn} is linearly dependent, and some vi can be
represented as a linear combination of the others.

Based on this definition, it is important for you to understand the following
properties and examples.

• {0} is linear dependent.

• A =

 1 3 3 2

2 6 9 5

−1 −3 3 0

 = [a1 | a2 | a3 | a4]: Columns of A are linearly de-

pendent, because (−3)a1+1a2+0a3+0a4 = 0. Rows of A are also linearly
dependent, because if we denote A⊤ = [b1 | b2 | b3], 5b1+(−2)b2+1b3 = 0.

• A =

3 4 2

0 1 5

0 0 2

 : Columns of A are linearly independent.

• A = [ a1 a2 · · · an] and x = (x1, x2, . . . , xn)
⊤ ∈ Rn:

{a1, a2, . . . , an} is linearly independent

⇐⇒ x1a1 + x2a2 + · · ·+ xnan = 0 implies x = 0

⇐⇒ Ax = 0 implies x = 0

⇐⇒ Null (A) = {0}

• Non-zero rows of a row echelon form are linearly independent. Similarly,
columns containing pivots are linearly independent.

• A set of n vectors in Rm is always linearly dependent if n > m because of
Lemma 3.2.
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Spanning a Subspace

When a number of vectors can express each and every vector in a vector space
as their linear combination, we say these vectors span the vector space.

Definition 3.5 For vectors v1, . . . , vn, their span is a minimal subspace
containing v1, . . . , vn, and is described formally as

span{v1, . . . , vn} =
{
c1v1 + · · ·+ cnvn : ci ∈ R

}
.

If V = span{v1, . . . , vn}, then we say that {v1, . . . , vn} spans V.

Here are two oft-used vector spaces spanned by a finite set of vectors:

• For A = [ a1 a2 · · · an], Col (A) = span{a1, a2, . . . , an}.

• For ei = (0, . . . , 0, 1, 0, . . . , 0)⊤, Rn = span{e1, . . . , en}.

Spanning vectors need not be linearly independent. When they are not lin-
early independent, there are many different ways to linearly combine spanning
vectors to represent each vector in the spanned space. Moreover, linearly inde-
pendent vectors span a vector space with a unique linear combination for each
vector within. Fact 3.4 below clarifies this point.

Fact 3.4 Assume that {v1, . . . , vn} is linearly independent. If a vector v can be
represented as a linear combination of these vectors, i.e., v = x1v1+ · · ·+xnvn,
the coefficients xi’s are unique.

Proof: Suppose that v = y1v1 + · · ·+ ynvn holds for some scalars yi’s. If we
subtract the latter from the former, we get

(x1 − y1)v1 + · · ·+ (xn − yn)vn = 0 .

Because of the linear independence, xi − yi = 0, or equivalently xi = yi, for all
i = 1, . . . , n .

We can further observe that any vector outside a subspace spanned by lin-
early independent vectors is linearly independent of the spanning vectors.

Fact 3.5 If {v1, . . . , vn} is linearly independent and v ̸∈ span{v1, . . . , vn},
{v1, . . . , vn, v} is also linearly independent.
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Proof: Notice that v ̸= 0. Suppose that c1v1 + · · ·+ cnvn + cn+1v = 0 holds
for some scalars ci’s. If cn+1 ̸= 0, then we have

v = − c1
cn+1

v1 − · · · −
cn
cn+1

vn ∈ span{v1, . . . , vn} ,

which contradicts the assumption. Hence cn+1 = 0, and the linear independence
of spanning vectors implies c1 = · · · = cn = 0.

Basis for a Vector Space

The independence property is about the minimality, and the spanning property
is about the sufficiency. Then a natural question is on minimally sufficient
vectors to span a space.

Definition 3.6 A basis for a vector space V is a set of vectors satisfying
both of the following properties:

1. The vectors in the set are linearly independent;

2. The vectors in the set span the space V.

A vector in a basis is called a basic vector.

If linearly dependent vectors span a vector space, we can always find a basis
to span the same vector space. On the other hand, if some linearly independent
vectors do not span a target vector space, we can incrementally add linearly
independent vectors one at a time until they are sufficient to span the target
space, due to Fact 3.5.

• Because there is a unique linear combination to represent an arbitrary vec-
tor in a vector space using basic vectors, we can treat the coefficient of such
linear combination as a coordinate. That is, given a basis {v1, . . . , vn},
we can represent an arbitrary vector v ∈ V uniquely as

v = x1v1 + · · ·+ xnvn (3.4)

where xi’s are coefficients of v with respect to the basis {v1, . . . , vn}. So,
we may conveniently regard (x1, . . . , xn)

⊤ ∈ Rn as v.

For this correspondence to hold, it should be one-to-one. We see that
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this is true from the spanning property, which states that any arbitrary
vector can be represented as a linear combination of basic vectors, and the
independence property, which states that such representation is unique.
In summary, when {v1, . . . , vn} is linearly independent,

v ∈ span{v1, . . . , vn}
1−to−1⇐⇒ (x1, . . . , xn) ∈ Rn . (3.5)

• There can be many bases for a vector space. When {v1, . . . , vn} ⊂ Rn

is a basis of the vector space Rn, let B = [v1 · · · vn]. For any arbitrary
invertible matrix P , we obtain a new basis for the vector space by taking

the column vectors of BP . For instance, if we multiply B =

[
1 0

1 1

]
,

whose column vectors span R2, i.e., R2 = span
{[

1

1

]
,

[
0

1

]}
, with an

invertible matrix P =

[
1 −1
1 1

]
, we get BP =

[
1 −1
2 0

]
, implying R2 =

span
{[

1

2

]
,

[
−1
0

]}
.

Example 3.1 When {v1, . . . , vn} is a basis of a vector space V, consider

B = {v1, v1 + v2, v1 + v2 + v3, . . . , v1 + · · ·+ vn}.

Because {v1, . . . , vn} is a basis, cn = cn−1 = · · · = c1 = 0 when

(c1 + · · ·+ cn)v1 + (c2 + · · ·+ cn)v2 + · · ·+ (cn−1 + cn)vn−1 + cnvn = 0.

By rearranging the terms, we get

c1v1 + c2(v1 + v2) + · · ·+ cn(v1 + · · ·+ vn) = 0,

and thus, B is linearly independent. Furthermore, for any i,

vi = (v1 + · · ·+ vi)− (v1 + · · ·+ vi−1) ∈ spanB

and, hence V ⊂ spanB holds. Therefore, B is another basis for V.
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Dimension of a Vector Space

Although there are many bases for a vector space, the number of basic vectors
within each basis remains identical, according to the following theorem.

Theorem 3.1 If both {v1, . . . , vn} and {w1, . . . ,wm} are bases for a vector
space V, then n = m.

Proof: Since both sets of vectors span V, there exist aij’s such that

vj = a1jw1 + · · ·+ amjwm =

m∑
i=1

aijwi for all j = 1, . . . , n .

Let us set an m×n matrix A = (aij). Assume Ax∗ = 0 for some vector x∗ ∈ Rn.
Then,

∑n
j=1 x

∗
jaij = 0 for all i = 1, . . . ,m. For this x∗,

n∑
j=1

x∗jvj =

n∑
j=1

x∗j

( m∑
i=1

aijwi

)
=

n∑
j=1

m∑
i=1

x∗jaijwi =

m∑
i=1

n∑
j=1

x∗jaijwi

=

m∑
i=1

( n∑
j=1

x∗jaij

)
wi = 0,

which implies x∗j = 0 for all j since vi’s are linearly independent, that is, x∗ = 0.
Therefore, m ≥ n by Lemma 3.2. If we change the roles of vi and wi, then we
have n ≥ m.

This allows us to use the number of basic vectors in a basis to quantify the
size of a vector space.

Definition 3.7 The dimension of a vector space V is the number of
basic vectors in its basis.

We encourage you to think of the following properties and why they hold.

• dim(Rn) = n.

• (k + 1) vectors in a k-dimensional vector space are linearly dependent.

• Any spanning set of vectors can be reduced to a basis, i.e., a minimal
spanning set.

A few observations follow.
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Lemma 3.3 In a finite-dimensional vector space, any linearly independent set
of vectors can be extended to a basis.

Proof: Consider k linearly independent vectors {v1, . . . , vk} ⊂ V, where V
is finite-dimensional. Let k < dimV < ∞. If V = span{v1, . . . , vk}, this
is contradictory, as dimV = k. Thus, there exists v ∈ V that satisfies v ̸∈
span{v1, . . . , vk}. According to Fact 3.5, {v1, . . . , vk, v} is a set of (k+1) linearly
independent vectors, that include {v1, . . . , vk}. We repeat this process of adding
one vector at a time, until we obtain the basis of V that contains all the initial
linearly independent vectors.

Fact 3.6 Let V be a finite-dimensional vector space. W1 and W2 are two
subspaces of V. Then,

dim(W1 ∩W2) ≥ dimW1 + dimW2 − dimV

holds.

Proof: Denote dimV = n, dimW1 = n1, and dimW2 = n2. Let dim(W1 ∩
W2) = k and B = {v1, . . . , vk} be a basis of W1 ∩W2. Because B is linearly
independent, we can find the bases of W1 and W2, respectively, according to
Lemma 3.3. We use B∪{wk+1, . . . ,wn1} and B∪{uk+1, . . . , un2} to denote their
bases.

• Let u = zk+1uk+1+ · · ·+zn2un2 ∈W1∩W2. Since B is a basis of W1∩W2,

u = x1v1+ · · ·+xkvk or zk+1uk+1+ · · ·+ zn2
un2
−x1v1−· · ·−xkvk = 0.

Because B∪{uk+1, . . . , un2
} is a basis, x1 = · · · = xk = zk+1 = · · · zn2

= 0,
and u = 0.

• Consider the following zero-vector

x1v1 + · · ·+ xkvk︸ ︷︷ ︸
= v

+ yk+1wk+1 + · · ·+ yn1
wn1︸ ︷︷ ︸

= w

+ zk+1uk+1 + · · ·+ zn2
un2︸ ︷︷ ︸

= u

.

By re-arranging the terms, we get u = −(v + w) ∈ W1, which implies
u ∈ W1 ∩W2. As we have shown above, u = 0, which is equivalent to
zk+1 = · · · = zn2 = 0. Together with the fact that B ∪ {wk+1, . . . ,wn1} is
a basis, x1 = · · · = xk = yk+1 = · · · = yn1 = 0, since v + w = 0. In other
words, {v1, . . . , vk,wk+1, . . . ,wn1 , uk+1, . . . , un2} consists of (n1 + n2 − k)
linearly independent vectors, which implies n1 + n2 − k ≤ n.

Therefore, dim(W1 ∩W2) ≥ n1 + n2 − n .
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3.4 Rank of a Matrix
How many linearly independent columns do we get in a matrix A with r pivot
elements? To answer this question, let us start with a row echelon form U of
the matrix A. U has r pivots, and assume that there are at most M linearly
independent columns in U .

• Let {u1, . . . , ur} contain r columns of U , including its pivots. For the
convenience, we let the pivot of ui be the i-th entry, say pi. The r-th
equation in the linear system, x1u1+ · · ·+xrur = 0, is 0x1+ · · ·+0xr−1+

prxr = 0. Because the pivot pr of ur is not 0, xr vanishes, which allows us
to shorten the equation into x1u1+ · · ·+xr−1ur−1 = 0 in r−1 unknowns.
By repeating this process, we end up with x1 = · · · = xr = 0, and therefore
{u1, . . . , ur} is linearly independent. That is, M ≥ r.

• Let {u1, . . . , uk} be a set of k arbitrarily selected columns of U , with k > r.
Since the r pivots lie in the first r rows of U , all m−r entries below in each
ui are zeros. With this, we see that x1u1+ · · ·+xkuk = 0, a linear system
of m equations, is in fact a system of r linear equations in k variables.
There are thus solutions that are not 0, according to Lemma 3.2, which
implies that more than r columns of U can not be linearly independent.
Thus, M ≤ r holds.

Therefore, M = r, and the maximum number of linearly independent columns
in U , a row echelon form of A, is r.

Let us continue with the original matrix A. Because Q and L̃, in L̃QA = U ,
are both invertible, the following equivalence holds

Ax = 0 ⇐⇒ Ux = 0.

According to this equivalence, the relationship among the column vectors of A,
that is whether they are linearly independent, holds the same among the column
vectors of U as well. From this, we now know that the maximum number of
linearly independent columns of a matrix coincides with the number of pivots
of the same matrix. We call this number the rank of a matrix.

Definition 3.8 (Rank of a Matrix) Let U be the row echelon form of
a matrix A. If U has r pivots, then the rank of A is r. We denote it as
rankA.
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Because both U , the row echelon form of A, and R, the reduced row echelon
form of A, are row echelon forms of themselves, respectively, the ranks of A, U
and R are same.

We turn our attention to the maximum number of linearly independent rows
of A and its relation to the rank. Because A and QA are equivalent up to the
ordering of the rows, without loss of generality, it is enough to consider the case
of Q = I. That is, we consider the case of A = LU . Let rankA = r, i.e., there
are r pivots in A. It is clear that the r rows on the top of the row echelon form
U are linearly independent, and the rest of the rows are all zeros. Therefore, U
has exactly r linearly independent rows.

Let us create Â and Û from A and U , respectively, by collecting only the first
r rows of these matrices. We also create an invertible lower triangular matrix Lr

from L by collecting the first r rows and r columns. These matrices are related
to each other by Â = LrÛ .6 Since the rows of Û are linearly independent,
y⊤Â = y⊤LrÛ = 0 implies y⊤Lr = 0. Because Lr is invertible, y = 0. In short,
there are at least r linearly independent rows in A, because the first r rows of
A are linearly independent.

Let us consider the other direction. We can see that A = LU = L̃Û where L̃
is created by collecting the first r columns of L, because the last (m− r) rows
of U are all zeros. With B = L̃L−1

r , we get

A = L̃Û = L̃(L−1
r Lr)Û = L̃L−1

r Â = BÂ.

Let us show that k rows of A are linearly dependent for k > r. Select k

arbitrary rows of A and call this k×n matrix A′. B′ is constructed by selecting
k corresponding rows from B. Then, A′ = B′Â holds. Because B′ is a k × r
matrix, there exists y ̸= 0 that satisfies y⊤B′ = 0⊤ according to Lemma 3.2,
and thereby y⊤A′ = y⊤B′Â = 0⊤Â = 0⊤, implying that the rows in A′ are
not linearly independent. There are therefore at most r = rankA linearly
independent rows in A.

Putting these two parts together, we arrive at the conclusion that rankA is
the maximum number of linearly independent rows or columns of A. We can
further conclude that

rankA = rankA⊤. (3.6)

Think of a subspace Col (A) spanned by the columns of a rank-r m×n matrix
A = [a1 · · · an], with the first r column vectors being linearly independent.

6This holds because the i-th row of LU is the linear combination of the first (i − 1) rows
of U when L is a lower triangular matrix with a unit diagonal.
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With k > r, {a1, . . . , ar, ak} is not linearly independent, which means there exist
xi’s that satisfy x1a1 + · · · + xrar + xkak = 0 with xk ̸= 0. Then, Col (A) ⊂
span{a1, . . . , ar}, because

ak = −x1
xk

a1 − · · · −
xr
xk

ar ∈ span{a1, . . . , ar} .

That is, Col (A) = span{a1, . . . , ar}, and dim Col (A) = rankA. In summary,

Lemma 3.4 dim span{a1, . . . , an} = rank [a1 · · · an] for ai ∈ Rm,
or dim Col (A) = rankA for any matrix A.

This applies equally to the vector space spanned by the rows of A, as
dim Col (A⊤) = rankA⊤ = rankA. Also, the multiplication of matrices does
not increase the rank of a product.

Fact 3.7 Suppose A and B are n×m and m× ℓ matrices, respectively. Then,
rank(AB) ≤ rank(A) and rank(AB) ≤ rank(B).

Proof: According to Lemma 3.1, Col (AB) ⊂ Col (A). When two vector
spaces, W1 and W2, satisfy W1 ⊂W2, we can establish the relationship between
their dimensions as dimW1 ≤ dimW2. It then follows that rank(AB) ≤ rankA
due to Lemma 3.4. The second inequality follows from this, because rank(AB) =

rank((AB)⊤) = rank(B⊤A⊤) ≤ rank(B⊤) = rank(B).

3.5 Four Fundamental Subspaces
We introduced two subspaces related to a matrix, the column space and the
null space in Section 3.1.2. Consider these subspaces of the transpose of a given
matrix, and we have the following four subspaces related to a rank-r m × n

matrix A:

1. Column space Col (A) ⊂ Rm. dim Col (A) = r;

2. Null space Null (A) ⊂ Rn. dim Null (A) = n− r;

3. Row space Row (A) = Col (A⊤) ⊂ Rn. dim Row (A) = r;

4. Left null space LeftNull (A) = Null (A⊤) ⊂ Rm. dim LeftNull (A) = m−r.

We already characterized the dimensions of the first and third subspaces
in Lemma 3.4. Let us take a look at the dimension of null spaces. From
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Gaussian elimination, we showed Ax = 0 ⇔ Ux = 0, which implies that
Null (A) = Null (U). By assigning 1 to one free variable in Ux = 0 and 0 to
all the other free variables, we get as many linearly independent vectors in the
null space as there are free variables, and they form a basis of the null space.
Therefore, dim Null (A) = n−r, because dim Null (U) coincides with the number
of free variables of U which is n− r.7 From these, we arrive at the rank-nullity
theorem:

rank(A) + dim Null (A) = dim Col (A) + dim Null (A)

= the number of columns of A. (3.7)

Constructing Fundamental Spaces from a Row Echelon Form

It is often more straightforward to identify the four fundamental subspaces of
A from its row echelon form U . We study how we can do so with the following
running example:

A =

 1 3 3 2

2 6 9 7

−1 −3 3 4

 .
Its row echelon form is

U =

1 3 3 2

0 0 3 3

0 0 0 0

 .
Then, the four subspaces can be written down as follows.

1. Finding the Row space Col (A⊤): The basis of Col (A⊤) consists of non-
zero rows of U , that is, Col (A⊤) = Col (U⊤). This follows from Lemma
3.1 and the fact that L is invertible and A⊤ = U⊤L⊤. The first two rows

7In more detail, assume that xr+1, . . . , xn are free variables and xi, i = r + 1, . . . , n is
the solution of Ux = 0 obtained by assigning 1 to xi and 0 to all the other free variables.
Then, {xr+1, . . . , xn} ⊂ Null (U) is linearly independent. v −

∑n
i=r+1 vixi ∈ Null (U) and

every element corresponding to a free variable in the vector v −
∑n

i=r+1 vixi is zero, for
any v = (v1, . . . , vn)⊤ ∈ Null (U). Then, v −

∑n
i=r+1 vixi = 0 holds since the solution to

Ux = 0 is only 0 if we restrict all free variables to 0. So, {xr+1, . . . , xn} spans Null (U), and
{xr+1, . . . , xn} is a basis of Null (U). Therefore, dim Null (A) = dim Null (U) = n− r.
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of U constitute the row space,

Row (A) = Col (A⊤) = span




1

3

3

2

 ,

0

0

3

3


 .

2. Finding the Column space Col (A): A basis of Col (U) consists of columns
that contain pivot entries in U . Because Ax = 0 ⇔ Ux = 0, linear
independence of some columns of A is equivalent to linear independence
of the corresponding columns of U . From this, we find that dim Col (A) =
dim Col (U) = rankA = r. In other words, we can form a basis of Col (A)
by collecting as many linearly independent columns of A as there are pivots
in U . As the columns that contain pivots in U are linearly independent,
the corresponding columns in A are also linearly independent. That is,
these columns form a basis of Col (A). In the example above, they are the
first and third columns of A,

Col (A) = span


 1

2

−1

 ,
39
3


 .

3. Finding the null space Null (A): Because Ax = 0 ⇔ Ux = 0 from
Gaussian elimination, Null (A) = Null (U). The number of free variables
in U , which is in turn dim Null (U), is n − r. By assigning 1 to one free
variable in Ux = 0 and 0 to all the other free variables, we obtain as many
linearly independent vectors as free variables, that span the null space,
and they form its basis:

Null (A) = span




−3
1

0

0

 ,


1

0

−1
1


 .

4. Left null space:

Recall A⊤ = U⊤L⊤. To identify Null (A⊤), we first solve U⊤z = 0. Then,

y = (L⊤)−1z is a vector in the left null space. In our case, z =

00
1

, and



Kang
&

Cho
(20

25)

60 Chapter 3. Vector Spaces

L−1 =

 1 0 0

−2 1 0

5 −2 1

. Therefore,

y =

 5

−2
1

 ∈ LeftNull (A).

Since dim LeftNull (A) = dim Null (A⊤) = 3− rankA = 1,

LeftNull (A) = Null (A⊤) = span


 5

−2
1


 .

Unlike the other fundamental subspaces, we must use L to identify the
left null space.

How to Find a Basis of a Spanned Subspace in Euclidean
Space

One way to find a basis of a vector space spanned by a set of vectors is to stack
those vectors row-wise to construct a matrix, perform Gaussian elimination on
this matrix and collect all non-zero rows in the row echelon form as a basis. We
can also use all pivot columns of a row echelon form of a matrix constructed by
horizontally concatenating given vectors. Unlike the first method, it is impor-
tant to notice that we collect the columns of A corresponding to the pivots of
U to form a basis.

3.6 Existence of Inverse Matrix

Consider a rank-m, m × n matrix A which can be written down as A = LU

with m < n. In this case, there are m pivot columns. We choose an n × n

permutation matrix Q such that we can use the first m columns of UQ to
construct an invertible submatrix Û . If it is not necessary to swap columns,
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take Q = In. For instance, we start with

L−1A = U =



∗′ ∗ ∗ ∗ ∗ ∗ · · ·
0 0 ∗′ ∗ ∗ ∗ · · ·
0 0 0 ∗′ ∗ ∗ · · ·

0 0 0 0
. . . ∗

...
0 0 0 0 0 ∗′ · · ·


where ∗′ stands for a non-zero entry, and multiply it with a permutation matrix
to move the second column to the end, as in

L−1AQ = UQ =



∗′ ∗ ∗ . . . ∗ ∗ ∗ · · ·
0 ∗′ ∗ . . . ∗ ∗ ∗ · · ·
0 0 ∗′ . . . ∗ ∗ ∗ · · ·
...

... . . . . . . ...
...

...
...

0 0 . . . 0 ∗′ ∗ ∗ · · ·
0 0 . . . 0 0 ∗′ ∗ · · ·


=
[
Û G

]
.

Consider any (n−m)×m matrix H that satisfies GH = 0. Then, with

C = Q

[
Û−1

H

]
L−1,

it holds that

AC = AQ

[
Û−1

H

]
L−1 = L

[
Û G

] [Û−1

H

]
L−1 = LImL

−1 = Im,

because [
Û G

] [Û−1

H

]
= Û Û−1 + GH = Im.

Therefore, C is a right-inverse of A. Note that C depends on H and there may
be many H’s, including H = 0, that satisfy GH = 0. In other words, there can
be many right inverses of A.

If we had to swap rows in the process of Gaussian elimination and can use a
permutation matrix Q′ to represent all row swaps, we use Q′A instead of A in
the derivation above. The right inverse C above then satisfies Q′AC = Im and
thereby AC = Q′−1, resulting in CQ′ being a right inverse of A.

On the other hand, there is no left inverse of A. If there were, there exists B
such that BA = In. Because there are m columns in B, meaning that rank(B) ≤
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m and subsequently that rank(BA) ≤ rank(B) ≤ m. This is contradictory, since
rank(In) = n > m.

Here are some additional, useful properties:

• Similarly to the case above, when rank(A) = n < m, left-inverses exist but
there is no right inverse. We can confirm it by working with the transpose
of the matrix.

• Consider a case where rank(A) = m = n. This is equivalent to the case of
rankA = m < n above however without G and H. In that case, the right
inverse of A is C = QÛ−1L−1. Because L−1AQ = Û ,

CA = QÛ−1L−1A = QÛ−1(L−1AQ)Q−1 = QÛ−1ÛQ−1 = Im ,

meaning that C is also the left inverse. That is, C is the inverse of A.

These cases can be summarized into the following theorem.

Theorem 3.2 For an m × n matrix A, the inverse of A exists only when
rank(A) = m = n. If rank(A) = m ≤ n, the right-inverse of A exists. If
rank(A) = n ≤ m, the left-inverse of A exists.

The following relationships hold between the existence of right- and left-
inverses of A and the characteristics of the solutions for Ax = b. For any m×n
matrix A,

• rank(A) = m implies the existence of a solution for Ax = b, since Cb is a
solution if C is a right-inverse of A. Alternatively, we can also derive the
existence from Col (A) = Rm because the row and column ranks coincide,
and there exists at least one solution for Ax = b since b ∈ Col (A).

• rank(A) = n implies the uniqueness of the solution for Ax = b if it exists.
By multiplying a left-inverse B to both sides from the left, we get (BA)x =

x = Bb if a solution x exists. This implies the uniqueness. Alternatively,
because dim Col (A) = n, the columns of A are linearly independent, and
therefore, the solution to Ax = b is unique, if it exists.

The rank of a matrix is upper-bounded by the smaller of the numbers of rows
and columns. When the rank of a matrix is maximal, we obtain the following
additional properties.

Fact 3.8 Let A be an m× n matrix.
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1. rankA = n case: Then the rank of A⊤A is also n, and A⊤A is invertible.
(A⊤A)−1A⊤ is a left-inverse of A and A(A⊤A)−1 is a right-inverse of
A⊤.

2. rankA = m case: Then the rank of AA⊤ is also m, and AA⊤ is invertible.
A⊤(AA⊤)−1 is a right-inverse of A and (AA⊤)−1A is a left-inverse of A⊤.

Proof: For rankA = n case, it is enough to show that the n × n matrix
A⊤A has a trivial null space {0}, according to the rank-nullity theorem (3.7).
Assume A⊤Ax = 0. By multiplying x⊤ on the both sides of the equation, we
get x⊤A⊤Ax = 0. If we denote y = Ax, then x⊤A⊤Ax = y⊤y = 0. Since
y⊤y =

∑m
i=1 y

2
i = 0, each yi = 0 and y = 0, that is, Ax = 0. Hence x ∈

Null (A). However the dimension balance (3.7) implies dim Null (A) = 0 and
Null (A) = {0}. Therefore rankA⊤A = n and A⊤A is invertible. It is clear that
(A⊤A)−1A⊤ is a left-inverse of A and A(A⊤A)−1 is a right-inverse of A⊤.

For the other case, take B = A⊤ and apply the first result to B.

Consider the following simple example for finding right inverses and checking
their relationships to a left inverse.

Example 3.2 Let A =

[
4 0 0

0 5 0

]
. Given arbitrary c31 and c32, AC = I2,

where C =

1/4 0

0 1/5

c31 c32

 . That is, C is a right inverse of A. We already showed

earlier that such a matrix does not admit a left inverse. If we multiply A with
C from left, we get

CA =

1/4 0

0 1/5

c31 c32

[4 0 0

0 5 0

]
=

 1 0 0

0 1 0

4c31 5c32 0

 .
Regardless of c31 and c32, C is not a left inverse.

Because rankA = 2, we can derive a right inverse of A according to Fact
3.8, as follows:

C∗ = A⊤(AA⊤)−1 =

[
4 0 0

0 5 0

]⊤ [
1/16 0

0 1/25

]
=

1/4 0

0 1/5

0 0

 .
In this particular right inverse C∗, c31 = c32 = 0, and we refer to this right
inverse as the pseudo-inverse of A, as we will learn later in Section 5.8.
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3.7 Rank-one Matrices

All columns of a rank-one matrix are scalar multiplications of each other. This
fact allows us to represent a rank-one matrix as uv⊤ with an appropriate choice
of u and v. It is not trivial to check whether the rank of a matrix is one, but
it is relatively straightforward to find these two vectors, u and v, once we know
that its rank is one. For instance, it takes effort to tell the rank of the following
matrix: 

2 1 3

4 2 6

8 4 12

−2 −1 −3

 ,
but once we know its rank is 1, it is not too challenging to find out that we can
express this matrix as 

1

2

4

−1


[
2 1 3

]
.

u and v are not uniquely determined, since we can multiply one with a scalar
and the other with its reciprocal without changing the resulting matrix. It is
sometimes useful to represent an arbitrary matrix or matrix-matrix product in
terms of rank-one matrices. Consider ei = (0, . . . , 0, 1, 0, . . . , 0)⊤ ∈ Rn, which
is a vector whose elements are all zeroes except for the i-th element. Consider
a matrix A whose i-th column is ai, such that A = [ a1 a2 · · · an ]. We can
express this matrix as a sum of rank-one matrices, where each summand rank-
one matrix is aie⊤i . That is,

A = a1e⊤1 + · · ·+ ane⊤n =

n∑
i=1

aie⊤i . (3.8)

We can generalize this further to show that a product of two matrices can also
be expressed as the sum of rank-one matrices.
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Lemma 3.5 Assume an m×n matrix A = [ a1 a2 · · · an ] for ai ∈ Rm and an
ℓ× n matrix B = [ b1 b2 · · · bn ] for bi ∈ Rℓ. Then,

AB⊤ =

n∑
i=1

aib⊤
i . (3.9)

Proof: We first rewrite A and B using (3.8) as A =
∑n

i=1 aie⊤i and B =∑n
i=1 bie⊤i , respectively. We then notice that e⊤i ej = 1 when i = j and otherwise

0. Then,

AB⊤ =
( n∑

i=1

aie⊤i
)( n∑

j=1

bje⊤j
)⊤

=
( n∑

i=1

aie⊤i
)( n∑

j=1

ejb⊤
j

)
=

n∑
i=1

n∑
j=1

aie⊤i ejb⊤
j

=

n∑
i=1

aib⊤
i .

We generalize it even further by considering a case where a diagonal matrix
is inserted between A and B⊤:

Corollary 3.1 Assume an m × n matrix A = [ a1 a2 · · · an ] for ai ∈ Rm, an
ℓ × n matrix B = [ b1 b2 · · · bn ] for bi ∈ Rℓ, and an n × n diagonal matrix
Σ = diag(σ1, . . . , σn). Then,

AΣB⊤ =

n∑
i=1

σiaib⊤
i . (3.10)

Proof: Because AΣ = [σ1a1 σ2a2 · · · σnan ], we can apply Lemma 3.5 to
(AΣ)B⊤ to prove this statement.

We will see later in this book how it is useful to represent a matrix, or a
matrix resulting from matrix multiplication, as a sum of rank-one matrices.

3.8 Linear Transformation
In this section, we consider transformations of vectors between vector spaces
that seamlessly work with vector addition and scalar multiplication. That is,
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we consider transformations that are compatible with vector addition and scalar
multiplication, under which adding two transformed vectors is equivalent to
transforming the sum of these two vectors as well as multiplying a transformed
vector with a scalar is also equivalent to transforming a vector scaled by the
same scalar. We call such a transformation a linear transformation, and this
can be visualized as a line that passes through the origin in the 2-dimensional
space and a plane that passes through the original in the 3-dimensional space.
We can more precisely define linear transformation as:

Definition 3.9 We call a function T : V → W defined between two
vector spaces a linear transformation if it satisfies the following properties
given two arbitrary vectors v1, v2 ∈ V and a scalar α ∈ R:a

• T (v1 + v2) = T (v1) + T (v2);

• T (αv1) = αT (v1).

We call such a linear transformation a linear map as well.
aThese two properties can be combined into one condition; “

T (αv1 + v2) = αT (v1) + T (v2)

for any scalar α ∈ R and a pair of arbitrary vectors v1, v2 ∈ V.”

This definition of linear transformation does not involve a basis of either V
nor W, which brings up a question of whether there exists an efficient way to
describe any linear transformation beyond specifying how each and every vector
from V maps to a vector in W. In order to answer this question and find such
an efficient way, we restrict our attention to finite-dimensional vector spaces.
That is, we assume that dim(V) = n and dim(W) = m.

3.8.1 Matrix Representation of Linear Transformation

An arbitrary vector v in V can be expressed as a linear combination of the
basic vectors with a unique coefficient set, x1, . . . , xn, given a basis BV =

{v1, . . . , vn}.8 That is, v = x1v1 + · · · + xnvn. If T were a linear transfor-
mation,

T (v) = T (x1v1 + . . .+ xnvn) = x1T (v1) + · · ·+ xnT (vn),

8This is because basic vectors are linearly independent and they span the vector space.
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which implies that we can describe T given the basis BV by describing T (vj)

of W that corresponds to each basic vector vj of V. In other words, we just
need to determine {T (vj) : j = 1, . . . , n} and identify {xj : j = 1, . . . , n}, that
satisfies v = x1v1 + · · ·+ xnvn, in order to map an arbitrary v ∈ V to W via T .
With those information, we can evaluate T (v) by

∑n
j=1 xjT (vj).

Let BW = {w1, . . . ,wm} be a basis of W. Because T (vj) ∈ W, we can
represent each T (vj) as a linear combination of the basic vectors wi’s and their
coefficients {a1j , . . . , amj} ⊂ R:

T (vj) = a1jw1 + · · ·+ amjwm =

m∑
i=1

aijwi.

Combining two representations, we can then express T (v), for an arbitrary v ∈
V, as

T (v) = x1T (v1) + · · ·+ xnT (vn) =

n∑
j=1

xjT (vj)

=

n∑
j=1

xj

( m∑
i=1

aijwi

)
=

m∑
i=1

( n∑
j=1

aijxj

)
wi.

By denoting the coordinate of T (v) under BW as (y1, . . . , ym), we have a purely
algebraic equations in real numbers:

yi =

n∑
j=1

aijxj , i = 1, . . . ,m,

because T (v) =
∑m

i=1 yiwi. Putting these all together, we observe that

y = Ax,

for an n-dimensional real vector x = (x1, . . . , xn)
⊤ ∈ Rn and an m-dimensional

real vector y = (y1, . . . , ym)⊤ ∈ Rm, given an m × n matrix A = (aij). These
correspondences are illustrated in the following schematic diagram:

V ∋

Rn ∋

v

BV : v =
∑n

j=1 xjvj T (v) =
∑m

i=1 yiwiBW :

linear transform T

multiplication by matrix A

T (v) ∈W

x y = Ax ∈ Rm
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There are a few interesting aspects we should keep in our mind about this
relationship:

• V and W are not defined in the context of Rn and Rm. They are gen-
eral vector spaces that may consist of any vectors, such as n-th order
polynomials.

• Other than that they are linearly independent, there is no more qualifica-
tion on vectors forming a basis.

• The coordinates x1, . . . , xn tells us about the relationship between the
individual vectors and a basis and does not say anything about T . Even
with the same vector spaces V, W and a fixed linear transformation T , the
transformation matrix A changes if we choose to use a different basis for
V. Even when we fix the basis of V, the matrix A also changes if we choose
another basis for W. In short, the matrix that represents T depends on
the choice of the bases for the domain and range.

• We are often familiar with standard bases, BV = {e1, . . . , en} ⊂ Rn and
BW = {e′1, . . . , e′m} ⊂ Rm, for V = Rn and W = Rm, respectively. In
this case, T is represented by a transformation matrix A = (aij), where
aij =

(
T (ej)

)
i
= T (ej)⊤e′i. This is only a special case and should not be

considered as a general case nor a representative case.

Example 3.3 Let A be an arbitrary m × n matrix, and also V = Rn and
W = Rm. Define a transformation T from V to W to be T (x) = Ax for
x ∈ Rn = V. Then, T is a linear transformation.

1. Let us introduce the standard bases {e1, . . . , en} ⊂ Rn and {e′1, . . . , e′m} ⊂
Rm for V and W, respectively. Under these standard bases, the matrix
corresponding to T is A.

2. As we saw in Example 3.1, another basis for Rn is B = {e1, e1+e2, . . . , e1+
· · · + en}. When z = (z1, . . . , zn)

⊤ is a coefficient vector representing
x ∈ Rn in the basis B,

x = z1e1 + z2(e1 + e2) + · · ·+ zn(e1 + · · ·+ en)

= (z1 + · · ·+ zn)e1 + · · ·+ (zn−1 + zn)en−1 + znen
= Bz,
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where

B =



1 1 · · · 1 1

0 1 · · · 1 1

0 0
. . . . . . 1

...
... . . . ...

0 0 · · · 0 1


.

Then, the transformation matrix for T is given as AB, with bases B for
V and {e′1, . . . , e′m} for W.

Example 3.4 A set V includes all polynomials of degree 2 or less, that is,
V = {a0 + a1t + a2t

2 : a0, a1, a2 ∈ R}. Let T map a polynomial f(t) to its
derivative f ′(t).

1. It is easy to check that V is a vector space over the scalar set R. Check it
yourself.

2. Set BV = {1, t, t2}. It is clear that V = spanBV. To see the linear
independence, assume c0+c1t+c2t2 = 0 for all t. Because we get c0 = c1 =

c2 = 0 by sequentially trying 0, 1 and 2 for t, BV is linearly independent.
Therefore, BV is a basis for V and dimV = |BV| = 3.

3. T is a linear map from V into V. That is, T (a0+a1t+a2t2) = a1+2a2t ∈ V.
T is linear since the differentiation is linear, that is, T

(
af(t) + bg(t)

)
=(

af(t) + bg(t)
)′

= af ′(t) + bg′(t) = aT (f(t)) + bT (g(t)).

4. Under the basis BV, the entries of the matrix representing T are decided
as follows:

T (1) = 0 = 0 · 1 + 0 · t+ 0 · t2 ⇐⇒ a11 = 0, a21 = 0, a31 = 0

T (t) = 1 = 1 · 1 + 0 · t+ 0 · t2 ⇐⇒ a12 = 1, a22 = 0, a32 = 0

T (t2) = 2t = 0 · 1 + 2 · t+ 0 · t2 ⇐⇒ a13 = 0, a23 = 2, a33 = 0.

3×3 matrix A representing T from BV into BV is given by A =

0 1 0

0 0 2

0 0 0

 .
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Example 3.5 A set V includes all polynomials of degree n or less, that is,
V = {a0 + a1t+ . . . + ant

n : a0, a1, . . . , an ∈ R}. Let T map a polynomial f(t)
to its derivative f ′(t). n is a fixed integer.

1. It is easy to check that V is a vector space over the scalar set R. Try it
yourself.

2. Let BV = {1, t, t2, . . . , tn}. It is clear that V = spanBV. To see the linear
independence, assume a0 + a1t + · · · + ant

n = 0 for all t. By plugging in
various values into t, we get a0 = a1 = · · · = an = 0, and thus BV is linearly
independent. Therefore, BV is a basis for V and dimV = |BV| = n+ 1.

3. T can be thought of as a map from V into V. If we set W = {a0+a1t+. . .+
an−1t

n−1 : a0, a1, . . . , an−1 ∈ R}, T is also a map from V onto W. It can be
also shown that T is a linear map in both cases. BW = {1, t, t2, . . . , tn−1}
is a basis for W.

4. For each k = 0, 1, . . . , n,

T (tk) = ktk−1 = 0 · 1 + 0 · t+ · · ·+ 0 · tk−2 + k · tk−1

+0 · tk + · · ·+ 0 · tn

⇐⇒ a1(k+1) = 0, . . . , a(k−1)(k+1) = 0, ak(k+1) = k,

a(k+1)(k+1) = 0, . . . , a(n+1)(k+1) = 0 .

The (n + 1) × (n + 1) matrix A representing T from BV into BV is then

A =



0 1 0 · · · 0 0

0 0 2 · · · 0 0
...

...
... . . . ...

...
0 0 0 · · · n− 1 0

0 0 0 · · · 0 n

0 0 0 · · · 0 0


. The n× (n+ 1) matrix A′ representing

T from BV onto BW is A′ =



0 1 0 · · · 0 0

0 0 2 · · · 0 0
...

...
... . . . ...

...
0 0 0 · · · n− 1 0

0 0 0 · · · 0 n


. Observe that the

matrix representations under different bases may be different.
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Composition of Linear Transformations

Let U, V and W be vector spaces with their dimensions, n, m and ℓ, respectively.
We consider two linear transformations/maps, S : U → V and T : V → W.
Furthermore, let A = (akj) and B = (bik) be the transformation matrices rep-
resenting S and T , respectively, with respect to three bases BU = {u1, . . . , un},
BV = {v1, . . . , vm}, and BW = {w1, . . . ,wℓ}. We now derive an ℓ× n matrix C
that represents the composition of S and T , T ◦ S : U → W, just like what we
did before.

We can express S(uj) for a basic vector uj of U as a linear combination of
basic vectors of V with appropriate akj’s,

S(uj) =

m∑
k=1

akjvk.

We can similarly write T (vk) for a basic vector vk of V as a linear combination
of basic vectors of W as

T (vk) =

ℓ∑
i=1

bikwi.

We then compose these two, as follows:

(T ◦ S)(uj) = T
( m∑

k=1

akjvk

)
=

m∑
k=1

akjT (vk)

=

m∑
k=1

akj

ℓ∑
i=1

bikwi

=

ℓ∑
i=1

( m∑
k=1

bikakj

)
wi .

This can be rewritten as

(T ◦ S)(uj) =

ℓ∑
i=1

cijwi

where
cij =

m∑
k=1

bikakj = (BA)ij .

That is, C = BA.
The following theorem summarizes this result.
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Theorem 3.3 Let A and B be the matrix representations of linear transfor-
mations S and T , respectively, with respect to some bases. For the same bases,
the matrix representation of T ◦ S is BA, and T ◦ S is a linear transformation
corresponds to a matrix representation BA.

3.8.2 Interpretable Linear Transformations

There are some cases where the transformation matrix A, in T (x) = Ax, is
intuitively interpretable.

• Scaling: A matrix in the form of αI =


α 0

. . .
0 α

, multiplies each

element of x by a scalar α, as T (x) = αIx = αx.

• Rotation: Take as an example a 2 × 2 matrix A =

[
0 −1
1 0

]
and T (x) =

Ax =

[
−x2
x1

]
which rotates x counter-clock-wise 90◦. We can generalize

such a matrix as

Rθ =

[
cos θ − sin θ
sin θ cos θ

]
such that Rθx rotates x by θ. Using Theorem 3.3, we see that RθRϕ

corresponds to rotating a vector by ϕ and then by θ, which is equivalent
to rotating the same vector by θ + ϕ. From this, we see that

RϕRθ = Rθ+ϕ.

From this relationship, we can further derive that R−1
θ = R−θ, because

RθR−θ = I. We can also easily check that R−θ = R⊤
θ .

• Projection: Consider P =

[
1 0

0 0

]
which projects a vector x on the x axis,

as T (x) = Px =

[
x1

0

]
. We can generalize such a matrix to perform projec-

tion of a vector on a line that passes the origin at the angle θ. We use Pθ to
refer to the transformation matrix corresponding to this particular linear
map T . Two basic vectors in R2, e1 = (1, 0)⊤ and e2 = (0, 1)⊤, are mapped
to T (e1) = (cos θ cos θ, sin θ cos θ)⊤ and T (e2) = (cos θ sin θ, sin θ sin θ)⊤,
respectively.
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x

y

θ

O cos θ cos θ

cos θ sin θ

1

cos θ

Figure 3.1: Projection of e1 onto the direction of angle θ

We can then get

Pθ =

[
cos2 θ sin θ cos θ

sin θ cos θ sin2 θ

]
,

because

T (x) = x1T (e1) + x2T (e2)

= x1

[
cos θ cos θ
sin θ cos θ

]
+ x2

[
sin θ cos θ
sin θ sin θ

]

=

[
cos2 θ sin θ cos θ

sin θ cos θ sin2 θ

][
x1

x2

]
.

Since a projected vector should remain as is even if it is projected once
more, it must hold that P 2 = P for any projection matrix P . Indeed, Pθ

above satisfies this condition.9 Another interesting property of projection
is that I − P is also a projection matrix if P were.

• Reflection: We can reflect a vector x on the other side of a line that passes

the origin at the angle of 45◦ by multiplying it with A =

[
0 1

1 0

]
, as

9It is interesting to note that Pθ is a rank-one matrix and can be expressed as

Pθ =

[
cos θ
sin θ

] [
cos θ sin θ

]
=

[
cos θ
sin θ

][
cos θ
sin θ

]⊤

.

From this, we can also derive P 2
θ = Pθ.
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T (x) = Ax =

[
x2

x1

]
.

Let us generalize this to work with any given angle θ by defining Hθ. We
first realize that the mid-point vector between x and T (x) must be identical
to x projected to the reflecting line. That is, 1

2 (x+T (x)) = Pθx. From this,
we can derive Hθ by Hθ = 2Pθ − I, since T (x) = 2Pθx− x = (2Pθ − I)x.

3.9 Application: Analysis of Graphs

We discussed the incidence matrix associated to a directed graph in Section 2.8.
We investigate various aspects of this incidence matrix. Let us consider the
following simple directed graph.

v1

v3

v2

v4

e1

e3

e5

e2 e4

The incidence matrix of this graph is given by

A =

e1 e2 e3 e4 e5

v1 −1 −1
v2 1 −1 −1
v3 1 1 −1
v4 1 1

.

Denote 1 = (1, 1, 1, 1)⊤ and the i-th column of A by ci. Then, we observe the
followings.

1. A⊤1 = 0, that is, 1 ∈ Null (A⊤). This property holds for all incidence
matrices of directed graphs since their each column contains exactly one
1 and one −1 representing an arc.

2. A dependence relation c1 − c2 + c3 = 0 implies that {c1, c2, c3} is linearly
dependent and (1,−1, 1, 0, 0)⊤ ∈ Null (A). If we discard the direction
of arcs in the graph, arcs e1, e2, e3 corresponding to columns c1, c2, c3,
respectively, constitute a cycle or loop. The correspondence between a
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cycle in a graph and a dependence relation among column vectors of its
incidence matrix holds for all graphs.

3. If any two nodes are connected by arcs discarding their directions, the
graph is called a connected graph. If the graph has no cycle, the graph
is called acyclic. If a graph has both properties above, that is, a graph
is acyclic and connected, we call the graph a tree. It can be shown that
the columns of the incidence matrix corresponding to arcs in a tree are
linearly independent. Furthermore, it can be also shown that a tree with
n nodes has n− 1 arcs by mathematical induction.

4. rankA = n−1 for an incidence matrix of a connected directed graph with
n nodes. First, we get rankA ≤ n− 1 from A⊤1 = 0. The column vectors
corresponding to n − 1 arcs constituting a tree in the graph are linearly
independent, and rankA ≥ n− 1. A connected graph always has at least
one tree.

5. Null (A⊤) = span{1} since A⊤1 = 0 and dim Null (A⊤) = 1 from rankA =

n− 1.

3.10 Application: Neural Networks

In machine learning, a neural network is often implemented as alternation be-
tween linear and nonlinear transformations, and linear transformations are often
expressed as weight matrices. Training such a neural network corresponds to
adjusting these linear transformations so as to minimize the difference between
observations and neural network’s predictions. When visualizing a layered neu-
ral network as a directed graph, or a network, we use a node to represent a
nonlinear transformation and arcs correspond to linear transformations. For
instance, we can visualize a neural network that takes as input a 2-dimensional
vector x = (x1, x2)

⊤ ∈ R2, as below.
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x1

x2

y1

y2

y3

z1

z2

t

Computation happens left-to-right in this neural network. The input (x1, x2)
is linearly and nonlinearly transformed into the first intermediate quantities
(y1, y2, y3). These are linearly and nonlinearly transformed into the next inter-
mediate quantities (z1, z2). The final two are linearly transformed once more
to form the final output t. It is visibly apparent from the figure above how this
neural network is layered; (x1, x2) is the input layer, (y1, y2, y3) and (z1, z2) are
two hidden layers, and (t) is the output layer. Such a layered structure enables
efficient computation even with a neural network with many nodes, such as by
using a general-purpose graphics processing unit (GPU).

Consider linear transformations within this neural network. The first linear
transformation from (x1, x2) to (y1, y2, y3) can be expressed as a 3× 2 matrix,
according to Section 3.8.1, since it is linear transformation from a 2-dimensional
space to a 3-dimensional space. Let this matrix be W (1) = (w

(1)
ij ). The next

linear transformation can be expressed as a 2×3 matrix W (2) = (w
(2)
ij ), and the

final one as a 1 × 2 matrix W (3) = [w
(3)
1 w

(3)
2 ]. Each arc in the directed graph

is associated with one of the entries of these transformation matrices. We can
visualize this by putting the associated matrix element, to which we often refer
as a parameter, on top of the corresponding arcs, as below.

x1

x2

y1

y2

y3

z1

z2

t

w
(1)
11

w
(1)
21

w
(1)
12

w
(1)
22

w
(1)
32

w
(1)
31

w
(2)
11

w
(2)
12

w
(2)
21

w
(2)
22

w
(2)
23

w
(2)
13

w
(3)
1

w
(3)
2
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We use σ(k) to denote the k-th nonlinear transformation. Such nonlinear
transformation is often called an activation function, and it is often applied
point-wise, that is, it is applied to each node in the layer independently. Let
us use ˆ to denote the value of each node prior to nonlinear transformation,
such as ŷi, ẑi and t̂. In this particular example, these pre-activation values are
computed by

ŷ1 = w
(1)
11 x1 + w

(1)
12 x2, ŷ2 = w

(1)
21 x1 + w

(1)
22 x2, ŷ3 = w

(1)
31 x1 + w

(1)
32 x2.

We apply the activation function to these pre-activation values to get the final
values of the first layer: y1 = σ(1)(ŷ1), y2 = σ(1)(ŷ2), y3 = σ(1)(ŷ3). It is a
common practice to apply the activation function to a vector, which is equivalent
to applying the activation function to each element of the vector. This simplifies
the equation above into

ŷ =W (1)x =

w
(1)
11 w

(1)
12

w
(1)
21 w

(1)
22

w
(1)
31 w

(1)
32

[x1
x2

]
, y = σ(1)(ŷ).

The same procedures applies equally to the next layer: ẑ1 = w
(2)
11 y1+w

(2)
12 y2+

w
(2)
13 y3, ẑ2 = w

(2)
21 y1 + w

(2)
22 y2 + w

(2)
23 y3 and z1 = σ(2)(ẑ1), z2 = σ(2)(ẑ2). This

is simplified into

ẑ =W (2)y =

[
w

(2)
11 w

(2)
12 w

(2)
13

w
(2)
21 w

(2)
22 w

(2)
23

]y1y2
y3

 , z = σ(2)(ẑ).

In the final layer, we first compute t̂ = w
(3)
1 z1 + w

(3)
2 z2 and apply the acti-

vation function to get t = σ(3)(t̂). This is equivalent to

t̂ =W (3)z =
[
w

(3)
11 w

(3)
12

] [z1
z2

]
, t = σ(3)(t̂).

In summary, this neural network performs the following computation:

t = σ(3)
(
W (3) σ(2)

(
W (2) σ(1)

(
W (1)x

)))
.

Learning corresponds to adjusting w(k)
ij to minimize the difference between the

output from the neural network and a desired (target) output. Modern neural
networks sometimes have billions or even hundreds of billions of parameters.

Earlier, it was usual to use a so-called sigmoid function (1 + e−x)−1, which
is a bounded S-shaped curve, as an activation function. This choice however
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made learning greatly challenging. It has become more common in recent years
to use a rectified linear function max{x, 0} instead, which is considered one of
the major reasons behind the explosive growth of deep learning since 2012.

3.10.1 Flexibility of Neural Network Representations

An interesting and consequential question we can ask is how nonlinear a neural
network that implement linear combination followed by such a simple activation
function. Consider a neural network f(x, y; θ) in Figure 3.2.

Input Layer
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Figure 3.2: A simple neural network with 2 hidden layers and 121 learning
parameters

The output f(x, y; Θ) is determined by two hidden layers of sizes 16 and
4, respectively, given an input (x, y). These 20 nodes in the hidden layers use
rectified linear functions as their activation functions, and we use a sigmoid
function at the output layer. There are 100 arcs and 21 nodes, excluding the
input nodes, resulting in 100 weights and 21 biases.10 Let Θ ∈ R121 a collection
of these parameters. As we alter Θ, the output of the neural network given the
same input (x, y) changes. In other words, Θ determines the function expressed
by the neural network.

We obtained four functions, respectively corresponding to Θ1, . . . ,Θ4, by

10A bias refers to an extra scalar added to the pre-activation value of each node. We omitted
it earlier for brevity.
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solving the following minimization problem using four real data:

min
Θ∈R121

n∑
i=1

(
f(xi, yi; Θ)− fi

)2
.

In Figure 3.3, we plot these four functions represented by four parameter sets.
The diversity and complexity of these functions demonstrate that we can get
vastly different, highly nonlinear functions by simply varying the parameters of
the same neural network.

(a) Gaussian density (b) Cliff shape

(c) Splash shape (d) Bridge shape

Figure 3.3: Various output representations by a simple neural network
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Orthogonality and
Projections

Based on our definitions of vectors and vector spaces, we are now ready to start
asking questions about their relationships. For instance, we may ask whether
two vectors are perpendicular to each other, and in answering so, we use a notion
of an inner product between two vectors. When this inner product is zero,
these two vectors are perpendicular to each other. There is a popular question
in physics, that is related to the perpendicularity between vectors: What is
effective force on an object when we apply force to an object accelerating in
a direction not parallel to the applied force? We decompose force as a sum
of two vectors; one vector along the moving direction and the other along its
perpendicular direction, using the Pythagorean rule. These two perpendicular
directions span the space containing the original force. We develop the same
idea through so-called orthogonal projection in a more general vector space and
derive many useful results about inner products and orthogonal projections in
this chapter.

4.1 Inner Products

We start by introducing the inner product between two vectors and the norm
of a vector. The inner product is defined to be linear with respect to each of
these vectors.

Kang & Cho, Linear Algebra for Data Science,
©2025. (Wanmo Kang & Kyunghyun Cho) all rights reserved.
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Definition 4.1 An inner product ⟨v1, v2⟩ between two vectors, v1 and
v2, in a vector space V is a real-valued function that satisfies the following
properties:

1. ⟨v1, v2⟩ = ⟨v2, v1⟩;

2. ⟨cv1, v2⟩ = c⟨v1, v2⟩ for any real number c;

3. ⟨v1 + v2, v3⟩ = ⟨v1, v3⟩+ ⟨v2, v3⟩ for any v3 ∈ V;

4. ⟨v1, v1⟩ > 0 if and only if v1 ̸= 0.

When an inner product is defined, we use it to define a norm induced
from the inner product as

|v| =
√
⟨v, v⟩ for each v ∈ V,

just like the absolute value of a real number. If the norm of a vector v is
1, that is, ⟨v, v⟩ = 1, we call v a unit vector.

From the second property of an inner product in Definition 4.1, we see
⟨0, v1⟩ = 0. We can show that ⟨v1, v2 + v3⟩ = ⟨v1, v2⟩ + ⟨v1, v3⟩ from the first
and third properties. An inner product is therefore linear in either of two vector
arguments. In other words, an inner product is bilinear. Because α⟨v1, v2⟩ is
an inner product for any positive scalar α, we can easily see that we can derive
infinitely many different inner products from just one. Similarly, the sum of two
inner products ⟨·, ·⟩1 and ⟨·, ·⟩2, ⟨v1, v2⟩1 + ⟨v1, v2⟩2, is also an inner product.
We study how to characterize all possible inner products in Theorem 4.1.

From the definition, we see that there might be many norms on a single
vector space since many inner products exist. Let us study an inner product
further first by showing that the Cauchy-Schwarz inequality holds in a vector
space as well.

Fact 4.1 The Cauchy-Schwarz inequality holds between an inner product and
the norm induced by the inner product:∣∣⟨v1, v2⟩

∣∣ ≤ |v1| · |v2| .

Proof: For any real number t ∈ R,

|tv1 + v2|2 = ⟨tv1 + v2, tv1 + v2⟩



Kang
&

Cho
(20

25)

4.1. Inner Products 83

= ⟨tv1 + v2, tv1⟩+ ⟨tv1 + v2, v2⟩

= ⟨tv1, tv1⟩+ ⟨v2, tv1⟩+ ⟨tv1, v2⟩+ ⟨v2, v2⟩

= t2⟨v1, v1⟩+ t⟨v2, v1⟩+ t⟨v1, v2⟩+ ⟨v2, v2⟩

= t2⟨v1, v1⟩+ 2t⟨v1, v2⟩+ ⟨v2, v2⟩ .

Since |tv1 + v2| ≥ 0 for any t, the quadratic equation on the right-hand side
cannot have two different real solutions. That is,

0 ≥ ⟨v1, v2⟩2 − ⟨v1, v1⟩⟨v2, v2⟩ = ⟨v1, v2⟩2 − |v1|2 · |v2|2 .

We can derive the triangle inequality for a norm, which is a more familiar
result, from the Cauchy-Schwarz inequality.

Fact 4.2 The triangle inequality holds for the norm induced from an inner
product ⟨·, ·⟩:

|v1 + v2| ≤ |v1|+ |v2|

and furthermore the positive homogeneity holds:

|cv| = c|v| for any positive real number c .

Proof:

|v1 + v2|2 = ⟨v1 + v2, v1 + v2⟩

= ⟨v1 + v2, v1⟩+ ⟨v1 + v2, v2⟩

= ⟨v1, v1⟩+ ⟨v2, v1⟩+ ⟨v1, v2⟩+ ⟨v2, v2⟩

= ⟨v1, v1⟩+ 2⟨v1, v2⟩+ ⟨v2, v2⟩

≤ |v1|2 + 2|v1| · |v2|+ |v2|2

=
(
|v1|+ |v2|

)2
.

|cv1| =
√
⟨cv, cv⟩ =

√
c2⟨v, v⟩ = c

√
⟨v, v⟩ .

As the first example of an inner product, consider the following vector space
consisting of polynomial functions.
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Example 4.1 Let V be a vector space of polynomials of degrees less than or
equal to n. For two polynomials f(t), g(t) ∈ V, we define an inner product

⟨f, g⟩ =
∫ 1

−1

f(t)g(t)dt .

For f(t) = t and g(t) = t2,

•
∫ 1

−1
f(t)g(t)dt =

∫ 1

−1
g(t)f(t)dt is linear in f and g.

∫ 1

−1
f(t)2dt = 0 implies

f ≡ 0 since f is a polynomial which is continuous. Hence, ⟨·, ·⟩ is an inner
product.

• ⟨f, g⟩ =
∫ 1

−1
t · t2dt =

∫ 1

−1
t3dt = 0.

• |f | =
√
⟨f, f⟩ =

√∫ 1

−1
t2dt =

√
1
3 t

3
∣∣∣1
−1

=
√

2
3 .

• |g| =
√
⟨g, g⟩ =

√∫ 1

−1
t4dt =

√
1
5 t

5
∣∣∣1
−1

=
√

2
5 .

• |f − g| =
√
|f |2 − 2⟨f, g⟩+ |g|2 =

√
2
3 − 2 · 0 + 2

5 =
√

16
15 .

Let us analyze an inner product defined over a vector space. Rather than
considering all possible vector pairs within the vector space, we focus on pairs
of linearly independent vectors.

Lemma 4.1 Assume non-zero, linearly independent vectors v1, . . . , vk in a vec-
tor space V. Define a k × k matrix A = (aij), where aij = ⟨vi, vj⟩. Then, A is
symmetric and invertible.

Proof: Symmetry is naturally derived from the symmetry of the inner product.
To check the invertibility of A, we need to show that Ax = 0 has no non-trivial
solution. Let x ∈ Rk satisfy Ax = 0. The i-th equation of Ax = 0 is

ai1x1 + · · ·+ aikxk = x1⟨vi, v1⟩+ · · ·+ xk⟨vi, vk⟩ = 0.

Rearranging the equation using the linearity of inner product gives

⟨vi, x1v1 + · · ·+ xkvk⟩ = 0 for i = 1, . . . , k .

If we add the equations after multiplying xi to i-th equation, the linearity again
allows

0 =

k∑
i=1

xi⟨vi, x1v1 + · · ·+ xkvk⟩ = ⟨x1v1 + · · ·+ xkvk, x1v1 + · · ·+ xkvk⟩ .
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Then the definition of inner product imposes x1v1 + · · · + xkvk = 0, which
implies x = 0 by the linear independence of vi’s. Hence, the null space of A is
{0}, and A is invertible.

Characterization of an Inner Product

Using Lemma 4.1, let us see how we can characterize an inner product in terms
of inner products of basic vector pairs.

Consider a basis BV = {v1, . . . , vn} for V. For any two vectors v and w in V,
there exist two unique vectors x = (x1, . . . , xn)

⊤ and y = (y1, . . . , yn)
⊤ in Rn,

respectively, such that

v = x1v1 + · · ·+ xnvn and w = y1v1 + · · ·+ ynvn .

Then, the bilinearity of inner product implies

⟨v,w⟩ =
〈 n∑

i=1

xivi,

n∑
j=1

yjvj

〉
=

n∑
i=1

n∑
j=1

xiyj⟨vi, vj⟩ .

If we set aij = ⟨vi, vj⟩ and construct an n× n symmetric matrix A = (aij),

⟨v,w⟩ =
n∑

i=1

n∑
j=1

xiyjaij = x⊤Ay .

Since v = 0 ∈ V if and only if x = 0 ∈ Rn, ⟨v, v⟩ = x⊤Ax > 0 if and only if
x ̸= 0. Hence, the A can be characterized as

a real symmetric matrix such that x⊤Ax > 0 for any x ̸= 0 .

Therefore, a quadratic form taking positive values for any non-zero vectors char-
acterizes an inner product. The matrix appearing in the quadratic form also
characterizes the inner product. This property is called positive definiteness
and formalized by the following Definition 4.2.1

Definition 4.2 A square matrix A is positive definite if x⊤Ax > 0 for
all x ̸= 0.

1We learn positive definite matrices in more detail in Chapter 7.
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Conversely, with a positive definite matrix A and two Rn-vectors, x =

(x1, . . . , xn)
⊤ and y = (y1, . . . , yn)

⊤, a bilinear function defined as〈 n∑
i=1

xivi,

n∑
j=1

yjvj

〉
= x⊤Ay (4.1)

induces an inner product in V, as shown by the following Lemma.

Lemma 4.2 Let V be a vector space and A be an n × n symmetric positive
definite matrix. Fix an arbitrary basis of V, such as BV = {v1, . . . , vn}. For
any two vectors v and w in V, let ⟨v,w⟩ = x⊤Ay, where x = (x1, . . . , xn)

⊤ and
y = (y1, . . . , yn)

⊤ satisfy v =
∑n

i=1 xivi and w =
∑n

i=1 yivi. Then, ⟨v,w⟩ is an
inner product of V.

Proof: Let v =
∑n

i=1 xivi, w =
∑n

i=1 yivi, and u =
∑n

i=1 zivi.

• ⟨v,w⟩ = x⊤Ay = (x⊤Ay)⊤ = y⊤A⊤x = y⊤Ax = ⟨w, v⟩;

• ⟨cv,w⟩ = (cx)⊤Ay = c(x⊤Ay) = c⟨w, v⟩;

• ⟨v + u,w⟩ = (x + z)⊤Ay = x⊤Ay + z⊤Ay = ⟨v,w⟩+ ⟨u,w⟩;

• ⟨v, v⟩ = x⊤Ax > 0 if x ̸= 0 and equivalently v ̸= 0.

We then summarize these observations as the following theorem:

Theorem 4.1 An inner product in an n-dimensional vector space is character-
ized by an n× n symmetric positive definite matrix as in (4.1).

Example 4.2 Let V be a collection of polynomials of degree less than 3. That
is, V = {a0 + a1x + a2x

2 : ai ∈ R}. We discussed that V is a vector space.
Define ⟨f, g⟩ =

∫ 1

−1
f(x)g(x)dx for f, g ∈ V. ⟨·, ·⟩ is an inner product on V since

integration is linear in integrand. Let us characterize this inner product using
a positive definite matrix with respect to a basis {1, x, x2}.

⟨1, 1⟩ =

∫ 1

−1

1 · 1dx = 2 , ⟨1, x⟩ =
∫ 1

−1

1 · xdx = 0,

⟨1, x2⟩ =

∫ 1

−1

1 · x2dx =
2

3
, ⟨x, x⟩ =

∫ 1

−1

x · xdx =
2

3
,

⟨x, x2⟩ =

∫ 1

−1

x · x2dx = 0 , ⟨x2, x2⟩ =
∫ 1

−1

x2 · x2dx =
2

5
.
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The matrix corresponding to this inner product is given by

2 0 2
3

0 2
3 0

2
3 0 2

5

 .

Example 4.3 Let V = R3 with a bilinear function ⟨x, y⟩ = x⊤Ay for x, y ∈ V

where A =

2 0 2
3

0 2
3 0

2
3 0 2

5

 . From

x⊤Ax = [x1 x2 x3]

2 0 2
3

0 2
3 0

2
3 0 2

5


x1x2
x3


= 2x21 +

4

3
x1x3 +

2

3
x22 +

2

5
x23

= 2
(
x1 +

1

3
x3
)2

+
2

3
x22 +

8

45
x23 ,

we see that ⟨x, x⟩ ≥ 0 and ⟨x, x⟩ = 0 implies x = 0. ⟨x, y⟩ is also bilinear.
Therefore, it is an inner product. This inner product is essentially equivalent to
the one from Example 4.2 above, as

⟨[1 0 0]⊤, [1 0 0]⊤⟩ = 2 , ⟨[1 0 0]⊤, [0 1 0]⊤⟩ = 0 ,

⟨[1 0 0]⊤, [0 0 1]⊤⟩ =
2

3
, ⟨[0 1 0]⊤, [0 1 0]⊤⟩ = 2

3
,

⟨[0 1 0]⊤, [0 0 1]⊤⟩ = 0 , ⟨[0 0 1]⊤, [0 0 1]⊤⟩ = 2

5
.

Of course, in a Euclidean space which is frequently used by and familiar to
us, we can define a variety of inner products. Among these inner products, we
call the one defined below the standard inner product.

Definition 4.3 We define the standard inner product, or sometimes dot
product, between two vectors, x = (x1, . . . , xn)

⊤ and y = (y1, . . . , yn)
⊤,

in the n-dimensional Euclidean space, Rn, as

⟨x, y⟩ = x1y1 + · · ·+ xnyn = x⊤y. (4.2)

The norm is thus defined as |x| =
√

x⊤x =
√
x21 + · · ·+ x2n, and we refer

to it as the Euclidean norm.
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The standard inner product in Rn corresponds to (4.1) with A = In. ⟨x, y⟩ =
2
∑n

k=1 xkyk, ⟨x, y⟩ =
∑n

k=1 k xkyk, and ⟨x, y⟩ =
∑n

k=1
1
k2 xkyk are examples of

inner products in Rn.

Example 4.4 Let us see that the standard inner product is indeed an inner
product in Rn by showing that it satisfies the properties of an inner product,
following elementary arithmetic steps. Given x, y, z ∈ Rn and c ∈ R,

• ⟨x, y⟩ = x⊤y = x1y1 + · · ·+ xnyn = y1x1 + · · ·+ ynxn = y⊤x = ⟨y, x⟩;

• ⟨cx, y⟩ = (c x)⊤y = (cx1)y1 + · · · + (cxn)yn = c(x1y1 + · · · + xnyn) =

c (x⊤y) = c⟨x, y⟩;

• ⟨x + y, z⟩ = (x + y)⊤z = (x1 + y1)z1 + · · · + (xn + yn)zn = (x1z1 + · · · +
xnzn) + (y1z1 + · · ·+ ynzn) = x⊤z + y⊤z = ⟨x, z⟩+ ⟨y, z⟩;

• |x|2 = ⟨x, x⟩ = x⊤x = x21 + · · · + x2n ≥ 0. If |x| = 0, all xi = 0 and x = 0.
It is straightforward to show the converse.

4.2 Orthogonal Vectors and Subspaces
Let v1 and v2 be two non-zero vectors in a vector space V with its inner product.
We ask whether two directions defined respectively by v1 and v2 are orthogonal
to each other. By assuming v1 and v2 are not parallel to each other,2 there
exists a unique plane that contains the origin 0, v1 and v2. This plane, which is
a 2-dimensional subspace, is spanned by v1 and v2, i.e., span{v1, v2} = {x1v1+

x2v2 : x1, x2 ∈ R}. Within this subspace, 0, v1 and v2 form three vertices of
a triangle, and the lengths of three edges are defined as norms, |v1|, |v2| and
|v1 − v2|. Once |v1|2 + |v2|2 = |v1 − v2|2, we say the Pythagorean relationship
holds and that v1 and v2 are orthogonal to each other.

As an example, let the vector space V be a familiar space, Rn, and x =

(x1, . . . , xn)
⊤ and y = (y1, . . . , yn)

⊤ be two non-zero vectors in Rn. Because the
Euclidean norm is defined with the standard inner product,

0 = |x|2 + |y|2 − |x− y|2

2v1 is a scalar multiple of v2 if they are parallel.
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= x21 + · · ·+ x2n + y21 + · · ·+ y2n − (x1 − y1)2 − · · · − (xn − yn)2

= 2(x1y1 + · · ·+ xnyn)

= 2 x⊤y,

which implies that x⊤y = 0 is a necessary and sufficient condition for x and y
being orthogonal to each other. This condition is extended to arbitrary vector
spaces in Fact 4.3 below.

Instead of orthogonality, we can think of the angle between a pair of vectors,
x and y in Rn. From a well-known result from 2-dimensional geometry,

|x− y|2 = |x|2 + |y|2 − 2|x| |y| cos θ,

when the angle between x and y is θ. From this, we can derive the angle between
any arbitrary pair of vectors as

cos θ = x⊤y
|x||y| .

We can further generalize this idea to two vectors v1 and v2 in arbitrary vector
space with an inner product as

cos θ = ⟨v1, v2⟩
|v1||v2|

. (4.3)

We often refer to it as the cosine similarity between two vectors and use it
to measure the similarity between two vectors in terms of their angles while
ignoring their norms.

In this section, we generalize the orthogonality of two vectors to work with
a general inner product, beyond the standard inner product. This allows us to
derive a variety of interesting results later.
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Definition 4.4 In a vector space V with an inner product ⟨·, ·⟩,

1. We say v1 and v2 are orthogonal and use v1 ⊥ v2 to express the
orthogonality, if

⟨v1, v2⟩ = 0.

2. If every pair of vectors among v1, . . . , vk is orthogonal, i.e., vi ⊥ vj

for i ̸= j, we say that they are (mutually) orthogonal.

3. When unit vectors are (mutually) orthogonal, we say they are or-
thonormal.

4. If a basis consists of orthonormal basic vectors, we call it an or-
thonormal basis.

Let us now connect this generalized notion of orthogonality with the tradi-
tional notion of orthogonality we just described earlier. We start by showing
that this new definition of orthogonality extends the Pythagorean relationship
among the edges of an right triangle to an arbitrary vector space.

Fact 4.3 Show that two vectors v1 and v2 are orthogonal if and only if the
Pythagorean relation holds:

|v1|2 + |v2|2 = |v1 ± v2|2 .

Proof: Since |v1± v2|2 = ⟨v1± v2, v1± v2⟩ = ⟨v1, v1⟩± 2⟨v1, v2⟩+ ⟨v2, v2⟩ for
any two vectors v1 and v2, we have

|v1 ± v2|2 = |v1|2 ± 2⟨v1, v2⟩+ |v2|2 ,

which proves the statement.

We can also show that orthogonal vectors are linearly independent as well.

Fact 4.4 If non-zero vectors v1, . . . , vn are mutually orthogonal, then they are
linearly independent.

Proof: Consider c1v1 + · · · + cnvn = 0 for some real ci’s. Since vi’s are
mutually orthogonal,

⟨vi, 0⟩ = ⟨vi, c1v1 + · · ·+ cnvn⟩
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= c1⟨vi, v1⟩+ · · ·+ ci⟨vi, vi⟩+ · · ·+ cn⟨vi, vn⟩

= ci⟨vi, vi⟩ .

Since ⟨vi, vi⟩ > 0 and ⟨vi, 0⟩ = 0, ci = 0.

We can draw the following observation about orthonormal vectors.

Fact 4.5 Let {v1, . . . , vn} be an orthonormal basis for a vector space V. For
any vector v ∈ V,

v = ⟨v, v1⟩v1 + · · ·+ ⟨v, vn⟩vn =

n∑
i=1

⟨v, vi⟩vi

holds and the representation is unique.

Proof: Since the basis spans the space, we have v = x1v1 + · · · + xnvn =∑
i=1 xivi for some real xi’s. From the orthogonality and normality,

⟨v, vj⟩ = ⟨
n∑

i=1

xivi, vj⟩ =
n∑

i=1

xi⟨vi, vj⟩ = xj⟨vj , vj⟩ = xj , for each j = 1, . . . , n

and we obtain the desired representation. The uniqueness comes from the linear
independence of basic vectors.

Fact 4.5 implies that we can perfectly represent an arbitrary vector as inner
products against basic vectors in an orthonormal basis. That is, each inner
product ⟨v, vi⟩ serves as a coordinate along the corresponding orthonormal basic
vector.

Example 4.5 For the Euclidean vector space Rn, define the standard basic
vectors

ei = (0, . . . , 0, 1, 0, . . . , 0)⊤ ∈ Rn , i = 1, . . . , n

whose i-th element is 1, and all others are 0. The standard basis in Rn is
{e1, . . . , en}. Unless otherwise specified, we assume the standard inner product
in a Euclidean vector space by default.

1. The standard basis in Rn is orthonormal since |ei|2 = e⊤i ei = 1, e⊤i ej = 0

for i ̸= j;

2. For x = (x1, . . . , xn)
⊤ ∈ Rn, xi = ⟨x, ei⟩ = x⊤ei and x = x1e1 + . . . +

xnen, which confirms Fact 4.5 for the standard basis and the standard
inner product in Rn since x⊤ei = xi and x = (x1, 0, . . . , 0)

⊤ + · · · +
(0, . . . , 0, xn)

⊤ = x1e1 + · · ·+ xnen.
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In mathematics, it is usual to say that a property is satisfied by two sets, if
it holds between every pair of elements from two sets. Along this line, we can
generalize the notion of orthogonality to subsets.

Definition 4.5 We say two subsets, U and W, of a vector space V are
orthogonal and use U ⊥W to denote the orthogonality, if

u ⊥ w for all u ∈ U, w ∈W.

From this definition of orthogonality of subsets, we can define the orthogonal
complement.

Definition 4.6 An orthogonal complement of a subspace W of a vector
space V is defined as

W⊥ = {v ∈ V : v ⊥ w for all w ∈W}.

As the name suggests, W ⊥ W⊥. Due to the linearity of an inner product,
W⊥ is also a subspace of V.

Fact 4.6 W⊥ is also a subspace of a vector space V if W is a subspace of V.

Proof: By definition, W⊥ ⊂ V and 0 ∈W⊥. With α, β ∈ R and v1, v2 ∈W⊥,
⟨αv1 + βv2,w⟩ = α⟨v1,w⟩+ β⟨v2,w⟩ = 0 for any w ∈W. That is, αv1 + βv2 ∈
W⊥. Therefore, W⊥ is a subspace of V.

We should warn you that two orthogonal subspaces may not be the orthogo-
nal complement of each other. For instance, two subspaces of R3 under the stan-
dard inner product, U = span{(1, 0, 0)} and W = span{(0, 1, 0)}, are orthogonal,
but the orthogonal complement of the former, U⊥ = span{(0, 1, 0), (0, 0, 1)}, is
a proper superset of W. In other words, U ⊥W but U⊥ ⊋ W. We present and
study specific examples of orthogonal complements in Euclidean spaces, such as
Col (A⊤)⊥ = Null (A) and Null (A)⊥ = Col (A⊤), later in Section 4.6.

From the example above, where two 1-dimensional subspaces were produced
from two orthogonal vectors, respectively, we can see that two orthogonal sub-
spaces do not overlap with each other except for the origin in general.
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Fact 4.7 Let W be a subspace of a vector space V, and W⊥ be the orthogonal
complement of W in V. Then, W ∩W⊥ = {0}.

Proof: Let w ∈W ∩W⊥. Since w ∈W and w ∈W⊥, we conclude ⟨w,w⟩ = 0

by the definition of the orthogonal complement. The definition of the inner
product implies that w = 0.

According to Definition 3.3, Fact 4.7 guarantees W+W⊥ = W⊕W⊥. There-
fore, the summands are unique once a vector is represented as a sum of two
vectors from a subspace and its orthogonal complements by Fact 3.1. We sum-
marize this observation as the following theorem.

Theorem 4.2 Let W be a subspace of a vector space V, and W⊥ be the orthog-
onal complement of W. If every v ∈ V has a decomposition of v = w + z where
w ∈W and z ∈W⊥, then this decomposition is unique and V = W⊕W⊥.

As an illustrating example of Theorem 4.2, let us consider R3.

Example 4.6 Let V = R3 and W = R× {0} × {0}. Then, W⊥ = {0} ×R×R.
Check yourself that W∩W⊥ = {0}. For (x, y, z)⊤ ∈ V, (x, y, z)⊤ = (x, 0, 0)⊤ +

(0, y, z)⊤ ∈ W + W⊥. Since W ∩W⊥ = {0}, W + W⊥ = W ⊕W⊥, and this
representation is unique according to Fact 3.1.

In Section 4.5, we will further show that a finite-dimensional vector space
can be expressed as a direct sum of an arbitrary subspace and its orthogonal
complement. That is, any finite-dimensional vector can be uniquely represented
as the sum of two vectors from an arbitrary subspace and its orthogonal com-
plement.

Another problem we frequently run into is to determine whether a vector v
is orthogonal to a subspace W = span{w1, . . . ,wk}. Instead of checking whether
⟨v,w⟩ = 0 for every w ∈ W, it is enough to check whether ⟨v,wj⟩ = 0 for each
wj .

Lemma 4.3 Let V be a vector space and {w1, . . . ,wk} be a set of some vectors
in V. For any v ∈ V,

v ⊥ span{w1, . . . ,wk} if and only if v ⊥ wj for j = 1, . . . , k.

Proof: “only if” part is clear, since all wj ∈ W = span{w1, . . . ,wk}. For “if”
direction, assume w ∈W. w should then be written as w = x1w1 + · · ·+ xkwk

for some x1, . . . , xk ∈ R. So,

⟨v,w⟩ = ⟨v, x1w1 + · · ·+ xkwk⟩ = x1⟨v,w1⟩+ · · ·+ xk⟨v,wk⟩ = 0,
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and hence v ⊥W.

Keep in your mind that we did not put any other condition, such as linear
independence, on w1, . . . ,wk to get this result.

4.3 Orthogonal Projection

4.3.1 Projection to the Direction of a Vector

Consider a vector w ̸= 0 in a vector space V. Among all the points on a line
passing through the origin along the direction w,3 let us pick one that is closest
to another vector v. We use the norm of a vector, induced by an inner product,
to measure the distance. First, we parametrize all the points (vectors) on the
line along the direction of w using a scale parameter λ:

{λw : λ ∈ R}.

The distance from v to an arbitrary point on this line is then |λw− v|. We can
rewrite this as the following:

|λw− v|2 = ⟨λw− v, λw− v⟩

= λ2⟨w,w⟩ − 2λ⟨v,w⟩+ ⟨v, v⟩.

This quadratic form is minimized with

λ∗ =
⟨v,w⟩
⟨w,w⟩ .

The vector on a line along w, that is nearest to v is then4

λ∗w =
⟨v,w⟩
⟨w,w⟩w =

〈
v, 1

|w|w
〉 1

|w|w.

According to our intuition from Euclidean spaces, the vector that represents
the shortest distance, v − λ∗w, and w should be orthogonal. Indeed so, this
holds in an arbitrary vector space equipped with an inner product as well, since

⟨v− λ∗w,w⟩ = ⟨v,w⟩ − λ∗⟨w,w⟩ = 0.

3More precisely, it a one-dimensional subspace spanned by w, span{w}.
4Because w’s role here is to identify the direction, its norm/magnitude is not essential. In

order to make it more concise, we can start from a unit vector w, i.e., |w| = ⟨w,w⟩ = 1.
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We thus call λ∗w the orthogonal projection of v onto w.5 In a vector space with
an inner product, we project a vector onto a line and obtain the nearest vector
on the line to the original vector. We represent such orthogonal projection of v
onto w as

Pw(v) =
⟨v,w⟩
⟨w,w⟩w . (4.4)

If w was a unit vector, i.e. ⟨w,w⟩ = 1, the representation can be simplified as

Pw(v) = ⟨v,w⟩w . (4.5)

Because ⟨v,w⟩ is linear in v, the orthogonal projection Pw : V → span{w} is
also linear. In addition, the resulting vector from orthogonal projection remains
the same even after further orthogonal projection onto the same direction, since

Pw(Pw(v)) =
⟨Pw(v),w⟩
⟨w,w⟩ w =

⟨ ⟨v,w⟩
⟨w,w⟩w,w⟩
⟨w,w⟩ w =

⟨v,w⟩
⟨w,w⟩w = Pw(v) .

Because of this property, orthogonal projection is idempotent.6 Orthogonal
projection is the only idempotent one among linear transformations. We show
later that a symmetric, idempotent matrix identifies an orthogonal projection.

We have introduced an orthogonal projection onto a one-dimensional sub-
space spanned by a single vector. We now generalize it to the orthogonal pro-
jection onto a subspace as follows.

Definition 4.7 An orthogonal projection onto a subspace W is a linear
transform that maps any vector to another vector in a subspace W such
that the direction connecting the two vectors is orthogonal to the subspace
W. We denote the projection by PW. In the Euclidean vector space, a
matrix is called an orthogonal projection matrix if the matrix represents
a projection.

Orthogonal projection of any vector as defined in Definition 4.7 is unique by
Theorem 4.2. Orthogonal projection is also linear. It is easy to show that scalar
multiplication is preserved by PW, and if PW(v1) = w1 and PW(v2) = w2, then
PW(v1+v2) = w1+w2 since v1+v2− (w1+w2) = (v1−w1)+(v2−w2) ∈W⊥.
This linearity allows us to represent an orthogonal projection as a matrix.

5Since we only deal with orthogonal projection in this book, we will sometimes omit or-
thogonal and simply say projection, for the brevity.

6We call a matrix or a function idempotent when the square of the matrix or the composition
of the function with itself are the same as the original one.
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Similarly to the earlier case with orthogonal projection onto a one-dimensional
space, we can ask what PW(w) is for a vector w ∈W. If we choose w itself as a
candidate of PW(w), the direction w− PW(w) = 0 is trivially orthogonal to W.
Thus, a projection of a vector in W onto W is just the vector itself, and because
of the uniqueness of orthogonal projection, PW(w) = w holds for w ∈ W. In
other words, PW(PW(v)) = PW(v) for any vector v, since PW(v) ∈ W, that is,
PW ◦ PW = PW. Orthogonal projection is thus idempotent, and we can state it
as P 2 = P for a corresponding projection matrix P .

Fact 4.8 In the n-dimensional Euclidean space Rn, the orthogonal projection
matrix onto a vector w is

P =
1

w⊤www⊤ =
1

|w|2 ww⊤. (4.6)

This projection matrix is idempotent and symmetric, that is, P 2 = P and
P⊤ = P .

Proof: Consider a v ∈ Rn. By rearranging (4.4) in Rn, we observe

PW(v) = ⟨v,w⟩
⟨w,w⟩w =

1

w⊤w (v⊤w)w =
1

w⊤ww(w⊤v) = 1

w⊤w (ww⊤)v

where the last term is a multiplication of a matrix 1
w⊤w ww⊤ and a vector v.

Therefore, the projection matrix is a rank-one matrix, as in

P =
1

w⊤www⊤ .

It is thus trivial that P is symmetric, and P = P 2, because

P 2 =
1

(w⊤w)2
(
ww⊤)(ww⊤) = 1

(w⊤w)2
w
(
w⊤w

)
w⊤ =

w⊤w
(w⊤w)2

ww⊤ = P .

4.3.2 Projection onto Orthonormal Vectors

Let W be a subspace of a vector space V, and {q1, . . . , qk} be an orthonormal
basis of W. That is, ⟨qj , qj⟩ = 1 and ⟨qi, qj⟩ = 0 for i ̸= j. We can write
arbitrary w ∈W as a linear combination of these basic vectors:

w = x1q1 + · · ·+ xkqk =

k∑
i=1

xiqi ∈W.
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For a given v ∈ V, we consider a problem of finding w ∈ W that is orthogonal
to v−w. This is equivalent to finding its coordinate xi and the inner product in
the vector space plays an important role in determining these coordinate values.

According to Lemma 4.3, saying that the direction of v−w is orthogonal to
the subspace W is equivalent to saying that v−w is orthogonal to every qj . We
can thus get xj = ⟨qj , v⟩ from ⟨qj , v− w⟩ = 0, because

0 = ⟨qj , v− w⟩ =
〈

qj , v−
k∑

i=1

xiqi

〉
= ⟨qj , v⟩ −

k∑
i=1

xi⟨qj , qi⟩ = ⟨qj , v⟩ − xj .

That is, if we set

w∗ = ⟨v, q1⟩q1 + · · ·+ ⟨v, qk⟩qk =

k∑
i=1

⟨v, qi⟩qi ,

v−w∗ is orthogonal to all the basic vectors of W and therefore it is orthogonal
to W.

Let us decompose v as

v = w∗ + (v− w∗).

Because w∗ ∈ W and v − w∗ ∈ W⊥, we see that this decomposition is unique,
according to Theorem 4.2.

v

w∗
W

v− w∗

In other words, there exists a unique line orthogonal to W that meets v.
According to Definition 4.7, this lines passes the vector in W, and this vector
is the projection of v onto W. We use PW(v) to refer to this vector and can
express it as

PW(v) = ⟨v, q1⟩q1 + · · ·+ ⟨v, qk⟩qk =

k∑
i=1

⟨v, qi⟩qi, (4.7)

where W = span{q1, . . . , qk}.
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It is crucial that these spanning vectors are orthonormal, for us to obtain this
succinct representation of PW. When there is only one basic vector, i.e., k = 1,
(4.7) and (4.5) are equivalent. Because ⟨v, qi⟩qi is linear in v, the orthogonal
projection PW(v) is also linear in v, and we can derive the projection matrix
from (4.7) with respect to a basis of W.

Fact 4.9 Let PW be an orthogonal projection onto a subspace W spanned by
orthonormal basic vectors, {q1, . . . , qk} ⊂ Rn with the standard inner product.
Define Q as the n × k matrix whose i-th column is qi. Then, the projection
matrix of PW can be expressed as

P = QQ⊤. (4.8)

This matrix is symmetric and satisfies P 2 = P .

Proof: Let v ∈ Rn be a vector we want to project. Using the standard inner
product, ⟨x, y⟩ = x⊤y, we can express the projection in the form of matrix-vector
multiplication, as follows:

PW(v) = q1⟨q1, v⟩+ · · ·+ qk⟨qk, v⟩

= q1q⊤
1 v + · · ·+ qkq⊤

k v

=
(

q1q⊤
1 + · · ·+ qkq⊤

k

)
v

= QQ⊤v by Lemma 3.5.

The symmetry and P 2 = P can be easily checked, because Q⊤Q = Ik.
Fact 4.9 shows that a projection matrix P is symmetric and satisfies P 2 = P .

We will see in Fact 4.16 that any matrix with these two properties is a projection
matrix.

4.3.3 Projection onto Independent Vectors

Let a subspace W of a vector space V be spanned by linearly independent vectors
{w1, . . . ,wk}. They may not be orthonormal. We desire to get w ∈ W, that
satisfies (v−w) ⊥W to project the vector v ∈ V onto the subspace W. Because
W = span{w1, . . . ,wk},

(v− w) ⊥W ⇔ (v− w) ⊥ wi for all i = 1, . . . , k

according to Lemma 4.3. We can represent w as w = x1w1+ · · ·+xkwk with an
appropriate choice of coefficients, x = (x1, . . . , xk)

⊤ ∈ Rk. We combine these
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two to get

0 = ⟨wi,w− v⟩

= ⟨wi, x1w1 + · · ·+ xkwk − v⟩

= ⟨wi, x1w1 + · · ·+ xkwk⟩ − ⟨wi, v⟩

= x1⟨wi,w1⟩+ · · ·+ xk⟨wi,wk⟩ − ⟨wi, v⟩.

That is, we have to find (x1, x2, . . . , xk) satisfying

x1⟨wi,w1⟩+ · · ·+ xk⟨wi,wk⟩ = ⟨wi, v⟩, i = 1, . . . , k. (4.9)

Unlike the case of orthonormal spanning vectors earlier, we cannot determine
the coordinates one at a time. Instead, we have to consider the k equations
in (4.9) simultaneously. By rewriting (4.9) in a matrix form, the orthogonal
projection’s coefficient x∗ is a solution to the following linear system

Bx = c,

where B = (bij) is a k × k symmetric matrix with bij = ⟨wi,wj⟩ and c = (ci)

is a vector with ci = ⟨wi, v⟩. Due to Lemma 4.1, B is invertible. Then, with
x∗ = B−1c, we can compute the orthogonal projection w∗, as

PW(v) = x∗1w1 + · · ·+ x∗kwk . (4.10)

When the basis {w1, . . . ,wk} is orthonormal, the basic vectors are linearly
independent. Then, we can compute the projection using this representation
with B = Ik, that is, x∗ = c. In this case of orthonormal basic vectors, (4.10)
coincides with (4.7).

In the fact below, we learn a more specific way to express projection in the
n-dimensional Euclidean space, which is popular in many applications.

Fact 4.10 Let PW be projection of a vector onto a subspace W spanned by
linearly independent vectors {w1, . . . ,wk} ⊂ Rn. Let P be the corresponding
projection matrix with respect to the standard inner product of Rn. If A is an
n× k matrix whose columns are wi’s,

P = A(A⊤A)−1A⊤. (4.11)

Furthermore, (4.6) and (4.8) are special cases of (4.11).
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Proof: If we let bij = ⟨wi,wj⟩ = w⊤
i wj , B = (bij) = A⊤A and B is invertible.

For v ∈ Rn to be projected, c = A⊤v, and x∗ = B−1c = (A⊤A)−1A⊤v. The
projection is then

PW(v) = x∗1w1 + · · ·+ x∗kwk = Ax∗ = A(A⊤A)−1A⊤v,

and, therefore, the projection matrix is

P = A(A⊤A)−1A⊤.

It is easy to see that (4.6) and (4.8) are special cases of (4.11), by setting A = [w]

and A = Q, respectively.

Example 4.7 Let S be a 2-dimensional surface in R3. Consider a point on S,
v = (1, 2,−1)⊤ ∈ S. When two tangential vectors of S at v are (−1, 0, 1)⊤ and
(1, 1, 0)⊤, let us find the projection point of (2, 3, 0)⊤ onto the tangential plane
of S at v. Assuming v as the origin, the tangential subspace (plane) is spanned
by two tangential vectors. Set the 3 × 2 matrix A consisting of two tangential

vectors: A =

−1 1

0 1

1 0

 and the projected point shifted to the new origin is

w = (2, 3, 0)⊤ − (1, 2,−1)⊤ = (1, 1, 1)⊤. Hence, the projection matrix is

P = A(A⊤A)−1A⊤

=

−1 1

0 1

1 0


[−1 0 1

1 1 0

]−1 1

0 1

1 0




−1 [
−1 0 1

1 1 0

]

=
1

3

 2 1 −1
1 2 1

−1 1 2


and the projection point is Pw+v =

(
2
3 ,

4
3 ,

2
3

)⊤
+(1, 2,−1)⊤ =

(
5
3 ,

10
3 ,

−1
3

)⊤
.

4.4 Building Orthonormal Basis: Gram-Schmidt
Procedure

As we have just learned, we can project a vector onto a subspace spanned by an
orthonormal basis by summing the vectors separately projected onto each basic
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vector. We think in this section how to incrementally find orthonormal vectors
using this projection method.

Let Bk = {q1, . . . , qk} ⊂ W be orthonormal. If Wk = spanBk is a proper
subspace of W, i.e., Wk ⫋ W, there exists at least one vector in W but not in
Wk, i.e., w ∈W \Wk. Using (4.7), we can write the projection of w onto Wk as

PWk
(w) =

k∑
i=1

⟨w, qi⟩qi ∈Wk.

Also, w − PWk
(w) ∈ W⊥

k . Since w ̸∈ Wk, w − PWk
(w) cannot be 0. We now

guess the next unit orthonormal vector qk+1 by

qk+1 =
1∣∣w− PWk

(w)
∣∣ (w− PWk

(w)
)
.

Because qk+1 ⊥ Bk, Bk+1 = Bk ∪ {qk+1} is orthonormal, just like Bk. That is,
Wk+1 spanned by Bk+1 is a subspace of W however with one more dimension
than Wk. Because W is finite-dimensional, we repeat this procedure and get
an orthonormal basis of W. We call this iterative process the Gram-Schmidt
procedure. We start the Gram-Schmidt procedure by choosing any non-zero
vector in W and normalizing its norm to be 1. This tells us the following fact.

Fact 4.11 Let W be a finite-dimensional subspace and B be a set of orthonormal
vectors in W. Then, there exists an orthonormal basis of W containing B, and
we can construct it explicitly.

4.4.1 Gram-Schmidt Procedure for Given Vectors

Let {a1, . . . , ak} be a set of linearly independent vectors. The dimension of a vec-
tor space W spanned by these vectors is k. Just like before with orthonormal vec-
tors, we can use the Gram-Schmidt procedure to find a basis with special prop-
erties. That is, we follow the above procedure by setting Wi = span{a1, . . . , ai}
and ai+1 ∈W \Wi for i < k.



Kang
&

Cho
(20

25)

102 Chapter 4. Orthogonality and Projections

Set q1 = 1
|a1|a1, i = 1;

1. A set of i orthonormal vectors, Bi = {q1, . . . , qi} with i < k,

2. Compute
vi+1 = ai+1 − Pspan Bi

(ai+1)

= ai+1 −
(
⟨ai+1, q1⟩q1 + · · ·+ ⟨ai+1, qi⟩qi

)
(4.12)

qi+1 =
1

|vi+1|
vi+1

3. Update Bi+1 = Bi ∪ {qi+1}.

4. Set i← i+ 1. Repeat while i < k.

qi’s produced by this procedure satisfy the following properties.

Fact 4.12 Let {a1, . . . , ak} be linearly independent vectors. The Gram-Schmidt
procedure above produces an orthonormal basis {q1, . . . , qk} of the subspace
span{a1, . . . , ak} such that

span{a1, . . . , aj} = span{q1, . . . , qj} for j = 1, . . . , k .

Furthermore, each qj explains some part of aj not belonging to span{q1, . . . , qj−1},
that is,

⟨aj , qj⟩ ̸= 0 for j = 1, . . . , k. (4.13)

Proof: We use mathematical induction on k. It is trivially true with k = 1.
Assume that the statement holds up to k, that is,

span{a1, . . . , aj} = span{q1, . . . , qj} for all j ≤ k. (4.14)

• vk+1 = 0 if |vk+1| = 0. This implies, by (4.12), that ak+1 ∈ span{q1, . . . , qk}
and that ak+1 ∈ span{a1, . . . , ak} due to the assumption in (4.14), which
contradicts the linear independence among aj’s. Therefore, |vk+1| ̸= 0.

• If we rewrite (4.12) by replacing vk+1 with |vk+1|qk+1,

ak+1 = ⟨ak+1, q1⟩q1 + · · ·+ ⟨ak+1, qk⟩qk + |vk+1|qk+1.

Thus, ak+1 ∈ span{q1, . . . , qk+1}
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• If we further divide (4.12) with |vk+1| after replacing vk+1 with |vk+1|qk+1,

qk+1 =
1

|vk+1|
ak+1 −

1

|vk+1|
(
⟨ak+1, q1⟩q1 + · · ·+ ⟨ak+1, qk⟩qk

)
.

In other words, qk+1 is a linear combination of ak+1 and q1, . . . , qk. Ac-
cording to (4.14), qk+1 ∈ span{a1, . . . , ak+1}.

Therefore, span{a1, . . . , ak+1} = span{q1, . . . , qk+1}.
Let us show ⟨ak+1, qk+1⟩ ̸= 0. If we compute the inner products of both

sides of (4.12) and qk+1, we get ⟨ak+1, qk+1⟩ = ⟨vk+1, qk+1⟩, because qk+1 ⊥
span{q1, . . . , qk}. Since ⟨vk+1, qk+1⟩ = |vk+1|, we get ⟨ak+1, qk+1⟩ = |vk+1| > 0.

Example 4.8 Let V be a vector space consisting of polynomials of degree less
than 3. That is, V = {a0 + a1x + a2x

2 : ai ∈ R}. For an inner product
⟨f, g⟩ =

∫ 1

−1
f(x)g(x)dx for f, g ∈ V, let us find an orthonormal basis starting

with linearly independent monomials {1, x, x2}.

1. v1 = 1, ⟨v1, v1⟩ =
∫ 1

−1
1dx = 2,

q1 = 1
|v1|v1 = 1√

2

2. ⟨x, q1⟩ = 1√
2

∫ 1

−1
xdx = 0,

v2 = x− ⟨x, q1⟩q1 = x, ⟨v2, v2⟩ =
∫ 1

−1
x2dx = 2

3 ,

q2 = 1
|v2|v2 =

√
3
2x.

3. ⟨x2, q1⟩ = 1√
2

∫ 1

−1
x2dx =

√
2
3 , ⟨x2, q2⟩ =

√
3
2

∫ 1

−1
x3dx = 0,

v3 = x2 − ⟨x2, q1⟩q1 − ⟨x2, q2⟩q2 = x2 − ⟨x2, q1⟩q1 = x2 − 1
3 , ⟨v3, v3⟩ =∫ 1

−1

(
x2 − 1

3

)2
dx = 1

15 ,
q3 = 1

|v3|v3 =
√
15
(
x2 − 1

3

)
.

By applying the Gram-Schmidt procedure to {1, x, x2} as above, we obtain the
following orthonormal basis;

{ 1√
2
,

√
3

2
x,
√
15
(
x2 − 1

3

)}
.
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4.4.2 Projection as Distance Minimization

Consider a k-dimensional subspace W, spanned by an orthonormal basis {q1, . . . , qk},
of a finite-dimensional vector space V. We can use for instance the Gram-
Schmidt procedure above to find a basis of the full space V that includes the
orthonormal basis of W. Let {q1, . . . , qk, vk+1, . . . , vn} be the complete or-
thonormal basis of V. For any vector u in V, we can express u as follows,
according to Fact 4.5:

u = ⟨u, q1⟩q1 + · · ·+ ⟨u, qk⟩qk + ⟨u, vk+1⟩vk+1 + · · ·+ ⟨u, vn⟩vn .

With an arbitrary vector w = x1q1 + · · ·+ xkqk ∈W,

|u− w|2 =
(
⟨u, q1⟩ − x1

)2
+ · · ·+

(
⟨u, qk⟩ − xk

)2
+ ⟨u, vk+1⟩2 + · · ·+ ⟨u, vn⟩2

≥ ⟨u, vk+1⟩2 + · · ·+ ⟨u, vn⟩2,

because

u−w =
(
⟨u, q1⟩−x1

)
q1+ · · ·+

(
⟨u, qk⟩−xk

)
qk+⟨u, vk+1⟩vk+1+ · · ·+⟨u, vn⟩vn.

We get the minimal distance of |u − w| when xi = ⟨u, qi⟩ for all i. In other
words, w ∈W that minimizes |u− w| is

w = ⟨u, q1⟩q1 + · · ·+ ⟨u, qk⟩qk.

According to (4.7), this is precisely the projection of u onto W, i.e., PW(u).
Thus, the projection of u onto W is the vector in W closest to u.

4.5 Decomposition into Orthogonal Complements
Given a subspace, we will show that a vector in a finite-dimensional vector
space can be expressed as a sum of a vector in the subspace and a vector in
the orthogonal complement. Since these two subspaces are orthogonal to each
other, we can conclude that any finite-dimensional vector space can be expressed
as a direct sum of a subspace and its orthogonal complement. With respect to
the given subspace, this decomposition is unique, which makes it particularly
useful.

Fact 4.13 Let V be a finite-dimensional vector space and W be a subspace of
V. For any v ∈ V, there exist unique w ∈W and z ∈W⊥ such that v = w + z.
Therefore, the direct sum representation V = W⊕W⊥ holds.
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Proof: By Fact 4.11, we can obtain an orthonormal basis of W. Then, for
any v ∈ V, we get a projection w = PW(v) of v onto W through (4.7), and its
orthogonal component z = v−w lies in W⊥. Then, the decomposition holds by
Theorem 4.2.

Any subspace has its orthogonal complement, and thereby it is natural to
consider the orthogonal complement of the orthogonal complement of a sub-
space, that is,

(
W⊥)⊥. Consider a subspace W = R × {0} of V = R2 = (R ×

{0})⊕({0}×R). Then, W⊥ = {0}×R and (W⊥)⊥ = ({0}×R)⊥ = R×{0} = W.
We thus conjecture that (W⊥)⊥ = W. For a finite-dimensional vector space, in
fact, the orthogonal complement of the orthogonal complement of a subspace is
the original subspace.7

Fact 4.14 Let V be a finite-dimensional vector space and W be a subspace of
V. Then, (W⊥)⊥ = W.

Proof: Let w ∈W. For any z ∈W⊥, ⟨w, z⟩ = 0 by the definition of orthogonal
complement. Therefore, w ∈ (W⊥)⊥, that is, W ⊂ (W⊥)⊥.

Conversely, assume v ∈ (W⊥)⊥. By Fact 4.13, v = w + z for some w ∈ W
and z ∈ W⊥, and ⟨w, z⟩ = 0. Since v ∈ (W⊥)⊥, we know v ⊥ z. Then,
0 = ⟨v, z⟩ = ⟨w + z, z⟩ = ⟨w, z⟩ + ⟨z, z⟩ = |z|2. Hence, z = 0 and v = w ∈ W,
which implies (W⊥)⊥ ⊂W.

4.6 Orthogonality of Fundamental Subspaces

In this section, we consider a finite-dimensional Euclidean space and the stan-
dard inner product between two vectors

⟨x, y⟩ = x1y1 + · · ·+ xnyn = x⊤y.

First, let us look at the orthogonality among four basic subspaces, starting from
the definitions of the row and column spaces introduced in Section 3.1.2 and
3.5.

Fact 4.15 For any matrix, the row space is orthogonal to the null space. The
column space is orthogonal to the left null space.

7This property does not necessarily hold in an infinite-dimensional vector space.
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Proof: Let A be an m × n matrix. Assume y ∈ Null (A⊤) and b ∈ Col (A).
There exists x ∈ Rn such that b = Ax. Since y⊤A = 0, y⊤b = y⊤(Ax) =

(y⊤A)x = 0⊤x = 0. Therefore, y ⊥ b, that is, Null (A⊤) ⊥ Col (A). Considering
A⊤ instead of A, we can similarly show the orthogonality between the null space
of A and the row space of A.

Because orthogonal subspaces are not necessarily the orthogonal complement
of each other, the fact above tells us only that Row (A) = Col (A⊤) ⊥ Null (A)
but neither whether Null (A) = Col (A⊤)⊥ nor whether Null (A)⊥ = Col (A⊤).

4.6.1 Orthogonal Complements of Fundamental Subspaces

We now consider the relationship between subspaces of a matrix A and their
orthogonal complements.

• Null (A) = Col (A⊤)⊥ : Let x ∈ Null (A), that is, Ax = 0. Because the
i-th element of Ax is the inner product between the i-th row of A and the
vector x, x is orthogonal to all row vectors of A. x is thereby orthogonal
to all vectors in the row space of A, i.e., Null (A) ⊂ Col (A⊤)⊥. On the
other hand, assume x ∈ Col (A⊤)⊥. Since all rows of A are included in
Col (A⊤), the inner product between x and any of the rows of A is 0. In
other words, because Ax = 0, we know that Col (A⊤)⊥ ⊂ Null (A).

• Null (A)⊥ = Col (A⊤) : We derive Null (A)⊥ = Col (A⊤) from Null (A) =
Col (A⊤)⊥ and (Col (A⊤)⊥)⊥ = Col (A⊤) by Fact 4.14.

From these orthogonality results, we conclude that “the null space contains
everything orthogonal to the row space” and that “the row space contains ev-
erything orthogonal to the null space”. If we swap A and A⊤, we end up with
“the left null space is the orthogonal complement of the column space”. We
summarize these results as a lemma for reference.

Lemma 4.4 For any matrix A,

Null (A⊤) = Col (A)⊥ and Null (A)⊥ = Col (A⊤) .

This result is a part of the fundamental theorem of linear algebra.

In Fact 4.9, we identified a matrix corresponding to a projection transforma-
tion. The projection matrix P in (4.8) is symmetric, and P 2 = P . According to
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Lemma 4.4, we can show that these two conditions fully characterize a projection
matrix.

Fact 4.16 P is a matrix representing an orthogonal projection onto a subspace
of the Euclidean vector space Rn if and only if P is symmetric and P 2 = P .

Proof: Let a transformation orthogonally project a vector onto a subspace W.
Let A be a matrix whose columns are the linearly independent vectors, and W
is the column space of A. Then, according to Fact 4.10, we can represent the
projection onto Col (A) with

P = A(A⊤A)−1A⊤

which is symmetric and satisfies P 2 = P .
Conversely, assume that a symmetric matrix P satisfies P 2 = P . Let W =

Col (P ). Then, for an arbitrary vector v,

(v− Pv) ∈ Null (P ) = Null (P⊤) = Col (P )⊥ = W⊥.

Lemma 4.4 implies the second equality, and the inclusion comes from

P (v− Pv) = Pv− P 2v = 0.

That is, (v − Pv) ⊥ W. In addition, Pv ∈ Col (P ) = W. Thus, the operator
corresponding to P is a projection onto the subspace W = Col (P ).

4.7 Orthogonal Matrices

Let the columns of an m × n matrix Q be orthonormal. Because orthonormal
vectors are linearly independent, m ≥ n. The (i, j)-th entry of Q⊤Q results
from the inner product between the column vectors, qi and qj , which is 1 if
i = j and 0 otherwise (i ̸= j). That is, Q⊤Q = In and Q has a left inverse.
With m = n, when all columns of the square matrix Q are linearly independent,
Q is invertible and Q−1 = Q⊤, and we call Q an orthogonal matrix. Since
QQ−1 = QQ⊤ = I in this case, both columns and rows of Q are respectively
orthonormal. It is useful to know that a product of orthogonal matrices is also
an orthogonal matrix.
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We reveal an interesting observation on the identity matrix from QQ⊤ = I

before we continue. Let Q be an n × n orthogonal matrix and {q1, . . . , qn} be
its orthonormal columns. If we apply Lemma 3.5 to QQ⊤, we get

I = q1q⊤
1 + · · ·+ qnq⊤

n =

n∑
i=1

qiq⊤
i . (4.15)

A trivial case of (4.15) is I =
∑n

i=1 eie⊤i for the standard basis ei’s of Rn.

Example 4.9 Both the rotation matrix in R2, R =

[
cos θ − sin θ
sin θ cos θ

]
and the

permutation matrix in R3, Q =

0 1 0

0 0 1

1 0 0

 are orthogonal matrices since

R⊤R =

[
cos θ sin θ
− sin θ cos θ

][
cos θ − sin θ
sin θ cos θ

]
=

[
cos2 θ + sin2 θ 0

0 sin2 θ + cos2 θ

]
= I ,

and Q⊤Q =

0 0 1

1 0 0

0 1 0


0 1 0

0 0 1

1 0 0

 =

1 0 0

0 1 0

0 0 1

 = I.

In fact, (B.3) says that QQ⊤ = I for n×n permutation matrix Q. Therefore
any permutation matrix is an orthogonal matrix.

Example 4.10 We discussed a reflection matrix in R2 in Section 3.8.2. We
generalize it to an arbitrary subspace of Rn. Given an n× n projection matrix
P that projects a vector onto this subspace, i.e. it is symmetric and satisfies
P 2 = P as we have seen in Fact 4.16. We can construct a reflection matrix H by
H = 2P−I. This matrix satisfies H⊤ = H and H2 = (2P−I)2 = 4P 2−4P+I =

I. Conversely, given an n × n matrix H that satisfies H⊤ = H and H2 = I,
we can obtain the projection matrix P by P = 1

2 (H + I). This matrix P then
satisfies P⊤ = P and P 2 = 1

4 (H
2 +2H + I) = 1

4 (2H +2I) = P . Because I −P
is a projection matrix when P is also a projection matrix, 2(I−P )− I = I−2P

is also a reflection matrix.
Generally, a reflection matrix H is an orthogonal matrix since H2 = I and

H⊤ = H implies HH⊤ = I.
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As we have seen so far, typical examples of orthogonal matrices correspond to
geometric transformations, such as rotation, reflection and their combination.
Another important example of orthogonal matrix is the permutation matrix,
which is shown in Appendix B. They are however not exhaustive.

4.7.1 QR-Decomposition by Gram-Schmidt Procedure

Consider an m×n matrix A =
[
a1 a2 . . . an

]
whose columns are linearly inde-

pendent. Because the columns are linearly independent, m ≥ n. Furthermore,
let {q1, . . . , qn} be an orthonormal basis obtained from the linearly indepen-
dent column vectors using the Gram-Schmidt procedure from Section 4.4.1.
Say Q =

[
q1 | q2 | · · · | qn

]
. According to Fact 4.12, each column aj is in

span{q1, . . . , qj} for all j = 1, . . . , n, and can be expressed as

aj = ⟨aj , q1⟩q1 + ⟨aj , q2⟩q2 + · · ·+ ⟨aj , qj⟩qj .

These equations can be collectively rewritten as

A =
[
a1 | a2 | · · · | an

]
=
[
q1 | q2 | · · · | qn

]


⟨a1, q1⟩ ⟨a2, q1⟩ · · · ⟨an, q1⟩
0 ⟨a2, q2⟩ · · · ⟨an, q2⟩
0 0 · · · ⟨an, q3⟩
...

... . . . ...
0 0 · · · ⟨an, qn⟩


.

Let us denote the last upper triangular matrix as R. Then, from these, we
obtain so-called QR-decomposition of A as

A = QR .

Q andR are a matrix with orthonormal columns and an upper triangular matrix,
respectively. It also holds that ⟨aj , qj⟩ ̸= 0 because of (4.13), and hence R has
non-zero diagonal entries. Therefore, R is invertible, as it is upper triangular
and does not have any zero in its diagonal. When there are negative entries
on the diagonal of R, we can create a diagonal matrix D such that dii = −1 if
⟨ai, qi⟩ < 0 and otherwise dii = 1. In this case, the following three properties
hold; D2 = I, DR is upper triangular with positive diagonal entries, and the
columns of QD continue to be orthonormal. We can therefore assume that all
the diagonal entries of the upper triangular matrix are positive by decomposing
A into A = QR = (QD)(DR). Hereafter, we assume that the upper triangular
matrix R of QR-decomposition has positive diagonals. In addition, if m = n, Q
is further an orthogonal matrix.
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4.7.2 QR-decomposition by Householder Matrix

An example of an orthogonal matrix is a Householder matrix representing a
reflection, which is created from a projection matrix P = 1

v⊤v vv⊤ toward 0 ̸=
v ∈ Rn, defined as follows:

H = I − 2P = I − 2
1

v⊤vvv⊤.

Observe that H⊤ = H and H2 = I, which implies the orthogonality of H.
Let us investigate H as a transformation matrix. For any vector u, set

v = u + |u| e1. Since v⊤u = u⊤u + |u|u1,

v⊤v = u⊤u + 2u1|u|+ |u|2 = 2(u⊤u + |u|u1) = 2v⊤u

holds. Therefore, the transformation corresponding to a Householder matrix H
based on a direction v moves a vector u to

Hu =
(
I − 2

1

v⊤vvv⊤
)

u = u− 2
1

v⊤vvv⊤u = u− v

= −|u| e1 = (−|u|, 0, . . . , 0)⊤ .

That is, this reflection transformation keeps the norm of u, but aligns the direc-
tion along the negative side of x1 axis. Let us assume that u be the first column
of an n× d matrix A, n ≥ d. Since the first column of HA is −|a1|e1,

HA =

[
−|a1| b⊤

1

0n−1 A2

]
,

where b1 ∈ Rd−1 and A2 is (n− 1)× (d− 1). We can repeat this procedure for
A2. If the Household matrix for the first column of A2, ã2 ∈ Rn−1 is H̃2, set

H2 =

[
1 0⊤

0 H̃2.

]

If |ã2| = 0, set H̃2 = In−1. Then,

H2HA =

[
−|a1| b⊤

1

0n−1 H̃2A2

]
=

−|a1| b⊤
1

0n−1

[
−|ã2| b⊤

2

0n−2 A3

] .
It is easy to confirm that H2 is also orthogonal. By repeating further, we arrive
at

Hd−1Hd−2 · · ·H2HA = R,
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whereR is an n×d upper triangular matrix. By settingQ = H⊤H⊤
2 · · ·H⊤

d−2H
⊤
d−1,

we get A = QR where Q is orthogonal. By choosing the first d columns of Q
and the first d rows of R, we get the QR-decomposition by Householder trans-
formation. Refer to [8] for more details.

4.7.3 Isometry induced by Orthogonal Matrix

Here we consider a linear transformation T : x ∈ Rn → T (x) = Qx ∈ Rn with
an orthogonal matrix Q. With ⟨·, ·⟩ as the standard inner product in Rn,〈

T (x), T (y)
〉
= ⟨Qx, Qy⟩ =

(
Qx
)⊤
Qy = x⊤Q⊤Qy = x⊤y = ⟨x, y⟩.

That is, for any pair of vectors, x, y ∈ Rn,〈
T (x), T (y)

〉
= ⟨x, y⟩. (4.16)

In other words, the standard inner product is preserved under orthogonal trans-
formation. In the case of x = y, the Euclidean norm induced by the standard
inner product is also preserved, as∣∣T (x)∣∣2 =

〈
T (x), T (x)

〉
= ⟨x, x⟩ = |x|2.

We call such a transformation that preserves the norm isometry.
When a linear transformation ℓ preserves the norm induced by an inner

product, i.e., |ℓ(x)| = |x|, the inner product is also preserved, i.e., ⟨x, y⟩ =

⟨ℓ(x), ℓ(y)⟩, because

|x|2 + 2⟨x, y⟩+ |y|2

= |x + y|2

=
∣∣ℓ(x + y)

∣∣2
=

∣∣ℓ(x) + ℓ(y)
∣∣2

=
∣∣ℓ(x)∣∣2 + 2

〈
ℓ(x), ℓ(y)

〉
+
∣∣ℓ(y)∣∣2

= |x|2 + 2
〈
ℓ(x), ℓ(y)

〉
+ |y|2.

In other words, preserving an inner product and preserving the norm induced
by the inner product are equivalent under linear transformation.

Rotation, reflection and permutation induce isometry, since they are all or-
thogonal transformations.
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4.8 Matrix Norms
Let us start by defining the trace of an n × n matrix A = (aij) as the sum of
its diagonal entries,

traceA = a11 + · · ·+ ann.

In the vector space of m× n matrices, we can show that

⟨A,B⟩ = trace(A⊤B) =

m∑
i=1

n∑
j=1

aijbij

for two m × n matrices A and B is an inner product. Then,
√
⟨A,A⟩ =√

trace(A⊤A) is the norm induced by this inner product. We call this matrix
norm a Frobenius norm.

There are many other ways to define a norm for matrices. Another widely
used one is a spectral norm. The spectral norm of a matrix measures how much
a transformation induced by the matrix changes vectors. We do not derive it
from an inner product but define the spectral norm directly below.

• Frobenius norm: This norm is a direct application of the Euclidean vector
norm to a matrix, as it computes the sum of squared entries. That is,8

∥A∥F =
√

trace(AA⊤) =
√

trace(A⊤A) =

√√√√ m∑
i=1

n∑
j=1

a2ij .

Based on this definition, we can see that ∥A∥F = ∥A⊤∥F . For a matrix V
with orthogonal columns (that is, V ⊤V = I) and a matrix A, the following
holds:

∥AV ⊤∥2F = trace(AV ⊤(AV ⊤)⊤) = trace(AV ⊤V A⊤) = ∥A∥2F .

Similarly, for a matrix U with orthogonal rows, ∥UA∥F = ∥A∥F .

• Spectral norm: This matrix norm measures how much unit vectors change
through the linear transformation defined by the matrix. That is, we define
the spectral norm of a matrix A by the following maximization problem

max
|x|≤1

|Ax|.

8If AB and BA are both defined for a pair of matrices A and B, their traces match, that
is, trace(AB) = trace(BA).
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It is not apparent whether an optimal x∗ exists and whether we can find
such x∗ in this optimization problem. The existence of such x∗ and also
that the norm of such x∗ is 1 are shown in Lemma C.3. This result simpli-
fies the optimization problem above and leads to the following definition
of the spectral norm:

∥A∥2 = max
|x|≤1

|Ax| = max
|x|=1

|Ax|. (4.17)

As examples, The spectral norms of rotation and reflection are both 1

since they induce isometries. Because |A
(

1
|x|x
)
| ≤ ∥A∥2 for x ̸= 0, it holds

for an arbitrary vector x that

|Ax| ≤ ∥A∥2| x|. (4.18)

Here are some of interesting properties of matrix norms:

Fact 4.17 For n× d matrix A and d×m matrix B,

1. ∥AB∥2 ≤ ∥A∥2∥B∥2;

2. ∥AB∥F ≤ ∥A∥F ∥B∥F ;

3. ∥A∥2 ≤ ∥A∥F ;

4. For an orthogonal matrix Q, ∥QA∥2 = ∥A∥2 and ∥QA∥F = ∥A∥F ;

5. If A = u⊤ or A = u for an n-dimensional vector u, ∥A∥2 = ∥A∥F = |u|.

Proof: Let ai• = (ai1, . . . , aid)
⊤ and b•j = (b1j , . . . , bdj)

⊤, and consider x with
|x| ≤ 1. Observe that ∥A∥2F =

∑
i |ai•|2 and ∥B∥2F =

∑
j |b•j |2.

1. |(AB)x| = |A(Bx)| ≤ ∥A∥2 |Bx| ≤ ∥A∥2∥B∥2 by (4.18).

2. Using Cauchy-Schwarz inequality, we get

∥AB∥2F =
∑
i

∑
j

(a⊤i•b•j)
2

≤
∑
i

∑
j

|ai•|2|b•j |2 =
∑
i

|ai•|2
∑
j

|b•j |2 = ∥A∥2F ∥B∥2F .

3. |Ax|2 =
∑n

i=1(a
⊤
i•x)2 ≤

∑n
i=1 |ai•|2|x|2 ≤

∑n
i=1 |ai•|2 = ∥A∥2F .

4. |QAx| =
√

x⊤A⊤Q⊤QAx =
√

x⊤A⊤Ax = |Ax|, ∥QA∥2F = trace(A⊤Q⊤QA)

= trace(A⊤A) = ∥A∥2F .
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5. It is clear that ∥A∥F = |u| from the definition of Frobenius norm. By
Cauchy-Schwarz inequality, |Ax| = |u⊤x| ≤ |u|. If we let x̂ = 1

|u|u, then
|x̂| = 1 and Ax̂ = u⊤x̂ = 1

|u|u⊤u = |u|. Hence, ∥A∥2 = |u|. A similar
derivation works for A = u.

Fact 4.18 An upper bound on both the Frobenius and spectral norms of a rank-
one matrix uv⊤ is |u||v|.

Proof: For the spectral and Frobenius norms, ∥uv⊤∥• ≤ ∥u∥• ∥v⊤∥• holds
regardless of the type of the matrix norm. Then, the result holds by 5 of Fact
4.17.

4.9 Application: Least Square and Projection
Both in sciences and engineering, there are many cases in which data is expressed
as the relationship between an explanatory/feature vector z = (z1, . . . , zk)

⊤ ∈
Rk and a dependent variable y. Consider a case where such a relationship is in
the form of

y = θ1f1(z) + · · ·+ θnfn(z),

with appropriate functions, f1, . . . , fn : Rk → R, and constants, θj . We assume
each fi is known and can be computed exactly. Then, instead of z from (z, y) ∈
Rk × R, we can use x = (x1, . . . , xn)

⊤ = (f1(z), . . . , fn(z))⊤ ∈ Rn and assume
the following linear model of relationship:

y = θ1x1 + · · ·+ θnxn = θ⊤x ,

where θ = (θ1, . . . , θn)
⊤. In reality, however, there often exists measurement

error εi for each data pair (ai, bi) for i = 1, . . . ,m, and we assume that such
measurement error is additive:

bi = θ⊤ai + εi , i = 1, . . . ,m .

If we for now ignore measurement noise and express this linear relationship
in terms of an m × n data matrix A, of which i-th row is a⊤i , and a vector
b = (b1, . . . , bm)⊤, we obtain the following linear system:

Aθ = b.
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The problem is then to find θ that satisfies this linear system, although there
may not exist θ that satisfies bi = θ⊤ai due to measurement noise εi for all i.
That is, it may be that b ̸∈ Col (A).

Alternatively, we can approach this problem of finding θ that minimizes
εi = θ⊤ai − bi. That is,9

θ̂ = argmin
θ∈Rn

m∑
i=1

ε2i = argmin
θ∈Rn

m∑
i=1

(θ⊤ai − bi)2 = argmin
θ∈Rn

∣∣Aθ − b
∣∣2. (4.19)

We call (4.19) a least square problem, and θ̂ a least square solution.
Let us expand the objective function |Aθ − b|2 above:

|Aθ − b|2 = ⟨Aθ − b, Aθ − b⟩

= ⟨Aθ, Aθ⟩ − ⟨Aθ, b⟩ − ⟨b, Aθ⟩+ ⟨b, b⟩

= (Aθ)⊤Aθ − 2b⊤Aθ + |b|2

= θ⊤A⊤Aθ − 2b⊤Aθ + |b|2.

Because |Aθ−b|2 is convex with respect to θ due to Theorem A.1, the minimum
is attained at the point where the gradient is zero. We thus compute the gradient
with respect to θ, following Fact 4.19 below, and obtain

2A⊤Aθ − 2A⊤b = 0 or A⊤Aθ = A⊤b,

to which we refer as a normal equation.
Often, the number m of data points is significantly greater than the number

n of parameters (m ≫ n), and thereby the rank of A is n. Even if the rank of
A is less than n, there is no issue in assuming that the rank is n, since we can
always reduce the number of parameters by exploiting the linear dependence
until the columns are linearly independent. If the rank of A is n, the rank of
A⊤A is also n due to Fact 3.8, and therefore the normal equation admits the
following solution:

θ̂ = (A⊤A)−1A⊤b.

Because θ̂ was the solution to the least square problem in (4.19), we know that
Aθ̂ = A(A⊤A)−1A⊤b is the nearest vector in the sense of Euclidean distance
to b among all the vectors in the column space of A. Combining it with our

9We introduce a new notation argmin here. For a given function f , argminx∈A f(x) refers
to an element in A that minimizes f . If it is clear from the context, such as when A = Rn,
we often omit ∈ A. argmax is defined similarly.
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earlier observation that the projection of a vector onto a subspace is the nearest
vector in the subspace to the original vector, we can reasonably guess that Aθ̂
must be an orthogonal projection of b onto Col (A). We confirm this guess of
ours by observing Aθ̂ = Pb where P is the matrix of orthogonally projecting a
vector onto Col (A) in (4.11).

We derive the gradient of a quadratic function which is essential to solve the
normal equation.

Fact 4.19 Let Q be an n × n matrix, b an n-vector, and c a real number. A
real-valued quadratic function f : Rn → R is defined as

f(x) = x⊤Qx + b⊤x + c .

Then, the gradient of f is given as

∇f(x) =
(
Q+Q⊤)x + b .

If the matrix Q is symmetric, then ∇f(x) = 2Qx + b.

Proof: Let Q = (qij) and b = (bi)
⊤. Since f(x) can be written as

f(x1, . . . , xn) =

n∑
i=1

n∑
j=1

qijxixj +

n∑
i=1

bixi + c

= qkkx
2
k +

∑
i ̸=k

n∑
j=1

qijxixj +
∑
j ̸=k

qkjxkxj +

n∑
i=1

bixi + c ,

its partial derivative with respect to xk is

∂f

∂xk
(x1, . . . , xn) = 2qkkxk +

∑
i ̸=k

qikxi +
∑
j ̸=k

qkjxj + bk

=

n∑
i=1

qikxi +

n∑
j=1

qkjxj + bk = (Q⊤x)k + (Qx)k + bk ,

which shows the desired representation. For a symmetric Q, the conclusion is
straightforward.
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Singular Value
Decomposition (SVD)

We often want to represent a bunch of high-dimensional vectors in a lower-
dimensional vector space, for instance for the purpose of visualization. We can
approach this problem as orthogonal projection, and a key question is which
subspace we want to project these high-dimensional vectors, often data points.
It turned out that the answer to this question depends on how we measure
the error arising from this subspace projection. A natural choice of an error
measure is a sum of squared norms of residual vectors connecting the origi-
nal high-dimensional vectors and their projections on the subspace. With this
choice, we can formulate the problem of finding the optimal subspace as that
of searching for an orthonormal basis of the subspace onto which orthogonal
projection minimizes this error measure. We will show that we can identify
this optimal subspace by sequentially solving one-dimensional error minimiza-
tion to find one orthonormal basic vector at a time, while satisfying increas-
ingly more orthonormality constraints. We call these orthonormal basic vectors
right-singular vectors, and the square root of the sum of the squared lengths
of projected vectors from each one-dimensional error minimization problem a
singular value. Together with left-singular vectors, we arrive at singular value
decomposition (SVD). The left-singular vectors can be treated as the optimal
low-dimensional representations of the original higher-dimensional (data) vec-
tors, assuming that we performed SVD on a data matrix consisting of data
rows.

Kang & Cho, Linear Algebra for Data Science,
©2025. (Wanmo Kang & Kyunghyun Cho) all rights reserved.
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Due to our design of incremental optimizations searching for right-singular
vectors, the singular value obtained at an earlier stage is bigger than the one at
a later stage. The sum of the rank-one matrices built by the initially obtained
k singular values and singular vectors turns out to be the best rank-k approx-
imation of the data matrix. Furthermore, we can approximately invert any
given data matrix, regardless of its invertibility, using singular vectors, which
leads us to define pseudoinverse. This pseudoinverse projects data vectors onto
a subspace spanned by linearly dependent vectors, corresponding to the least
square solution, when the rank of the data matrix is not full. By translating this
optimization formulation into the language of statistics, we arrive at principal
components analysis (PCA) with the right-singular vectors correspond to the
principal components in PCA.

5.1 A Variational Formulation for Best-fit Sub-
spaces

Let A be an n×d matrix whose rows correspond to d-dimensional (data) feature
vectors. If ai ∈ Rd were the i-th row of A, A encodes the same information as
{ai : i = 1, . . . , n}. Here, we consider a problem of finding a k-dimensional
subspace W ⊂ Rd that represents the data set {ai : i = 1, . . . , n} well, assuming
k < d. Among many possible criteria to measure how well such a subspace
represents data, we use the square of a vector norm for singular vector decom-
position (SVD). That is, we find the optimal k-dimensional subspace W⋆ to
minimize the “sum of squared residuals”, as in

W
⋆

= argmin
W:dim(W)≤k

n∑
i=1

∣∣ai − PW(ai)
∣∣2. (5.1)

Throughout this chapter, we use the standard inner product in Rd. Up until
now, we were mainly concerned about how to compute the projection, but here
we are more concerned about how to determine the direction of projection.

Before going further, there are two questions that arise naturally here:

1. Why do we use the sum of squares? From the perspective of machine
learning, the sum of squares is a special case of a decomposable loss func-
tion. With the sum of squares, we can replace the sum of squared residuals
with the sum of squared projection lengths using the Pythagorean theo-



Kang
&

Cho
(20

25)

5.1. A Variational Formulation for Best-fit Subspaces 119

rem, because ∣∣ai∣∣2 =
∣∣PW(ai)

∣∣2 + ∣∣ai − PW(ai)
∣∣2

and
∑n

i=1 |ai|2 is constant, we can rewrite (5.1) as

W
⋆

= argmax
W:dim(W)≤k

n∑
i=1

∣∣PW(ai)
∣∣2. (5.2)

We use this form later when we derive SVD. Of course, this does not
prevent us from using another loss function, but it must be determined
for each loss function whether we can derive a simple solution.

2. How do we express a k-dimensional subspace? Although we can use k

arbitrary, but linearly independent vectors to do so, we prefer to use k
orthonormal vectors, as they collectively form a compact representation
of orthogonal projection onto the k-dimensional subspace.

5.1.1 Best-fit 1-dimensional subspace

We start with the 1-dimensional subspace that best represents the data set
{ai : 1 ≤ i ≤ n}. We constrain a basic vector to be a unit vector and use the
inner product to measure the norm of the projection of a data vector onto the
basic vector. If we let v be the basic vector of such a subspace, the projection
of ai onto this subspace is

Pspan{v}(ai) = ⟨ai, v⟩v,

according to (4.5). The lengths of the data vectors after projection are then
{|⟨ai, v⟩| : 1 ≤ i ≤ n}, and we can measure how well the overall data set is
represented by

n∑
i=1

∣∣Pspan{v}(ai)
∣∣2 =

n∑
i=1

⟨ai, v⟩2 =

n∑
i=1

(
ai⊤v

)2
.

Because ai is the i-th row of A, this quantity is equivalent to |Av|2. We can
thus find the best basic vector v1 to approximate the n× d matrix A by

v1 = argmax
v∈Rd:|v|=1

|Av| = argmax
v∈Rd:|v|=1

n∑
i=1

⟨ai, v⟩2. (5.3)

From Lemma C.3, we know that a solution exists to this problem, but there
may not be a unique solution, as any unit vector would be a solution if A were
for instance an identity matrix.
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A Vector Orthogonal to a Set of Vectors

When looking for an optimal subspace of dimension greater than two, we must
solve the problem of finding a vector, in a (k+1)-dimensional subspace, that is
orthogonal to given k vectors, of course with k < d.

Lemma 5.1 If {v1, . . . , vk} ⊂ Rd are orthonormal and W is a (k+1)-dimensional
subspace, there exists at least one non-zero vector w ∈W that satisfies ⟨v1,w⟩ =
· · · = ⟨vk,w⟩ = 0. In other words, there exists a non-zero vector in W that is
orthogonal to all the vectors in {v1, . . . , vk}.

Proof: Let {w1, . . . ,wk+1} be a basis of W. Then, we can map a vector
w ∈ W to x = (x1, . . . , xk+1) ∈ Rk+1 through w = x1w1 + · · · + xk+1wk+1.
Considering this correspondence, a non-zero solution x to the following linear
system corresponds to the desired vector w:

⟨vi,w⟩ = x1⟨vi,w1⟩+ · · ·+ xk+1⟨vi,wk+1⟩ = 0, i = 1, . . . , k.

In other words, it is equivalent to finding a non-zero solution to Bx = 0, where

B =
(
⟨vi,wj⟩

)
1≤i≤k, 1≤j≤k+1

.

Because there is one more variable than the number of equations, there must
be a non-zero solution according to Lemma 3.2.

5.1.2 Best-fit 2-dimensional subspace

We can find the best-fit 2-dimensional subspace for the dataset {a1, . . . , an} by
solving the following optimization problem:

(w∗
1,w∗

2) = argmax
w1,w2∈Rd:

|w1|=|w2|=1,
⟨w1,w2⟩=0

n∑
i=1

∣∣Pspan{w1,w2}(ai)
∣∣2. (5.4)

Solving this problem does not however shed light on the relationship between
w∗

1 and w∗
2. We instead plug in the best-fit one-dimensional subspace v1 of (5.3)

in place of w1 and try to solve the problem (5.4) as another one-dimensional
subspace problem. That is, we sequentially find v1 and v2 as follows:

1. v1 = argmax
v∈Rd:|v|=1

|Av|;
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2. v2 = argmax
v∈Rd:|v|=1,
⟨v,v1⟩=0

|Av|.

By Lemma C.4, we know the existence of a solution to one-dimensional
problem 2 above. In the case of two dimensions, this sequential procedure
corresponds to finding the one-dimensional best-fit vector first and then subse-
quently finding the next one-dimensional best-fit vector orthogonal to the first
best-fit vector.

We now check whether {v1, v2}, from this procedure, is as expressive as
{w∗

1,w∗
2}, that is, whether

n∑
i=1

∣∣Pspan{v1,v2}(ai)
∣∣2 ≥ n∑

i=1

∣∣Pspan{w∗
1 ,w∗

2}(ai)
∣∣2

holds. First, we see that the original problem can be written down as

(w∗
1,w∗

2) = argmax
w1,w2∈Rd:

|w1|=|w2|=1,
⟨w1,w2⟩=0

|Aw1|2 + |Aw2|2,

because
n∑

i=1

∣∣Pspan{w1,w2}(ai)
∣∣2 =

n∑
i=1

∣∣⟨ai,w1⟩w1 + ⟨ai,w2⟩w2

∣∣2
=

n∑
i=1

⟨ai,w1⟩2 + ⟨ai,w2⟩2 since ⟨w1,w2⟩ = 0

=
∣∣Aw1

∣∣2 + ∣∣Aw2

∣∣2,
due to (4.7). Therefore, it is enough to show |Aw∗

1|2 + |Aw∗
2|2 ≤ |Av1|2 + |Av2|2

if we let W⋆

= span{w∗
1,w∗

2} be the optimal subspace found by solving the
problem (5.4).

For the solution v1 of the first one-dimensional problem, according to Lemma
5.1, there exists a non-zero vector w in the 2-dimensional subspace W⋆ such that
⟨v1,w⟩ = 0, to which we refer as ŵ2 after normalization. Once we get another
unit vector ŵ1 ∈ W⋆ orthogonal to ŵ2 using the Gram-Schmidt procedure,
{ŵ1, ŵ2} is another basis of W⋆ . Because ŵ2 satisfies ⟨v1, ŵ2⟩ = 0, it is a
feasible solution to the second one-dimensional problem 2 and it must be that
|Aŵ2| ≤ |Av2| since v2 is optimal to the problem 2. Furthermore, because
ŵ1 satisfies the unit vector constraint of the first one-dimensional problem, it
holds that |Aŵ1| ≤ |Av1|. Since both |Aw∗

1|2 + |Aw∗
2|2 and |Aŵ1|2 + |Aŵ2|2
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are squared sums of projections onto W∗, they coincide to each other, that is,
|Aw∗

1|2+ |Aw∗
2|2 = |Aŵ1|2+ |Aŵ2|2. Therefore, the sequential procedure results

in the optimal 2-dimensional subspace.

5.1.3 Best-fit k-dimensional subspace

Similarly to the earlier 2-dimensional case, we find the optimal k-dimensional
subspace, W∗ = span{w∗

1, . . . ,w∗
k}, for the data set {ai : 1 ≤ i ≤ n} by solving

(w∗
1, . . . ,w∗

k) = argmax
w1,...,wk∈Rd

n∑
i=1

∣∣Pspan{w1,...,wk}(ai)
∣∣2

s.t. |wi| = 1 for i = 1, . . . , k;

⟨wi,wj⟩ = 0 for i ̸= j.

Let us now consider a sequential procedure to finding this subspace.

A sequential procedure to find the best-fit k-dimensional sub-
space of an n× d matrix A

1. Set the first vector (by breaking ties arbitrarily) as

v1 = argmax
v∈Rd: |v|=1

|Av| ; (5.5)

2. For j = 2, . . . , k : {v1, . . . , vj−1} is already known and set

vj = argmax
v∈Rd:|v|=1,

⟨v,v1⟩=0,...,⟨v,vj−1⟩=0

|Av| . (5.6)

This procedure can terminate early after j′ < k, if |Avj′ | = 0.

We use Lemma C.4 to show the existence of a solution to (5.6). Let {v1, . . . , vk}
be a basis discovered by the sequential procedure. Assume the sequential pro-
cedure has successfully found the optimal (k − 1)-dimensional subspace so far.
Thanks to Lemma 5.1, there exists a unit vector ŵk, in the k-dimensional
W∗, that is orthogonal to every vector in {v1, . . . , vk−1}, which allows us to
find a basis of W∗, {ŵ1, . . . , ŵk−1, ŵk}, that includes ŵk. Because ⟨v1, ŵk⟩ =
0, . . . , ⟨vk−1, ŵk⟩ = 0, ŵk is a feasible solution to the k-th optimization problem
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and hence |Aŵk| ≤ |Avk| holds. As an induction hypothesis, span{v1, . . . , vk−1}
is an optimal (k − 1)-dimensional subspace. Therefore, we get

|Aŵ1|2 + · · ·+ |Aŵk−1|2 =

n∑
i=1

∣∣Pspan{ŵ1,...,ŵk−1}(ai)
∣∣2

≤
n∑

i=1

∣∣Pspan{v1,...,vk−1}(ai)
∣∣2 = |Av1|2 + · · ·+ |Avk−1|2.

By combining two inequalities, we conclude
n∑

i=1

∣∣Pspan{ŵ1,...,ŵk}(ai)
∣∣2 = |Aŵ1|2 + · · ·+ |Aŵk−1|2 + |Aŵk|2

≤ |Av1|2 + · · ·+ |Avk−1|2 + |Avk|2

which implies, since W∗ = span{ŵ1, . . . , ŵk},
n∑

i=1

∣∣PW∗(ai)
∣∣2 ≤ |Av1|2 + · · ·+ |Avk|2.

Therefore we can use the sequential procedure above to find the best-fit k-
dimensional subspace.

We call the unit vector vi, obtained by solving the i-th one-dimensional
problem, the i-th right-singular vector and define the i-th singular value by

σi = |Avi|.

For right-singular vectors, we have a freedom of choosing the sign of each vi

since −vi is also an optimal direction once vi is optimal to the i-th optimization
problem. Based on the derivation of the sequential procedure above, we see that
σi ≥ σi+1 for all i and that this procedure of iteratively finding singular vectors
terminates when σr+1 = 0. That is,

σ1 ≥ σ2 ≥ · · · ≥ σr > 0 = σr+1.

We further define the i-th left-singular vector, ui, as

ui =
1

σi
Avi,

which implies that
Avi = σiui .

In summary, we end up with the following theorem stating that the sequential
procedure above finds the optimal subspace.
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Theorem 5.1 Let v1, . . . , vr be the right-singular vectors of an n×d matrix A.
Then, span{v1, . . . , vk}, with 1 ≤ k ≤ r, is the best-fit k-dimensional subspace
of the rows of A (in terms of the sum of squared residuals.)

If σr > σr+1 = 0 for r ≤ d, |Avr+1| = 0, meaning that every ai is fully
contained in a subspace spanned by {v1, . . . , vr}. In other words, from ai =

⟨ai, v1⟩v1 + · · ·+ ⟨ai, vr⟩vr, |ai|2 = ⟨ai, v1⟩2 + · · ·+ ⟨ai, vr⟩2 holds for any i, and
thereby

∥A∥2F =

n∑
i=1

|ai|2 = |Av1|2 + · · ·+ |Avr|2 = σ2
1 + · · ·+ σ2

r . (5.7)

From the first one-dimensional optimization problem to compute the first
singular value, we observe the following result.

Fact 5.1 ∥A∥2 = σ1 for any n× d matrix A.

Proof: Because the optimization problem for finding the first singular value
in (5.3) and the optimization problem for computing the spectral norm in (4.17)
are equivalent, we get σ1 = |Av1| = ∥A∥2.

What does it mean to explain the data set {a1, . . . , an} using the best-fit k-
dimensional subspace with k smaller than the minimal dimension r of a subspace
that fully contain the data set? As long as |Avk+1| is small enough, we can
perform a variety of analyses on the data set by treating each data point as a
linear combination of k prototypes of the data feature.

5.2 Orthogonality of Left-singular Vectors
From the constraints of sequential one-dimensional optimizations, we impose
the orthogonality on the right-singular vectors. A natural question is whether
the left-singular vectors are also orthogonal to each other. The answer is yes
even though it is not apparent since the left-singular vectors are defined through
a matrix multiplication. Assume left-singular vectors, ui’s, are not orthogonal.
Let i < j be two indices of left-singular vectors not orthogonal to each other,
that is, ⟨ui, uj⟩ ̸= 0. By choosing the sign of vj appropriately, we can further
assume that ⟨ui, uj⟩ = δ > 0, without loss of generality. For a small positive
constant ϵ > 0, define a unit vector by

v′
i =

vi + ϵvj

|vi + ϵvj |
=

1√
1 + ϵ2

(vi + ϵvj).
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By multiplying both sides with A, we get

Av′
i =

1√
1 + ϵ2

(σiui + ϵσjuj).

The squared norm is then

|Av′
i|2 =

1

1 + ϵ2
(σ2

i + 2ϵδσiσj + ϵ2σ2
j )

> (1− ϵ2)(σ2
i + 2ϵδσiσj + ϵ2σ2

j )

> (1− ϵ2)(σ2
i + 2ϵδσiσj)

= σ2
i + ϵ

(
− ϵσ2

i + 2(1− ϵ2)δσiσj
)

> σ2
i ,

because 2(1− ϵ2)δσiσj > ϵσ2
i for a sufficiently small ϵ. vi and vj are orthogonal

to all vℓ with ℓ < i, and thus v′
i is feasible to the i-th optimization problem in the

sequential procedure. The objective value attained with v′
i is however greater

than the optimal objective value σi = |Avi|, which is contradictory. Therefore,
all ui’s are orthogonal.

Lemma 5.2 The left-singular vectors ui’s of a matrix A defined as

ui =
1

|Avi|
Avi,

for each right-singular vector vi, are orthonormal to each other.

5.3 Representing SVD in Various Forms
Let (σ1, v1, u1) be a singular triplet satisfying Av1 = σ1u1. Can we come up
with a simple matrix A1 that represents the relationship encoded in this singular
triplet? One way to measure the simplicity of a matrix is its rank. It turned
out we can define a rank-one matrix A1 from this singular triplet as

A1 = σ1u1v⊤
1 ,

which satisfies A1v1 = σ1u1. Let (σ2, v2, u2) be another singular triplet of
the matrix A, where v1 and v2 are orthonormal, and similarly u1 and u2 are
orthonormal. We build a corresponding rank-one matrix σ2u2v⊤

2 . Let us add
these two rank-one matrices to get

A2 = σ1u1v⊤
1 + σ2u2v⊤

2 .
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From the orthonormality of right-singular vectors, we can easily see that A2

satisfies both A2v1 = σ1u1 and A2v2 = σ2u2, and that A2 is a rank-two matrix
from Fact 5.4 below. From this observation, we can intuitively guess that we
can obtain

A =

rankA∑
i=1

σiuiv⊤
i

using as many singular triplets as rankA.
Let σ1 ≥ · · · ≥ σr > σr+1 = 0 for an n × d matrix A. For this matrix, we

have two very useful representations, sum of rank-one matrices and product of
matrices with orthonormal columns and a diagonal matrix.

• A =
∑r

i=1 σiuiv⊤
i : Consider a basis {v1, . . . , vr, vr+1, . . . , vd} of Rd that

includes the right-singular vectors {v1, . . . , vr}. We may assume that the
basis is orthonormal thanks to the Gram-Schmidt procedure. We can then
represent an arbitrary vector in Rd as w = β1v1 + · · · + βdvd. Because
σr+1 = 0, Avj = 0 for j = r + 1, . . . , d. Furthermore, because βi = v⊤

i w
for all i, we see that

Aw = β1Av1 + · · ·+ βrAvr

=

r∑
i=1

βi(σiui) =

r∑
i=1

(σiui)βi =

r∑
i=1

σiui(v⊤
i w) =

r∑
i=1

σi
(
uiv⊤

i

)
w

=
( r∑

i=1

σiuiv⊤
i

)
w,

for all w ∈ Rd. This allows us to express A as A =
∑r

i=1 σiuiv⊤
i .

• A = UDV ⊤ or AV = UD: Here, U⊤U = Ir = V ⊤V , and D is a positive
diagonal matrix.



A

n × d


=



U

n × r



 D

r × r


 V ⊤

r × d

 .
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We see this by applying Corollary 3.1 to U D, and V where the columns
of U and V are left- and right-singular vectors, respectively, and the di-
agonals of D are singular values. According to (3.10), then, UDV ⊤ =∑r

i=1 σiuiv⊤
i . Therefore, A = UDV ⊤.

5.4 Properties of Sum of Rank-one Matrices
Consider a matrix defined as

k∑
i=1

αiuiv⊤
i , (5.8)

where α1 ≥ · · · ≥ αk > 0, and {u1, . . . , uk} ⊂ Rn and {v1, . . . , vk} ⊂ Rd are
orthonormal vectors, respectively. This n×d matrix may or may not have been
constructed from SVD, and we still can derive the following results.

Fact 5.2 (αi, vi, ui) is the i-th singular triplet of
∑k

i=1 αiuiv⊤
i .

Proof: Let A =
∑k

i=1 αiuiv⊤
i . We then extend {v1, . . . , vk} orthogonally

to construct an orthonormal basis of Rd, {v1, . . . , vd} via the Gram-Schmidt
procedure. If we write a unit vector v in Rd as v = x1v1 + · · · + xdvd, we can
further write Av as

Av =
( k∑

i=1

αiuiv⊤
i

)
v =

k∑
i=1

αiuiv⊤
i v =

k∑
i=1

αixiui , |Av|2 =

k∑
i=1

α2
ix

2
i .

Under the unit-norm constraint |v| = 1, which translates to x21 + · · · + x2d = 1,
then x1 = 1, x2 = · · · = xd = 0 maximizes |Av|. That is, v = v1. The first
right-singular vector of A is v1. Since Av1 = α1u1 and |Av1| = α1, α1 is the first
singular value, and u1 is the first left-singular vector. In order to get the second
singular vector, we add the extra constraint that ⟨v, v1⟩ = 0 which corresponds
to considering only v that can be expressed as v = x2v2+ · · ·+xdvd. Then, α2,
v2 and u2 are the second singular value, left-singular vector, and right-singular
vector, respectively. We can recover all the remaining singular triplets similarly.

From Fact 5.2, we can readily derive SVD of A⊤ given singular triplets of
A. From

A⊤ =
( r∑

i=1

σiuiv⊤
i

)⊤
=

r∑
i=1

σi
(
uiv⊤

i

)⊤
=

r∑
i=1

σiviu⊤
i ,
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we see that the role of two vectors in each rank-one summand are swapped. The
right (left) singular vectors of A are the left (right) singular vectors of A⊤. A

and A⊤ share the same singular values.

• A⊤ =
∑r

i=1 σiviu⊤
i

• A⊤ = V DU⊤ with U⊤U = Ir, V ⊤V = Ir and an r × r diagonal
matrix D with positive diagonals

• A⊤ui = σivi

For the sum of rank-one matrices, we can easily read the matrix norms from
the coefficients of rank-one terms which are singular values.

Fact 5.3
∥∥∑k

i=1 αiuiv⊤
i

∥∥
2
= α1 and

∥∥∑k
i=1 αiuiv⊤

i

∥∥
F
=
√
α2
1 + · · ·+ α2

k .

Proof: They are derived from Fact 5.1, Fact 5.2, and (5.7).

Another important question is on the rank of a sum of rank-one matrices.

Fact 5.4 rank
(∑k

i=1 αiuiv⊤
i

)
= k .

Proof: Let us characterize the null space of A =
∑k

i=1 αiuiv⊤
i . We do so

by looking for a vector v ∈ Rd that satisfies Av = 0. Start from orthonor-
mal vectors, v1, . . . , vk, and extend them to construct an orthonormal basis
{v1, . . . , vk, vk+1, . . . , vd} of Rd. When we write v ∈ Rd as v =

∑d
i=1 xivi

with (x1, . . . , xd)
⊤ ∈ Rd, the necessary and sufficient condition for Av = 0 is

x1 = · · · = xk = 0, since

Av =

d∑
i=1

xiAvi =

d∑
i=1

xi

( k∑
j=1

αiujv⊤
j

)
vi =

k∑
j=1

d∑
i=1

xiαiujv⊤
j vi =

k∑
i=1

xiαiui.

In other words, Null (A) = span{vk+1, . . . , vd}, and thereby, dim Null (A) =

d− k. Then, according to the rank-nullity theorem (3.7),

rankA = d− dim Null (A) = k.

To see the usefulness of these facts, let us consider the following matrix
expressed as a sum of rank-one matrices.
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Example 5.1 Let a 4× 5 matrix A is given as

A =


0

0

1

0


[
1 1 0 0 0

]
−


1

1

0

0


[
−1 1 0 1 0

]
−


1

−1
0

0


[
0 0 2 0 1

]
.

After normalization of vectors, we get

A =
√
2


0

0

1

0


[

1√
2

1√
2

0 0 0
]
−
√
6


1√
2
1√
2

0

0


[
−1√
3

1√
3

0 1√
3

0
]

−
√
10


1√
2

−1√
2

0

0


[
0 0 2√

5
0 1√

5

]
.

We rearrange the terms with modification of the leading signs and get

A =
√
10


−1√
2
1√
2

0

0


[
0 0 2√

5
0 1√

5

]
+
√
6


−1√
2

−1√
2

0

0


[
−1√
3

1√
3

0 1√
3

0
]

+
√
2


0

0

1

0


[

1√
2

1√
2

0 0 0
]

= σ1u1v⊤
1 + σ2u2v⊤

2 + σ3u3v⊤
3 .

Observe that {u1, u2, u3} and {v1, v2, v3} are orthonormal. Fact 5.2 tells us that
(σi, vi, ui) is the i-th singular triplet of matrix A, and thereby, ∥A∥2 =

√
10

and ∥A∥F = 3
√
2 according to Fact 5.3. We also read out of the rank of A,

rankA = 3, using Fact 5.4.

With the result on the rank of the sum of rank-one matrices, we now state
the singular value decomposition.
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Singular Value Decomposition (SVD) Any n × d matrix A (with
r = rankA) can be represented as

A = UDV ⊤ =

r∑
i=1

σiuiv⊤
i , (5.9)

where n× r matrix U and d× r matrix V are matrices with orthonormal
columns, respectively, and D = diag(σ1, . . . , σr) is a diagonal matrix
with diagonal entries σ1 ≥ · · · ≥ σr > 0. ui and vi are i-th column
vectors of U and V , respectively. Observe that {u1, . . . , ur} ⊂ Rn and
{v1, . . . , vr} ⊂ Rd are orthonormal sets of vectors, respectively.

We can express the SVD representation (5.9) in many different ways. For any
r ≤ k ≤ n and r ≤ ℓ ≤ d, we can extend the left-singular vectors {u1, . . . , ur}
to k orthonormal vectors of {u1, . . . , ur, ur+1, . . . , uk} and right-singular vec-
tors {v1, . . . , vr} to ℓ orthonormal vectors of {v1, . . . , vr, vr+1, . . . , vℓ}, with the
Gram-Schmidt procedure. Let U and V be n × k and d × ℓ matrices whose
columns are ui’s and vi’s, respectively. Furthermore, define a k × ℓ matrix D

whose r leading diagonal entries are the singular values and all others zero, i.e.,
(D)ii = σi for i = 1, . . . , r and (D)ij = 0 for i ̸= j. Then,

A = UDV ⊤.

We can also represent this matrix product as

A =

min{k,ℓ}∑
i=1

σiuiv⊤
i

by setting σr+1 = · · · = σmin{k,ℓ} = 0. Because of the minimality of representa-
tion, we sometimes call (5.9) compact singular value decomposition, or compact
SVD.

Based on the definition of SVD, we can relate the spectral and Frobenius
norms with each other.

Fact 5.5 For any matrix A, ∥A∥2 ≤ ∥A∥F . If rank(A) = r, ∥A∥F ≤
√
r∥A∥2.

For rank-one matrices, two norms coincide and equal to |u||v| if the matrix is
uv⊤.

Proof: Although we have already proven in Fact 4.17 that ∥A∥2 ≤ ∥A∥F , we
consider another proof based on SVD here. Let us express an n × d matrix A
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as A =
∑r

i=1 σiuiv⊤
i using SVD. Then, due to Fact 5.3,

∥A∥2 = σ1 ≤
√
σ2
1 + · · ·+ σ2

r = ∥A∥F .

Furthermore,

∥A∥F =
√
σ2
1 + · · ·+ σ2

r ≤
√
rσ2

1 =
√
rσ1 =

√
r∥A∥2.

For the case of rankA = 1, ∥A∥2 ≤ ∥A∥F ≤
√
1∥A∥2 implies ∥A∥2 = ∥A∥F .

Furthermore, if A = uv⊤, then the result follows from

∥uv⊤∥2F = ∥(uivj)∥2F =

n∑
i=1

d∑
j=1

u2i v
2
j =

n∑
i=1

u2i

d∑
j=1

v2j = |u|2|v|2.

Once we obtain an SVD of an invertible matrix, we can write the inverse of
the matrix using the singular triplets.

Fact 5.6 Let A be an n × n invertible matrix. Assume that an SVD of A is
given as

UΣV ⊤ =

n∑
i=1

σiuiv⊤
i .

Then, all σi > 0, and

A−1 = V Σ−1U⊤ =

n∑
j=1

σ−1
j vju⊤

j . (5.10)

Proof: The invertibility of A implies rankA = n, and due to Fact 5.4, all σi’s
are positive. Then, Σ−1 and

∑n
j=1 σ

−1
j vju⊤

j are well-defined. Furthermore, U
and V are orthogonal matrices. So,

A−1 = (UΣV ⊤)−1 = (V ⊤)−1Σ−1U−1 = V Σ−1U⊤ =

n∑
j=1

σ−1
j vju⊤

j .

Since the inverse is unique if it exists, V Σ−1U⊤ in Fact 5.6 is unique even
though the pair of U and V may not be unique themselves. We will introduce
the notion of pseudoinverse for non-rectangular and/or non-invertible matrices
in Section 5.8. The pseudo-inverse can be expressed similarly to (5.10).

With SVD, we can readily compute ∥A−1∥2∥A∥2 which is called the condition
number of a matrix A and denoted by κ(A). This is a very important concept
in numerical linear algebra.
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Example 5.2 Let A be an n× n invertible matrix. If an SVD of A is given as∑n
i=1 σiuiv⊤

i , where σ1 ≥ · · · ≥ σn > 0. Let us find ∥A−1∥2∥A∥2. Facts 5.3 and
5.6 imply ∥A∥2 = σ1 and ∥A−1∥2 = σ−1

n . Therefore, ∥A−1∥2∥A∥2 = σ1σ
−1
n .

5.4.1 SVD Interpretation of Transformation

Let A be an m×n matrix representing a linear transformation T : Rn → Rm. To
understand the action of the transformation T in geometric terms, we consider
an SVD of A in a form of UΣV ⊤ where U and V are orthogonal matrices
of appropriate sizes and Σ is an m× n diagonal matrix with potential zeros as
diagonals. As we discussed in Section 4.7, well-known transformations described
by an orthogonal matrix includes rotation, reflection, and their combination.

In other words, we can view any linear transformations T as a composition of
three transformations; first, orthogonal transformation in Rn by an orthogonal
matrix V ⊤, then scaling, which is interpretable, by a diagonal matrix Σ, and
finally another orthogonal transformation by an orthogonal matrix U in Rm.
An asymmetric diagonal matrix Σ not only scales some components of vectors,
but may also reduce the dimension of vectors if m < n or inflate the number of
nominal dimensions if m > n.

5.5 Spectral Decomposition of Symmetric Ma-
trix via SVD

Consider a symmetric, rank-r, n× n matrix A with singular values σ1 ≥ · · · ≥
σr > 0 = σr+1. Because it is symmetric, both right- and left-singular vectors
are Rn vectors. Let (σ1, v1, u1), . . . , (σj−1, vj−1, uj−1) be the first (j − 1) sin-
gular triplets. Let us assume either ui = vi or ui = −vi holds for all of these
known first (j − 1) singular triplets. If we denote by (σj , v, u) the j-th singular
triplet obtained by solving the j-th optimization problem in the sequential SVD
procedure (5.6), we know that

• v ⊥ {v1, . . . , vj−1} according to (5.6);

• u ⊥ {u1, . . . , uj−1} according to Lemma 5.2.
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Because of the assumption that ui = ±vi for i ≤ j − 1, we obtain1

(v + u) ⊥ {v1, . . . , vj−1}. (5.11)

Since A is symmetric, both Av = σju and A⊤u = Au = σjv hold, which
implies

A(v + u) = σj(v + u).

One of the following two cases holds:

• v + u ̸= 0 : Set vj = 1
|v+u| (v + u), and we get Avj = σjvj . vj is a

feasible solution to (5.6), or (5.5) if j = 1, thanks to (5.11). Furthermore,
|Avj | = σj implies that vj is an optimal solution to (5.6), or (5.5) if j = 1.
Hence, vj is eligible for the j-th right-singular vector and also the j-th
left-singular vector;

• v + u = 0 : Set vj = v and uj = u. Since Av = σju, (vj , uj) is j-th pair
of singular vectors with the property vj = −uj .

That is, either way, we get a j-th singular triplet (σj , vj , uj) with uj = ±vj . By
repeating this procedure for r times, we obtain r singular triplets where each
pair of right- and left-singular vectors are parallel to each other.

If we set λi as σi when vi = ui or −σi when vi = −ui, then Avi = λivi holds
for all i, resulting in r scalar-vector pairs, (λ1, v1), . . . , (λr, vr). This simple
relationship for the pairs are named in the following definition.

Definition 5.1 For a square matrix A, a scalar λ and a non-zero vector
v are eigenvalue and eigenvector of A, respectively, if they satisfy

Av = λv. (5.12)

The pair (λ, v) is called an eigenpair.a Similarly, u is called a left-
eigenvector if it satisfies u⊤A = λu⊤. By eigen-decomposition of A, we
refer to finding the eigenpairs of A.

aWe study much more in-depth eigenvalues and eigenvectors in Chapter 9. Until
then, all we need is the definition of eigenvalues and eigenvectors satisfying (5.12).

1When j = 1, we do not need the orthogonality condition, because there is no known
singular triplet.
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After obtaining the eigenpairs (λ1, v1), . . . , (λr, vr) of symmetric A for the
case where left and right-singular vectors are parallel, we can express the matrix
A as the sum of rank-one matrices, as follows:

A =

r∑
i=1

σiuiv⊤
i =

r∑
i=1

λiviv⊤
i .

Starting from these r eigenvectors, we can extend to n orthonormal vectors
{v1, . . . , vn} using the Gram-Schmidt procedure. By letting λr+1 = · · · = λn =

0, we end up with n eigenpairs, (λ1, v1), . . . , (λn, vn). These eigenvalues are all
real, as they are either singular values themselves or their negations. We call
such decomposition of a matrix real spectral decomposition.

Theorem 5.2 (Real Spectral Decomposition) Let A be a real symmetric
matrix of rank r. Then, A can be represented as

A = V ΛV ⊤ =

n∑
i=1

λiviv⊤
i , (5.13)

where V is an orthogonal matrix with orthonormal columns v1, v2, . . . , vn, |vi| =
1 and Λ = diag(λ1, . . . , λn). λi’s and vi’s are the eigenvalues and eigenvectors
of A, respectively. There are exactly r non-zero eigenvalues. Note that the
summands of (5.13) can be rearranged in any order.

Real spectral decomposition is the most popular form of so-called eigende-
composition, which we will learn more later in Chapter 9. Later in Appendix
F, we provide another proof of the real spectral decomposition that does not
rely on SVD. We highly recommend you take a look at the alternative proof
together. We demonstrate the consequences of this theorem using the following
symmetric matrix expressed as the sum of rank-one matrices.

Example 5.3 Let a 4× 4 matrix A be given as

A =


0

0

1

0


[
0 0 2 0

]
− 3


1

1

0

0


[
1 1 0 0

]
− 2


1

−1
0

0


[
−1 1 0 0

]
.

1. Observe that [0 0 1 0]⊤, [1 1 0 0]⊤, and [1−1 0 0]⊤ are mutually orthogonal.
Let v1 = [0 0 1 0]⊤, v2 = 1√

2
[1 1 0 0]⊤, and v3 = 1√

2
[1 −1 0 0]⊤. Then

vi’s are orthonormal and

A = 2v1v⊤
1 − 6v2v⊤

2 + 4v3v⊤
3 .
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This expression makes it more apparent that A is symmetric. If we multi-
ply A with v1 from right, we obtain Av1 = 2v1, because vi’s are orthonor-
mal. Repeating it for all vi’s, we arrive at the eigenpairs, (2, v1), (−6, v2)

and (4, v3). Moreover, if we multiply A with a vector perpendicular to v1,
v2 and v3, such as v4 = [0 0 0 1]⊤, we get Av4 = 0. In other words, (0, v4)

is also an eigenpair.

2. We can slightly modify decomposition in 1 by letting u1 = v1, u2 =

−v2 and u3 = v3. Then, we effortlessly get a (compact) SVD from this
decomposition:

A = 2u1v⊤
1 + 6u2v⊤

2 + 4u3v⊤
3 .

A matrix representation of the SVD is given as

A = UDV ⊤, U = [u2|u3|u1], V = [v2|v3|v1], D = diag(6, 4, 2).

The singular triplets are then

(6, u2, v2), (4, u3, v3), (2, u1, v1).

ui’s are left-singular vectors, and vi’s are right-singular vectors.

Example 5.4 Let v a non-zero vector in Rn. Consider a rank-one matrix A =

vv⊤. If we express A as A = |v|2 1
|v|v

1
|v|v⊤ in the form of (5.8), it becomes clear

that the only singular value of A is |v|2 and 1
|v|v is both right- and left-singular

vector of A. Let us extend v to orthonormal basis {q1, . . . , qn} of Rn with
q1 = 1

|v|v. Set λ1 = |v|2 and λ2 = · · · = λn = 0. Then, A =
∑n

i=1 λiqiq⊤
i holds

and |v|2 is the only non-zero eigenvalue associated to an eigenvector v. All other
eigenvalues are zero.

For a real symmetric matrix, we can derive another interesting representation
in terms of projections thanks to the real spectral decomposition. Assume a real
symmetric matrix A and its spectral decomposition as in (5.13). Suppose further
that λ1 = · · · = λk = λ and other eigenvalues are different from λ. Let PA,λ be
a projection transformation onto span{v1, . . . , vk}. That is,2

PA,λ =

k∑
j=1

vjv⊤
j = Pspan{v1,...,vk}. (5.14)

2We treat the linear operator and its corresponding matrix interchangeably here.
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Observe that PA,λ = PA,λ1 = · · · = PA,λk
. If λi ̸= λj , PA,λiPA,λj = 0 holds

since the eigenvectors constituting PA,λi and PA,λj are non-overlapped. In
addition, because PA,λi is a projection, the following hold:

PA,λi

2 = PA,λi
and PA,λi

⊤ = PA,λi
.

When there are r distinct eigenvalues λ1, . . . , λr, we can rewrite real spectral
decomposition (5.13) succinctly as

A =

r∑
i=1

λiPA,λi
. (5.15)

Consider an example of such projection-based decomposition.

A =


2 0 0 0

0 2 0 0

0 0 3 0

0 0 0 3



= 2


1 0 0 0

0 0 0 0

0 0 0 0

0 0 0 0

+ 2


0 0 0 0

0 1 0 0

0 0 0 0

0 0 0 0

+ 3


0 0 0 0

0 0 0 0

0 0 1 0

0 0 0 0

+ 3


0 0 0 0

0 0 0 0

0 0 0 0

0 0 0 1



= 2


1

0

0

0



1

0

0

0


⊤

+ 2


0

1

0

0



0

1

0

0


⊤

+ 3


0

0

1

0



0

0

1

0


⊤

+ 3


0

0

0

1



0

0

0

1


⊤

= 2



1

0

0

0



1

0

0

0


⊤

+


0

1

0

0



0

1

0

0


⊤+ 3



0

0

1

0



0

0

1

0


⊤

+


0

0

0

1



0

0

0

1


⊤

= 2


1 0 0 0

0 1 0 0

0 0 0 0

0 0 0 0

+ 3


0 0 0 0

0 0 0 0

0 0 1 0

0 0 0 1


= 2PA,2 + 3PA,3.

Even if we choose to use different orthonormal vectors in the third step above,
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we end up with the same projection-based expression:

A = 2


1√
2
1√
2

0

0




1√
2
1√
2

0

0


⊤

+ 2


− 1√

2
1√
2

0

0



− 1√

2
1√
2

0

0


⊤

+ 3


0

0

1

0



0

0

1

0


⊤

+ 3


0

0

0

−1




0

0

0

−1


⊤

= 2


1
2

1
2 0 0

1
2

1
2 0 0

0 0 0 0

0 0 0 0

+ 2


1
2 − 1

2 0 0

− 1
2

1
2 0 0

0 0 0 0

0 0 0 0

+ 3


0 0 0 0

0 0 0 0

0 0 1 0

0 0 0 0



+3


0 0 0 0

0 0 0 0

0 0 0 0

0 0 0 1



= 2


1 0 0 0

0 1 0 0

0 0 0 0

0 0 0 0

+ 3


0 0 0 0

0 0 0 0

0 0 1 0

0 0 0 1


= 2PA,2 + 3PA,3.

5.6 Relationship between Singular Values and
Eigenvalues

As clear in Definition 5.1, eigenpair is defined only for square matrices. Even for
real square matrices, eigenvalues and eigenvectors are not guaranteed to be real
if they are not symmetric. There might be fewer independent eigenvectors than
the number of columns. The real spectral decomposition however guarantees the
existence of real eigenvalues and enough orthonormal eigenvectors for symmetric
matrices, whereas SVD always results in as many singular triplets as the rank of
a matrix of any size. As a further difference, singular values are always positive,
but eigenvalues of the corresponding matrix may be non-positive. In short, SVD
and eigendecomposition are not equivalent.

For a symmetric matrix, we can however correspond each singular triplet
with the eigenpair of the symmetric matrix by modifying the sequential proce-
dure (5.6) for SVD as in Section 5.5. Conversely, we can obtain an SVD from
eigenvalues and orthonormal eigenvectors of a symmetric matrix. Assume we
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know all eigenpairs (λi, vi), i = 1, . . . , n of an n×n matrix A with orthonormal
eigenvectors {v1, . . . , vn}. Because eigenvectors are orthonormal, we can write
A as A =

∑n
i=1 λiviv⊤

i . Let rankA = r or, equivalently, there be r non-zero
eigenvalues, i.e., |λ1| ≥ |λ2| ≥ · · · ≥ |λr| > 0 = λr+1 = · · · = λn. Then, by
letting σi = |λi| and ui = sign(λi)vi for i = 1, . . . , r, we get an SVD of A, as
A =

∑r
i=1 σiuiv⊤

i .
Let us translate the matrix norms of a symmetric matrix from the terms of

singular values into the terms of eigenvalues, which is parallel to Fact 5.3.

Fact 5.7 If a symmetric matrix A has eigenvalues λ1, . . . , λn, then

∥A∥2 = max
1≤i≤n

|λi| = max
|x|=1

∣∣x⊤Ax
∣∣ and ∥A∥F =

√
λ21 + · · ·+ λ2n .

Proof: Let A =
∑n

i=1 λiviv⊤
i , and assume |λi| ≥ |λi+1| for convenience. As

above, set σi = |λi|. We also set ui = −vi if λi < 0 and ui = λi otherwise.
Then, we have an SVD representation of A =

∑n
i=1 σiuiv⊤

i , and the first and
the third equalities hold by Fact 5.3. For |x| = 1, |x⊤Ax| ≤ |x||Ax| = |Ax| ≤
∥A∥2. Therefore, max|x|=1

∣∣x⊤Ax
∣∣ ≤ ∥A∥2 = |λ1|. Because max|x|=1

∣∣x⊤Ax
∣∣ ≥

|v⊤
1 Av1| = |λ1|, the second equality holds.

Singular triplets of A and eigenpairs of A⊤A

Unlike asymmetric or non-square matrices, symmetric matrices admit complete
eigendecomposition thanks to the real spectral decomposition theorem. There-
fore, it is common to consider eigenpairs of A⊤A or AA⊤ instead of A. Then,
how are the eigenpairs of A⊤A or AA⊤ connected to the singular triplets of A,
when A is not square nor symmetric?

Let A be an n × d matrix of rank r. Assume that (σ, v, u) is a singular
triplet of A such that Av = σu and A⊤u = σv. Then, A⊤Av = σA⊤u = σ2v
and AA⊤u = σAv = σ2u which implies that (σ2, v) and (σ2, u) are eigenpairs
of A⊤A and AA⊤, respectively.

Conversely, consider an eigenpair (λ, v) of A⊤A, where λ ̸= 0 and |v| = 1.
Since A⊤Av = λv, which implies that |Av|2 = λ|v|2 = λ after multiplying both
sides with v⊤, λ > 0 holds if λ ̸= 0. If we set u = 1√

λ
Av, we also see that |u| = 1

and A⊤u =
√
λv. That is, (

√
λ, v, u) is a singular triplet of A. Since A⊤A is

symmetric, Theorem 5.2 allows us to assume that all eigenvectors of A⊤A are
orthonormal. Let (λ̂, v̂) be another eigenpair of A⊤A such that v̂⊤v = 0. By
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letting û = 1√
λ̂
Av̂, similarly with u, u and û are also orthonormal since

û⊤u =
1√
λ̂λ

v̂⊤A⊤Av =

√
λ√
λ̂

v̂⊤v = 0 .

Therefore, we get r triplets, (
√
λi, vi, ui), with orthonormal vi and ui and posi-

tive λi. The sum of rank-one matrices induced by these triplets,
∑r

i=1

√
λiuiv⊤

i ,
results in the same vector as the matrix A when multiplied from right by an
arbitrary vector. Thus, they coincide, i.e.,

A =

r∑
i=1

√
λiuiv⊤

i ,

and these r triplets are the singular triplets of A due to Fact 5.2. Many com-
mercial software packages compute singular values by computing eigenvalues of
AA⊤ or A⊤A.

Lemma 5.3 Assume that A is a real matrix of arbitrary size. Then the square
of any singular value and right-singular vector of A is an eigenpair of A⊤A, and
the left-singular vector is an eigenvector of AA⊤. Conversely, if A⊤A admits
eigenvalues and orthonormal eigenvectors, then the square roots of eigenvalues
are singular values of A, and the eigenvectors form right-singular vectors.

Symmetrization

We define a symmetrization s(A) of an m× n matrix A as

s(A) =

[
0 A

A⊤ 0

]
. (5.16)

As the name suggests, the resulting (m + n) × (m + n) matrix is symmetric.
Symmetrization is linear, since s(A+αB) = s(A)+αs(B). Consider Rm-vector
u and Rn-vector v, as well as the following vectors of size (m+ n) to work with

symmetrization: w =

[
u
v

]
and ŵ =

[
−u
v

]
. Then,

• If (σ, v, u) is a singular triplet of A with σ > 0, |u| = 1, and |v| = 1,

s(A)w =

[
Av
A⊤u

]
=

[
σu
σv

]
= σw.

Therefore, (σ, w) is an eigenpair of s(A).
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• Conversely, let (λ,w) an eigenpair of s(A) with λ ̸= 0. Then, both Av =

λu and A⊤u = λv hold, because

s(A)w =

[
Av
A⊤u

]
= λw =

[
λu
λv

]
.

Neither v nor u, which constitute the eigenvector w, can be zero vectors.
If one of them is zero, the other has to be also zero from the singular
relations. This implies w = 0, but the eigenvector w is not a zero vector.
Therefore, v is an eigenvector of A⊤A corresponding to an eigenvalue λ2,
and |λ| is a singular value of A, according to Lemma 5.3.

• In addition, if (λ,w) were an eigenpair of s(A),

s(A)ŵ =

[
Av

A⊤(−u)

]
=

[
(−λ)(−u)
(−λ)v

]
= (−λ)ŵ,

because Av = λu and A⊤u = λv. Therefore, (−λ, ŵ) is also an eigenpair
of s(A).

We obtain the following result summarizing these observations.

Lemma 5.4 The symmetrization s(A) has its eigenvalues in both signs; that
is, if λ is an eigenvalue of s(A), then both ±|λ| are eigenvalues of s(A). There
exists a one-to-one correspondence between the singular values of A and the
positive eigenvalues of s(A).

This lemma is useful when we convert any result on the eigenvalues of a sym-
metric matrix into that on the singular values of an arbitrary matrix including
asymmetric one.

5.7 Low Rank Approximation and Eckart–Young–
Mirsky Theorem

Suppose that an SVD of a matrix is given as

A =

r∑
i=1

σiuiv⊤
i , σ1 ≥ · · · ≥ σr > 0 = σr+1.

Let Ak be a matrix resulting from taking the summands that correspond to the
largest k singular values, as follows

Ak =

k∑
i=1

σiuiv⊤
i (5.17)
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Then, A − Ak =
∑r

i=k+1 σiuiv⊤
i . Based on Fact 5.4, the ranks of A, Ak and

A−Ak are r, k, and r−k, respectively. We will show that the matrix Ak is the
best approximation of A among all matrices of rank at most k, with respect to
both the spectral and Frobenius norms.

Low Rank Approximation: Spectral Norm

Lemma 5.5 For any matrix B of rank at most k, ∥A−Ak∥2 ≤ ∥A−B∥2.

Proof: Suppose that B is an arbitrary matrix of rank at most k.

• Because A−Ak =
∑r

i=k+1 σiuiv⊤
i , σk+1 ≥ · · · ≥ σr > 0,

∥A−Ak∥2 = σk+1,

according to Fact 5.3, for k ≤ r.

• The rank of the null space of B is at least d − k, since the rank of B
is at most k. Let {v1, . . . , vk+1} be the right-singular vectors of A that
correspond to the k+1 largest singular values. The dimension of Null (B)∩
span{v1, . . . , vk+1} is at least (d−k)+(k+1)−d = 1 due to Fact 3.6, and
the intersection includes a non-zero unit-vector z. Note that Bz = 0 from
z ∈ Null (B) and z =

∑k+1
j=1 ⟨z, vj⟩vj from z ∈ span{v1, . . . , vk+1}. Then,

Az =
( r∑

i=1

σiuiv⊤
i

)( k+1∑
j=1

⟨z, vj⟩vj

)
=

k+1∑
i=1

σi⟨z, vi⟩ui.

Thus,

∥A−B∥2 ≥ |(A−B)z| (by the definition of spectral norm)

= |Az| (by Bz = 0)

=
( k+1∑

i=1

σ2
i ⟨z, vi⟩2

)1/2 (
by Az =

k+1∑
i=1

σi⟨z, vi⟩ui

)
≥ σk+1

( k+1∑
i=1

⟨z, vi⟩2
)1/2

(by σ1 ≥ · · · ≥ σk ≥ σk+1)

= σk+1

(
by

k+1∑
i=1

⟨z, vi⟩2 = |z|2 = 1
)

= ∥A−Ak∥2 .

Therefore, ∥A − Ak∥2 ≤ ∥A − B∥2 holds for any matrix B of rank at most
k.
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Low Rank Approximation: Frobenius Norm

Lemma 5.6 For any matrix B of rank at most k, ∥A−Ak∥F ≤ ∥A−B∥F .

Proof: Assume that ∥A − B∥F is minimized by an n × d matrix B of
rank at most k. Let b1, . . . , bn be the rows of this matrix B. We further
assume that the projection of the i-th row ai of A onto span{b1, . . . , bn} is
not bi. That is, Pspan{b1,...,bn}(ai) ̸= bi. We create B′ from B by replacing
bi with Pspan{b1,...,bn}(ai). Then, ∥A − B∥F > ∥A − B′∥F , since |ai − bi| >∣∣ai−Pspan{b1,...,bn}(ai)

∣∣ (due to the distance minimizing property of orthogonal
projection) and ∥A − B∥2F =

∑n
i=1 |ai − bi|2. The rank of B′ is however not

greater than that of B, since Pspan{b1,...,bn}(ai) is a linear combination of the
rows of B. This is contradictory with the assumption of minimal Frobenius
norm, and thus bi = Pspan{b1,...,bn}(ai). That is,

min
B:rank(B)≤k

∥A−B∥2F = min
B:rank(B)≤k

n∑
i=1

∣∣ai − Pspan{b1,...,bn}(ai)
∣∣2.

Finding span{b1, . . . , bn} among matrices of rank at most k is equivalent to
finding a subspace of dimension up to k, i.e.,

min
B:rank(B)≤k

n∑
i=1

∣∣ai − Pspan{b1,...,bn}(ai)
∣∣2 = min

B:dim(B)≤k

n∑
i=1

∣∣ai − PB(ai)
∣∣2.

Furthermore, because we can represent a subspace with a basis,

min
B:dim(B)≤k

n∑
i=1

∣∣ai − PB(ai)
∣∣2 = minv1,...,vk:

orthonormal

n∑
i=1

∣∣ai − Pspan{v1,...,vk}(ai)
∣∣2.

By putting all these equations together, we get

min
B:rank(B)≤k

∥A−B∥2F = minv1,...,vk:
orthonormal

n∑
i=1

∣∣ai − Pspan{v1,...,vk}(ai)
∣∣2

= minv1,...,vk:
orthonormal

n∑
i=1

∣∣ai∣∣2 − ∣∣Pspan{v1,...,vk}(ai)
∣∣2

=

n∑
i=1

∣∣ai∣∣2 − maxv1,...,vk:
orthonormal

n∑
i=1

∣∣Pspan{v1,...,vk}(ai)
∣∣2

= ∥A∥2F − maxv1,...,vk:
orthonormal

|Av1|2 + · · ·+ |Avk|2

= (σ2
1 + · · ·+ σ2

r)− (σ2
1 + · · ·+ σ2

k) by (5.7)

= σ2
k+1 + · · ·+ σ2

r
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= ∥A−Ak∥2F by (5.7)

Therefore, ∥A−Ak∥F ≤ ∥A−B∥F for any matrix B of rank at most k.

Consider n× d matrices A and Ak in (5.17). By Lemma 5.5,

∥A−Ak∥2 ≤ ∥A−B∥2

holds for any matrix B of rank at most k. In addition, thanks to Fact 5.3,

∥A−Ak∥2 =
∥∥∥ r∑

i=k+1

σiuiv⊤
i

∥∥∥
2
= σk+1

holds. We combine these results with rankAk = k to arrive at the following
Eckart–Young–Mirsky Theorem.

Theorem 5.3 (Eckart–Young–Mirsky Theorem) For any matrix A and
its i-th singular value σi, the following holds for any k:

min
B:rank B≤k

∥A−B∥2 = σk+1 . (5.18)

5.8 Pseudoinverse
We used SVD to express the inverse of a square invertible matrix in Fact 5.6. In
this section, we extend this expression by introducing pseudoinverse, or Moore-
Penrose generalized inverse, in a similar form, for general matrices including
non-square matrices or non-invertible matrices.

Definition 5.2 (Pseudoinverse) Let A be an n × d matrix of rank r
and A = UΣV ⊤ be a compact singular value decomposition of A. Then,
we call the following d× n matrix as the pseudoinverse of A:

A+ = V Σ−1U⊤, (5.19)

where Σ−1 = diag
(

1
σ1
, . . . , 1

σr

)
with singular values σ1, . . . , σr of A.

Due to Fact 5.6, the pseudoinverse coincides with the inverse if the matrix is
invertible. V and U in (5.19) are also not uniquely determined for an arbitrary
matrix A, because its SVD is not unique in general. It is therefore unclear
whether the pseudoinverse, constructed from V and U above, is unique. It is
thus surprising to find that the pseudoinverse of any matrix is unique.
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Both U and V consist of orthonormal columns, but they may not be orthog-
onal. In other words, we can rely only on the fact that U⊤U = Ir = V ⊤V since
we do not know what UU⊤ and V V ⊤ are. From these equalities, we know that
AA+ and A+A are symmetric matrices, since

AA+ = UΣV ⊤V Σ−1U⊤ = UU⊤ and A+A = V Σ−1U⊤UΣV ⊤ = V V ⊤.

Furthermore, we can also show that AA+A = UU⊤UΣV ⊤ = UΣV ⊤ = A

and A+AA+ = V V ⊤V Σ−1U⊤ = V Σ−1U⊤ = A+. We call these properties
collectively as the Penrose identities.

Definition 5.3 (Penrose identities) An n× d matrix A and a d× n matrix
B satisfy the Penrose identities if A and B satisfy the following identities:

(a) (AB)⊤ = AB and (BA)⊤ = BA;

(b) ABA = A;

(c) BAB = B .

Surprisingly, for any matrix A, there is a unique matrix B that satisfies the
Penrose identities.

Fact 5.8 There is a unique matrix satisfying the Penrose identities with any
matrix.

Proof: Assume there are two matrices, B and C, that satisfy the Penrose
identities with a given A. First, we list four identities in Definition 5.3 for B
and C as follows:

(t1) (AB)⊤ = AB, (t2) (BA)⊤ = BA;

(t1′) (AC)⊤ = AC, (t2′) (CA)⊤ = CA;

(a) ABA = A, (a′) ACA = A;

(b) BAB = B, (b′) CAC = C.

From these identities,

B
(b)
= BAB

(t1)
= B(AB)⊤ = BB⊤A⊤ (a′)

= BB⊤(ACA)⊤ = BB⊤A⊤(AC)⊤

= B(AB)⊤(AC)⊤
(t1),(t1′)

= BABAC = (BAB)AC
(b)
= BAC

(t2)
= (BA)⊤C = A⊤B⊤C

(a′)
= (ACA)⊤B⊤C = (CA)⊤A⊤B⊤C
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= (CA)⊤(BA)⊤C
(t2′),(t2)

= CABAC = C(ABA)C
(a)
= CAC

(b′)
= C .

That is, there is only one matrix that satisfies all four Penrose identities.

From this property, we can show that the Penrose identities are equivalent
to the definition of pseudoinverse.

Fact 5.9 A d × n matrix is a pseudoinverse of A if and only if the matrix
satisfies the Penrose identities with A.

Proof: We already showed above “only if”, which tells us that A+ satisfies the
Penrose identities. According to Fact 5.8, there is only one matrix that satisfies
the Penrose identities with A, and thereby this matrix is the pseudoinverse.

By combining above two Facts, we conclude that a pseudoinverse is unique.

Theorem 5.4 A pseudoinverse of a matrix is unique.

Proof: We can show this based on Facts 5.8 and 5.9.

This uniqueness result with the Penrose identities in Fact 5.9 allows us to
say that a matrix is the pseudoinverse of A by simply checking if it satisfies the
Penrose identities with A. We do not need to perform SVD on A

As an example, let us compute the pseudoinverse as well as a low-rank
approximation of the following matrix given as a sum of rank-one matrices.

Example 5.5 [ Example 5.3 revisited] Consider the following 4× 4 matrix A:

A =


0

0

1

0


[
0 0 2 0

]
− 3


1

1

0

0


[
1 1 0 0

]
− 2


1

−1
0

0


[
−1 1 0 0

]
.

1. We already computed the compact SVD of this matrix in Example 5.3:

A = 6


− 1√

2

− 1√
2

0

0


[

1√
2

1√
2

0 0
]

+ 4


1√
2

− 1√
2

0

0


[

1√
2
− 1√

2
0 0

]
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+2


0

0

1

0


[
0 0 1 0

]

= σ1u1v⊤
1 + σ2u2v⊤

2 + σ3u3v⊤
3 .

Therefore, its pseudoinverse is

A+ =
1

σ1
u1v⊤

1 +
1

σ2
u2v⊤

2 +
1

σ3
u3v⊤

3

=
1

6


1√
2
1√
2

0

0


[

1
−
√
2
− 1√

2
0 0

]
+

1

4


1√
2

−−1√
2

0

0


[

1√
2
− 1√

2
0 0

]

+
1

2


0

0

1

0


[
0 0 1 0

]

= V D−1U⊤

=


1√
2

1√
2

0
1√
2
− 1√

2
0

0 0 1

0 0 0


1/6 0 0

0 1/4 0

0 0 1/2



− 1√

2
− 1√

2
0 0

1√
2
− 1√

2
0 0

0 0 1 0

 .

2. By Lemma 5.5,

B = A2 = σ1u1v⊤
1 + σ2u2v⊤

2

= 6


− 1√

2

− 1√
2

0

0


[

1√
2

1√
2

0 0
]

+ 4


1√
2

− 1√
2

0

0


[

1√
2
− 1√

2
0 0

]

minimizes ∥A−B∥2 among 4× 4 matrices of rank 2.

Another example of pseudoinverse is a left- or right-inverse of a non-square
full-rank matrix, as we saw earlier in Section 2.5.



Kang
&

Cho
(20

25)

5.8. Pseudoinverse 147

Fact 5.10 Let the rank of an n× d matrix A be d. Then, A+ = (A⊤A)−1A⊤,
and A+ is a left-inverse of A. If n > d, then A+ is not a right-inverse of A.
For the case of n = d, A+ is the inverse of A.

Proof: (A⊤A)−1A⊤ is the pseudoinverse of A by Fact 5.9 since it satisfies
the Penrose identities with A. Since A+A = (A⊤A)−1A⊤A = Id, A+ is a left-
inverse of A. However, A has no inverse if n > d, and A+ is not a right-inverse
of A in this case. If n = d, then A is invertible since the rankA = n = d, and
A+ = (A⊤A)−1A⊤ = A−1(A⊤)−1A⊤ = A−1.

To connect the pseudoinverse to the least square solution, we start with the
following identity that says the deviation of AA+ from I is orthogonal to the
column space of A:

A⊤(AA+ − I) = V ΣU⊤(UU⊤ − I) = 0.

Using this identity, we can show for an arbitrary pair of vectors, x and b, that

|Ax− b|2 = |Ax−AA+b +AA+b− b|2

= |A(x−A+b) + (AA+ − I)b|2

=
∣∣A(x−A+b)

∣∣2 + 2(x−A+b)⊤A⊤(AA+ − I)︸ ︷︷ ︸
=0

b +
∣∣(AA+ − I)b

∣∣2
=

∣∣A(x−A+b)
∣∣2 + ∣∣AA+b− b

∣∣2
≥

∣∣AA+b− b
∣∣2.

In short, for an arbitrary matrix A and an arbitrary vector b,

|Ax− b| ≥
∣∣AA+b− b

∣∣ for all x ∈ Rn. (5.20)

That is, when a linear system Ax = b does not have a solution, A+b is an
approximate solution that minimizes the error measured in the Euclidean length.
If Ax = b admits a solution, A+b solves the linear system exactly.

Similarly, with A− = (A+)⊤,

A(A⊤A− − I) = UΣV ⊤(V V ⊤ − I) = 0,

because A⊤A− = (A+A)⊤ = V V ⊤. From this, we also obtain the following
inequality, transposed version of (5.20):

|A⊤y− c|2 = |A⊤(y−A−c) + (A⊤A−c− c)|2
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=
∣∣A⊤(y−A−c)

∣∣2 + 2(y−A−c)⊤A(A⊤A− − I))︸ ︷︷ ︸
=0

c +
∣∣A⊤A−c− c

∣∣2
=

∣∣A⊤(y−A−c)
∣∣2 + ∣∣A⊤A−c− c

∣∣2
≥

∣∣A⊤A−c− c
∣∣2

for any appropriately-sized y and c. Therefore, for any given matrix A and
vector c, ∣∣y⊤A− c⊤

∣∣ ≥ ∣∣c⊤A+A− c⊤
∣∣ for all y ∈ Rm. (5.21)

Using these two inequalities, we arrive at the following characterization of pseu-
doinverse.

Theorem 5.5 The pseudoinverse of A is a matrix X that minimizes ∥AX −
In∥F , that is,

A+ = argmin
X : d×n matrix

∥AX − In∥F = argmin
Y : d×n matrix

∥Y A− Id∥F (5.22)

Proof: Let ej be the j-th standard basic vector in Rn. Note that ∥B∥2F =∑n
j=1

∣∣Bej
∣∣2 for any matrix B with n columns. If replace x in (5.20) with the

j-row of an arbitrary matrix X, i.e., Xej and set b to be ej , we get

|AXej − ej | ≥ |AA+ej − ej |.

From this, we can establish the lower bound of ∥AX − In∥2F as

∥AX − In∥2F =

n∑
j=1

|AXej − ej |2 ≥
n∑

j=1

|AA+ej − ej |2 = ∥AA+ − In∥2F .

Let ei be the i-th standard basic vector in Rd. Note that ∥B∥2F =
∑d

i=1

∣∣e⊤i B∣∣2
for any matrix B with d rows. Similarly, from (5.21), we get

|e⊤i Y A− e⊤i | ≥ |e⊤i A+A− e⊤i |,

and subsequently

∥Y A− Id∥2F =

d∑
i=1

|e⊤i Y A− e⊤i |2 ≥
d∑

i=1

|e⊤i A+A− e⊤i |2 = ∥A+A− Id∥2F .

Since A+ is a d× n matrix, A+ is a minimizer of (5.22).
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5.8.1 Generalized Projection and Least Square

Let us consider a projection or a least square problem in a more general setup. In
this setup, the matrix A = [ a1 | · · · | ad ] may not be a full-rank matrix. In order
to approximately solve Ax = b, we need to either find x that minimizes |Ax −
b|, or project b onto the column space Col (A) = span{a1, . . . , ad}. From the
inequality in (5.20), we know that x̂ = A+b minimizes |Ax−b|. To connect this
length minimizing solution x̂ to a projection, let us investigate the orthogonality
of b−Ax̂ and Ax̂ through the Penrose identities.

(b−Ax̂)⊤Ax̂ = (b−AA+b)⊤AA+b = b⊤(I −AA+)AA+b

= b⊤(AA+ −AA+AA+)b = b⊤(AA+ −AA+)b = 0

implies that b− Ax̂ and Ax̂ are orthogonal to each other. Since Ax̂ ∈ Col (A),
Ax̂ is the projection of b onto Col (A). In summary, A+b is the solution to the
least squares problem, and at the same time, we can express the orthogonal
projection of b onto the column space, Col (A), as

PCol (A)(b) = AA+b, (5.23)

where AA+ is a matrix corresponding to the orthogonal projection onto Col (A).
If the rank of an n×dmatrixA was d, the least squares solution is (A⊤A)−1A⊤b,

and the orthogonal projection is A(A⊤A)−1A⊤b. These coincide with the earlier
results, as implied by Fact 5.10. If A is a low-rank matrix, the pseudoinverse of
A may not be expressed in the same way.

Let us summarize various orthogonal projections and pseudoinverses derived
for an n× d matrix A = [ a1 | · · · | ad ]:

• Without any particular constraint on A,

PCol (A)(x) = AA+x and A+ ;

• If the columns of A are linearly independent, i.e. rankA = d,

PCol (A)(x) = A(A⊤A)−1A⊤x and A+ = (A⊤A)−1A⊤ ;

• If the columns of A are orthonormal,

PCol (A)(x) = AA⊤x and A+ = A⊤ ;

• If there is only one column, a, in A,

PCol (A)(x) =
1

a⊤aaa⊤x and A+ =
1

a⊤aa⊤ .

Each of these projections is a special case of the one above.
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5.9 Numerically Stable QR-Decomposition

Now that we know how to compute the rank of a sum of rank-one matrices,
according to Fact 5.4, we now re-visit the Gram-Schmidt procedure (4.12) from
the perspective of numerical stability.

Using the standard inner product in Rn, we can rewrite the orthogonal
projection (4.12) onto known basic vectors in Gram-Schmidt procedure as

vi+1 = ai+1 −
(
q⊤
1 ai+1

)
q1 −

(
q⊤
2 ai+1

)
q2 − · · · −

(
q⊤
i ai+1

)
qi

= ai+1 − q1

(
q⊤
1 ai+1

)
− q2

(
q⊤
2 ai+1

)
− · · · − qi

(
q⊤
i ai+1

)
=

(
I − q1q⊤

1 − q2q⊤
2 − · · · − qiq⊤

i

)
ai+1 .

Let us focus on the n× n matrix

P̂ = I − q1q⊤
1 − q2q⊤

2 − · · · − qiq⊤
i .

For any orthonormal basis {q1, . . . , qi, qi+1, . . . qn} extended from {q1, . . . , qi},

P̂ = qi+1q⊤
i+1 + · · · qnq⊤

n ,

according to (4.15), and rank P̂ = n− i by Fact 5.4. Therefore, the step (4.12)
in the original Gram-Schmidt procedure multiplies a matrix of rank n− i.

There is another way to represent P̂ as the product of higher-rank matrices.
Because of the orthonormality of qj and qk for j ̸= k,(
I − qjq⊤

j

)(
I − qkq⊤

k

)
= I − qjq⊤

j − qkq⊤
k + qjq⊤

j qkq⊤
k = I − qjq⊤

j − qkq⊤
k .

This implies furthermore that(
I − qjq⊤

j

)(
I − qkq⊤

k

)
=
(
I − qkq⊤

k

)(
I − qjq⊤

j

)
,

and, for j ̸= k, k ̸= ℓ and j ̸= ℓ,(
I − qjq⊤

j

)(
I − qkq⊤

k

)(
I − qℓq⊤

ℓ

)
= I − qjq⊤

j − qkq⊤
k − qℓq⊤

ℓ .

Repeating this further, we get

P̂ = I − q1q⊤
1 − q2q⊤

2 − · · · − qiq⊤
i

=
(
I − q1q⊤

1

)(
I − q2q⊤

2

)
· · ·
(
I − qiq⊤

i

)
=

(
I − qiq⊤

i

)(
I − qi−1q⊤

i−1

)
· · ·
(
I − q1q⊤

1

)
. (5.24)
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In this way, we obtain P̂ by multiplying matrices of rank n − 1 rather than
(4.12). We call this approach a modified Gram-Schmidt procedure, and this is
a popular way to implement the Gram-Schmidt procedure in practice.

We can illustrate the difference between the classical (4.12) and modified
(5.24) versions with a simple example. Pick a small ϵ such that ϵ2 = 0 due
to the finite numerical precision. Then, consider the following ill-conditioned
matrix, due to near-identical columns:

A =


1 1 1

ϵ 0 0

0 ϵ 0

0 0 ϵ

 = [a1 a2 a3].

Because |a1| = |a2| = |a3| = 1 numerically, both versions result in the same first
and second orthonormal vectors q1 = a⊤1 and q2 =

(
0,− 1√

2
, 1√

2
, 0
)⊤

. Unless
carefully implemented, there could be a numerical issue in computing q2 which is
v = (0,−ϵ, ϵ, 0)⊤ normalized with 1

|v| , because |v| is equivalent to 0, numerically.
The third orthonormal vector however requires a more careful treatment. In the
case of the classical procedure, the third vector ends up with

q3 =
(
0,− 1√

2
, 0,

1√
2

)⊤
,

as

(I−q1q⊤
1 −q2q⊤

2 )a3 = a3−(a⊤1 a3)a1−(q⊤
2 a3)q2 = a3−1 a1−0 q2 = a3−a1 =


0

−ϵ
0

ϵ

 .

On the other hand, the modified procedure results in

(I − q2q⊤
2 )(I − q1q⊤

1 )a3 = (I − q2q⊤
2 )(a3 − (a⊤1 a3)a1)

= (I − q2q⊤
2 )


0

−ϵ
0

ϵ

 =


0

−ϵ
0

ϵ

− ϵ√
2

q2 =


0

−ϵ/2
−ϵ/2
ϵ

 .

This difference manifests itself when we check the orthogonality of the re-
sulting vectors. The classical procedure leaves us with vectors which are not
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orthonormal:

Q =


1 0 0

ϵ −0.7071 −0.7071
0 0.7071 0

0 0 0.7071

 with Q⊤Q =

 1 −0.7ϵ −0.7ϵ
−0.7ϵ 1 1/2

−0.7ϵ 1/2 1

 .
The modified one however produces almost orthonormal vectors:

Q =


1 0 0

ϵ −0.7071 −0.4082
0 0.7071 −0.4082
0 0 0.8165

 with Q⊤Q =

 1 −0.7ϵ −0.4ϵ
−0.7ϵ 1 0

−0.4ϵ 0 1

 .
Despite the mathematical equivalence between these two procedures, they pro-
duce different results numerically, emphasizing the importance of practical im-
plementations of these algorithms with finite-precision arithmetic. See [8] for
more details.

5.10 How to Obtain SVD
When a matrix is provided us in a form similar to (5.8), we can obtain singular
values and vectors by Fact 5.2. For instance, if the rank of the matrix is one,
we can readily use Fact 5.2 to obtain a singular triplet. If this is not the case,
it is usual to solve the symmetric eigenvalue problem on a smaller-sized one of
AA⊤ and A⊤A. The eigenvectors then serve as right- or left-singular vectors,
and the square root of the eigenvalues are singular values. We can compute the
remaining singular vectors (either left or right) using Lemma 5.2.

Centering Data

When we look for the optimal k-dimensional subspace to represent data, we
must decide first whether we are looking for a k-dimensional subspace or a k-
dimensional affine space.3 In the latter case, we first subtract the mean vector
from each data point so that the centroid of the shifted data set is located at
the origin and then perform SVD.

3 An affine space is constructed by translating a linear space off the origin and is often
expressed as {v0 + x1v1 + · · · + xkvk : (x1, . . . , xk) ∈ Rk}. Linear transformation is not
preserved within an affine space but affine combination is. That is, if v1 and v2 are included
in an affine space, λv1 + (1 − λ)v2 is also within the same space for an arbitrary real-valued
λ.
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Fact 5.11 The k-dimensional affine space that minimizes the sum of squared
perpendicular distances to the data points must pass through the centroid of the
points.

Proof: Set the centroid µ of data points {a1, . . . , an} ⊂ Rd as µ = 1
n

∑n
i=1 ai.

Consider modified data points {a1−µ, . . . , an−µ} which satisfies
∑n

i=1(ai−µ) =
0. We desire to show that the best-fit affine space of the modified data points
{a1 − µ, . . . , an − µ} is actually a subspace passing the origin. For simplic-
ity of presentation, we assume that the original data set {a1, . . . , an} satisfies∑n

i=1 ai = 0.
Let A = {v0 +

∑k
j=1 cjvj : c1, . . . , ck ∈ R} = v0 + span{v1, . . . , vk} be

a k-dimensional best-fit affine space of {a1, . . . , an}, where v1, . . . , vk are or-
thonormal vectors. Let v0 be a point in A that is closest to the origin 0. The
v0 must be orthogonal to all vj’s. The closest point to ai in A is the projection
of ai onto A, and we represent it as v0 +

∑k
j=1 c

∗
jvj . The vector that represents

the difference between ai and this projected vector is orthogonal to A. That is,
⟨ai − v0 −

∑k
j=1 c

∗
ijvj , vℓ⟩ = 0 for all ℓ = 1, . . . , k. By re-arranging terms, we

get c∗ij = ⟨ai − v0, vj⟩ = ⟨ai, vj⟩. The sum of squared distances from the data
points to A is then

n∑
i=1

dist(ai,A)2 =

n∑
i=1

∣∣∣ai − v0 −
k∑

j=1

c∗ijvj

∣∣∣2
=

n∑
i=1

{∣∣ai − v0

∣∣2 − 2
〈

ai − v0,

k∑
j=1

c∗ijvj

〉
+
∣∣∣ k∑
j=1

c∗ijvj

∣∣∣2}

=

n∑
i=1

{∣∣ai − v0

∣∣2 − 2

k∑
j=1

c∗ij⟨ai − v0, vj⟩+
k∑

j=1

(c∗ij)
2
}

=

n∑
i=1

{∣∣ai − v0

∣∣2 − k∑
j=1

(c∗ij)
2
}

=

n∑
i=1

{∣∣ai∣∣2 − 2⟨v0, ai⟩+
∣∣v0

∣∣2 − k∑
j=1

⟨ai, vj⟩2
}

=

n∑
i=1

|ai|2 − 2
〈

v0,

n∑
i=1

ai︸ ︷︷ ︸
=0

〉
+ n

∣∣v0

∣∣2 − n∑
i=1

k∑
j=1

⟨ai, vj⟩2

=

n∑
i=1

|ai|2 + n
∣∣v0

∣∣2 − n∑
i=1

k∑
j=1

⟨ai, vj⟩2
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≥
n∑

i=1

|ai|2 −
n∑

i=1

k∑
j=1

⟨ai, vj⟩2

=

n∑
i=1

dist(ai,A′)2

where A′ = {
∑k

j=1 cjvj : c1, . . . , ck ∈ R} = span{v1, . . . , vk} is a k-dimensional
subspace, a special case of A with v0 = 0. Therefore, it must be v0 = 0, and the
k-dimensional affine space best-fitted to the modified data points thus passes
through the origin. Therefore, the k-dimensional affine space best-fitted to the
original data points passes the centroid of the data points.

5.11 Connecting SVD and Principal Component
Analysis (PCA)

A principal component of a random vector4 is a linear combination of random
variables which are components of the random vector. A principal component is,
of course, a random variable and explains the variability of the random vector.
Therefore, a better principal component explains more variability of the random
vector. For a given random vector X, a principal component is characterized
by a v = (v1, . . . , vd)

⊤ ∈ Rd, a deterministic coefficient vector of the linear
combination, and then, can be represented as v⊤X =

∑d
j=1 vjXj . We adopt the

variance of a random variable as the measure of its variability. Then, finding the
best principal component is equivalent to finding v that maximizes the variance
of v⊤X among unit vectors, i.e., |v| = 1. We call this best principal component
or the first principal component.

Assume the mean of X is 0 without loss of generality.5 Then, the mean of
v⊤X is zero, and its variance is

Var(v⊤X) = E
[
(v⊤X)2

]
= E

[
v⊤X(v⊤X)⊤

]
= E

[
v⊤XX⊤v

]
= v⊤E

[
XX⊤]v

= v⊤Σv,

where Σ = E
[
XX⊤] is the covariance matrix of random vector X. We can obtain

the first principal component by solving

argmax
|v|=1

Var(v⊤X) = argmax
|v|=1

v⊤Σv.

4We explain random variables and vectors in Appendix D.
5This can be satisfied easily in practice by subtracting the sample mean from all the data

points.



Kang
&

Cho
(20

25)

5.11. Connecting SVD and Principal Component Analysis (PCA) 155

Since the covariance matrix Σ is not known in practice, but we are only given
a set of iid6 observations of X, x1, x2, . . . , xn, we use a sample covariance Σ̂

estimated from these observations. Let A be the data matrix of which the i-th
row corresponds to the i-th observation xi. Then, due to Fact 3.5, we can write
an estimate of the sample covariance as

Σ̂ =
1

n− 1

n∑
i=1

xix⊤
i =

1

n− 1
A⊤A .

Since v⊤A⊤Av = |Av|2, v⊤Σ̂v = 1
n−1 |Av|2 holds, and we can rewrite the opti-

mization problem to find the first principal component into

argmax
|v|=1

v⊤Σ̂v = argmax
|v|=1

|Av|.

In other words, the first principal component coincides with the first right-
singular vector v1 of the observation matrix A. Furthermore, the variance ex-
plained by the first principal component is proportional to the square of the
first singular value, σ2

1

n−1 .
We define the second principal component v∗ as a principal component that

is not correlated7 with the first principal component v⊤
1 X, and that maximizes

the variance Var(v⊤X). In statistical terminology, we are solving

v∗ = argmax
|v|=1,

Cov(v⊤X,v⊤
1 X)=0

Var(v⊤X).

The covariance constraint can be rewritten as

Cov(v⊤X, v⊤
1 X) = E

[
(v⊤X)(v⊤

1 X)
]
− E

[
v⊤X

]︸ ︷︷ ︸
=0

E
[
v⊤
1 X
]︸ ︷︷ ︸

=0

= E
[
v⊤X(v⊤

1 X)⊤
]
= E

[
v⊤XX⊤v1

]
= v⊤E

[
XX⊤]v1 = v⊤Σv1

= 0.

Using the sample covariance, we further rewrite it into

v⊤Σ̂v1 = 0 ⇔ v⊤A⊤Av1 = 0.

6Independent and identically distributed.
7For random variables X1 and X2, we say that they are uncorrelated if their covariance is

zero, that is, Cov(X1, X2) = 0.
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Since, due to Lemma 5.3, A⊤Av1 = σ2
1v1 for the right-singular vector v1,

v⊤A⊤Av1 = 0 is equivalent to v⊤v1 = 0. In other words, the orthogonality
between v and v1, is the necessary and sufficient condition for uncorrelatedness
of v⊤

1 X and v⊤X. Therefore,

v⊤Σ̂v1 = 0 ⇔ v⊤v1 = 0,

and we can obtain the second principal component by solving

v∗ = argmax
|v|=1,

v⊤v1=0

|Av|.

That is, the second right-singular vector v2 is the second principal component,
and σ2

2

n−1 is the variance explained by the second principal component.
We can repeat this procedure for rankA = r times to compute the r prin-

cipal components. We could find the (r + 1)-th principal component, but this
component explains nothing since the explained variance is zero.

The total variance explained by k ≤ r principal components is
1

n− 1
(σ2

1 + · · ·+ σ2
k),

which is the maximum variance that can be explained by k right-singular vectors
due to the best-fit character of SVD. Given a target proportion 0 < α < 1, we
choose the smallest k that satisfies

σ2
1 + · · ·+ σ2

k

σ2
1 + · · ·σ2

k + σ2
k+1 · · ·+ σ2

r

≥ α.

We then call v1, . . . , vk the principal components that explain 100α% of the
total variance.

These results can be summarized into the following theorem in Statistics.

Theorem 5.6 For a random vector X, assume that E[X] = 0. Let Cov(X,X) =

Σ have eigenvectors v1, . . . , vr with corresponding eigenvalues σ2
1 ≥ σ2

2 ≥ · · · ≥
σ2
r > 0. Then:

(i) The j-th PC (principal component) is v⊤
j X = vj,1X1 + · · · + vj,dXd for

j = 1, . . . , r.

(ii) The variance of j-th PC is Var(v⊤
j X) = v⊤

j Σvj = σ2
j .

(iii) The covariance between two PCs is uncorrelated, i.e. Cov(v⊤
j X, v⊤

k X) =

v⊤
j Σvk = 0 for j ̸= k.

The proof of this theorem is straightforward if we notice that Σ = A⊤A

where A =
∑r

j=1 σjujv⊤
j .
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SVD in Practice

Singular value decomposition (SVD) is widely used in practice. In this chapter,
we consider three practical use cases of SVD and its variant. First, SVD is used
to compress a large matrix, representing an image, into two smaller matrices,
without compromising its perceptual quality. This is done by taking only the
top-k singular triplets, after performing SVD on the full matrix. Second, we
show how left-singular vectors can be used to visualize high-dimensional data,
for convenient analysis. As evident from our variational formulation of SVD,
these left-singular vectors are the optimal representations of data in terms of
reconstruction. We furthermore demonstrate how this approach of using left-
singular vectors for visualization can be extended nonlinearly, with a variational
autoencoder. Finally, we show how the right-singular vectors of financial time-
series data automatically capture major underlying factors, by analyzing histor-
ical yield curves using SVD. These examples are only three out of increasingly
many applications of SVD in data science and artificial intelligence.

6.1 Single-Image Compression via SVD

A representative example of using SVD in practice is image compression. An
image is often represented as a collection of pixels on a 2-dimension grid, and
each pixel is represented using three numbers corresponding to three color chan-
nels (r, g, b). An n × d image can thus be represented as a collection of three
n × d matrices. Let A(1), A(2), A(3) be these three matrices, respectively, and
r1, r2, r3 be their respective ranks. We start by assuming that the column sums

Kang & Cho, Linear Algebra for Data Science,
©2025. (Wanmo Kang & Kyunghyun Cho) all rights reserved.
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of each of these matrices are all 0.

Figure 6.1: Mona Lisa in 1024× 687 pixels.

SVD allows us to represent A as the sum of rank-one matrices:

A(j) =

rj∑
i=1

σ
(j)
i u(j)

i v(j)
i

⊤
,

with positive σ(j)
i ’s and vectors u(j)

i ’s and v(j)
i ’s. If k ≤ min{r1, r2, r3}, rank k

approximation of A(j) is

A(j)
k =

k∑
i=1

σ
(j)
i u(j)

i v(j)
i

⊤
.

We show in Figure 6.2 five approximated images of the original Mona Lisa in
Figure 6.1 with the ranks k = 3, 8, 18, 23 and 34, respectively. Even when we
use only 8.3% of the original pixels (see Figure 6.2f), it is difficult to discern this
approximated (compressed) version from the original.

When the column means are not zeros, we simply subtract the column mean
from each column, perform SVD, compute low-rank approximation and add
back the column mean to each column. In other words, we perform SVD on

A(j) − 1nµ⊤
j ,

where
µj =

1

n
1⊤nA(j).

This column average is added back to low-rank approximation;

A(j) ≈ 1nµ⊤
j +A(j)

k = 1nµ⊤
j +

k∑
i=1

σ
(j)
i u(j)

i v(j)
i

⊤
,



Kang
&

Cho
(20

25)

6.1. Single-Image Compression via SVD 159

(a) Original: 1024× 687 (b) Rank 3 (0.73%) (c) Rank 8 (1.9%)

(d) Rank 18 (4.4%) (e) Rank 23 (5.6%) (f) Rank 34 (8.3%)

Figure 6.2: Low-rank approximations of the Mona Lisa (The percentage is the
portion of data in use.)

where low-rank approximation was done on

A(j) − 1nµ⊤
j ≈ A(j)

k =

k∑
i=1

σ
(j)
i u(j)

i v(j)
i

⊤
.

Refer to Section 5.10 to see why we need to subtract and add back the column
means.
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6.1.1 Singular values reveal the amount of information in
low rank approximation

We can quantify how well the original image is represented by the compressed
image by ∑k

i=1 σ
2
i∑687

i=1 σ
2
i

,

using the k-largest singular values. We can plot this proportion for each color
channel over k, to visually inspect and determine the right balance between the
compression and fidelity.
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Figure 6.3: Ratio explained by singular triplets

From Figure 6.3, we observe that red and green colors are more easily cap-
tured with a fewer singular triplets, compared to blue. Even when the ratio
of blue was less than 0.8 with k = 34, we were not able to visually discern a
compressed image from the original image. This may be explained by the fact
that the proportion of cone cells, which are photoreceptor cells in the retinas,
that respond to blue (known to be only about 2%) is much lower than those of
cone cells responding to red and green.

6.2 Visualizing High-Dimensional Data via SVD

6.2.1 Left-singular Vectors as the Coordinates of Embed-
ding Vectors in the Latent Space

We are interested in finding a k-dimensional subspace that approximates well
n data points in a d-dimensional vector space, {a1, . . . , an} ⊂ Rd. We can
formulate the problem of identifying a k-dimensional subspace as a problem of
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finding k d-dimensional basic vectors that form a basis of the subspace. In other
words, we can phrase this problem as estimating an unknown d × k matrix V

that consists of these basic vectors as its columns to maximize
∑n

i=1 |V ⊤ai|2.
That is,

V ∗ = argmax
V : d×k

V ⊤V=Ik

n∑
i=1

∣∣V ⊤ai
∣∣2 . (6.1)

Using the orthonormality of columns, V ⊤V = Ik, we see that

∣∣ai − V V ⊤ai
∣∣2 =

(
ai − V V ⊤ai

)⊤(ai − V V ⊤ai
)

=
(
a⊤i − a⊤i V V ⊤)(ai − V V ⊤ai

)
= a⊤i ai − 2a⊤i V V ⊤ai + aiV V ⊤V V ⊤ai
= |ai|2 − a⊤i V V ⊤ai
= |ai|2 −

∣∣V ⊤ai
∣∣2.

Because
∑n

i=1 |ai|2 is a constant with respect to V , finding V that maximizes∑n
i=1 |V ⊤ai|2 is equivalent to finding V that minimizes

∑n
i=1 |ai−V V ⊤ai|2. In

other words, the original problem (6.1) can be rephrased as

V ∗ = argmax
V : d×k

V ⊤V=Ik

n∑
i=1

|ai − V V ⊤ai|2. (6.2)

Under this formulation, you can view V V ⊤ai as reconstructing the original
vector ai back from the k-dimensional compression V ⊤ai by multiplying it with
V . Then, this problem can be thought of as minimizing the reconstruction
error.12 We often refer to this k-dimensional subspace in which we transformed
and embedded the data points as a latent space.

Let A be an n× d data matrix with ai’s as its rows and V be this unknown
d × k matrix with vj’s as its columns. Then, the subspace spanned by the
column vectors {v1, . . . , vk}, obtained as a solution to (6.1), has the same effect
as dimension reduction as the subspace spanned by the singular vectors of A
that correspond to the k largest singular values, in terms of the squared residual

1This is a special case of an autoencoder in machine learning, where V ⊤ is an encoder and
V is a decoder. That is, this corresponds to a linear autoencoder with a tied weight.

2It is natural to consider V V ⊤ as the matrix form of projection onto a subspace spanned
by orthonormal vectors, as in (4.8). It is however non-trivial to go from projection to recon-
struction via V ⊤.



Kang
&

Cho
(20

25)

162 Chapter 6. SVD in Practice

distance, because

n∑
i=1

∣∣V ⊤ai
∣∣2 = ∥V ⊤A⊤∥2F = ∥AV ∥2F =

k∑
j=1

|Avj |2.

The column vectors of V however may not be ordered according to the singular
values. That is, |Avi| ≥ |Avi+1| may not hold for some i.

Let bi be the image of ai in the latent space. It is usual for us to call bi

the embedding vector of ai. The i-th element of the j-th left-singular vector of
A, (uj)i, is a scalar multiple of the j-th element of the embedding vector bi,
because σj(uj)i = (σjuj)i = (Avj)i = a⊤i vj = (V ⊤ai)j = (bi)j . In other words,
the j-th left-singular vector multiplied by its singular value σjuj , which is n-
dimensional, is a collection of the j-th coordinate values of the n data points
in the latent space. That is, the i-th row of UΣ = [σ1u1 σ2u2 . . . σkuk ] is bi.
With an appropriate choice of k, we can gain insights into the data point ai by
analyzing its embedding vector bi.

6.2.2 Geometry of MNIST Images According to SVD

The MNIST Dataset consists of handwritten digits and has been used exten-
sively to train and evaluate various image processing systems as well as machine
learning algorithms. It contains 60,000 training images and 10,000 test images
of handwritten digits (0-9). See Figure 6.4 for 160 randomly selected images
from MNIST.

Figure 6.4: Examples of images in MNIST data set

Each handwritten digit in MNIST is represented as a 28 × 28 grayscale
image. Each pixel can be one of 256 intensity levels (0-255). In Figure 6.5,
we demonstrate how the 8-th training image from MNIST, that corresponds
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to a handwritten three, can be plotted in two different ways; one as an actual
grayscale image and the other as a 28× 28 matrix.

(a) An image of 3

=

2
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2 (b) 28×28 matrix representation of the left image

Figure 6.5: An Example of MNIST Image and its Matrix Representation

When analyzing such a dataset, it is often more convenient to analyze it
as a collection of vectors rather than as images, although the latter tend to be
more familiar to us. In the case of MNIST, we can reshape the matrix of each
handwritten digit into a 784-dimensional vector. Once numerical analysis is
completed, we can visualize these data points as well as intermediate quantities
as images rather than vectors.

Once we create a 70, 000×784 data matrix A of MNIST by vertically stacking
784-dimensional row vectors, we first compute the mean of the rows (column
means) by 1

n1⊤nA where n = 70, 000, which we visualize in Figure 6.6. We can
check other properties of this data matrix, such as its rank by using numpy
package of Python, which results in rankA = 713.

Figure 6.6: The Mean Image of MNIST

We now subtract this mean from each row of the data matrix A by

Â = A− 1

n
1n1⊤nA,
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after which we perform SVD on Â. We first visualize the top-64 right-singular
vectors, according to their associated singular values, in Figure 6.7. Although
it is not easy to interpret these right-singular vectors intuitively, we notice that
the spatial frequency increases as the singular values decrease. This is evident
from the increasingly more frequent flips between black and white contiguous
regions.

Figure 6.7: 64 Leading right-singular Vectors of A

These right-singular vectors form a basis of a subspace. In Figure 6.8, we plot
all rows of the data matrix on the subspace spanned by the top-2 leading singular
values, by putting each row using the first two elements of the corresponding
left-singular vector. We can visually confirm that digits of a similar shape are
placed nearby and sometimes even overlap with each other. As could have been
guessed from the first right-singular vector, which depicted a 0-like shape, zeros
are clustered in a region with large x.

Figure 6.8: Two Leading left-singular Vectors of A
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Next, we visually inspect the quality of low-rank approximation, while vary-
ing the number of the right-singular vectors; 2, 22, 42, 62 and 82. For each
handwritten digit, we plot its reconstructed versions from the corresponding
low-dimensional subspaces.

Figure 6.9: More Singular Vectors, More Accurate Approximation

The first column in Figure 6.9 is the original image, and the subsequent
columns correspond to the reconstructed images based on small numbers of
right-singular vectors. Already with 42 right-singular vectors alone, out of 700
or so, reconstructed images are almost as good as the original ones. We can
quantify the quality of approximation with

∑k
i=1 σ2

i∑784
i=1 σ2

i

, as in the following Figure
6.10.

Figure 6.10: Ratio explained by singular triplets
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6.2.3 Geometry of MNIST Images in the Latent Space of
a Variational Auto-Encoder

Handwritten digits in MNIST still have significant overlaps across digit classes,
when we visualize them using SVD, as shown in Figure 6.8. This clutters our
analysis effort, but is also difficult to overcome due to the linearity of SVD. It
is thus a common practice to project data nonlinearly onto a lower-dimensional
subspace for analyzing data more in-depth. A variational autoencoder (VAE) is
one representative example of such an approach. A VAE consists of two neural
networks, described earlier in Section 3.10.1, called the encoder and decoder.
The output layer of the encoder has d nodes, and the output from the encoder is
fed to the decoder as the input. The decoder outputs a 784-dimensional vector,
corresponding to the dimensionality of the original MNIST image. The VAE is
trained to minimize the reconstruction error while being regularized to prevent
overfitting. The space in which the output from the encoder resides is often
called a latent space, and the output from the encoder a latent representation.
With d = 2, we can visualize the MNIST images readily, as in Figure 6.11.

Figure 6.11: Latent space of VAE. Compare it against Figure 6.8.

6.3 Approximation of Financial Time-Series via
SVD

In finance, the yield to maturity of a fixed-interest security (typically, bonds)
is an estimate of the rate of total return to be earned by its owner who buys
it at a market price, holds it to maturity, and receives all interest payments
and the capital redemption on schedule. The yield curve is a graph which
depicts how the yields to maturity vary as a function of their time remaining to
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maturity. The graph’s horizontal axis is a time line of months or years remaining
to maturity. The vertical axis depicts the annualized yield to maturity. As a
demonstration, Figure 6.12 shows 416 yield curves observed weekly from 2010
to 2017. These curves linearly connect yields corresponding to 11 remaining
maturities – 3 months, 6 months, 9 months, one year, one and a half year, two
years, two and a half years, 3 years, 5 years, 10 year, and 20 years.
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Figure 6.12: Yield curves observed weekly from 2010 to 2017.

To see whether any underlying patterns exist in the yield curves, we apply
SVD to a matrix whose rows represent the curves. That is, let us regard the
11 yields observed at each week as a row of a matrix and call the matrix A.
Note that A is a 416 × 11 matrix. By subtracting the column sum of A, µ =
1

4161416⊤A ∈ R11, from each row, we get

Â = A− 1416 µ⊤

whose columns sums vanish. Denote the SVD of Â as

Â = UDV ⊤ =

11∑
k=1

σkukvk

where σ1 ≥ σ2 ≥ · · · ≥ σ11 and |vk| = 1, k = 1, . . . , 11. The i-th row of Â
corresponding to the curve at i-the week is

11∑
k=1

uikσkvk

where uik is the i-th entry of uk. For Â, the first right-singular vector explains
93.74% of the total variation and the top three right-singular vectors explain
99.9% of the total variation. The ratios 100×

∑k
i=1 σ2

i∑11
i=1 σ2

i

for k = 1, . . . , 11 are

93.74, 99.61, 99.90, 99.94, 99.97, 99.98, 99.98, 99.99, 99.99, 99.99, 100.00 ,
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respectively. Since the third ratio is close to 100, the truncated sum of three
leading terms approximates the i-th row of Â very well. That is, for all i =
1, . . . , 416,

11∑
k=1

uikσkvk ≈ ui1σ1v1 + ui2σ2v2 + ui3σ3v3 . (6.3)

Let us look at these right-singular vectors.
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(a) right-singular vectors, vk
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(b) Scaled right-singular vectors, σkvk

Figure 6.13: Right-singular vectors of leading three singular values

Three right-singular vectors having the three largest singular values are de-
picted in the left panel of Figure 6.13a. The right panel shows the right-singular
vectors multiplied by their singular values. The red curve is the first right-
singular vector in Figure 6.14. It determines the overall levels of yields and
is called a level factor in econometrics. The green one affects initial slopes of
curves and is called a slope factor. The blues one represents the curvature of
yield curves near at maturity of 4 years and is called a curvature factor. This
empirical findings through SVD accompanies an analytical modeling of the three
factor curves as

1,
1− e−λτ

λτ
,

1− e−λτ

λτ
− e−λτ

whose graphs are depicted in Figure 6.14.
The estimation of the parameter λ is crucial in empirical finance. A natural

next step would be reconstructing the yield curves by these three analytic curves.
Denote the yield at t of a bond with its maturity date τ as yt(τ). With well-
chosen Lt, St, Ct and λ,

Yt(τ) = Lt × 1 + St ×
1− e−λτ

λτ
+ Ct ×

(1− e−λτ

λτ
− e−λτ

)
(6.4)

may approximate yt(τ). This idea is called (Dynamic) Nelson-Siegel method in
econometrics. If λ vary through t, the method is called Nelson-Siegel method. If
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Figure 6.14: Three factor curves of DNS for λ = 0.05

λ is fixed for all t, it is called Dynamic Nelson-Siegel (DNS) method. If we com-
pare two representations (6.3) and (6.4), we may regard the three right-singular
vectors in (6.3) as proxies of the three analytic factor functions in (6.4). Then,
the leading three left-singular vectors correspond to the sequence of (Lt, St, Ct)

in (6.4). (u1, u2, u3) is depicted in Figure 6.15 as a sequence of R3-vectors.
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Figure 6.15: (u1, u2, u3) plot

u1, u2, and u3 correspond to red, green, and blue curves, respectively. As a
finding from the curves, the red curve representing overall level of yields explains
that the yields from bonds decreases through the period.3 Further empirical
findings can be observed in financial view point, but we do not dive into.

Let us compare the original yield curves and the approximated ones in Figure
3Most of yields are explained by σ1v1 whose entries are all positive. The yields are approx-

imated as
µ+ ut1σ1v1 + ut2σ2v2 + ut3σ3v3

and usually stay at positive regime even if the coefficient ut1 is negative because of the first
mean vector term µ. ut1 has negative values in the second half of the period as we can see in
Figure 6.15.
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6.16. They seem similar, but the approximated curves in the right panel lose
some curved features of original yields requiring more right-singular vectors to
capture. However, insights from the simple expression might be more important
for financial decisions than keeping local details of yield curves.

0 50 100 150 200 250
Maturity (months)

0.01

0.02

0.03

0.04

0.05

Yi
el

d

(a) Original yields curves
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(b) Yield curves represented in 3 factors

Figure 6.16: Illustration of dimension reduction in yield curve representation
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Positive Definite Matrices

Positive definite matrices are everywhere around us. A positive definite matrix
called a covariance captures the relationship among scattered observations of
multiple random variables. Many problems in engineering and data science are
formulated as parameter optimizations. When the second-order derivative of
such an optimization problem is positive definite, we can often find an efficient
and stable procedure to solve the problem. Positive definite matrices further-
more have an elegant connection to a convexity through high-dimensional ellip-
soids. We can view positive definite matrices similarly to real numbers from the
arithmetic perspective. They are both additive and multiplicative and result in
a positive value when inserted in a quadratic form for any non-zero vector and
real number, respectively. Furthermore, the square root of a positive definite
matrix is unique and positive definite, just like the square root of a positive real
number is unique and positive.

7.1 Positive (Semi-)Definite Matrices

Positive (semi-)definiteness is widely used to describe the positivity of quadratic
forms induced by special matrices, such as the covariance matrix1 of a random
vector and the Hessian matrix of a convex2 multivariate function. Furthermore,
there is a beautiful one-to-one correspondence between a positive definite matrix
and an inner product of a vector space (see Theorem 4.1.) We already introduced

1Refer Appendix D.
2Refer Appendix A.

Kang & Cho, Linear Algebra for Data Science,
©2025. (Wanmo Kang & Kyunghyun Cho) all rights reserved.
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positive definiteness in Definition 4.2. Similarly, we define a positive semi-
definite matrix by relaxing the positivity by a non-negativity.

Definition 7.1 A square matrix A is positive semi-definite if x⊤Ax ≥
0 for all x.

The following conditions are equivalent to positive semi-definiteness.

Fact 7.1 For a symmetric matrix A, the followings are equivalent:

(1) For all x, x⊤Ax ≥ 0;

(2) All eigenvalues of A are nonnegative;

(3) A = B⊤B for some matrix B.

Proof: According to the real spectral theorem, a symmetric matrix A can be
expressed as

A =

n∑
i=1

λiviv⊤
i = V ΛV ⊤,

where Λ = diag(λ1, . . . , λn) is a diagonal matrix with eigenvalues of A as its diag-
onal entries, and V = [ v1 | v2 | · · · | vn ] is an orthogonal matrix whose columns
consist of orthonormal eigenvectors of A. (1)⇒ (2): for all j, λj = v⊤

j Avj ≥ 0.
(2) ⇒ (3): Because all diagonal entries of Λ are greater than or equal to 0,
D = diag(

√
λ1, . . . ,

√
λn) is well-defined such that Λ = D2 and D⊤ = D. Thus,

A = V ΛV ⊤ = V DD⊤V ⊤ = B⊤B. (3)⇒ (1): x⊤Ax = x⊤B⊤Bx = |Bx|2 ≥ 0.

We can derive a similar set of equivalences for a positive definite matrix as
well.

Fact 7.2 For a d× d symmetric matrix A, the followings are equivalent:

(1) For all x ̸= 0, x⊤Ax > 0;

(2) All eigenvalues are positive;

(3) A = B⊤B for some invertible matrix B.

(4) A = B⊤B for some matrix B of rank d.
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Proof: As in the proof of Fact 7.1, we have A =
∑n

i=1 λiviv⊤
i = V ΛV ⊤ in hand

due to the spectral decomposition theorem. (1)⇒ (2): for all j, λj = v⊤
j Avj > 0

since vj ̸= 0. (2)⇒ (3): Since diagonal entries of Λ are positive eigenvalues,
D = diag(

√
λ1, . . . ,

√
λn) is well-defined such that Λ = D2 and D⊤ = D.

Therefore, A = V ΛV ⊤ = V DD⊤V ⊤ = B⊤B where B consists of linearly
independent rows since they are positively scaled columns of the orthogonal
matrix V . Therefore, B is invertible. (3)⇒ (4): An invertible matrix has full-
column rank and rankB = d. (4)⇒ (1): x⊤Ax = x⊤B⊤Bx = |Bx|2 = 0 if
and only if Bx = 0. Since B has d columns and rankB = d, dim Null B =

d− rankB = 0. Therefore, Bx ̸= 0 if x ̸= 0.

We can further derive the following result from Fact 7.2.

Fact 7.3 If A is symmetric and positive definite, then A is invertible, and A−1

is also positive definite.

Proof: According to Fact 7.2, any positive definite matrix can be expressed as
B⊤B for some invertible matrix B. Then, the product itself is also invertible.
Furthermore, its inverse B−1

(
B−1

)⊤ is again a positive definite matrix by Fact
7.2.

We then can list up some necessary conditions that must be satisfied by a
positive definite matrix.

Example 7.1 For a positive (semi-)definite matrix A = (aij),

1. all diagonal entries are positive, i.e., aii > (≥)0 for all i since x = ei leads
to x⊤Ax = aii which has to be greater than (or equal to) 0.

2. leading k×k block
(
aij
)
1≤i≤k
1≤j≤k

of A is also positive (semi-)definite for all k.

We can see it by considering x⊤Ax after setting x = (x1, . . . , xk, 0, . . . , 0)
⊤.

Since x⊤Ax is a scalar,

x⊤Ax =
x⊤Ax + x⊤A⊤x

2
=

1

2
x⊤(A+A⊤)x

holds for any square matrix A with any vector x. So, the positive (semi-
)definiteness of A is equivalent to the positive (semi-)definiteness of the as-
sociated symmetric matrix A + A⊤. For this reason, we study the positive
definiteness through only symmetric matrices.
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7.2 Cholesky Factorization of Positive Definite
Matrix

A positive definite matrix A can be expressed as A = B⊤B with an invertible
matrix B, according to Fact 7.2. We can further decompose B using QR de-
composition as the product of an orthogonal matrix Q and an upper triangular
matrix R with positive diagonals, i.e., B = QR. Since Q⊤Q = I,

A = B⊤B = (QR)⊤QR = R⊤Q⊤QR = R⊤R.

We call this Cholesky decomposition.

Fact 7.4 (Cholesky decomposition) For a positive definite matrix A, there
exists a unique upper triangular matrix R with positive diagonal entries such
that A = R⊤R.

Proof: Since we showed its existence already, we show the uniqueness here.
Assume there exist two upper triangular matrices, R = (rij) and S = (sij), that
satisfy A = R⊤R = S⊤S. Because S and R are both invertible,

(S−1)⊤R⊤ = SR−1.

The inverse of an upper triangular matrix is upper triangular by Theorem
2.1, and the product of upper(lower)-triangular matrices is an upper(lower)-
triangular matrix by Fact 2.1. Thus, the left-hand side of this equation is a
lower triangular matrix, and the right-hand side an upper triangular matrix. In
other words, SR−1 is a diagonal matrix. For all i,

rii
sii

=
sii
rii
,

because (S−1)⊤R⊤ = diag(rii/sii) and SR−1 = diag(sii/rii). Since the diagonal
entries of both R and S are positive, sii = rii, which results in SR−1 = I.
Therefore, S = R.

An Algorithm for Cholesky Decomposition

Here, we describe how to find R = (rij) such that A = R⊤R. r11 =
√
a11 from

a11 = r211 > 0. We notice that the first row of R⊤R consists of r11r1j’s. Combin-
ing these two, we get a1j = r11r1j =

√
a11 r1j from which we can determine r1j .
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Once we know r12, we can also determine r22, because 0 < a22 = r212+ r
2
22. The

rest of the second row can be determined from a2j = r12r1j + r22r2j , because
we already know r12, r1j and r22. We can repeat this procedure to determine
all the entries of the rest of the rows, and based on the uniqueness of Cholesky
decomposition, we know that the resulting matrix is the desired one.

7.3 Square Root of Positive Semi-definite Ma-
trix

For any positive real number a, there exists a unique positive real b that satisfies
a = b2. An analogy holds for a positive definite matrix. For any positive
definite matrix A, there exists a positive definite matrix B that satisfies A = B2.
Without the symmetry of B, this property is different from Fact 7.2, although
two statements are quite similar.

Let A be a symmetric positive (semi-)definite matrix. We can use real spec-
tral decomposition to express it as

A = V ΛV ⊤,

where V is an orthogonal matrix and Λ is a non-negative diagonal matrix.
If we let D = diag(

√
λi), D is also positive-definite or positive semi-definite,

identically to Λ, and Λ = D2. If we let B = V DV ⊤,

A = V D2V ⊤ = V DV ⊤V DV ⊤ = BB = B2,

because V ⊤V = I. A and B share the same positive definiteness.

Fact 7.5 For a positive (semi-)definite matrix A, there exists a unique positive
(semi-)definite matrix B such that A = B2 = B⊤B. We denote this B as A 1

2 .

Proof: Since we already showed the existence above, we show the uniqueness
here. Using the projection form of real spectral decomposition (5.15), we write A
as A =

∑r
i=1 λiPA,λi

and a symmetric matrix B as B =
∑s

j=1 µjPB,µj
. Because

it is orthogonal projection, PB,µj

2 = PB,µj
, PB,µj

⊤ = PB,µj
, and PB,µj

PB,µk
=

0 for j ̸= k. Thus, we get B2 =
(∑s

j=1 µjPB,µj

)2
=
∑s

j=1 µ
2
jPB,µj

. For
A = B2 to hold, r = s must hold, and for some i, µj =

√
λi and PB,µj

= PA,λi
.

Therefore, B must be expressed as

B =

r∑
i=1

√
λiPA,λi ,
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which is unique.

7.4 Variational Characterization of Symmetric
Eigenvalues

An n× n real symmetric matrix A has n real eigenvalues. We sort these eigen-
values as follows:

λmax = λ1 ≥ λ2 ≥ · · · ≥ λn = λmin .

We can relate these eigenvalues to the maximum and minimum values of the
Rayleigh quotient defined as

x⊤Ax
x⊤x , x ̸= 0.

For any x ̸= 0, we get
x⊤Ax
x⊤x = y⊤Ay , |y| = 1

by setting y = 1
|x|x, meaning that we may consider a quadratic form over unit

vectors instead to investigate the Rayleigh quotient over all non-zero vectors.
The Rayleigh quotients over a subspace spanned by a subset of eigenvectors

are bounded by the minimum and maximum corresponding eigenvalues. This
result will be used occasionally throughout the book.

Lemma 7.1 Consider an n × n symmetric matrix A and its real spectral de-
composition A =

∑n
i=1 λiviv⊤

i . Let 1 ≤ p ≤ q ≤ n. Then, for any non-zero
vector x ∈ span{vp, vp+1, . . . , vq},

λq ≤
x⊤Ax
x⊤x ≤ λp .

The upper and lower bounds are achieved by vp and vq, respectively.

Proof: With x =
∑q

i=p xivi and the orthonormality of vi’s,

x⊤Ax =
( q∑

i=p

xiv⊤
i

)( n∑
j=1

λjvjv⊤
j

)( q∑
k=p

xkvk

)
=

q∑
i=p

λix
2
i .

Because λp ≥ λi ≥ λq for p ≤ i ≤ q, it is easy to see the following inequalities

λq

q∑
i=p

x2i ≤
q∑

i=p

λix
2
i ≤ λp

q∑
i=p

x2i ,
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which can be rewritten as, by using x⊤x =
∑q

i=p x
2
i ,

λqx⊤x ≤ x⊤Ax ≤ λpx⊤x.

In addition, λp = v⊤
p Avp and λq = v⊤

q Avq hold as well as |vp| = |vq| = 1.

As a special case of this lemma, we get the following result.

Theorem 7.1 (Rayleigh quotients) For any n× n symmetric matrix A,

λmin ≤
x⊤Ax
x⊤x ≤ λmax for all x ̸= 0 .

Moreover,

λmax = max
x̸=0

x⊤Ax
x⊤x and λmin = min

x̸=0

x⊤Ax
x⊤x

and the maximum and minimum are attained for x = v1 and for x = vn,
respectively, where v1 (resp. vn) is the unit-norm eigenvector of A associated
with its largest (resp. smallest) eigenvalue of A.

Proof: By real spectral decomposition, we can express a symmetric matrix A
using orthonormal vectors, v1, . . . , vn, as

A =

n∑
i=1

λiviv⊤
i .

From Lemma 7.1, we get

λ1x⊤x ≥ x⊤Ax ≥ λnx⊤x

when p = 1 and q = n. From this, we see that λ1 and λn are the maximum and
minimum of the Rayleigh quotients, respectively.

We can generalize the results in Lemma 7.1 and Theorem 7.1 to derive the
bounds for the maximum/minimum values of the Rayleigh quotient over a k-
dimensional subspace.

Lemma 7.2 (Poincare inequality) Consider an n × n symmetric matrix A
and a k-dimensional subspace W of Rn. Then,

min
x∈W
x̸=0

x⊤Ax
x⊤x ≤ λk , max

y∈W
y̸=0

y⊤Ay
y⊤y ≥ λn−k+1 .
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Proof: Let the real spectral decomposition of A be A =
∑n

i=1 λiviv⊤
i . For

W′ = span{vk, . . . , vn}, Fact 3.6 implies that dim(W∩W′) ≥ dimW+dimW′−
dimV = k + (n − k + 1) − n = 1. Thus, there must be x ̸= 0 in W ∩W′.
According to Lemma 7.1, x⊤Ax

x⊤x ≤ λk, because x ∈W′. Since x is also in W, we
get the first inequality. We can prove the second inequality following the same
steps starting from W′ = span{v1, v2, . . . , vn−k+1}.

Combining the results above, we derive the following useful result showing
that every eigenvalue of a symmetric matrix can be expressed as minimax or
maxmin of the Rayleigh quotient.

Theorem 7.2 (Minimax Principle) Consider an n×n symmetric matrix A.
Then, for 1 ≤ k ≤ n,

λk = max
W:dim W=k

min
x∈W
x̸=0

x⊤Ax
x⊤x (7.1)

= min
W:dim W=n−k+1

max
x∈W
x̸=0

x⊤Ax
x⊤x . (7.2)

Proof: Let the real spectral decomposition of A be A =
∑n

i=1 λiviv⊤
i . By the

first inequality in Lemma 7.2,

min
x∈W
x̸=0

x⊤Ax
x⊤x ≤ λk,

for any subspace W with dimW = k. In order to prove (7.1), we then need to
find the k-dimensional subspace where the minimum Rayleigh quotient is λk.
When W∗ = span{v1, . . . , vk}, x⊤Ax

x⊤x ≥ λk for 0 ̸= x ∈W∗, according to Lemma
7.1. This implies minx∈W∗

x̸=0
x⊤Ax
x⊤x = λk, as v⊤

k Avk = λk. In other words, because
the minimum Rayleigh quotient in the k-dimensional subspace W∗ is λk, it holds
that

λk = max
W:dim W=k

min
x∈W
x̸=0

x⊤Ax
x⊤x .

We can prove the second equality using the remaining inequalities from Lemma
7.2.

When we handle eigenvalues of multiple matrices, it is convenient to use
λi(A) to denote the i-th largest eigenvalue of a specific matrix A. We similarly
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use λmax(A) and λmin(A) to refer to the maximum and minimum eigenvalues
of A.

From Theorem 7.2, we now know that

λmax(A) = λ1(A) = max
|x|=1

x⊤Ax , λmin(A) = λn(A) = min
|x|=1

x⊤Ax. (7.3)

By replacing A with A⊤A, we find the following relationship against the spectral
norm of A:√

λ1(A⊤A) = max
|x|=1

|Ax| = ∥A∥2 ,
√
λn(A⊤A) = min

|x|=1
|Ax|.

7.4.1 Eigenvalues and Singular Values of Matrix Sum

We can derive the following result on the eigenvalues of a matrix sum, called
the Weyl’s inequality, from the minimax principle above.

Theorem 7.3 (Weyl’s inequality of eigenvalues) Let A and B be n × n

symmetric matrices with eigenvalues λi(A) and λi(B), respectively. Then

λk+ℓ+1(A+B) ≤ λk+1(A) + λℓ+1(B)

for k, ℓ = 0, 1, 2, . . ..

Proof: Let us bound λk+ℓ+1(A+B) in terms of the eigenvalues of A and B.
By the minimax principle (Theorem 7.2), we have

λk+ℓ+1(A+B) = min
W:dim W=n−k−ℓ

max
x∈W
x̸=0

x⊤(A+B)x
x⊤x .

Again by the minimax principle, we can find subspaces WA and WB of Rn of
dimensions n− k and n− ℓ, respectively, such that

λk+1(A) = max
x∈WA

x̸=0

x⊤Ax
x⊤x and λℓ+1(B) = max

x∈WB
x̸=0

x⊤Bx
x⊤x .

If we let W1 = WA ∩WB be their intersection, then it is clear that

max
x∈W1
x̸=0

x⊤Ax
x⊤x ≤ λk+1(A) and max

x∈W1
x̸=0

x⊤Bx
x⊤x ≤ λℓ+1(B) .

This intersection W1 has dimension at least n− k − ℓ due to Fact 3.6. Let W2

be any (n− k − ℓ)-dimensional subspace of W1. We then have

λk+ℓ+1(A+B) ≤ max
x∈W2
x ̸=0

x⊤(A+B)x
x⊤x
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≤ max
x∈W1
x̸=0

x⊤(A+B)x
x⊤x (since W2 ⊂W1)

≤ max
x∈W1
x̸=0

x⊤Ax
x⊤x + max

x∈W1
x̸=0

x⊤Bx
x⊤x

≤ λk+1(A) + λℓ+1(B) .

By symmetrization (5.16), we can turn a result on eigenvalues of a symmetric
matrix into that on singular values of an arbitrary matrix. Along this line, we
can rewrite Theorem 7.3 to be about singular values of an arbitrary matrix. For
notational convenience, σk(A) denotes the k-th largest singular value of A.

Theorem 7.4 (Weyl’s inequality of singular Values) Let A and B be ma-
trices of same size with singular values σi(A) and σi(B), respectively. Then, for
k, ℓ = 0, 1, 2, . . .,

σk+ℓ+1(A+B) ≤ σk+1(A) + σℓ+1(B) .

Proof: According to Lemma 5.4, σi(A) = λi(s(A)), σi(B) = λi(s(B)) and
σi(A+B) = λi(s(A+B)). Because a symmetrization is symmetric, we get

σk+ℓ+1(A+B) = λk+ℓ+1(s(A+B)) = λk+ℓ+1(s(A) + s(B))

≤ λk+1(s(A)) + λℓ+1(s(B)) = σk+1(A) + σℓ+1(B),

where the inequality comes from Theorem 7.3.

This result provides us with a bound on the rank of the sum of two matrices
in terms of their ranks. If rankA = k and rankB = ℓ, then σk+1(A) = 0

and σℓ+1(B) = 0. According to Theorem 7.4, σk+ℓ+1(A + B) = 0 and hence
rank(A+ B) ≤ k + ℓ. Even when σk+1(A) and σℓ+1(B) were not exactly zeros
but very close to zeros, we often treat them as zeros and regard the rank of
A+B as at most k + ℓ, in practice.

When ℓ = 1 in Theorem 7.4, the inequality reduces to σk+1(A + B) ≤
σk+1(A) + σ1(B), from which we get the following observation by replacing A
and B appropriately.

Fact 7.6 (Bound of additive perturbation) Let A and B be m×n matrices.
Then, for 1 ≤ k ≤ min{m,n},

|σk(A)− σk(B)| ≤ σ1(A−B) = ∥A−B∥2 .
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Proof: When ℓ = 1 in Theorem 7.4,

σk(A) ≤ σk(B) + σ1(A−B) , σk(B) ≤ σk(A) + σ1(B −A),

with appropriate choices of A and B. Combining with σ1(·) = ∥ · ∥2, we obtain
the statement.

The following inequality involving an eigenvalue of a sum of two symmetric
matrices comes handy later.

Fact 7.7 Let A and B be n× n symmetric matrices. Then, for 1 ≤ k ≤ n,

λk(A) + λmin(B) ≤ λk(A+B) ≤ λk(A) + λmax(B) .

Proof: By (7.3), it holds that λn(B) ≤ x⊤Bx
x⊤x ≤ λ1(B) for all x ̸= 0. Therefore,

for all x ̸= 0, the following also holds:

x⊤Ax
x⊤x + λn(B) ≤ x⊤Ax

x⊤x +
x⊤Bx
x⊤x =

x⊤(A+B)x
x⊤x ≤ x⊤Ax

x⊤x + λ1(B),

from which we get

max
dim W=k

min
x∈W
x̸=0

x⊤Ax
x⊤x + λn(B) ≤ max

dim W=k
min
x∈W
x̸=0

x⊤(A+B)x
x⊤x

≤ max
dim W=k

min
x∈W
x̸=0

x⊤Ax
x⊤x + λ1(B).

We derive the desired inequalities using Theorem 7.2.

Note that we proved both inequalities at the same time, rather than us-
ing Theorem 7.3 to prove the second inequality, which would have required a
separate proof for the first inequality.

From this result, we observe that the eigenvalue increases when we add a
positive (semi-)definite matrix to a symmetric matrix.

Fact 7.8 Let A and B be n × n symmetric matrices. Let 1 ≤ k ≤ n. If B is
positive semi-definite, then

λk(A) ≤ λk(A+B) .

If B is positive definite, then

λk(A) < λk(A+B) .
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If we add a symmetric positive semi-definite matrix of rank-one to a symmetric
matrix, we can further obtain an upper bound on the eigenvalues as follows,

λk(A) ≤ λk(A+ qq⊤) ≤ λk(A) + |q|2

for all 1 ≤ k ≤ n.

Proof: Since B is positive semi-definite, λmin(B) ≥ 0. Hence, Fact 7.7 implies
the first result. If B is positive definite, λmin(B) > 0 implies the second result.
A symmetric positive semi-definite matrix of rank-one is always in a form of qq⊤

for a non-zero vector q. By Example 5.4, λmin(qq⊤) = 0 and λmax(qq⊤) = |q|2.
Fact 7.7 then implies the third result.

We arrive at the following result on eigenvalue interlacing by systematically
analyzing how eigenvalues change when a rank-one positive semi-definite matrix
is added to a symmetric matrix.

Theorem 7.5 (Eigenvalue Interlacing) Let A be an n×n symmetric matrix
and B an n× n symmetric positive semi-definite matrix of rank-one. Then,

λk+1(A+B) ≤ λk(A) ≤ λk(A+B) , for all k = 1, . . . , n− 1

and
λk+1(A) ≤ λk(A−B) ≤ λk(A) , for all k = 1, . . . , n− 1.

Proof: Given appropriate orthonormal vector sets, {v1, . . . , vn} and {u1, . . . , un},
we can write A+B and A as

A+B =

n∑
i=1

λi(A+B)viv⊤
i and A =

n∑
i=1

λi(A)uiu⊤
i ,

using real spectral decomposition. Consider the following three subspaces of
Rn: U = span{uk, . . . , un}, V = span{v1, . . . , vk+1}, and W = nullB. Because
dimU+ dimV = n+ 2, dim(U ∩V) ≥ 2 due to Fact 3.6. Furthermore, because
dimW = n− rank(B) = n− 1, dim(U∩V∩W) ≥ 1 also due to Fact 3.6. Let x̂
be a unit vector in U ∩ V ∩W. Since Bx̂ = 0, x̂ ∈ V, and x̂ ∈ U,

λk+1(A+B) ≤ x̂⊤(A+B)x̂ by Lemma 7.1 and x̂ ∈ V

= x̂⊤Ax̂ by Bx̂ = 0

≤ λk(A) by Lemma 7.1 and x̂ ∈ U.

Combining this with Fact 7.8, we obtain the two inequalities in the first line.
We can prove the inequalities in the second line by replacing A with A − B in
the proof here.
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7.5 Ellipsoidal Geometry of Positive Definite Ma-
trix

A geometric interpretation of an n×n symmetric positive definite matrix Σ can
be related to an ellipsoid in Rn. Consider the following ellipsoidal set based on
a quadratic inequality:

E = {x ∈ Rn : x⊤Σ−1x ≤ 1}.

Since we can easily translate this ellipsoid to be centered on a by {x ∈ Rn :

(x−a)⊤Σ−1(x−a) ≤ 1}, we will only consider E centered at the origin. According
to Fact 7.3, Σ−1 is also positive definite, and we can write it using a set of
orthonormal vectors, u1, . . . , un, as

Σ−1 =

n∑
i=1

λi(Σ)
−1uiu⊤

i .

We can write an arbitrary vector x ∈ Rn as x =
∑n

i=1 yiui with yi = ⟨x, ui⟩.
From this we get

x⊤Σ−1x =

n∑
i=1

y2i
λi(Σ)

.

We can then represent an ellipsoid in terms of {u1, . . . , un} as

E =
{

x ∈ Rn : x =

n∑
i=1

yiui,

n∑
i=1

y2i
λi(Σ)

≤ 1
}
. (7.4)

Let us convert this expression into a form that is more familiar to us where
each axis of the ellipsoid coincides with each standard basic vector ei. We start
from E ′ = {y ∈ Rn :

∑n
i=1 y

2
i /λi(Σ) ≤ 1} and linearly transform ei to ui,

in order to obtain E . The i-th longest axis of this ellipsoid has the length of
2
√
λi(Σ) and the direction of ui. Since this transformation just shuffles the

axes of the ellipsoid E keeping their orthogonality, it holds intuitively that two
n-dimensional ellipsoids are of equal volumes,3 that is, vol(E) = vol(E ′). Let
Bn = {x ∈ Rn : x⊤x ≤ 1} be an n-dimensional unit sphere. We can transform
this unit sphere Bn into the ellipsoid E ′ by linearly transforming ei to

√
λi(Σ)ei.

Since the length of each orthogonal direction ei grows from 1 to
√
λi(Σ), the

volume of E ′ is
∏n

i=1

√
λi(Σ) times that of the unit sphere. That is,

vol(E) = vol(E ′) =

√√√√ n∏
i=1

λi(Σ) vol(Bn). (7.5)

3We introduce the concept of volume in Rn more precisely in Chapter 8.
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Let us consider a related concept called Mahalanobis distance. Given a
positive definite matrix Σ, both x⊤Σy and x⊤Σ−1y are inner products, according
to Theorem 4.1. The inner product induces a norm |x|Σ =

√
x⊤Σ−1x, and

further we can view |x− y|Σ as a distance between x and y, as in

d(x, y) = |x− y|Σ =
√
(x− y)⊤Σ−1(x− y).

We call such a distance the Mahalanobis distance with respect to the positive
definite matrix Σ. From the perspective of data science, this is a distance be-
tween two vectors taking into account the covariance of a data distribution. An
ellipsoid from above can be thought of as a set of all vectors whose Mahalanobis
distances to a center vector are less than or equal to 1.

Let us use SVD to interpret the geometry of a matrix that transforms a unit
sphere. In the beginning of this section, we transformed linearly a unit sphere
to an ellipsoid to compute the volume of the ellipsoid via matching ei with ui.
Similarly, let us regard an n × d matrix A as a linear transformation mapping
vi to σiui, where (σi, vi, ui), i = 1, . . . , k are singular triplets. {v1, . . . , vd} is
an orthonormal columns of V . Then, the image of a unit sphere Bd = {x ∈
Rd, |x| ≤ 1} through A is

ABd = {Ax : x ∈ Rd, |x| ≤ 1}

= {Av : v = z1v1 + · · ·+ zdvd, z
2
1 + · · ·+ z2d ≤ 1}

= {z1σ1u1 + · · ·+ zkσkuk : z21 + · · ·+ z2k ≤ 1}

=
{
y1u1 + · · ·+ ykuk :

y21
σ2
1

+ · · ·+ y2k
σ2
k

≤ 1
}
,

where the last description coincide with (7.4) once we replace
√
λi(Σ) by σi.

The ABd is an k-dimensional ellipsoid in Rn whose axes have lengths of σi’s,
which determine how far to stretch the sphere into an ellipsoid. This interpre-
tation also highlights the importance of the rank of matrix A in determining the
dimensionality of the resulting ellipsoid. Connecting to Section 5.4.1, the diag-
onal part of SVD determines the shape of ellipsoid since a sphere is invariant
under rotation or reflection.
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7.6 Application: Kernel Trick in Machine Learn-
ing

We base our discussion here on [5]. Consider a particular instance of classifica-
tion, where our goal is to find a linear function4 that classifies data points into
two groups. There are n data points:{

(zi, ℓi) ∈ Rd+1 × {+1,−1} : i = 1, . . . , n
}
.

We use I+ = {i : ℓi = +1} and I−{i : ℓi = −1} as index sets of the positive and
negative examples, respectively. For each group, we use n+ =

∣∣I+∣∣ (n− =
∣∣I−∣∣)

as its size and µ+ = 1
n+

∑
i∈I+

zi (µ− = 1
n−

∑
i∈I−

zi) as its centroid.
A new observation z is classified based on whether the new vector is pointing

toward the same direction from the mean of the group means, µ = 1
2 (µ++µ−),

as the direction from the negative group mean to the positive group mean. That
is,

ℓ = sign⟨z− µ, µ+ − µ−⟩.

If we expand this classification rule further, we see that this is expressed as the
sum of inner products against the data points, as in

⟨z− µ,µ+ − µ−⟩ = ⟨z,µ+ − µ−⟩ −
1

2
⟨µ+ + µ−,µ+ − µ−⟩

= ⟨z,µ+⟩ − ⟨z,µ−⟩ −
1

2

(
⟨µ+,µ+⟩ − ⟨µ−,µ−⟩

)
=

1

n+

∑
i∈I+

⟨z, zi⟩ −
1

n−

∑
i∈I−

⟨z, zi⟩ − b,

where b = 1
2

(
⟨µ+,µ+⟩ − ⟨µ−,µ−⟩

)
= 1

2

(
|µ+|2 − |µ−|2

)
is a constant.

We use a kernel trick to handle data points that are not linearly sepa-
rable. This is especially useful when the data points in the original data{
(xi, ℓi) ∈ Rd+1 × {+1,−1} : i = 1, . . . , n

}
are not linearly separated into

positive and negative classes, but they are linearly separable after they are
embedded into a higher-dimensional space, called a feature space, using a non-
linear transformation ψ : Rd → RN . N is often greater than d and can even be
infinitely large. Then, the classification rule in this feature space becomes

ℓ = sign
( 1

n+

∑
i∈I+

⟨ψ(x), ψ(xi)⟩ −
1

n−

∑
i∈I−

⟨ψ(x), ψ(xi)⟩ − b
)
,

4In practice, we use an affine function by adding a constant term to a linear function.
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x

y

1-1
x2 + y2

x2 + y2
1 2

Figure 7.1: Example of Quadratic Embedding

and b is also similarly defined using ⟨ψ(xi), ψ(xj)⟩.

Example 7.2 Consider two sets S− = {(1, 0), (−1, 0), (0, 1), (0,−1)} and S+ =

{(1, 1), (−1, 1), (1,−1), (−1,−1)} in R2. As they are, these two sets cannot be
separated by a linear function. We can easily check this by visual inspection. See
Figure 7.1, where S− and S+ are marked with circles and squares, respectively.

It is however possible to separate them once we embed the points in R6 by
transforming each data point (x, y) into (1, x, y, x2, xy, y2). Once embedded in
R6, µ+ = (1, 0, 0, 1, 0, 1)⊤ and µ− = (1, 0, 0, 1/2, 0, 1/2)⊤, and the two sets are
separated with µ = (1, 0, 0, 3/4, 0, 3/4)⊤ and µ+−µ− = (0, 0, 0, 1/2, 0, 1/2).

We often call the inner product between the embedded vectors a kernel and
use K(·, ·) to refer to it:

K(x, y) =
〈
ψ(x), ψ(y)

〉
. (7.6)

This helps us simplify the classification rule into

ℓ = sign
( 1

n+

∑
i∈I+

K(x, xi)−
1

n−

∑
i∈I−

K(x, xi)− b
)
.

This kernel-based perspective is useful when it is computationally more favorable
to compute K(·, ·) directly than to compute the inner product of two vectors
after embedding them using ψ(x). We consider two examples below.

A kernel in (7.6) is symmetric, i.e., K(x, y) = K(y, x), because it is an inner
product, and a matrix constructed from K(xi, xj) is positive definite, according
to Theorem 4.1. We thus refer to such a kernel as a symmetric positive definite
kernel.
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Let us introduce a few notations to facilitate analyzing kernels. Similar
to the standard inner product in a finite-dimensional Euclidean space, we can
define an inner product between two vectors in an infinite-dimensional space as

〈
(ak), (bk)

〉
=

∞∑
k=1

akbk,

where (ak) = (a1, a2, . . .) ∈ R∞ and (bk) = (b1, b2, . . .) ∈ R∞. We use ; to

indicate that we are vertically stacking two vectors. For instance, (u; v) =
[

u
v

]
.

We also define j = (j1, j2, . . . , jk)
⊤ ∈ {1, . . . , n}k as a vector of positive integers.

A Polynomial Kernel

For two vectors x, y ∈ Rn and a positive integer k, we can expand the k-th
power of an inner product as

(
x⊤y

)k
=

( n∑
j=1

xjyj

)
· · ·
( n∑

j=1

xjyj

)
︸ ︷︷ ︸

k times

=
∑

j∈{1,··· ,n}k

k∏
i=1

xjiyji

=
∑

j∈{1,··· ,n}k

k∏
i=1

xji

k∏
i=1

yji .

If we denote all nk vectors in {1, . . . , n}k by j(1), . . . , j(nk), {j(1), . . . , j(nk)} =

{1, . . . , n}k. We use (j(p))i or j(p)i to refer to the i-th entry of j(p). Using these
notations and re-arranging terms, we get

(
x⊤y

)k
=

nk∑
p=1

k∏
i=1

x(j(p))i

k∏
i=1

y(j(p))i =
nk∑
p=1

k∏
i=1

xj(p)i

k∏
i=1

yj(p)i .

We introduce the following nonlinear embedding transformation ψk : Rn → Rnk

to interpret the last summation with nk summands as a standard inner product:

ψk(x) =
( k∏

i=1

xj(1)i ,

k∏
i=1

xj(2)i , . . . ,

k∏
i=1

x
j(nk)

i

)⊤
∈ Rnk

. (7.7)

This embedding results in a simplified representation:(
x⊤y

)k
= ⟨ψk(x), ψk(y)⟩ .
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Because ψk depends on the specification of each j(p) which is not uniquely de-
termined, ψk is not uniquely determined either.

In other words, the k-th order polynomial kernel in Rn

K(x, y) = (x⊤y)k

can be represented by a standard inner product in Rnk

⟨ψk(x), ψk(y)⟩ .

Let us augment x as x′ = (1; x) to handle constant terms of polynomials. By
setting x′ = (1; x) and y′ = (1; y), we can obtain

(1 + x⊤y)k =
(
x′⊤y′)k = ⟨ψk+1(x′), ψk+1(y′)⟩

just as same as the above case with embedding ψk+1.

Gaussian Kernel

One of the most popularly used kernels is the Gaussian kernel. It is defined as
K(x, y) = e−

1
2 (x−y)2 in R1. If we expand this kernel, we get

e−
1
2 (x−y)2 = e−

1
2x

2

e−
1
2y

2

exy

= e−
1
2x

2

e−
1
2y

2
∞∑
k=0

1

k!
(xy)k

=

∞∑
k=0

e−
1
2x

2 xk√
k!
× e− 1

2y
2 yk√

k!
.

We interpret the last infinite sum as an inner product in R∞ by introducing the
following embedding ψG1 : R→ R∞:

ψG1(x) = e−
1
2x

2

(1;x;
x2√
2!
; . . . ;

xk√
k!
; . . .) ∈ R∞ . (7.8)

This leads to the following simplified representation:

K(x, y) = ⟨ψG1(x), ψG1(y)⟩ .

Let us generalize the inner product representation to the Gaussian kernel in Rn.
For two vectors x, y ∈ Rn, we derive this kernel as K(x, y) = e−

1
2 |x−y|2 using

the embedding function (7.7), following

e−
1
2 |x−y|2 = e−

1
2 |x|

2

e−
1
2 |y|

2

ex⊤y
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= e−
1
2 |x|

2

e−
1
2 |y|

2 ∑
k=0

1

k!
(x⊤y)k

= e−
1
2 |x|

2

e−
1
2 |y|

2 ∑
k=0

1

k!
⟨ψk(x), ψk(y)⟩

=
∑
k=0

〈
e−

1
2 |x|

2 1√
k!
ψk(x), e−

1
2 |y|

2 1√
k!
ψk(y)

〉
.

We rewrite the sum of the inner products as an inner product in R∞ by defining
the generalized embedding ψGk : Rn → R∞ as

ψGk(x) = e−
1
2 |x|

2
(
1; ψ1(x);

1√
2!
ψ2(x);

1√
3!
ψ3(x); . . .

)
∈ R∞ .

With this embedding5 we see that we can write the Gaussian kernel as an
inner product in the embedding space:

K(x, y) = ⟨ψGk(x), ψGk(y)⟩ .

Kernel tricks have been extensively studied both theoretically and practically
and are widely used in practice. We suggest you refer to other materials for
further discussion.

5Already with only the leading four terms of ψGk, we notice the explosion of the embedding
dimension:

(
1;ψ1(x); 1√

2!
ψ2(x); 1√

3!
ψ3(x)

)
∈ R1+n1+n2+n3

.
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Determinants

Given n vectors in Rn, a volume of parallelepiped with the n vectors as its edges
is an important quantity for many scientific works. Even though a volume seems
intrinsic to the Euclidean space, it needs an agreement on what a volume in Rn

for n ≥ 4 means. A starting point is a volume of the unit cube {x ∈ Rn : 0 ≤
xi ≤ 1 for all i = 1, . . . , n} in Rn. We set the volume of the unit cube in Rn

as 1 regardless of its dimension. It would also make sense that lengthening an
edge of a parallelepiped twice inflates the volume twice as well as that adding
volumes of two parallelepipeds sharing n−1 edges equals the volume of a single
parallelepiped built by adding two unmatched edge vectors and keeping the
other n − 1 edges. In addition, swapping of any two edges doesn’t change the
volumes of objects in Rn. These properties encapsulate the volume in high-
dimensional Euclidean spaces.

Mathematicians invented a function called determinant, with its symbol det,
that obeys these rules on square matrices. If we build an n×n matrix A by stack-
ing n vectors in Rn row-wise, det(A) is a signed volume of the parallelepiped
with the n rows of A as its edges. det(In) = 1 since the identity matrix cor-
responds to the unit cube. det(A) is linear in each row of A, in other words,
multilinear in the rows of A. In addition, det(A) changes its sign, not its ab-
solute value if we swap two rows. In fact, there is only one function satisfying
the above three properties, which we will show soon. Therefore, we may set
| det(A)| as a volume of parallelepiped built by n rows as its edges.

The det function further satisfies the following properties:

• det(A) = 0 if and only if A is not invertible;

Kang & Cho, Linear Algebra for Data Science,
©2025. (Wanmo Kang & Kyunghyun Cho) all rights reserved.
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• det(A⊤) = det(A);

• det(A−1) = det(A)−1 for invertible A.

It can be written down a function of all entries of the matrix, which is referred

to as Laplace expansion just like det
[
a b

c d

]
= ad− bc for 2× 2 matrices.

Finally, it is useful to relate determinants of various matrices in practice.
For instance, it is useful in optimization to know the relationship between the
determinants of an inverse matrix before and after adding a rank-one matrix to
the original matrix, which is given by the matrix determinant lemma. We can
also use the Cramer’s rule to express a solution to a linear system using the
determinant of a coefficient matrix, although it is not computationally efficient
in practice.

8.1 Definition and Properties
We start by defining the determinant more formally.

Definition 8.1 We call a function det on n × n square matrices a de-
terminant when it satisfies the following properties:

1. det(In) = 1;

2. The sign of det flips if a pair of rows in a matrix are swapped. That
is, det(A) = − det(Â) where Â results from swapping two rows of
A.

3. It is linear with respect to each rows of A. When a row of A can
be expressed as b + αc, let us construct two matrices, B and C,
from A by replacing this particular row with b and c, respectively.
Then, det(A) = det(B) + α det(C).a

aWe can get this result by combining the second property and that the determinant
is linear with the first row of the matrix. If we want a minimal definition, we can
thus change this third property to be about the first row of a matrix.

Starting from these three properties, we can derive many other properties of
the determinant.

Fact 8.1 If two rows of a square matrix A are equal, then det(A) = 0.
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Proof: Because swapping these two rows does not change the matrix itself,
det(A) = − det(A), which implies that det(A) = 0.

Fact 8.2 Adding a multiple of one row to another row leaves the same deter-
minant.

Proof: Let b and c be the i-th and j-th rows of a square matrix B, respectively,
with i ̸= j. We construct two matrices from B, C by replacing the i-th row of
B with c, and A by replacing the i-th row of B with b + αc. Because the i-th
and j-th rows of C are same, det(C) = 0, according to Fact 8.1, and according
to the third property in Definition 8.1, det(A) = det(B) + α det(C) = det(B).

Fact 8.3 If A has a row of zeros, then det(A) = 0.

Proof: We set α = −1 and b = c in the third property from Definition 8.1.
Then, because B = C, the determinant of A is 0.

Fact 8.4 If A is triangular, then det(A) is the product of the diagonal entries.

Proof: Assume A is an upper triangular matrix. If ann = 0, the n-th row
of A is zero, and thus det(A) = 0, proving the statement. On the other hand,
consider the case where ann ̸= 0. According to Fact 8.2, the determinant does
not change even if we add a scalar multiple of the last row to another row in
the matrix. Because only ann is non-zero in the last row of an upper triangular
matrix, we can replace all the other entries in the last column of the matrix with
0, without altering its determinant. Let such a matrix be An−1. If we repeat
this procedure with a(n−1)(n−1), we end up with a matrix whose last two rows
and columns constitute a diagonal matrix, again while keeping the determinant
the same. We can repeat this procedure until we end up with a diagonal matrix
D such that det(A) = det(D). Together with the first and third properties from
Definition 8.1, det(D) is the product of all diagonal entries, which proves this
fact.

If a diagonal matrix has zero on its diagonal, its determinant is zero, accord-
ing to Fact 8.4. More generally, the determinant of a non-invertible matrix is
zero.
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Fact 8.5 A is invertible if and only if det(A) ̸= 0.

Proof: Consider LU -decomposition of a matrix A. For an appropriate choice
of a permutation matrix Q, there exist a lower triangular matrix L̃ and an upper
triangular matrix U that allow us to obtain a row echelon form of A, and this
can be expressed as L̃QA = U . Because L̃ represents adding scalar multiples
of rows to other rows, det(L̃QA) = det(QA) according to Fact 8.2. Similarly,
because Q represents swapping rows of A, det(QA) = ± detA according to the
second property from Definition 8.1. Combining these two together, we get
detA = ± detU , as detU = det(L̃QA) = ± detA. A necessary and sufficient
condition for an invertible square matrix A from the previous chapter is that
all diagonal entries of the row echelon form U must be non-zero pivot elements.
This condition is equivalent to det(U) ̸= 0, according to Fact 8.4.

We now investigate whether a function satisfying three conditions in Defini-
tion 8.1 exists and if so whether it is unique. Let f be a function that satisfies
the second and third conditions in Definition 8.1. Since none of Fact 8.1, 8.2,
and 8.3 used the first property in their derivations, we can assume that they are
applicable to f . Let us construct an (n−1)×n matrix A′ by taking all the rows
except for the first row from A. We also construct the following n×n matrix Aj

by keeping only the j-th entry of the first row while setting all the other entries

to 0, that is, Aj =

[
a1je⊤j
A′

]
. Since the first row of A is a11e⊤1 +a12e⊤2 +· · ·+a1ne⊤n ,

f(A) = f(A1) + · · · + f(An) according to the third condition in the definition
of the determinant.

We can repeat the same procedure to the second row by creating an (n−2)×n
matrix A′′ by removing the first two rows from A. Then, we can construct Ajk =a1je

⊤
j

a2ke⊤k
A′′

 , and see that f(Aj) = f(Aj1) + · · · + f(Ajn). When the sub-indices

coincide, i.e. Ajj , we notice that f(Ajj) = 0, because f(Ajj) = a1ja2jf

e⊤j
e⊤j
A′′

 .
After repeating this procedure to all n rows, Aj1j2...jn is a matrix with its

k-th row being akjke⊤jk , and as we have seen above, if jk = jℓ for two rows k and
ℓ, f(Aj1j2...jn) = 0, and it does not contribute to computing f . We thus need to
consider Aj1j2...jn ’s only for which jk’s are all different. In those cases, we get
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j1, j2, . . . , jn by re-ordering 1, 2, . . . , n, that is, as a permutation of 1, 2, . . . , n.
If we use σ(i) to denote the positive integer corresponding to the i-th position
in a permutation, Aj1j2...jn = Aσ(1)σ(2)...σ(n). Then,

f(A) =
∑

σ: permutation
of {1,...,n}

f(Aσ(1)σ(2)...σ(n)).

Let Pσ =


e⊤σ(1)

...
e⊤σ(n)

 be the permutation matrix corresponding to the permu-

tation σ. Although we do not prove it in this book, there are many ways to
swap rows to turn Pσ into the identity matrix In, but the corresponding num-
bers of row swaps share the parity. That is, they are either all odd or all even.
With this fact, we define a sign function on permutation to return 1 for even
permutation and −1 for odd permutation. Then,

f(Aσ(1)σ(2)...σ(n)) = f


a1σ(1)e⊤σ(1)
a2σ(2)e⊤σ(2)

...
anσ(n)e⊤σ(n)

 = a1σ(1)a2σ(2) · · · anσ(n)f


e⊤σ(1)
e⊤σ(2)

...
e⊤σ(n)


= a1σ(1)a2σ(2) · · · anσ(n)f(Pσ) = sign(σ) a1σ(1)a2σ(2) · · · anσ(n)f(In).

This allows us to write f(A) as

f(A) =
∑

σ: permutation
of {1,...,n}

sign(σ) a1σ(1)a2σ(2) · · · anσ(n)f(In). (8.1)

We arrived at this expression by using the second and third properties from Def-
inition 8.1 only, and the determinant satisfies this equation as well. Conversely,
any f defined as in (8.1) satisfies the second and third properties of Definition
8.1.

Theorem 8.1 The function satisfying Definition 8.1 is unique.

Proof: Because f in (8.1) already satisfies the second and third conditions in
Definition 8.1, f is a determinant as long as f(In) = 1. That is, by defining
f(In) = 1, there exists at least one function that satisfies all three conditions in
Definition 8.1, to which we refer by det.
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Let g be a function that satisfies both the second and third conditions in
Definition 8.1. We define h for any n× n matrix A by

h(A) = g(A)− det(A)g(In).

Then, h(In) = g(In) − det(In)g(In) = 0. Because both g and det satisfy the
second and third conditions, so does h. We can thus expand h in the form of
(8.1) by

h(A) =
∑

σ: permutation
of {1,...,n}

sign(σ) a1σ(1)a2σ(2) · · · anσ(n)h(In).

In this form, h(A) = 0 for any A, because h(In) = 0. That is, g(A) =

det(A)g(In) holds for all A. If g(In) = 1, g and det coincide, implying that
there is only one function that satisfies all three properties in Definition 8.1.

In addition to the existence and uniqueness of the determinant, we also
obtained the following expanded form of (8.1) in this proof:

detA =
∑

σ: permutation
of {1,...,n}

sign(σ) a1σ(1)a2σ(2) · · · anσ(n). (8.2)

As described in Appendix B, σ−1 is also a permutation if σ is a permutation.
Furthermore, sign(σ) = sign(σ−1) since σ−1 ◦ σ is the identity permutation
whose sign is clearly even. Applying these to the summand in (8.2), we get

sign(σ)
n∏

i=1

aiσ(i) = sign(σ−1)

n∏
j=1

aσ−1(j)j .

Combining this with a fact {σ : σ is a permutation} = {σ−1 : σ is a permutation}
proven in Appendix B, we get the following alternative expression:

detA =
∑

σ: permutation
of {1,...,n}

sign(σ) aσ(1)1aσ(2)2 · · · aσ(n)n . (8.3)

These expansions are useful later when for instance we compute the determinant
of a small matrix or derive some theoretical results on matrices. By observing
aσ(i)i = (A⊤)iσ(i) in the expansion (8.3), we also get the following result on the
determinant of transposed matrices.

Fact 8.6 For a square matrix A, det(A⊤) = det(A). That is, the determinant
and transpose commute.
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Proof: Expanding detA⊤ along (8.2) results in (8.3).
Thanks to Fact 8.6, all conditions and properties of the determinant in terms

of rows can be rephrased in terms of columns. For example, a column swapping
changes the sign of the determinant, and determinant function is linear with
respect to each column.

Theorem 8.1 allows us to observe an important rule to compute the deter-
minant of matrix products.

Fact 8.7 For two square matrix A and B of same size, det(AB) = det(A) det(B).

Proof: Let us fix two matrices A and B. If B is non-invertible, the equality
holds as both sides are trivially 0. Otherwise, detB ≠ 0. Consider a real-valued
function ρ for any n× n square matrix C, defined as follows:

ρ(C) =
det(CB)

det(B)
.

1. If C = I, ρ(I) = det(IB)
det(B) = 1;

2. Since each row of CB is the product of the row of C and the matrix B, by
swapping the i-th and j-th rows of C, the corresponding rows in CB are
also swapped. That is, the sign of det(CB) flips. Since the sign of det(B)

is maintained, the sign of ρ(C) flips;

3. When a row of C is b⊤+αc⊤, the corresponding row of CB is b⊤B+αc⊤B.
Since the denominator does not change, ρ is linear with respect to each
row.

This new function ρ satisfies all three conditions in Definition 8.1, implying
that ρ is the matrix determinant. In other words, ρ(C) = det(C) for all C.
Thus, when C = A,

ρ(A) =
det(AB)

det(B)
= det(A),

from which we see that the determinant of the product of two matrices is equal
to the product of the determinants of two matrices.

Combining the facts on determinant, we can identify the determinant of an
orthogonal matrix up to its sign.

Example 8.1 For an orthogonal matrix Q, Fact 8.6 and 8.7 lead to

1 = det I = det(QQ⊤) = detQ detQ⊤ =
(

detQ
)2
,



Kang
&

Cho
(20

25)

198 Chapter 8. Determinants

which implies detQ = ±1.

The transpose and determinant commute, and so do the inverse and determi-
nant. If A were invertible, det(A) ̸= 0, according to Fact 8.5. Using AA−1 = I

with Fact 8.7, we get

det(A−1) = det(A)−1 =
1

det(A) .

Based on these results in this section, we now know a few ways to compute
the determinant of a matrix. First, we can use LU decomposition of a matrix.
Let QA = LU . Because L has a unit diagonal, detL = 1. detQ is either 1 or
−1 by Example 8.1. Because U is upper triangular, detU is simply the product
of all diagonal entries. Then, detA = detQ︸ ︷︷ ︸

−1 or 1

detU . Another approach is based

on QR-decomposition. The determinant of an orthogonal matrix is either 1 or
−1 and detR is the product of all diagonal entries. The product of these two
value is det(A). Both approaches are particularly useful to compute the absolute
value of a determinant since we can ignore the determinant of a permutation
matrix or an orthogonal matrix.

8.2 Formulas for Determinant
Let us use (8.2) to compute the determinant of a small matrix. Consider first a

2 × 2 matrix A =

[
a b

c d

]
. Because (a, b) = (a, 0) + (0, b) and (c, d) = (c, 0) +

(0, d), we can compute the determinant of this matrix, following

det(A) = det
[
a 0

c d

]
+ det

[
0 b

c d

]

= det
[
a 0

c 0

]
+ det

[
a 0

0 d

]
+ det

[
0 b

c 0

]
+ det

[
0 b

0 d

]

= 0 + det
[
a 0

0 d

]
− det

[
c 0

0 b

]
+ 0

= ad− bc .

Along this line, let us try to compute the determinant of the following 3 × 3

matrix:

A =

a11 a12 a13

a21 a22 a23

a31 a32 a33

 .
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This can be done as follows:

det(A) = det

a11 0 0

a21 a22 a23

a31 a32 a33

+ det

 0 a12 0

a21 a22 a23

a31 a32 a33

+ det

 0 0 a13

a21 a22 a23

a31 a32 a33



= det

a11 0 0

a21 0 0

a31 a32 a33

+ det

a11 0 0

0 a22 0

a31 a32 a33

+ det

a11 0 0

0 0 a23

a31 a32 a33



+ det

 0 a12 0

a21 0 0

a31 a32 a33

+ det

 0 a12 0

0 a22 0

a31 a32 a33

+ det

 0 a12 0

0 0 a23

a31 a32 a33



+ det

 0 0 a13

a21 0 0

a31 a32 a33

+ det

 0 0 a13

0 a22 0

a31 a32 a33

+ det

 0 0 a13

0 0 a23

a31 a32 a33



= det

a11 0 0

0 a22 0

a31 0 0

+ det

a11 0 0

0 a22 0

0 a32 0

+ det

a11 0 0

0 a22 0

0 0 a33



+det

a11 0 0

0 0 a23

a31 0 0

+ det

a11 0 0

0 0 a23

0 a32 0

+ det

a11 0 0

0 0 a23

0 0 a33



+det

 0 a12 0

a21 0 0

a31 0 0

+ det

 0 a12 0

a21 0 0

0 a32 0

+ det

 0 a12 0

a21 0 0

0 0 a33



+det

 0 a12 0

0 0 a23

a31 0 0

+ det

0 a12 0

0 0 a23

0 a32 0

+ det

0 a12 0

0 0 a23

0 0 a33



+det

 0 0 a13

a21 0 0

a31 0 0

+ det

 0 0 a13

a21 0 0

0 a32 0

+ det

 0 0 a13

a21 0 0

0 0 a33



+det

 0 0 a13

0 a22 0

a31 0 0

+ det

0 0 a13

0 a22 0

0 a32 0

+ det

0 0 a13

0 a22 0

0 0 a33



= a11a22a33 × det

1 0 0

0 1 0

0 0 1

+ a11a23a32 × det

1 0 0

0 0 1

0 1 0





Kang
&

Cho
(20

25)

200 Chapter 8. Determinants

+a12a21a33 × det

0 1 0

1 0 0

0 0 1

+ a12a23a31 × det

0 1 0

0 0 1

1 0 0



+a13a21a32 × det

0 0 1

1 0 0

0 1 0

+ a13a22a31 × det

0 0 1

0 1 0

1 0 0


=

∑
σ: permutation

of {1,2,3}

a1σ(1)a2σ(2)a3σ(3) det(Pσ)

= a11a22a33 × 1 + a11a23a32 × (−1) + a12a21a33 × (−1)

+a12a23a31 × (−1)2 + a13a21a32 × (−1)2 + a13a22a31 × (−1)

= a11
(
a22a33 − a23a32

)
− a12

(
a21a33 − a23a31

)
+ a13

(
a21a32 − a22a31

)
= a11 × det

[
a22 a23

a32 a33

]
− a12 × det

[
a21 a23

a31 a33

]
+ a13 × det

[
a21 a22

a31 a32

]

=

3∑
j=1

(−1)1+ja1j det(A1j) .

In general, A1j above is an (n−1)×(n−1) submatrix of an n×n matrix A after
removing the first row and the j-th column of A. Observe that the red-colored
terms above cancel out or vanish to zero, and only the blue-colored terms may
remain non-zero.

The last line above generalizes this computation to an n × n matrix from
the 3× 3 matrix as

n∑
j=1

(−1)1+ja1j det(A1j) ,

though we will not discuss any explicit proof here. While taking this as correct,
let us try to prove the following result showing that this expansion could be
done with any arbitrary row rather than the first one:

n∑
j=1

(−1)1+ja1j det(A1j) =

n∑
j=1

(−1)i+jaij det(Aij) .

Similarly to A1j , Aij is an (n − 1) × (n − 1) submatrix of A after removing
the i-th row and j-th column. If we use Â to denote a matrix resulting from
swapping the first and i-th row of A, det(A) = − det(Â). We now let Â1j be
the (n− 1)× (n− 1) submatrix of Â after removing the first row and the j-th
column, in fact, which corresponds to rearranging all rows but the i-th one in A
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in the order of 2, . . . , (i−1), 1, (i+1), . . . , n and removing the j-th column. The
first row of A is the (i− 1)-th row in Â1j . If we swap this row (i− 2) times to
move it to the top of Â1j , we end up with Aij . As the sign of the determinant
flips every time a pair of rows swap, det(Â1j) = (−1)i−2 det(Aij). This results
in the desired expansion:

det(Â) =

n∑
j=1

(−1)1+jaij det(Â1j) =

n∑
j=1

(−1)1+jaij(−1)i−2 det(Aij)

=

n∑
j=1

(−1)i+j−1aij det(Aij).

Using a shorthand notation Cij = (−1)i+j det(Aij), to which we refer as a
cofactor, we get the following cofactor expansion of the determinant given any
i:

det(A) =
n∑

j=1

(−1)i+jaij det(Aij) =

n∑
j=1

aijCij .

Fact 8.8 Let A be an n× n square matrix. For any i,

det(A) =
n∑

j=1

aijCij =

n∑
j=1

ajiCji .

Proof: We already showed that det(A) =
∑n

j=1 aijCij . If we apply this to A⊤,
(−1)i+j det(A⊤

ij) = (−1)i+j det(Aji
⊤) = (−1)i+j det(Aji) = Cji. Therefore,

det(A⊤) =

n∑
j=1

(A⊤)ij(−1)i+j det(A⊤
ij) =

n∑
j=1

ajiCji .

This tells us that cofactor expansion does not only work for an arbitrary row
but also for an arbitrary column. If there is a mismatch between the element
akj and the cofactor Cij , that is, k ̸= i, this expansion vanishes to 0.

Fact 8.9
∑n

j=1 akjCij = 0 for i ̸= k.

Proof: We construct B from A by replacing the i-th row with the k-th row. In
other words, the i-th and k-th rows of B are the same, meaning that det(B) = 0.
All the entries of A and B are the same except for the i-th row, and thus the
cofactors of the i-th row also coincide with each other. That is, the B’s cofactor
is also Cij . Then, the cofactor expansion of B with respect to the i-th row is

det(B) =

n∑
j=1

bijCij =

n∑
j=1

akjCij = 0,
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which proves the statement.

We use these facts, 8.8 and 8.9, later to derive the inverse of a matrix in
terms of its determinant and cofactors, in (8.8).

Example 8.2 Let us compute the determinant of (the second difference matrix)

A =



2 −1
−1 2 −1

−1
. . . . . .
. . . 2 −1

−1 2


.

For a product L of appropriate elementary matrices,

LA = U =



2 −1
3
2 −1

. . . . . .
n

n−1 −1
n+1
n


,

and therefore, detA = 2× 3
2 × · · · ×

n
n−1 ×

n+1
n = n+ 1 since detL = 1.

8.2.1 Determinant of Block Matrix

Consider the determinant of the following (n1 + n2) × (n1 + n2) square block
matrix consisting of A11 and A22 of sizes n1 × n1 and n2 × n2, respectively:

A =

[
A11 0
0 A22

]
.

If both of these blocks were of size 1 × 1, as in
[
a11 0

0 a22

]
, the determinant

would be a11a22 = det([a11]) det([a22]). From this observation, it is natural to
deduce

det(A) = det(A11) det(A22).

Let σ be a permutation of {1, . . . , n1 + n2}, and σ1 be a permutation where
only the first n1 indices are permuted and the rest {n1 + 1, . . . , n1 + n2} are
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maintained (as an identity). On the other hand, σ2 is a permutation that only
permutes the latter n2 indices {n1 + 1, . . . , n1 + n2}, while keeping the rest
{1, . . . , n1} as they are. When Pσ is the permutation matrix of σ, sign(σ) =

detPσ. We make one important observation here. σ1 ◦σ2 is a permutation over
{1, . . . , n1+n2}, although the first n1 and the latter n2 are permuted within each
other only, implying that σ1 ◦ σ2 = σ2 ◦ σ1. Conversely, such a permutation is
expressible in the form of σ1 ◦σ2. Any permutation σ, that cannot be expressed
as σ1 ◦ σ2, must map either i ≤ n1 to σ(i) > n1 or i > n1 to σ(i) ≤ n1. Since
such a pair (i, σ(i)) corresponds to an entry in A outside A11 and A22, the block
diagonal structure imposes aiσ(i) = 0. We can hence limit ourselves to only
permutations in the form of σ1 ◦ σ2 to compute the determinant of A.

Let S be a set of permutations of {1, . . . , n1 + n2}, S1 a set of permutations
of {1, . . . , n1}, and S2 a set of permutations of {n1 + 1, . . . , n1 + n2}. Then, we
get the following expression for the determinant of A:

det(A) =
∑
σ∈S

a1σ(1) · · · a(n1+n2)σ(n1+n2) sign(σ)

=
∑

σ1∈S1,σ2∈S2

a1σ1◦σ2(1) · · · a(n1+n2)σ1◦σ2(n1+n2) sign(σ1 ◦ σ2)

=
∑

σ1∈S1

∑
σ2∈S2

a1σ1(1) · · · an1σ1(n1)a(n1+1)σ2(n1+1) · · · a(n1+n2)σ2(n1+n2)

× sign(σ1) sign(σ2)

=
∑

σ1∈S1

a1σ1(1) · · · an1σ1(n1) sign(σ1)

×
∑

σ2∈S2

a(n1+1)σ2(n1+1) · · · a(n1+n2)σ2(n1+n2) sign(σ2)

= det(A11) det(A22).

Next, consider the following block lower triangular matrix:

A =

[
A11 0
A21 A22

]
.

Taking into account that the determinant of a regular matrix is expressed as the
product of diagonal entries, we can make an educated guess that the determinant
of the block matrix must be

det(A) = det(A11) det(A22).

If det(A11) = 0, rank(A11) < n1, implying that rank(A) < n1 + n2 and
det(A) = 0. In this case, the expression above holds. When A11 is invertible,
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we can perform Gaussian elimination on A, as follows:[
I11 0

−A21A
−1
11 I22

][
A11 0
A21 A22

]
=

[
A11 0
0 A22

]
.

Because the first matrix on the left hand side is a lower triangular matrix with
unit diagonals, the determinant is 1. We already showed earlier that the deter-
minant of the right hand side is det(A11) det(A22). Combining these two, we
see that the equation above holds for the block lower triangular matrix.

Finally, consider a general block matrix, where A11 is invertible. We can
perform Gaussian elimination to remove A21 as follows:[

A−1
11 0

−A21A
−1
11 I22

][
A11 A12

A21 A22

]
=

[
I11 A−1

11 A12

0 A22 −A21A
−1
11 A12

]
.

If we consider the determinants of both sides of the equation, we get

det(A−1
11 ) det(A) = det(A22 −A21A

−1
11 A12).

Since the determinant of the inverse is the inverse of the determinant of the
original matrix, we arrive at

det(A) = det(A11) det(A22 −A21A
−1
11 A12), (8.4)

where A22 −A21A
−1
11 A12 is the Schur complement.

8.2.2 Matrix Determinant Lemma

We derive the matrix determinant lemma from the results on the determinant
of a block matrix above. From there on, we continue to deriving Sherman-
Morrison, or Woodbury formula that explains how the inverse changes when
we modify an invertible matrix by adding a product of lower rank matrices, in
Section 8.5.

Although there is no intuitive way to explain why we choose these three
matrices, let us consider the product of the following three matrices.[

In 0
V ⊤ Ik

][
In + UV ⊤ U

0 Ik

][
In 0
−V ⊤ Ik

]
,

where U and V are both n × k matrices. Because the product of the first two
matrices is [

In + UV ⊤ U

V ⊤ + V ⊤UV ⊤ Ik + V ⊤U

]
,
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the product of all three matrices is[
In + UV ⊤ U

V ⊤ + V ⊤UV ⊤ Ik + V ⊤U

][
In 0
−V ⊤ Ik

]
=

[
In U

0 Ik + V ⊤U

]
.

As the determinants of the original expression and the final expression must
coincide, we get

det(In + UV ⊤) = det(Ik + V ⊤U), (8.5)

from which we derive the following general result.

Theorem 8.2 (Matrix Determinant Lemma) Let A be an n× n invertible
matrix, and U and V be n× k matrices. Then,

det(A+ UV ⊤) = det(A) det(Ik + V ⊤A−1U) . (8.6)

Proof: Since A+ UV ⊤ = A(In +A−1UV ⊤), we get

det(A+ UV ⊤) = det(A(In +A−1UV ⊤))

= det(A) det(In +A−1UV ⊤)

= det(A) det(Ik + V ⊤A−1U) by plugging A−1U into U in (8.5) .

One potential advantage of using the matrix determinant lemma is the re-
duction of computational effort when k < n, and the determinant and inverse
of A are known in advance. This is because the size of Ik + V ⊤A−1U is k × k
and is smaller than A+ UV ⊤ which is n× n.

In addition to using this result for computing the determinant, it is also used
often to show that the inverse of A + UV ⊤ exists only when Ik + V ⊤A−1U is
invertible. When k = 1, U and V are respectively Rn vectors, u and v, and the
matrix determinant formula simplifies to

det(A+ uv⊤) = det(A) det(1 + v⊤A−1u). (8.7)

Therefore, for an invertible A, A+uv⊤ is invertible if and only if v⊤A−1u ̸= −1.

8.3 Volume of Parallelepiped in Euclidean Space
Consider n vectors, a1, . . . , an, in Rn, and let us compute the volume V of the n-
dimensional parallelepiped defined by the origin and these vectors. We assume
these vectors are linearly independent, as otherwise the volume vanishes.
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Let us start with an assumption that a1, . . . , an are orthogonal, and let
A = [a1 | . . . | an]. Because the edges extending from the origin are orthogonal,
the volume V of the resulting parallelepiped is the product of their lengths, a
fact we can intuit from geometry in R3. That is, V =

∏n
i=1 |ai|. By Fact 8.6,

we confirm that

det(A)2 = det(A⊤A) =

n∏
i=1

|ai|2 = V 2 ⇐⇒ V =
∣∣ det(A)

∣∣,
because A⊤A = diag(|a1|2, . . . , |an|2).

We now relax the orthogonality constraint on a1, . . . , an so that they are lin-
early independent but not necessarily orthogonal. We use QR decomposition to
rewrite A as QR, where Q is an orthogonal matrix and R is an upper triangular
matrix. Once we computed the volume of the (i−1)-dimensional parallelepiped
defined by {a1, . . . , ai−1} together with the origin in the (i−1)-dimensional sub-
space span{q1, . . . , qi−1}, the contribution to the volume of the i-dimensional
parallelepiped by ai is by its orthogonal component to span{q1, . . . , qi−1}. Since
the i-th column of R is the coordinate of ai under the basis {q1, . . . , qi}, the
absolute value of (R)ii = ⟨ai, qi⟩ is precisely the contribution by ai to the paral-
lelepiped’s volume in the i-dimensional subspace. Thus, according to Fact 8.4,
we know that

V =
∣∣∣ n∏
i=1

(R)ii

∣∣∣ = | det(R)|.

Since A⊤A = R⊤Q⊤QR = R⊤R, det(A)2 = det(R)2. Therefore, V = | det(A)|.
In other words, the volume of n-dimensional parallelepiped is just the determi-
nant of a matrix whose columns are the edges of the parallelepiped, up to its
sign, as discussed at the beginning of this chapter.

8.4 Closed-Form Expressions using Determinant

In this section, we consider two applications of the determinant; matrix inverse
and linear systems. These applications reveal interesting insights into the re-
lationship between the determinant and other practically useful quantities in
linear algebra. They are however not used in practice due to their inefficiency.
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8.4.1 Closed-Form Expression for Matrix Inverse

One observation we draw by considering a 2× 2 matrix A =

[
a b

c d

]
is that

A−1 =

[
a b

c d

]−1

=
1

ad− bc

[
d −b
−c a

]
=

1

det(A)

[
C11 C21

C12 C22

]
,

where Cij is a cofactor. If we multiply A to its left,

1

det(A)A
[
C11 C21

C12 C22

]
=

1

det(A)

[
a b

c d

][
C11 C21

C12 C22

]
= I.

Let C = (Cij) be a cofactor matrix. Then, we see that

A−1 =
1

det(A)C
⊤,

for an 2×2 matrix A. We generalize this result to an arbitrary invertible square
matrix by using the cofactor expansion with respect to an arbitrary row i,

det(A) =
n∑

j=1

aijCij = [ai1, . . . , ain][Ci1, . . . , Cin]
⊤,

and Fact 8.9, which results in

AC⊤ =


a11 a12 . . . a1n

a21 a22 . . . a2n
...

... . . . ...
an1 an2 . . . ann



C11 C21 . . . Cn1

C12 C22 . . . Cn2

...
... . . . ...

C1n C2n . . . Cnn



=


det(A) 0 . . . 0

0 det(A) . . . 0
...

... . . . ...
0 0 . . . det(A)

 = det(A) I .

In short,

A−1 =
1

det(A)C
⊤ (8.8)

where C is a cofactor matrix.



Kang
&

Cho
(20

25)

208 Chapter 8. Determinants

8.4.2 Cramer’s Rule: Closed-Form Solution of Linear Sys-
tem

When A is an invertible matrix, we can use (8.8) to derive the solution to Ax = b
as follows:

x = A−1b

=
1

det(A)C
⊤b

=
1

det(A)

( n∑
i=1

Cijbi

)
.

If we replace the j-th column of A with b, the determinant is
∑n

i=1 Cijbi. This
allows us to derive the following Cramer’s rule:

xj =
1

det(A) det
[
a1 | . . . | aj−1 | b | aj+1 | . . . | an

]
.

The Cramer’s rule is concise and is useful for mathematical reasoning, but is
not computationally efficient enough for solving real-world linear systems.

8.5 Sherman-Morrison and Woodbury Formulas

The matrix determinant lemma allows us to progressively compute the matrix
determinant by multiplying the determinants of smaller matrices. In this sec-
tion, we derive a similar approach to progressively computing the inverse of a
matrix by inverting smaller matrices, called the Sherman-Morrison and Wood-
bury formulas.

Consider the inverse of A+UV ⊤, where A is an n×n invertible matrix, and
U and V are n×k matrices. We want to express this inverse using the inverse of
A, which is assumed to be known. According to the matrix determinant lemma
(8.6), the inverse of A+ UV ⊤ exists only when Ik + V ⊤A−1U is invertible.

Let us start with the inverse of In+UV ⊤. Note that In+UV ⊤ is invertible if
and only if Ik + V ⊤U is invertible. Try In +UBV ⊤ as the inverse of In +UV ⊤

with an appropriate choice of a k × k matrix B (though, it is definitely not
intuitive how we decide to start from here.) Then,

(In + UV ⊤)(In + UBV ⊤) = In + UV ⊤ + UBV ⊤ + UV ⊤UBV ⊤

= In + U
(
Ik +B + V ⊤UB

)
V ⊤,
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which tells us that a sufficient condition for the invertibility of In + UV ⊤ is
Ik +B + V ⊤UB = 0. Then, from

−Ik = B + V ⊤UB = (Ik + V ⊤U)B ,

we get
B = −(Ik + V ⊤U)−1.

According to the matrix determinant lemma, the invertibility of Ik + V ⊤U is
the necessary and sufficient condition for the invertibility of In+UV ⊤. That is,
Ik + V ⊤U is invertible, and by plugging it into the original form In + UBV ⊤,
we get (

In + UV ⊤)−1
= In − U

(
Ik + V ⊤U

)−1
V ⊤. (8.9)

Now, let us derive the inverse of A+ UV ⊤:(
A+ UV ⊤)−1

=
(
A(In +A−1UV ⊤)

)−1

= (In +A−1UV ⊤)−1A−1

=
(
In −A−1U(Ik + V ⊤A−1U)−1V ⊤)A−1

= A−1 −A−1U
(
Ik + V ⊤A−1U

)−1
V ⊤A−1.

According to this rule, we can compute the inverse of an n× n matrix by only
computing the inverse of a smaller k × k matrix, if we know A−1 already.

Theorem 8.3 (Woodbury Formula) Let A be an n × n invertible matrix,
and U and V be n× k matrices. Then, Ik + V ⊤A−1U is invertible if and only
if A+ UV ⊤ is invertible. Then,(

A+ UV ⊤)−1
= A−1 −A−1U

(
Ik + V ⊤A−1U

)−1
V ⊤A−1 . (8.10)

Proof: It is clear from the matrix determinant lemma (8.6) that these two
conditions are necessary and sufficient conditions of each other. We already
derived the inverse above.

According to this theorem, the invertibility of Ik + V ⊤A−1U is a necessary
and sufficient condition for the invertibility of A+ UV ⊤, once we know that A
is invertible. It is intersting to consider the case of k = 1. In that case, U and V
are Rn vectors, u and v, respectively, and the necessary and sufficient condition
for the invertibility of A+ uv⊤ is v⊤A−1u ̸= −1.
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Corollary 8.1 (Sherman-Morrison Formula) Let A be an n× n invertible
matrix, and u and v be Rn-vectors. Then, v⊤A−1u ̸= −1 if and only if A+uv⊤

is invertible. Then,

(
A+ uv⊤)−1

= A−1 − 1

1 + v⊤A−1u A
−1uv⊤A−1 . (8.11)

The significance of the Sherman-Morrison formula is that we can compute
the inverse of a matrix obtained by adding a rank-one matrix to the original
matrix by a combination of matrix-vector multiplications, when we knew the
inverse of the original matrix. This progressive approach is computationally
advantageous, as we will see in the next section.

8.6 Application: Rank-one Update of Inverse
Hessian

In machine learning, the process of learning is often implemented as optimiza-
tion. That is, it is the process of iteratively finding a set of parameters that
minimizes or maximizes the learning objective function. Let us use w ∈ Rn to
denote the parameter vector. A representative example is the parameters of a
neural network from Section 3.10. We use f(w) to denote the learning objec-
tive function, which is often referred to as a loss function. We prefer it to be
smaller, which means that learning corresponds to solving w∗ = argminw f(w).
Among numerous algorithms that have been proposed to solve this problem, we
consider a symmetric rank-one update based algorithm.

Most nonlinear optimization algorithms aim to find w∗ that makes the gradi-
ent vanishes to 0, i.e., ∇f(w) = 0. In doing so, consider the first-order derivative
(the gradient vector, ∇f ) and the second-order derivative (the Hessian matrix,
∇2f ):

∇f =


∂

∂w1
f

...
∂

∂wn
f

 , H = ∇2f =


∂

∂w1

∂
∂w1

f . . . ∂
∂wn

∂
∂w1

f
...

. . .
...

∂
∂w1

∂
∂wn

f . . . ∂
∂wn

∂
∂wn

f

 .
The second-order Taylor approximation to f near wk is given as

f(w) ≈ f(wk) +∇f(wk)
⊤(w− wk) +

1

2
(w− wk)

⊤H(wk)(w− wk) . (8.12)



Kang
&

Cho
(20

25)

8.6. Application: Rank-one Update of Inverse Hessian 211

Because ∂
∂wi

∂
∂wj

f(w) = ∂
∂wj

∂
∂wi

f(w) for most of functions f , H(w) is symmetric,
and we can approximate the gradient of f by

∇f(w) ≈ ∇f(wk) +H(wk)(w− wk),

according to Fact 4.19 applied to the right side of (8.12). In order to find w that
satisfies ∇f(w) = 0, we solve the following secant condition

∇f(wk) +H(wk)(w− wk) = 0

and get w = wk −H(wk)
−1∇f(wk).

Since we started from approximation, ∇f(w) ̸= 0 in general, and we thus
iteratively compute next-step vectors wk+1 until the iteration converges to the
desired solution w∗, as follows:

wk+1 = wk −H(wk)
−1∇f(wk) . (8.13)

We call this procedure the Newton-Raphson method. Under suitable conditions,
we can show that wk converges to w∗, and the convergence rate is fast if we can
compute all quantities exactly. It however becomes computationally infeasible
to compute the inverse of the Hessian matrix every time as the number of
parameters n grows. Here, we thus seek a similar iterative algorithm that does
not assume access to the Hessian matrix H(wk) but only to the gradient.

First, we replace H(wk) with a similar, symmetric matrix Bk in (8.13),
resulting in

wk+1 = wk −B−1
k ∇f(wk). (8.14)

After we determine wk+1 with this rule, we find Bk+1 that closely approximates
the second-order derivative H(wk+1) using the gradients at wk and wk+1, by
solving

∇f(wk+1)−∇f(wk) = Bk+1(wk+1 − wk). (8.15)

Because this system has n equations while the number of entries of n× n sym-
metric matrix to be determined is order of n2, there are many solutions of Bk+1.
We call optimization algorithms that use any of these solutions collectively as
quasi-Newton methods.

Among these quasi-Newton methods is the symmetric rank-one method,
where we simply add a rank-one matrix to Bk to obtain Bk+1. The update rule
for Bk+1 in this method is

Bk+1 = Bk +
1

(dk −Bk∆wk)⊤∆wk
(dk −Bk∆wk)(dk −Bk∆wk)

⊤, (8.16)
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where ∆wk = wk+1 − wk and dk = ∇f(wk+1) − ∇f(wk). Show yourself that
Bk+1 satisfies (8.15).

Because we use (8.14) to update the parameters at each iteration, we need
to know B−1

k+1. We can use the Sherman-Morrison formula (8.11) and get the
following update rule to compute B−1

k+1 directly from B−1
k without Bk+1:

B−1
k+1 = B−1

k − 1

(∆wk −B−1
k dk)⊤dk

(∆wk −B−1
k dk)(∆wk −B−1

k dk)
⊤. (8.17)

Once we knowB−1
k , we only need to add a rank-one matrix to efficiently compute

B−1
k+1. In practice, it is usual to maintain and update B−1

k directly rather than
Bk. It is however more convenient to use (8.16) for analyzing mathematically
the update rule.
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Further Results on
Eigenvalue and Eigenvector

Although we introduced eigenvalues and eigenvectors in Definition 5.1, we waited
until this chapter to delve deeper into these two concepts, as it requires the no-
tion of determinants.

What is a simple interpretable transformation? As we have seen in Section
3.8.2, scaling transformations would be the simplest one. Then, for the linear
transformation corresponding to a matrix A, is there any way to interpret the
matrix through scaling transformations? It is difficult to get such an interpre-
tation on the whole space at once, but there may be hope if we search for a
one-dimensional subspace on which the transformation can be understood as a
scaling. This amounts to finding a scalar scaling factor λ and a vector v such
that A = λI on a subspace spanned by a single non-zero vector v, that is, for
vectors xv in the one-dimensional subspace, A(xv) = (λI)(xv) = xλv holds
for all x ∈ R. This relation is simply Av = λv and we say λ is an eigenvalue
and v an eigenvector as well as (λ, v) an eigenpair. There can be more than one
eigenvectors per eigenvalue.1 For each eigenvalue, we can span a subspace by all
associated eigenvectors, on which the transformation works as a scaling by the
eigenvalue. This story still holds for complex matrices with complex eigenvalues
and eigenvectors.

It is difficult to find both eigenvalue and eigenvector at once since the term

1We refer to the maximum number of linearly independent eigenvectors for an eigenvalue
as the geometric multiplicity.

Kang & Cho, Linear Algebra for Data Science,
©2025. (Wanmo Kang & Kyunghyun Cho) all rights reserved.
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λv is not linear in unknowns. So, we first find eigenvalues and then search for
eigenvectors. When A− λI is not invertible, that is det(A− λI) = 0, Av = λv
admits non-zero solution vector v. This allows us to find an eigenvalue by
treating λ as a variable and solving det(A − λI) = 0. We call this equation a
characteristic equation, which is useful for theoretical derivation and abstract
reasoning. This is however not helpful in computing eigenvalues of a general
matrix in practice. With an eigenvalue λ in hand, we find eigenvectors as a
basis of Null (A− λI).

An n-th order complex polynomial equation admits n roots, including simple
and multiple roots. Based on this (though we do not prove it here), every n×n
matrix has n eigenvalues, again including multiple roots. In the appendix, we
summarize a minimal set of results on complex numbers needed for studying
this chapter.

In the rest of the chapter, we present the spectral decomposition of a real
symmetric matrix in Section 5.5 once more, as this is the most popular eigen-
decomposition result in applications. In Chapter 3, we discussed that a linear
transformation has a corresponding matrix representation given a basis of a
vector space. When we can build a basis consisting only of the eigenvectors of
such a matrix, the same linear transformation under this basis corresponds to
a diagonal matrix. We refer to the process of finding such a diagonal matrix
by diagonalization. Although diagonalization does not work for all matrices, we
will study in Chapter 11 that each linear transformation admits a corresponding
Jordan-form matrix under the choice of an appropriate basis, where a Jordan
form refers to a diagonal matrix or a matrix similar to a diagonal matrix.

9.1 Examples of Eigendecomposition
We can study various cases and properties of eigenpairs using 2× 2 matrices.

1. A real matrix with two real eigenvalues: When A =

[
3 2

−2 −2

]
, det(A−

λI) = (3− λ)(−2− λ) + 4 = λ2 − λ− 2 = (λ− 2)(λ+1). The eigenvalues
are thus λ = 2 and −1, and their corresponding eigenvectors are (2,−1)⊤

and (1,−2)⊤, respectively, because A− λI =

[
1 2

−2 −4

]
and

[
4 2

−2 −1

]
.

2. A real diagonal matrix: When A =

[
a 0

0 b

]
, the eigenvalues are λ = a and
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b, because det(A− λI) = (a− λ)(b− λ).

• a ̸= b: the eigenvectors are (1, 0)⊤ and (0, 1)⊤, because A − λI =[
0 0

0 b− a

]
and

[
a− b 0

0 0

]
.

• a = b: Any arbitrary pair of linearly independent vectors can be

eigenvectors, since A− λI =

[
0 0

0 0

]
.

3. A real upper triangular matrix: When A =

[
a c

0 b

]
, c ̸= 0, the eigenvalues

are λ = a and b, because det(A− λI) = (a− λ)(b− λ).

• a ̸= b: The eigenvectors are (1, 0)⊤ and (1, b−a
c )⊤, because A− λI =[

0 c

0 b− a

]
and

[
a− b c

0 0

]
.

• a = b: The eigenvector can be any scalar multiple of (1, 0)⊤, because

A−λI =

[
0 c

0 0

]
. That is, this matrix has only one eigenvector. This

is an example of a real asymmetric matrix that does not possess as
many eigenvectors as the number of roots (algebraic multiplicity).

4. A real matrix with two complex eigenvalues: When A =

[
0 −1
1 0

]
, the

eigenvalues are λ = i and −i, because det(A − λI) = λ2 + 1. The
corresponding eigenvectors are (−i, 1)⊤ and (i, 1)⊤, respectively, since

A− λI =

[
i −1
1 i

]
and

[
−i −1
1 −i

]
.

5. Eigendecomposition of a non-trivial projection matrix P satisfying P 2 = P

(neither I nor 0): Assume an eigenpair (λ, v) satisfying Pv = λv. By
multiplying both sides with P , we get P 2v = λPv which simplifies to
Pv = λ2v, since P 2 = P and Pv = λv. Thus, λ = 0 or 1, as (λ2−λ)v = 0.
Since a non-trivial projection matrix satisfies 0 < rank(P ) < n, any vector
in the null space of P is the eigenvector corresponding to the eigenvalue
0. Since a vector v already projected onto a subspace satisfies Pv = v,
such a vector is the eigenvector corresponding to the eigenvalue of 1.

From the examples above, we can deduce that eigenpairs can come in many
different ways.
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9.2 Properties of Eigenpair

We start with the linear independence of eigenvectors associated with distinct
eigenvalues.

Fact 9.1 If eigenvectors v1, . . . , vk correspond to different eigenvalues λ1, . . . , λk,
then the eigenvectors are linearly independent.

Proof: Suppose that {v1, . . . , vk} is linearly dependent. Then, there exist
c1, . . . , ck ∈ R with at least one of them being a non-zero scalar, that satisfies
c1v1 + · · · + ckvk = 0. As we can permute the order within {v1, . . . , vk}, we
assume c1 ̸= 0 without loss of generality. By multiplying both side of the
equation by A, we get A(c1v1+ · · ·+ckvk) = c1λ1v1+ · · ·+ckλkvk = 0. We then
multiply the original equation with λk and subtract it from this new equation
to get (c1λ1v1 + · · ·+ ck−1λk−1vk−1 + ckλkvk)− (c1λkv1 + · · ·+ ck−1λkvk−1 +

ckλkvk) = c1(λ1−λk)v1+ · · ·+ck−1(λk−1−λk)vk−1 = 0. Since c1(λ1−λk) ̸= 0,
{v1, . . . , vk−1} is also linearly dependent. If we repeat this argument k−2 times
more, we end up with c′1v1 = 0 where c′1 = c1(λ1 − λk) · · · (λ1 − λ3)(λ1 − λ2).
Then, c′1 = 0 and c1 = 0, which is contradictory. Therefore, {v1, . . . , vk} is
linearly independent.

It is also interesting that the determinant and the trace of a matrix can be
expressed only in terms of its eigenvalues.

Fact 9.2 Let A = (aij) be an n × n matrix and λ1, . . . , λn be its eigenvalues.
Then,

• det(A) = λ1λ2 · · ·λn =
∏n

i=1 λi ;

• trace(A) = a11 + a22 + · · ·+ ann = λ1 + λ2 + · · ·+ λn =
∑n

i=1 λi .

Proof:
According to (8.2), det(A − λI) is an n-th order polynomial of λ, and the

coefficient of its n-th term is (−1)n. Since the roots of this polynomial are
eigenvalues,

det(A− λI) = (−1)n(λ− λ1) · · · (λ− λn) = (λ1 − λ) · · · (λn − λ). (9.1)

• If we set λ = 0 in (9.1), det(A) = λ1 · · ·λn.
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• The entries of A − λI that contain λ are only on the n diagonal entries,
aii − λ. Let us do the cofactor expansion of B = A − λI along the
first row. Consider the summand b1i det(B1i) for i ≥ 2 where B1i con-
tains n − 2 diagonal entries2 including λ except for a11 − λ and aii − λ.
Therefore, the degree of λ in det(B1i) is at most n − 2 since B1i con-
tains at most n − 2 entries including λ. Therefore, the λn−1 is con-
tained only in b11 det(B11) = (a11 − λ) det(B11). If we repeat the same
argument to identify λn−2 in det(B11) and so forth, we conclude that
λn−1 appears only in (a11 − λ) · · · (ann − λ) in the expansion (8.2) of
det(A − λI). Here, the coefficient of λn−1 is (−1)n−1(a11 + · · · + ann),
and hence trace(A) = λ1 + λ2 + · · · + λn since the coefficient of λn−1 in
det(A− λI) is also (−1)n−1(λ1 + · · ·+ λn) by expanding (9.1).

Because we define the eigenvalue through determinants, some properties of
determinant have counterpart observations for the eigenvalue. For example,
since the determinants of A and A⊤ are the same, det(A−λI) = det(A⊤−λI),
and therefore, the eigenvalues of A and A⊤ are also shared.

Fact 9.3 The eigenvalues of A and A⊤ coincide.

By algebraically manipulating Av = λv in various ways, we can derive prop-
erties of eigenpairs. Let (λ, v) be an eigenpair of A. Then, (λ2, v) is an eigenpair
of A2, because A2v = A(Av) = A(λv) = λAv = λ2v.

Fact 9.4 If (λ, v) is an eigenpair of A, then (λ2, v) is an eigenpair of A2.

When A is invertible and has an eigenpair (λ, v), λ ̸= 0 from the invertibility
of A and A−1v = λ−1v by multiplying λ−1A−1 to both sides of Av = λv.
Therefore, (λ−1, v) is an eigenpair of A−1.

Fact 9.5 If A is invertible and (λ, v) is an eigenpair of A, then λ ̸= 0 and
(λ−1, v) is an eigenpair of A−1.

Interestingly, if a matrix is Hermitian,3 which includes the case of a real
symmetric matrix, all eigenvalues are real.

2Recall that Bij is a submatrix built by removing i-th row and j-th column.
3We define the Hermitian matrix and also discuss various results on complex numbers in

Appendix E for your review.
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Lemma 9.1 Let A be a Hermitian matrix. Then, all eigenvalues of A are real.
Furthermore, if A is a real symmetric matrix, not only real eigenvalues but also
real eigenvectors exist.

Proof: Let A be Hermitian and (λ, v) an eigenpair of A. Recall that |v| ̸= 0.
From Av = λv, vHAv = λvHv = λ|v|2. So,

(λ|v|2)H = λH|v|2 = (vHAv)H = vHAH(vH)H = vHAv = λ|v|2, that is, λH = λ

which implies that λ is real by Fact E.1 in Appendix E. In addition, let us
assume that A is real and (λ, v+iw) be an eigenpair where λ is real, and v and
w are real n-vectors. Then, the eigenpair satisfies

Av + iAw = A(v + iw) = λ(v + iw) = λv + iλw

which implies (λ, v) and (λ,w) are also eigenpairs.
Similarly to the linear independence of eigenvectors for distinct eigenvalues

in Fact 9.1, if a matrix is Hermitian, eigenvectors of distinct eigenvalues are not
only linearly independent but also orthogonal. Recall Fact 4.4 saying that the
orthogonality of vectors implies their linear independence.

Fact 9.6 Let A be Hermitian. If eigenvectors v1 and v2 correspond to different
eigenvalues λ1 and λ2, those eigenvectors are orthogonal.

Proof: By Lemma 9.1, the eigenvalues are real. From Av1 = λ1v1 and
Av2 = λ2v2, vH

2Av1 = λ1vH
2 v1 and vH

1Av2 = λ2vH
1 v2. Since λ1 ̸= λ2 and

0 = (vH
1Av2)

H − vH
2Av1 = (λ2vH

1 v2)
H − λ1vH

2 v1 = (λ2 − λ1)vH
2 v1 ,

we conclude vH
2 v1 = 0.

If a matrix is orthogonal, we can observe that the absolute values of the
eigenvalues are all 1, and the eigenvectors associated with distinct eigenvalues
are orthogonal as for Hermitian matrices.

Fact 9.7 Let Q be a real orthogonal matrix and (λ, v) an eigenpair of Q. λ and
v may be complex-valued. Then

1. |λ| = 1.

2. (λ−1, v) is an eigenpair of Q⊤.

3. If eigenvectors v1 and v2 correspond to different eigenvalues λ1 and λ2,
then those eigenvectors are orthogonal.
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Proof: Recall that Q⊤Q = I and Qv = λv.

1. |v|2 = vHv = vH(Q⊤Q)v = (Qv)H(Qv) = (λv)H(λv) = |λ|2|v|2 and |λ|2 =

1.

2. v = (Q⊤Q)v = Q⊤(λv) = λQ⊤v. So, Q⊤v = λ−1v.

3. Let Qv1 = λ1v1 and Qv2 = λ2v2. Then,

vH
1 v2 = vH

1 (Q
⊤Q)v2 = (Qv1)

H(Qv2) = λH
1 λ2vH

1 v2

and we must have λH
1 λ2 = λ1λ2 = 1 or vH

1 v2 = 0. However, 1 = |λ1|2 =

λH
1 λ1 = λ1λ1 implies λ1λ2 = λ2

λ1
̸= 1 since λ1 ̸= λ2. Therefore, vH

1 v2 = 0.

Fact 9.8 If A is a real matrix and (λ, v) is an eigenpair of A, then (λ, v) is
also an eigenpair of A, where λ and v are the complex conjugates of λ and v,
respectively.

Proof: By taking the conjugation on both sides of Av = λv, we get Av = λv.
By complex arithmetic, we see that Av = λv. Since A is a real matrix, A = A,
and thus Av = λv. Therefore, (λ, v) is also an eigenpair.

Using the results from Section 7.5, we can express the volume of an arbitrary
n-dimensional ellipsoid as the multiple of the volume of a unit sphere. We
further characterize this in terms of the determinant of the positive definite
matrix inducing the ellipsoid.

Fact 9.9 For a positive definite matrix A, an n-dimensional ellipsoid is given
as E = {x ∈ Rn : x⊤A−1x ≤ 1}. Then,

vol(E) =
√

det(A) vol(Bn) , (9.2)

where Bn is the n-dimensional unit ball.

Proof: By Fact 9.2,
∏n

i=1

√
λi(A) =

√
det(A), and therefore, vol(E) =√

det(A)× vol(Bn).

9.3 Similarity and Change of Basis
We say that two matrices are similar when they represent the same linear trans-
formation under appropriate choices of bases.
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9.3.1 Change of Basis

Given a basis B1 of a vector space V, we want to consider another basis B2.
In order to translate the properties expressed by the basic vectors in B1 into
the descriptions in terms of basic vectors in B2, we must first establish the
relationship between B1 and B2, using the ideas developed in Section 3.8.1.

Let B1 = {v1, . . . , vn} and B2 = {w1, . . . ,wn}. Since B2 is a basis itself,
we can express each vj as the linear combination of the basic vectors of B2, as
follows

vj =

n∑
i=1

bijwi. (9.3)

With this, let us try to compute the coordinate vector y ∈ Rn of the vector v with
respect to B2, when its coordinate vector under B1 is x = (x1, . . . , xn)

⊤ ∈ Rn,
that is,

v =

n∑
j=1

xjvj .

Plugging in (9.3), we get

v =

n∑
j=1

xj

( n∑
i=1

bijwi

)
=

n∑
i=1

( n∑
j=1

bijxj

)
wi. (9.4)

With a square matrix B = (bij), we can write the relationship between x and y
as

yi =

n∑
j=1

bijxj or y = Bx. (9.5)

Since bij relates the i-th and j-th basic vectors from two bases, (9.5) holds for
all vectors with the B = (bij) as long as we fix the two bases.

We can swap the roles of B1 and B2 and repeat the argument above to obtain
another square matrix B̂ that maps y to x, that is x = B̂y. Together with (9.5),

x = B̂Bx for all x ∈ Rn and y = BB̂y for all y ∈ Rn,

which implies that B̂B = BB̂ = In. In summary, the matrix that represents
the change of basis is invertible, and two matrices that represent the mapping
between two bases are inverses of each other.

Conversely, we can build a new basis B′ = {v1, . . . , vn} satisfying (9.3) once
a basis B = {w1, . . . ,wn} and an arbitrary invertible matrix B = (bij) are given.
It is enough to check whether B′ is linearly independent to confirm that it is
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really a basis. Assume
∑n

j=1 λjvj = 0 with λ = (λ1, . . . , λn)
⊤ ∈ Rn. Then,

n∑
j=1

λjvj =

n∑
j=1

λj

n∑
i=1

bijwi =

n∑
i=1

( n∑
j=1

bijλj

)
wi = 0

holds, and hence
∑n

j=1 bijλj = 0 for all i, that is, Bλ = 0 since w1, . . . ,wn are
linearly independent. Therefore, λ = B−10 = 0 and B′ is linearly independent
and a basis.

Example 9.1 [Change of Orthonormal Basis] Consider the case where both
bases B1 and B2, from above, are orthonormal. Since w⊤

i wℓ is 1 when i = ℓ and
otherwise 0, we get

v⊤
j vk =

( n∑
i=1

bijwi

)⊤( n∑
ℓ=1

bℓkwℓ

)
=
( n∑

i=1

bijw⊤
i

)( n∑
ℓ=1

bℓkwℓ

)
=

n∑
i=1

n∑
ℓ=1

bijbℓkw⊤
i wℓ

=

n∑
i=1

bijbik.

v⊤
j vk is also 1 only when j = k and otherwise 0. Because

∑n
i=1 bijbik is the

(j, k)-th entry of B⊤B, we get

B⊤B = In.

In other words, B is an orthogonal matrix, and the change of basis matrix
between two orthonormal bases is orthogonal.

9.3.2 Similarity

Consider a linear transformation T : V→ V defined on a vector space V and its
two bases B1 and B2. Let A be the transformation matrix of T with respect to
B1 such that the B1-coordinate of T (v) is Ax when v’s B1-coordinate is x. In
addition, B is the change of basis matrix between B1 and B2. We now derive
the matrix representation of T with respect to B2.

According to (9.5), the B1-coordinate of a vector whose B2-coordinate is
y is B−1y. And, the B1-coordinate of vector y after transformation by T is
then AB−1y. The B2-coordinate of a vector with the B1-coordinate AB−1y is
BAB−1y.
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B1 :

B2 :

B−1y

B−1 B

A

A′

AB−1y

y BAB−1y = A′y

If we let A′ be the transformation matrix of T under B2, we arrive at A′y =

BAB−1y applies to all y ∈ Rn, which implies

A′ = BAB−1 and A = B−1A′B .

As A and BAB−1 represent the same transformation T under two different
bases, respectively, we can view them as equivalent in terms of how a vector is
transformed in V. We thus say they are similar.

Definition 9.1 Square matrices A and A′ are similar if there is an
invertible matrix B such that A′ = BAB−1.

Fact 9.10 If A and A′ are similar, they share the same eigenvalues.

Proof: Suppose that A′ = BAB−1 and (λ, v) is an eigenpair of A satisfying
Av = λv. Then,

A′(Bv) = (A′B)v = (BA)v = B(Av) = B(λv) = λ(Bv)

holds, and implies that (λ,Bv) is an eigenpair of A′.

9.4 Diagonalization
A diagonal matrix is considered the simplest form of a matrix. If we can find a
basis with respect to which a transformation is represented as a diagonal matrix
by a change of basis, this can help us understand and analyze the corresponding
linear transformation. When this is possible, we call such a transformation
matrix diagonalizable.

Definition 9.2 A is diagonalizable if A is similar to a diagonal matrix.

We first investigate the most basic necessary and sufficient condition for a
diagonalizable matrix.
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Fact 9.11 An n× n matrix A is diagonalizable if and only if A has n linearly
independent eigenvectors.

Proof: Define a diagonal matrix Λ as Λ = diag(λ1, . . . , λn).
if: Let (λ1, v1), . . . , (λn, vn) be n eigenpairs with linearly independent vi’s,

although some eigenvalues may coincide. With invertible B =
[
v1 | · · · | vn

]
and Avi = λivi, we know AB = BΛ and that B−1AB = Λ. Thus, A is
diagonalizable.

only if: Because A is diagonalizable, there exist an invertible B and a diag-
onal matrix Λ such that A = BΛB−1. Because then AB = BΛ, each column of
B is an eigenvector. Since B is invertible, its columns are linearly independent.

We can ask when the eigenvectors of two matrices coincide perfectly. There
is no known result for two n×n matrices in general. We however know that the
necessary and sufficient condition for two diagonalizable matrices, A and B, to
share their eigenvectors is for them to commute, that is, AB = BA.

Theorem 9.1 Let A and B be n× n diagonalizable matrices. Then, A and B
share the same eigenvectors if and only if AB = BA.

Proof: Let A and B share the same eigenvectors and denote the square matrix
of common eigenvectors as S. Then A = SΛ1S

−1 and B = SΛ2S
−1 where Λ1

and Λ2 are diagonal matrices. So, since diagonal matrices commute,

AB = SΛ1S
−1SΛ2S = SΛ1Λ2S

−1 = SΛ2Λ1S
−1 = SΛ2S

−1SΛ1S
−1 = BA .

Conversely, assume that diagonalizable matrices A and B commute. Let S
be an invertible matrix of eigenvectors of A such that A = SΛS−1. Assume
Λ = diag(λ1In1

, . . . , λkInk
) where each Ini

is an identity matrix of size ni such
that n = n1 + · · · + nk. Of course, λi’s are different from each other. Set
B = SB̂S−1. The commutativity of A and B implies the commutativity of Λ
and B̂. Denote the matrix B̂ by a block matrix (B̂ij) where B̂ij is an ni × nj
matrix. Then, ΛB̂ = B̂Λ holds if and only if B̂ij = 0 if i ̸= j since

ΛB̂ =


λ1B̂11 λ1B̂12 · · · λ1B̂1k

λ2B̂21 λ2B̂22 · · · λ2B̂2k

...
... . . . ...

λkB̂k1 λkB̂k2 · · · λkB̂kk

 , B̂Λ =


λ1B̂11 λ2B̂12 · · · λkB̂1k

λ1B̂21 λ2B̂22 · · · λkB̂2k

...
... . . . ...

λ1B̂k1 λ2B̂k2 · · · λkB̂kk

 .
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That is, B̂ = diag(B̂11, . . . , B̂kk). From the diagonalizability of B, B̂ is also
diagonalizable, and each B̂ii is diagonalizable in turn. Let some Ŝi satisfy
B̂ii = ŜiΛ̂iŜ

−1
i where Λ̂i is a diagonal matrix. Denote Ŝ = diag(Ŝ1, . . . , Ŝk) and

Λ̂ = diag(Λ̂1, . . . , Λ̂k) such that B̂ = ŜΛ̂Ŝ−1. Note that Λ = ŜΛŜ−1. Hence,

A = SΛS−1 = SŜΛŜ−1S−1 and B = SB̂S−1 = SŜΛ̂Ŝ−1S−1

holds and A and B share the common matrix SŜ of eigenvectors.
According to the real spectral theorem (Theorem 5.2), a symmetric matrix

is diagonalizable. Furthermore, since symmetric matrices satisfy (AB)⊤ =

B⊤A⊤ = BA, AB = BA is equivalent to the symmetry of AB when A and
B are both symmetric. Combining these two, we get the following result.

Corollary 9.1 Let A and B be n × n symmetric matrices. Then, A and B

share the same eigenvector matrix if and only if AB is symmetric.

When the eigenvectors of a diagonalizable matrix are orthogonal, we can
find orthonormal eigenvectors by diagonalization. When this is possible, we call
such a matrix orthogonally diagonalizable.

Definition 9.3 A square matrix A is orthogonally diagonalizable if there
exists an orthogonal matrix Q such that Q−1AQ = Q⊤AQ is diagonal.

When an n × n matrix A is orthogonally diagonalizable, there exists an
orthogonal matrix Q, i.e. Q−1 = Q⊤ that diagonalizes A by Q−1AQ = Λ, where
Q = [ v1 | v2 | · · · | vn ] and Λ = diag(λ1, . . . , λn). Not all λi’s may be different.
A is then symmetric, as it can be expressed as A = QΛQ⊤. Conversely, spectral
decomposition tells us that a symmetric matrix is orthogonally diagonalizable
as well. Combining these two observations, we learn that this property is unique
for symmetric matrices.

Theorem 9.2 (Fundamental Theorem of Symmetric Matrices) A real ma-
trix A is orthogonally diagonalizable if and only if A is symmetric.

Invertibility and Diagonalizability in the Lens of Eigenpairs

Every n× n matrix has n (including multiple roots) complex eigenvalues. From
these eigenvalues, we can make the following observations.

1. If all eigenvalues are non-zero, the matrix is invertible;



Kang
&

Cho
(20

25)

9.5. Spectral Decomposition Theorem 225

2. If there are n linearly independent eigenvectors, the matrix is diagonaliz-
able. When an eigenvalue λ is a multiple root of the characteristic equa-
tion det(A − xI), this equation contains (x − λ)k with k > 1, and we
say the algebraic multiplicity is k. Although we are not proving it here,
the number of linearly independent eigenvectors corresponding to each λ,
to which we refer as geometric multiplicity, is at most k. The sum of
the algebraic multiplicities of all eigenvalues coincides with the number
of columns of the matrix. A matrix is diagonalizable if the sum of the
geometric multiplicities matches the number of columns.

An Example of a Non-diagonalizable Matrix

Let us consider A =

[
1 1

0 1

]
. As its characteristic polynomial is pA(x) = (x−1)2,

A has one eigenvalue λ = 1, and its algebraic multiplicity is 2. The null space

of A has dimension of 1, since A − λI = A − I =

[
0 1

0 0

]
and 2 − rankA = 1.

In other words, A has one eigenvector, and the geometric multiplicity of the
eigenvalue 1 is 1. Since the geometric multiplicity is smaller than the algebraic
multiplicity, this matrix is not diagonalizable.

Let us show that this matrix is not diagonalizable without relying on the rela-
tionship between two types of multiplicity. Assume the existence of an invertible

matrix B =

[
a b

c d

]
that diagonalizes A, that is, B−1AB is a diagonal matrix.

BecauseB−1 = 1
ad−bc

[
d −b
−c a

]
, B−1AB = 1

ad−bc

[
ad+ cd− bc d2

−c2 ad− cd− bc

]
.

For the latter to be diagonal, both c and d must be 0, in which case B is not
invertible. This contradicts the invertibility assumption, and therefore A is not
diagonalizable. Although it is not diagonalizable, we will see later in Section
11.4 that we can express such a non-diagonalizable matrix as an upper trian-
gular matrix that closely resembles a diagonal matrix. We call such an upper
triangular matrix the Jordan form.

9.5 Spectral Decomposition Theorem
A real n× n matrix A may have complex eigenvalues, even if it contains purely
real entries. A Hermitian matrix on the other hand only has real eigenvalues,
according to Lemma 9.1. Furthermore, a real symmetric matrix, which is a
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special case of a Hermitian matrix, does not only have real eigenvalues but also
n real eigenvectors that are orthonormal. These results and observations were
already implied in Theorem 5.2.

Theorem 5.2 (Real Spectral Decomposition revisited) Let A be a real
symmetric matrix. Then, A is orthogonally diagonalizable, and indeed

A = V ΛV ⊤ =

n∑
i=1

λiviv⊤
i ,

where V is an orthogonal matrix with orthonormal columns v1, v2, . . . , vn, |vi| =
1 and Λ = diag(λ1, . . . , λn).

See Appendix F for the proof that does not rely on SVD.

9.6 How to Compute Eigenvalues and Eigenvec-
tors

We can find an eigenpair (λ, v) of an n× n square matrix A by solving

Av = λv

for λ ∈ C and v ∈ Cn. It does not matter whether A consists solely of real
values, since its eigenvalues and eigenvectors may very well contain complex
numbers. If we are forced to find eigenvalues and eigenvectors without using a
computer, we can try the following procedure:

• Carefully inspect the matrix A to find any clue that allows us to readily
compute eigenvalues and their corresponding eigenvectors.

• If there is no such clue, we find eigenvalues by solving the characteristic
equation det(A−λI) = 0. Once eigenvalues λ are found, we can use Gaus-
sian elimination to find (n − rank(A − λI)) linearly independent vectors
that span Null (A− λI).

If A were symmetric, we can narrow down the search spaces for eigenvalues
and eigenvectors to be real only. More specifically, we can use real spectral
decomposition (Theorem 5.2) to express the matrix A as the sum of rank-one
matrices, as in (5.13), and exploit this structure to identify eigenvalues and
eigenvectors. Regardless, there is no one standard approach to solving this
eigenvalue problem.
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If we are allowed to use computers, we can use any of many numerical meth-
ods, such as the power method and QR method based on QR decomposition.
We refer readers to any text book on numerical analysis.

9.7 Application: Power Iteration
Let xt = (x1t , x

2
t , . . . , x

n
t )

⊤ ∈ Rn describe the state of a system at time t. This
system’s state at time t can be expressed as either

xt = Atx0 , t = 1, 2, . . .

in the case of discrete-time system, or

xt = etAx0 =
(
I +

t

1!
A+

t2

2!
A2 +

t3

3!
A3 + · · ·

)
x0 , t ≥ 0

in the case of continuous-time system,4 when the system’s dynamics is given
correspondingly as

xt+1 = Axt , t = 0, 1, 2, . . . ,

or
d

dt
xt = Axt , t ≥ 0.

Either way, we need to compute Ak for k = 1, 2, . . .. If A were diagonalizable,
i.e. A = V ΛV −1, it is conceptually easy to compute this, since

Ak = V ΛkV −1,

and matrix exponential is similarly simplified to

etA = V
(
I +

t

1!
Λ +

t2

2!
Λ2 +

t3

3!
Λ3 + · · ·

)
V −1

= V diag(eλ1t, eλ2t, . . . , eλnt)V −1.

Even when A is diagonalizable, it may not be feasible to compute eigenpairs
if the matrix is large. Here, we consider approximately computing the eigenpair
with the largest absolute eigenvalue.

4We refer to eB as the matrix exponential of a square matrix B and define it as

eB = I +
1

1!
B +

1

2!
B2 +

1

3!
B3 + · · · =

∞∑
k=0

1

k!
Bk.
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Let A = V ΛV −1, V = [ v1 v2 · · · vn ] be a diagonalizable matrix, and
further assume that |vi| = 1 for all i and λ1 > |λ2| ≥ |λ3| ≥ . . . ≥ |λn|. First,
sample a vector x from a Gaussian distribution. With probability 1, w1 ̸= 0

where w = V −1x, because x follows a Gaussian distribution.5 Let w1 > 0 (if
necessary, we can multiply w with −1.) As we have seen already, AkV = V Λk,
which allows us to get

Akx = AkV w = V Λkw =

n∑
i=1

wiλ
k
i vi.

If we continue to rearrange terms to be explicit about λ1 and v1,

Akx = w1λ
k
1v1 +

n∑
i=2

wiλ
k
i vi

= w1λ
k
1

(
v1 +

n∑
i=2

wi

w1

( λi
λ1

)k
vi

)
.

If we use zk to denote the summation term inside the parentheses on the right
hand side,

|zk| ≤
n∑

i=2

∣∣∣wi

w1

∣∣∣∣∣∣ λi
λ1

∣∣∣k|vi|

=

n∑
i=2

∣∣∣wi

w1

∣∣∣∣∣∣ λi
λ1

∣∣∣k
≤

∣∣∣λ2
λ1

∣∣∣k∑n
i=2 |wi|
|w1|

. (9.6)

As 1
|w1|

∑n
i=2 |wi| > 0 and ρ = |λ2

λ1
| < 1, it is guaranteed that limk→∞ zk = 0,

although the convergence can slow down with a large ρ.6

Now we design a practical algorithm to estimate the eigenvector of the largest
eigenvalue. Because

Akx
|Akx| =

w1λ
k
1(v1 + zk)

w1|λ1|k|v1 + zk|
=

v1 + zk
|v1 + zk|

,

in the limit of k →∞, this quantity converges to the correct vector, as follows:

lim
k→∞

Akx
|Akx| = lim

k→∞

v1 + zk
|v1 + zk|

= v1

The algorithm then can be described by the following three steps:
5In fact, it is fine to use any continuous distribution to sample x.
6Later in Example 10.6, we explain how we can add a rank-one matrix to make ρ ≤ 0.85

to avoid slow convergence.
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1. x0 = x ∼ N(0, I);

2. yk+1 = Axk, xk+1 = 1
|yk+1|yk+1;

3. αk+1 = x⊤
k+1Axk+1.

By repeating the second step, we get xk → v1. In the case of the third step,
limk→∞ αk = λ1, because

αk =
(v1 + zk)⊤A(v1 + zk)

|v1 + zk|2
=

(v⊤
1 + z⊤k )(λ1v1 +Azk)

|v1 + zk|2

=
λ1 + v⊤

1 Azk + λ1z⊤k v1 + z⊤k Azk
|v1 + zk|2

.

By repeating these two steps, the algorithm converges to the eigenpair with the
largest eigenvalue. This algorithm is computationally efficient, as each iteration
requires matrix-vector multiplication only rather than matrix-matrix multipli-
cation.
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Chapter 10

Advanced Results in Linear
Algebra

We discuss some remaining results on linear algebra and matrix theory. An
exploration of a dual space of a vector space provides many insights into the
original vector space. The dual space of a finite-dimensional vector space is
characterized very well, but the characterization of the dual space for an infinite-
dimensional vector space is tricky and covered in a functional analysis course.
The transpose is a popular operation on matrices, but it is difficult to relate it
to some aspect of the linear transformation corresponding to the matrix. It can
be done implicitly by the adjoint of the linear transformation in a vector space
equipped with an inner product. This implicit description of adjoints explains
why we could not find an analogy for a transpose in a direct set-up. Through
this adjoint, we can explain why a projection matrix should be symmetric.
As an important result for the probability theory, Perron-Frobenius theorem
says that a matrix with only positive entries must have a positive eigenvalue
and an eigenvector with only positive elements. We also discuss the Schur
triangularization saying we can find a unitary basis through which an arbitrary
matrix is similar to an upper triangular matrix whose diagonals are eigenvalues.

10.1 Dual Space

We call a linear map from a vector space V to a real R or complex C space a
linear functional. That is, a linear functional is a scalar-valued linear function.

Kang & Cho, Linear Algebra for Data Science,
©2025. (Wanmo Kang & Kyunghyun Cho) all rights reserved.
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We then refer to a set of all linear functionals on V, that is,

V∗ = {f : f is a linear functional on V}

as a dual space. This dual space V∗ is also a vector space, as the sum or the
scalar multiple of a linear functional on V is also a linear functional. Then, we
want to know the dimension of this vector space V∗ when dimV = n.

We can think of R as a one-dimensional vector space and use 1 as its ba-
sic vector. Then, a linear functional f : V → R is a linear map from an
n-dimensional vector space to a one-dimensional vector space. When BV is a
basis of V, there exists a 1× n matrix A such that f(v) = Ax, where x ∈ Rn is
a coordinate of v ∈ V with respect to BV. When a ∈ Rn is the only row vector
of A, i.e. A = [a⊤], f(v) = a⊤x. In other words, we can view a linear functional
in an n-dimensional vector space as an n-dimensional Euclidean vector.

Already in Section 3.8.1, we showed that ai = f(vi) where BV = {v1, . . . , vn}.
Using this fact, we now show that the correspondence between V∗ and Rn is
injective. If two linear functionals, f and g, are different, there has to be at
least one basic vector vj for which f(vj) ̸= g(vj). Then, aj ̸= bj if we use a
and b to denote the vectors corresponding to functionals f and g, respectively.
That is, two vectors in Rn corresponding to two different linear functionals in
V∗ differ. Therefore, this correspondence is injective. Furthermore, if we define
h(v) = a⊤x given an arbitrary a ∈ Rn, i.e.,

h
( n∑

i=1

xivi

)
=

n∑
i=1

aixi,

it is clear that h is a linear map from V∗ to R, which implies that this relationship
is also surjective. The correspondence between a linear functional in V∗ and an
Rn-vector is bijective.

Let us use fj ∈ V∗ to denote a linear functional corresponding to a =

ej ∈ Rn. That is, fj
(∑n

i=1 xivi

)
= e⊤j x = xj for any xi’s. Assume that∑n

j=1 αjfj = 0, a functional equality, holds for some αj’s:
∑n

j=1 αjfj(v) = 0

for all v ∈ V. Then, for any xj’s,( n∑
j=1

αjfj

)
(

n∑
i=1

xivi) =

n∑
j=1

αjfj(

n∑
i=1

xivi) =

n∑
j=1

αjxj = 0

holds only when α1 = · · · = αm = 0. Therefore, {f1, . . . , fn} is linearly in-
dependent. To see V∗ = span{f1, . . . , fn}, observe that f =

∑n
j=1 ajfj holds
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in functional sense1 where aj = f(vj). {f1, . . . , fn} is thus a basis of the dual
space V∗, to which we refer as a dual basis, and therefore dimV∗ = n. This
allows us to treat V∗ and Rn as if they were the same. The dual space of V∗,
that is, (V∗)∗ = V∗∗, is itself a vector space, since V∗ is a vector space.

10.2 Transpose of Matrix and Adjoint of Linear
Transformation

Take two vector spaces, V and W, with inner products defined on them. We
use ⟨·, ·⟩V and ⟨·, ·⟩W to refer to them, respectively. We then define the adjoint
of a linear transformation, which can be thought of as a functional version of
matrix transpose.

Definition 10.1 A function f : W→ V is an adjoint of a linear trans-
formation T : V→W if〈

T (v),w
〉
W =

〈
v, f(w)

〉
V (10.1)

for all v ∈ V and w ∈W.

We can show the uniqueness of adjoint using the following result derived
from the inner product’s property.

Fact 10.1 Let f and g be functions from W to V. If ⟨v, f(w)⟩V = ⟨v, g(w)⟩V
for all v ∈ V and w ∈W, then f = g.

Proof: For v⋆ = f(w)− g(w) ∈ V,

0 = ⟨v⋆, f(w)⟩V−⟨v⋆, g(w)⟩V = ⟨v⋆, f(w)−g(w)⟩V = ⟨f(w)−g(w), f(w)−g(w)⟩V

implies f(w)− g(w) = 0.
Using this result, we can show the uniqueness of adjoint, if it exists, as shown

below in Fact 10.2. It is however important to remember that the adjoint of a
linear transformation may not exist in an infinite-dimensional vector space, as
shown in Example 10.2.

Fact 10.2 If a linear transformation has an adjoint, then it is unique.
1f(v) = f

(∑n
j=1 xjvj

)
=

∑n
j=1 xjf(vj) =

∑n
j=1 f(vj)fj(v) =

(∑n
j=1 f(vj)fj

)
(v) holds

for any v ∈ V.
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Proof: If f and g are adjoints of a linear transformation T , ⟨v, f(w)⟩V =

⟨v, g(w)⟩V for all v ∈ V and w ∈ W according to (10.1). Then, f = g by the
result in Fact 10.1.

When the adjoint of a linear transformation T exists, we use T ∗ to refer to
it. When T ∗ = T , we say T is self-adjoint. T ∗ is also a linear transformation,
as shown below.

Fact 10.3 If a linear transformation has an adjoint, then it is also linear.

Proof: Assume T ∗ exists. Then, for any v ∈ V and w1,w2 ∈W,

⟨v, T ∗(αw1 + w2)⟩V = ⟨T (v), αw1 + w2⟩W
= ⟨T (v), αw1⟩W + ⟨T (v),w2⟩W
= α⟨T (v),w1⟩W + ⟨T (v),w2⟩W
= α⟨v, T ∗(w1)⟩V + ⟨v, T ∗(w2)⟩V
= ⟨v, αT ∗(w1)⟩V + ⟨v, T ∗(w2)⟩V
= ⟨v, αT ∗(w1) + T ∗(w2)⟩V.

Since this holds for any v ∈ V, T ∗(αw1 + w2) = αT ∗(w1) + T ∗(w2) due to the
result from Fact 10.1. Therefore, T ∗ is a linear transformation.

Example 10.1 Consider a vector space consisting of polynomials, that is, P =

{a0 + a1x + · · · + anx
n : ai ∈ R for 0 ≤ i ≤ n, n = 0, 1, 2, . . .}. We define an

inner product as

⟨f, g⟩P =

∫ 1

0

f(x)g(x)dx.

Let us find the adjoint of a linear transformation Tp : P→ P defined as Tp(f) =
pf given a fixed p ∈ P. Since

⟨Tp(f), g⟩P = ⟨pf, g⟩P

=

∫ 1

0

(
p(x)f(x)

)
g(x)dx

=

∫ 1

0

f(x)
(
p(x)g(x)

)
dx

= ⟨f, pg⟩P
= ⟨f, Tp(g)⟩P,
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T ∗
p = Tp, which implies that Tp is self-adjoint.

Example 10.2 [Non-existence of Adjoint] Consider the vector space P from
Example 10.1 and a linear transformation T : P → P defined as T (f) = f ′,
where f ′ is the derivative of f . Assume the adjoint T ∗ exists. For a constant
polynomial g(x) ≡ 1 in P, let h = T ∗(g) ∈ P. By the fundamental theorem of
calculus, we get

⟨T (f), g⟩P =

∫ 1

0

f ′(x)dx = f(1)− f(0),

and for any f ∈ P, it must hold that

f(1)− f(0) = ⟨T (f), g⟩P = ⟨f, T ∗(g)⟩P =

∫ 1

0

f(x)h(x)dx.

If f(x) = x2(x− 1)2h(x) such that f(1) = f(0) = 0, then

0 =

∫ 1

0

f(x)h(x)dx =

∫ 1

0

x2(x− 1)2h(x)2dx.

In this case, for q(x) = x(x − 1)h(x) ∈ P, q ≡ 0 since ⟨q, q⟩P = 0, and hence
T ∗(g) = h ≡ 0.2 Hence, for any f ∈ P,

f(1)− f(0) = ⟨T (f), g⟩P = ⟨f, T ∗(g)⟩P = ⟨f, 0⟩P = 0 ,

which is equivalently to f(1) = f(0). We can however find a contradictory
example of f , such as f(x) = x ∈ P. Therefore, the linear transformation that
corresponds to differentiation does not have an adjoint.

We now consider the relationship between the adjoint and matrix transpose.

Fact 10.4 Consider two vector spaces s V = Rn and W = Rm with their
standard inner products. Let A be an m × n matrix. Then, the adjoint of
T (v) = Av is T ∗(w) = A⊤w.

Proof: Because

⟨T (v),w⟩W =
(
Av
)⊤w = v⊤A⊤w = ⟨v, A⊤w⟩V,

2If h(x) takes a non-zero value for any interval longer than 0 within [0, 1], the integral above
cannot be 0, and since h(x) is a polynomial, it must be that h(x) ≡ 0.



Kang
&

Cho
(20

25)

236 Chapter 10. Advanced Results in Linear Algebra

T ∗(w) is an adjoint of T (v). By Fact 10.2, this is the adjoint of T .

Because of this fact, we often use transpose and adjoint interchangeably.
Furthermore, in a finite-dimensional space, the matrix representing a self-adjoint
operator is symmetric, and thereby we use self-adjoint and symmetric inter-
changeably as well.

Finally, in a finite-dimensional vector space, any linear transformation can be
represented as a finite-size matrix. The adjoint of such a linear transformation is
then represented by the transpose of this matrix, according to Fact 10.4. That
is, there exists always the adjoint of a linear transformation between finite-
dimensional spaces.

10.2.1 Adjoint and Projection

We learned in Fact 4.16 that an orthogonal projection matrix is symmetric and
idempotent. It is natural to see that the projection matrix is idempotent, since
a vector should not change once it has been projected onto the target subspace.
Then, how does the symmetry relate to the fact that it is a projection?

Although we imply orthogonality when we say projection, a general pro-
jection does not have to be orthogonal. We can very well project a vector in
a 2-dimensional space to a one-dimensional subspace along the 45◦-tilted line.
We can then ask what is the right way to express orthogonal projection more
explicitly. Let P(·) be a linear transformation that corresponds to the orthogo-
nal projection onto a subspace W from the original vector space V in which an
inner product ⟨·, ·⟩ is defined. For any v,w ∈ V, we get

0 =
〈
v− P(v),P(w)

〉
=
〈
v,P(w)

〉
−
〈
P(v),P(w)

〉
,

because v− P(v) ⊥W and P(w) ∈W. If we swap the roles of v and w, we also
get

〈
P(v),w

〉
=
〈
P(v),P(w)

〉
. Combining these two together, we find〈

P(v),w
〉
=
〈
P(v),P(w)

〉
=
〈
v,P(w)

〉
,

which implies that orthogonal projection as a linear transformation is self-
adjoint. The orthogonal projection matrix is symmetric since the matrix associ-
ated with a self-adjoint transformation in finite-dimensional space is symmetric
due to Fact 10.4.

Conversely, let an idempotent P is self-adjoint. In other words, for any
v,w ∈ V, it holds that ⟨P(v),w⟩ = ⟨v,P(w)⟩. If we replace v with P(v) and w
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with v, we end up with ⟨P(P(v)), v⟩ = ⟨P(v),P(v)⟩. Since P is idempotent, this
simplifies to ⟨P(v), v⟩ = ⟨P(v),P(v)⟩. By rearranging the terms, we arrive at

⟨P(v), v− P(v)⟩ = 0,

and P is an orthogonal projection.
We summarize these observations into the following lemma.

Lemma 10.1 Let an idempotent linear transformation represent a projection.
Then, the projection is orthogonal if and only if the transformation is self-
adjoint.

10.3 Further Results on Positive Definite Ma-
trix

Despite some of the restrictions, such as the lack of commutativity in multiplica-
tion, square matrices are similar to real numbers, as addition and multiplication
are both well defined for them. Among square matrices, positive definite matri-
ces correspond to positive real numbers and share with them various properties.
When we model a complex system with many variables, some of the variables
are often expressed as square matrices. If they were positive definite matrices,
we can use numerous results on them to conveniently analyze such a system.

Before we continue, we list up symbols that are handy when dealing with
positive definite matrices:

• Rm,n: a set of m× n matrices with real entries;

• Sn: a set of n× n symmetric matrices;

• Sn+: a set of n× n positive semi-definite matrices. A ⪰ 0 if A ∈ Sn+;

• Sn++: a set of n× n positive definite matrices. A ≻ 0 if A ∈ Sn++;

• A ≻ B (resp., A ⪰ B) if and only if A−B ≻ 0 (resp., A−B ⪰ 0).

10.3.1 Congruence Transformation

The notion of similarity in Definition 9.1 was about the same linear transforma-
tion expressed in two different bases; if transformations are the same, the cor-
responding matrices are similar. On the other hand, here we define the notion
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of congruence as the preservation of positive (semi-)definiteness of a coefficient
matrix of a quadratic form after linearly transforming the variables.

Theorem 10.1 Let A ∈ Sn and B ∈ Rn,m, and consider the product

C = B⊤AB ∈ Sm . (10.2)

1. If A ⪰ 0, then C ⪰ 0;

2. If A ≻ 0, then C ≻ 0 if and only if rankB = m;

3. If B is square and invertible, then A ≻ 0 (resp. A ⪰ 0) if and only if
C ≻ 0 (resp. C ⪰ 0).

Proof: For x ∈ Rm, set y = Bx ∈ Rn.

1. x⊤Cx = y⊤Ay ≥ 0 since A ⪰ 0;

2. Assume A ≻ 0. If rankB = m, then y = 0 ⇔ x = 0 since dim Null B =

m− rankB = 0. Therefore, x⊤Cx = y⊤Ay > 0 if x ̸= 0. That is, C ≻ 0.
Conversely, if C ≻ 0, then x = 0 ⇔ 0 = x⊤Cx = y⊤Ay ⇔ y = 0, that is,
x = 0⇔ y = 0. This implies B has a full-column rank, i.e., rankB = m;

3. If B is square and invertible, then rankB = m and 2 becomes “if A ≻ 0,
then C ≻ 0.” By applying 1 and 2 to both (10.2) and A = B−⊤CB−1, we
obtain the results.

We call (10.2) a congruence transformation. Compare this congruence trans-
formation with the similarity transformation in Definition 9.1.

Corollary 10.1 For any matrix B ∈ Rm,n, it holds that:

1. B⊤B ⪰ 0 and BB⊤ ⪰ 0;

2. B⊤B ≻ 0 if and only if B has full-column rank, i.e., rankB = n;

3. BB⊤ ≻ 0 if and only if B has full-row rank, i.e., rankB = m.

Proof: By setting A = In in Theorem 10.1, we obtain all results.
The complexity of a mathematical model involving a matrix can often be

lowered if the matrix is diagonalizable. Below, we present important results on
two simultaneously diagonalizable matrices and on the diagonalizable product
of two matrices.
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Theorem 10.2 (Joint diagonalization by similarity transformation) Let
A1, A2 ∈ Sn and

A = α1A1 + α2A2 ≻ 0

for some scalars α1 and α2. Then, there exists an invertible matrix B ∈ Rn,n

such that B⊤A1B and B⊤A2B are diagonal.

Proof: If both α1 and α2 vanish, A ̸≻ 0. Hence, at least one of them
should be non-zero, and we assume that α2 ̸= 0. Since A ≻ 0, A = C⊤C

for some invertible matrix C. If we plug it into the original equation, we get
C⊤C = α1A1 + α2A2. We rewrite it as

In = α1C
−⊤A1C

−1 + α2C
−⊤A2C

−1 .

Since C−⊤AiC
−1 is still symmetric, the spectral decomposition theorem guar-

antees C−⊤A1C
−1 = QΛQ⊤ where Q is orthogonal and Λ is a diagonal matrix

with eigenvalues as its diagonal entries. We multiply Q⊤ and Q on both sides
of the equation and obtain

In = Q⊤InQ = α1Q
⊤C−⊤A1C

−1Q+ α2Q
⊤C−⊤A2C

−1Q

= α1Λ + α2Q
⊤C−⊤A2C

−1Q .

Since α2 ̸= 0, we can modify the above equation as
1

α2

(
In − α1Λ

)
= Q⊤C−⊤A2C

−1Q,

where the right side is diagonal because the left side is diagonal. Hence, if we
set B = C−1Q, then B is invertible and B⊤AiB’s are diagonal matrices.

Corollary 10.2 Let A ≻ 0 and C ∈ Sn. Then, there exists an invertible matrix
B such that B⊤CB is diagonal and B⊤AB = In.

Proof: If we apply Theorem 10.2 to A = 1A + 0C ≻ 0, then there exists
an invertible B̂ such that both B̂⊤AB̂ and B̂⊤CB̂ are diagonal. By the third
property from Theorem 10.1, B̂⊤AB̂ ≻ 0. Denote B̂⊤AB̂ = diag(λi). Then,
the positive definiteness implies λi > 0 for all i. Let D = diag(

√
λi), and

set B = B̂D−1. Then, B⊤AB = D−1B̂⊤AB̂D−1 = D−1D2D−1 = In, and
B⊤CB = D−1B̂⊤CB̂D−1 is diagonal, since both B̂⊤CB̂ and D−1 are diagonal.

Theorem 10.3 Let A,B ∈ Sn with A ≻ 0. Then, the matrix AB is diagonal-
izable and has real eigenvalues only.
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Proof: Let A1/2 be the square root of positive definite A. Then,

A−1/2ABA1/2 = A1/2BA1/2.

The matrix on the right side is symmetric. By the spectral decomposition
theorem, it is diagonalizable and has real eigenvalues. Since AB and A1/2BA1/2

are similar (as in Definition 9.1), both share the same eigenvalues as well as their
diagonalizability.

10.3.2 Positive Semi-definite Cone

The convexity is an important structure we use to investigate and describe
mathematical objects.3 It often makes analysis and optimization easier and
more intuitive to approach when we understand the convexity of target objects.
In this section, we are particularly interested in the convexity of a cone consisting
of positive (semi-)definite matrices, where a cone is defined as a set of half-
infinite rays of elements, such as the set of all positive real numbers and the
first quadrant of a two-dimensional plane.

Definition 10.2 Let V be a vector space. A subset K of V is a cone if
λv ∈ K for all v ∈ K and all λ ≥ 0. A subset of V is a convex cone if
it is convex and a cone.

In the context of matrices, positive (semi-)definite matrices form a convex
cone. It is intuitive to draw this conclusion by noticing the similarity between
the positive definiteness of matrices and positivity of real values.

Fact 10.5 Sn+ and Sn++ are convex cones.

Proof: It is clear that Sn+ is a cone. For A,B ∈ Sn+, x⊤(λA + (1 − λ)B
)
x =

λx⊤Ax + (1 − λ)x⊤Bx ≥ 0, since x⊤Ax ≥ 0 and x⊤Bx ≥ 0. Hence, λA+ (1 −
λ)B ∈ Sn+. It is parallel to show that Sn++ is a convex cone.

A major difference between either Sn+ or Sn++ and positive real values is
whether we can tell one is greater than the other given a pair of elements. In
the former case of matrices, we often cannot tell this.

Example 10.3 Can we impose an order on positive semi-definite matrices in
Sn+? Let us try to borrow the positive semi-definiteness introduced earlier,

3If you are not familiar with convexity, refer Appendix A.
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A ⪰ B if and only if A − B ⪰ 0. Indeed, the transitivity holds, as A ⪰ C if

A ⪰ B and B ⪰ C. Consider however the following matrices: A =

[
2 1

1 1

]
,

B =

[
1 1

1 2

]
, C =

[
1 1

1 1

]
. It holds that A ⪰ C and B ⪰ C, but neither

A ⪰ B nor B ⪰ A hold between A and B. In other words, there may not be an
order defined using ⪰ between two positive semi-definite matrices. Therefore,
⪰ defines only a partial order on Sn+.4

When a ≥ b for two positive real numbers, a and b, ba−1 ≤ 1. We derive a
similar property for two positive semi-definite matrices below.

Theorem 10.4 Let A ≻ 0 and B ⪰ 0, and denote by ρ(·) the spectral radius of
a matrix (that is, the maximum absolute value of the eigenvalues of a matrix).
Then,

A ⪰ B ⇔ ρ(BA−1) ≤ 1, (10.3)

A ≻ B ⇔ ρ(BA−1) < 1. (10.4)

Proof: Since A ≻ 0 and B ⪰ 0, by Corollary 10.2, there exists an invertible
matrix M such that M⊤AM = In and M⊤BM = D = diag(di). Since B ∈ Sn+,
D is also in Sn+ and di ≥ 0. From M⊤AM − M⊤BM = In − D, we get
A−B =M−⊤(In −D)M−1. Then, by Theorem 10.1,

A−B ⪰ 0 ⇐⇒ In −D ⪰ 0 ⇐⇒ ρ(D) ≤ 1,

where the last equivalence relation holds because D is a diagonal matrix. From
B = M−⊤DM−1 and A−1 = MM⊤, we get BA−1 = M−⊤DM−1MM⊤ =

M−⊤DM⊤. That is, BA−1 and D are similar to each other. Therefore, by Fact
9.10, D and BA−1 share the same eigenvalues.

(10.4) can be proved parallel to the proof of (10.3).

For a pair of square matrices, A and B, AB and BA share the same set
of eigenvalues,5 and thus, ρ(AB) = ρ(BA). Therefore, assuming A ≻ 0 and

4⪰ is a partial order on A if a ⪰ a for all a ∈ A (reflexivity), a ⪰ b and b ⪰ a together imply
a = b for a, b ∈ A (antisymmetry), and a ⪰ b and b ⪰ c together imply a ⪰ c for a, b, c ∈ A

(transitivity).
5If (λ, v) is an eigenpair of AB, that is, ABv = λv, then BABv = λBv holds and (λ,Bv)

is an eigenpair of BA. AB and BA however do not necessarily share their eigenvectors.
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B ≻ 0,
A ⪰ B ⇔ ρ(BA−1) = ρ(A−1B) ≤ 1 ⇔ B−1 ⪰ A−1

due to Theorem 10.4. This is similar to the relationship between a positive real
number and its inverse.

There are other inequalities induced from the partial order relations of posi-
tive semi-definite matrices. Let us see an exemplary case. Consider two positive
semi-definite matrices A and B. By Fact 7.8, the following holds for all i if
A ⪰ B:

λi(A) = λi(B + (A−B)) ≥ λi(B).

From this relationship, we derive the following useful inequalities:

detA =

n∏
i=1

λi(A) ≥
n∏

i=1

λi(B) = detB,

traceA =

n∑
i=1

λi(A) ≥
n∑

i=1

λi(B) = traceB .

In other words, matrix determinant and trace are monotonic functions on Sn+
with respect to ⪰.

As another example, we obtain the following result on the symmetric sum,
which appears often in fields such as control theory, useful as well.

Theorem 10.5 (Symmetric Sum) Let A ≻ 0 and B ∈ Sn, and consider their
symmetric sum

S = AB +BA .

Then, S ⪰ 0 (resp., S ≻ 0) implies that B ⪰ 0 (resp., B ≻ 0).

Proof: Since B is symmetric, we can write B as B = QΛQ⊤ with an orthogo-
nal matrix Q = [ q1 q2 · · · qn ] and a diagonal matrix Λ = diag(λi), consisting
of B’s eigenvalues, according to the spectral decomposition theorem. By The-
orem 10.1, Q⊤SQ ⪰ 0 holds from S ⪰ 0. Then the diagonal entries (Q⊤SQ)ii

are non-negative. We can expand Q⊤SQ as

Q⊤SQ = Q⊤ABQ+Q⊤BAQ

= Q⊤AQQ⊤BQ+Q⊤BQQ⊤AQ

= Q⊤AQΛ + ΛQ⊤AQ.

Therefore, (Q⊤SQ)ii = 2λi(Q
⊤AQ)ii = 2λiq⊤

i Aqi. Combining with q⊤
i Aqi > 0

from A ≻ 0 and (Q⊤SQ)ii ≥ 0, we conclude that λi ≥ 0 holds and, therefore,
B ⪰ 0.
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We can prove the case of S ≻ 0 similarly.

Example 10.4 [Matrix square-root preserves the PSD ordering] Assume A ≻ 0
and B ≻ 0. Because A1/2 + B1/2 ≻ 0 and A1/2 − B1/2 ∈ Sn, we can use
Theorem 10.5 with

2(A−B) =
(
A1/2 +B1/2

)(
A1/2 −B1/2

)
+
(
A1/2 −B1/2

)(
A1/2 +B1/2

)
,

and conclude that A1/2 − B1/2 ≻ 0 once A ≻ B. That is, A ≻ B ≻ 0 implies
A1/2 ≻ B1/2. This is similar to how square root maintains the order of positive
real numbers.

The converse however does not hold in general. Let A =

[
2 1

1 1

]
and B =[

1.2 1

1 0.9

]
. Then, A ≻ 0, B ≻ 0 and A ≻ B. However, A2 ̸≻ B2.

These results sometimes allow us to derive new expressions or conditions,
when we use them with block matrices. Let us consider the positive definiteness
of block diagonal matrices. First, we see that the positive definiteness of a block
diagonal matrix is determined by the positive definiteness of each individual

diagonal block. Mathematically, for M =

[
A 0n,m

0m,n B

]
,

M ⪰ 0 (resp.,M ≻ 0) ⇔ A ⪰ 0, B ⪰ 0 (resp., A ≻ 0, B ≻ 0).6

We can refine this result in the case of a symmetric block diagonal matrix, as
follow.

Fact 10.6 (Schur Complement) Let A ∈ Sn, B ∈ Sm and C ∈ Rn,m with
B ≻ 0. Consider a symmetric block matrix

M =

[
A C

C⊤ B

]
,

and consider the Schur complement S = A−CB−1C⊤ of A with respect to M .
Then,

M ⪰ 0 (resp.,M ≻ 0) ⇔ S ⪰ 0 (resp., S ≻ 0).
6We leave it for you to prove this.
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Proof: We get a block diagonal matrix after performing Gaussian elim-
ination on the block matrix M , as follows: For a lower triangular matrix

L =

[
In 0

−B−1C⊤ Im

]
,

L⊤ML =

[
In −CB−1

0 Im

][
A C

C⊤ B

][
In 0

−B−1C⊤ Im

]

=

[
S 0
C⊤ B

][
In 0

−B−1C⊤ Im

]

=

[
S 0n,m

0m,n B

]
= D.

Because B ≻ 0, the positive definiteness of D is equivalent to that of S. The
positive definiteness of M is equivalent to that of D due to the third property in
Theorem 10.1, since L is an invertible lower triangular matrix with all diagonal
entries set to 1. Therefore, the positive definiteness of M is equivalent to that
of S.

10.4 Schur Triangularization
We present and prove Schur triangularization which is useful not only for proving
further results later in this book but also in many real-world problems where
the repeated product of a matrix is needed. Before doing so, we introduce a
unitary matrix which is a complex version of the orthogonal matrix. A matrix
Q is unitary when Q−1 = QH, that is, QQH = QHQ = I. If A = QBQH for a
unitary matrix Q, An = QBnQH for any matrix B, which is a useful property
when computing the power of a matrix.

Theorem 10.6 (Schur Triangularization) Let the eigenvalues of n× n ma-
trix A be arranged in any given order λ1, λ2, . . . , λn (including multiplicities),
and let (λ1, x) be an eigenpair of A, in which x is a unit vector. Then,

(a) There is an n × n unitary matrix Q = [x Q2] such that A = QUQH,
where U = (uij) is upper triangular and has diagonal entries uii = λi for
i = 1, 2, . . . , n.

(b) If A, each eigenvalue and x are all real, then there is an n × n real
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orthogonal Q = [x Q2] such that A = QUQ⊤, where U = (uij) is upper
triangular and has diagonal entries uii = λi for i = 1, 2, . . . , n.

Proof: We use mathematical induction to prove this theorem. First, (a)
trivially holds when n = 1. Now assume (a) holds up to n − 1. We construct
an n × n unitary matrix Q̂ = [x V ] from n vectors including x, which can be
obtained using for instance the Gram-Schmidt procedure. V here denotes an
n× (n− 1) matrix such that V Hx = 0. Then,

Q̂HAQ̂ = Q̂H[λ1x |AV ] =

[
xH

V H

]
[λ1x |AV ] =

[
λ1xHx xHAV

λ1V
Hx V HAV

]
=

[
λ1 xHAV

0 V HAV

]
,

because
AQ̂ = [Ax AV ] = [λ1x AV ].

The eigenvalues of the upper triangular block matrix on the right-hand side
consist of the eigenvalues of individual blocks, that is, λ1 and the eigenvalues
of V HAV . Because A and Q̂HAQ̂ are similar and thus have the same set of
eigenvalues, the eigenvalues of V HAV are λ2, . . . , λn. Due to the assumption,
it holds that V HAV = Qn−1Un−1Q

H
n−1, where Qn−1 is an (n − 1) × (n − 1)

unitary matrix, and Un−1 is an upper triangular matrix whose diagonal entries
are λ2, . . . , λn. Using an appropriate choice of an (n− 1)-dimensional a, we can
rewrite Q̂HAQ̂ as

Q̂HAQ̂ =

[
λ1 xHAV

0 Qn−1Un−1Q
H
n−1

]
=

[
1 0
0 Qn−1

][
λ1 aH

0 Un−1

][
1 0
0 Qn−1

]H

.

Since Qn−1 is unitary, both
[
1 0
0 Qn−1

]
and Q = Q̂

[
1 0
0 Qn−1

]
are unitary as

well. U =

[
λ1 aH

0 Un−1

]
is an upper triangular matrix with λ1, λ2, . . . , λn on its

diagonal. With Q and U , we see that A = QUQH, which proves (a). We can
prove (b) similarly however with conjugation in (a) replaced with transpose.

With Schur triangularization, we can easily prove earlier results, Fact 9.2,
on computing the trace and determinant of a matrix using its eigenvalues.

Example 10.5 Let λ1, λ2, . . . , λn be the eigenvalues of an n × n matrix A.
Then, traceA = λ1 + λ2 + · · ·+ λn and detA = λ1λ2 · · ·λn .
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Let us see how to apply Theorem 10.6 to these questions. Thanks to the
theorem, we can decompose A as A = QUQH. Then,

traceA = trace(QUQH) = trace(UQHQ) = traceU = λ1 + λ2 + · · ·+ λn,

and

detA = det(QUQH) = detQ detU detQH = det(QQH) detU = detU

= λ1λ2 · · ·λn .

10.5 Perron-Frobenius Theorem
Let an n × n matrix A = (aij) satisfy aij ≥ 0 and

∑n
j=1 aij = 1, that is,

the sum of each row is 1, and all the entries are greater than or equal to 0.
We call such a matrix a Markov matrix and use it to describe a probabilistic
transition in a dynamical system known as a Markov chain. In this case, aij
denotes the probability of the system transitioning from the i-th state to the
j-th state. Because every row sums to 1, the Markov matrix always has (1, 1)
as its eigenpair. All the other eigenvalues are less than or equal to 1.

Fact 10.7 ρ(A) = 1 if A is a Markov matrix.

Proof: Let (λ, v) be an eigenpair of A. |vk| > 0 if k = argmax1≤i≤n |vi|. Let
us consider the k-th equation in Av = λv, which is

∑n
j=1 akjvj = λvk. Since A

is a Markov matrix, akj ≥ 0 and
∑n

j=1 akj = 1. Then, |λ| ≤ 1, because

|λ||vk| = |λvk| =
∣∣∣ n∑
j=1

akjvj

∣∣∣ ≤ n∑
j=1

akj |vj | ≤
n∑

j=1

akj |vk| = |vk|.

Since (1, 1) is an eigenpair, we conclude that ρ(A) = 1.

We call a vector p ∈ Rn a probability vector if p ≥ 0 and p⊤1 = 1. When
p represents the distribution over the states of a system at a time, p⊤A is the
distribution after one step of transition happened. Then, p⊤A = p⊤ implies that
the distribution over the system’s states does not evolve even after transition
according to A. We call such a probability vector p a stationary distribution or
an equilibrium distribution.
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We present the Perron-Frobenius theorem for a matrix with positive entries
only.

Theorem 10.7 (Perron-Frobenius) Let A = (aij) be an n × n positive ma-
trix, i.e., aij > 0 for all i and j. Then, there exists a positive eigenvalue of
the spectral radius of A, and its associated eigenvector with at least one positive
element is unique up to scaling by a positive constant. This eigenvector in fact
has only positive components.

Proof: Consider λ0 = max{λ : there exists x ̸= 0, x ≥ 0 such that Ax ≥ λx}.
Because A > 0, A1 > 0. From this, we get that A1 ≥ λ′1 and hence λ0 ≥ λ′ > 0,
where λ′ is the smallest element of vector A1.7 For this maximal λ0, let x0 ≥ 0
satisfy Ax0 ≥ λ0x0. If Ax0 ̸= λ0x0, y = Ax0 − λ0x0 ≥ 0 ̸= 0. Since A > 0,
we know that Ay > 0 and that A(Ax0) > λ0(Ax0), because AAx0 − λ0Ax0 =

Ay > 0. This means that we can find λ greater than λ0 for the vector Ax0

that satisfies A(Ax0) ≥ λ(Ax0), which is contradictory to the definition of λ0.
Therefore, Ax0 = λ0x0, and x0 > 0 since Ax0 > 0.

Let (λ, y) be an eigenpair with λ ̸= λ0. For y = (yj), let ŷ be a vector with
|yj | as its elements. If we take the absolute values of both sides of

∑n
j=1 aijyj =

λyi, which is the i-th row of Ay = λy, we get

|λ|ŷi = |λ||yi| = |λyi| =
∣∣∣ n∑
j=1

aijyj

∣∣∣ ≤ n∑
j=1

aij |yj | =
n∑

j=1

aij ŷj .

In vectors, this is equivalent to Aŷ ≥ |λ|ŷ. Together with the definition of λ0,
|λ| ≤ λ0, which implies ρ(A) = λ0.

Finally, consider x1 > 0 that is linearly independent of x0 and satisfies
Ax1 = λ0x1. Then, w = αx0 + x1 is an eigenvector of λ0 for any α, and there
exists a negative value for α such that w ≥ 0 but w ≯ 0. This is contradictory,
as we already showed above that the eigenvector of λ0 is positive. Therefore,
There is a unique eigenvector associated with λ0 up to scaling.

When every entry of a Markov matrix A is positive, it has a positive left-
eigenvector associated with the eigenvalue of 1 according to Theorem 10.7 ap-
plied to A⊤. Once we normalize this vector (to sum to 1), we get the stationary
distribution. If A has at least one zero, Theorem 10.7 does not apply. In the
following section, we however use another result to show that this matrix also
has the stationary distribution.

7we can also show that λ0 ≤ maxi,j aij .



Kang
&

Cho
(20

25)

248 Chapter 10. Advanced Results in Linear Algebra

10.6 Eigenvalue Adjustment and Applications
When we add a rank-one matrix vwH to a matrix, which has an eigenpair (λ, v),
only λ changes to λ+wHv, while all the other eigenvalues are maintained. This
is a useful result when we want to adjust only one particular eigenvalue, and
this had been used to improve the convergence rate of Google’s PageRank. We
refer to this result, stated below, as the Brauer theorem.

Theorem 10.8 (Brauer) Let (λ, v) be an eigenpair of an n× n matrix A and
λ, λ2, . . . , λn its eigenvalues. For any w ∈ Cn, the eigenvalues of A + vwH are
λ+ wHv, λ2, . . . , λn, and (λ+ wHv, v) is an eigenpair of A+ vwH.

Proof: u = 1
|v|v is a unit vector constructed from v. Then, (λ, u) is also an

eigenpair of A. By Schur triangularization from Theorem 10.6, we know that

QHAQ = U =

[
λ aH

0 Un−1

]
holds with a unitary matrix Q = [u |Q2] where Un−1

is an upper triangular matrix with λ2, . . . , λn on its diagonal. Because

QHvwHQ = (QHv)(wHQ) =

[
uHv
QH

2 v

]
[wHu |wHQ2]

=

[
|v|
0

]
[wHu |wHQ2] =

[
wHv bH

0 0

]
for some vector b,

we arrive at

QH(A+ vwH)Q =

[
λ aH

0 Un−1

]
+

[
wHv bH

0 0

]
=

[
λ+ wHv (a + b)H

0 Un−1

]
.

The eigenvalues of the final matrix are λ + wHv, λ2, . . . , λn, and so are the
eigenvalues of its similar matrix A + vwH. Furthermore, (A + vwH)v = Av +

vwHv = (λ+ wHv)v, which completes the proof.

Interestingly, we can also change the rest of the eigenvalue of a matrix using
the Brauer theorem.

Corollary 10.3 Let (λ, v) be an eigenpair of n×n matrix A and let λ, λ2, . . . , λn
be its eigenvalues. Let w ∈ Cn be such that wHv = 1 and let τ ∈ C. Then the
eigenvalues of Aτ = τA+ (1− τ)λvwH are λ, τλ2, . . . , τλn.

Proof: The eigenvalue of τA are τλ1, τλ2, . . . , τλn. By Theorem 10.8, the
eigenvalues of Aτ = τA+ v

(
(1− τ)λw

)H are

τλ+
(
(1− τ)λw

)Hv = τλ+ (1− τ)λwHv = τλ+ (1− τ)λ = λ
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and τλ2, . . . , τλn.

To apply the Brauer theorem and its corollary, we need to know a pair of
eigenpair, which is not common in practice. In the case of Markov matrices, we
know an eigenpair of (1, 1), which allows us to use the results. For instance, the
Brauer theorem is used to modify the Google matrix which we will discuss later
in Example 10.6. As another application of the Brauer theorem to a Markov
matrix, we generalize Theorem 10.7 to include a non-negative matrix.

Theorem 10.9 (Perron-Frobenius) Any Markov matrix has a stationary dis-
tribution.

Proof: Let A be a Markov matrix with n states. Fact 10.7 states that the
eigenvalues of A are 1, λ2, . . . and λn with |λi| ≤ 1 for all i. Furthermore,
if A > 0, Theorem 10.7 shows that there is a unique stationary distribution.
If A has zeroes, we cannot use Theorem 10.7. Instead, we convert A into a
positive matrix using Theorem 10.8. If we apply Theorem 10.8 with v = 1
and w = ϵ1, where ϵ is a small positive number, the eigenvalues of the positive
matrix A + ϵ11⊤ are 1 + nϵ, λ2, . . . , λn. According to Theorem 10.7, there is
a unique unit left-eigenvector uϵ associated with the eigenvalue 1 + nϵ for the
positive matrix A + ϵ11⊤ for each ϵ, and this eigenvector is positive. Since
{x ∈ Rn : |x| = 1} is compact, a subsequence uϵk of a sequence uϵ for ϵ → 0

on this compact sphere converges to a vector u = limk→∞ uϵk on the sphere as
k →∞. Because the left-eigenpair relationship

u⊤
ϵk

(
A+ ϵk11⊤

)
= (1 + nϵk)u⊤

ϵk

holds for all k, we get, in the limit of k →∞ and limk→∞ ϵk = 0,

u⊤A = u⊤.

Furthermore, u ≥ 0 since uϵk ≥ 0 for all k, which completes the proof.

In order to prove the theorem above, we relied on the topological concept
of compactness. We refer readers to any textbook on mathematical analysis for
more details, such as [1].

Example 10.6 [Google Matrix] Assume a large Markov matrix A that repre-
sents the connectivity among the web pages on the internet. A core idea behind
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Google Search is to rank these web pages according to the left-eigenvector of
this matrix A. When a Markov matrix is large, it is usual in practice to use an
iterative algorithm, such as power iteration from Section 9.7.

For faster convergence of the power iteration (9.6), we modify A such that
the eigenvalue of the largest absolute value, which is by construction 1, is unique,
and the absolute values of all the other eigenvalues are less than 1. We ensure
the modified matrix continues to be a Markov matrix.

Let v = 1, w = 1
n1, E = 11⊤ and 0 < τ < 1. Note that w⊤v = 1. Compute

the weighted sum of a rank-one matrix, vw⊤ to A with τ and 1 − τ as their
coefficients, respectively, and we get

Aτ = τA+ (1− τ)vw⊤ = τA+
1− τ
n

E. (10.5)

The eigenvalues of this matrix Aτ are 1, τλ2, . . . , τλn according to Corollary
10.3. In other words, all eigenvalues except for 1 have been shrunk by the
factor of τ . This weighted sum maintains the row sum to be 1, because Aτ1 =

τA1 + (1 − τ)1 1
n1⊤1 = τ1 + (1 − τ)1 = 1, and all the entries of this matrix

continue to be positive. We refer to Aτ a Google matrix, as it was used to
rank web pages for Google Search in early years. The founders of Google used
τ = 0.85 originally.
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Big Theorems in Linear
Algebra

We can define a monomial of a square matrix A by replacing x in p(x) = cxn

with A, such that p(A) = cAn. More generally, we can think of replacing x with
a square matrix A in a polynomial p(x) = cnx

n + cn−1x
n−1 + · · · + c1x + c0.

By defining A0 to be an identity matrix and treating c0 as c0x0, we get p(A) =
cnA

n+cn−1A
n−1+ · · ·+c1A+c0I. Let us use pA(x) to denote the characteristic

polynomial of a matrix A, which may have complex coefficients. The two most
abstract and general results in linear algebra are the Cayley-Hamilton theorem
and the Jordan normal form theorem, both of which work with a characteristic
polynomial of a matrix. According to the Cayley-Hamilton theorem, pA(A) = 0
for any A, and using the Jordan normal form theorem, we can show that any
matrix is similar to either a diagonal matrix or a Jordan form matrix, where a
Jordan form matrix closely resembles a diagonal matrix.

11.1 The First Big Theorem: Cayley-Hamilton
Theorem

In this section, we present the Cayley-Hamilton theorem which states that
pA(A) = 0 for any square matrix A when pA(x) is its characteristic polyno-
mial. We use Schur triangularization from Theorem 10.6 to prove it.

251
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Theorem 11.1 (Cayley-Hamilton) Let

pA(x) = det(A− xI) = (−1)nxn + cn−1x
n−1 + · · ·+ c1x+ c0

be the characteristic polynomial of an n× n matrix A. Then

pA(A) = (−1)nAn + cn−1A
n−1 + · · ·+ c1A+ c0In = 0 .

Proof: Let the eigenvalues of A be λ1, λ2, . . . , λn. We can then write its
characteristic polynomial as

pA(x) = (λ1 − x)(λ2 − x) · · · (λn − x).

According to the Schur triangularization (Theorem 10.6), we can rewrite A as
A = QUQH with a unitary matrix Q and an upper triangular matrix U with
λ1, λ2, . . . , λn on its diagonal. Since pA(A) = QpA(U)QH from QHQ = I, all
we need is to show that pA(U) = (−1)n(U − λ1I)(U − λ2I) · · · (U − λnI) = 0.

For j = 1, 2, . . . , n, set

Uj = (U − λ1I)(U − λ2I) · · · (U − λjI),

so that pA(U) = (−1)nUn holds. U − λiI is an upper triangular matrix with
its null i-th diagonal, that is, (U − λiI)ii = 0. For instance, the first column
of U1 = U − λ1I is an all-zero vector. Similarly, the first two columns of
U2 = (U − λ1I)(U − λ2I) are all zeros, which can be checked without difficulty.

Based on this observation, assume the first j − 1 columns of Uj−1 are all
zeros. Given Uj = Uj−1(U − λjI), each element in the j-th column of Uj is
determined as the inner product between the corresponding row of Uj−1 and
the j-th column of U−λjI. Since the j-th element in the j-th column of U−λjI
is zero, only the first j − 1 entries of the j-th column can be non-zero. By the
assumption, the first j − 1 entries of every row of Uj−1 are all zeros, and hence
the inner products of the rows of Uj−1 and the j-th column of U −λjI result in
all zeros. In other words, the j-th column of Uj is an all-zero vector. Therefore,
the first j columns of Uj are all zeros, which implies that pA(U) = (−1)nUn = 0.

Although the Cayley-Hamilton theorem is frequently used in theoretical
derivations and thought experiments, it is not practically used due to the high
computational complexity involved in identifying the coefficients of the char-
acteristic polynomial. As an example of theoretical use cases, let us consider
one interesting consequence of this theorem on the polynomial expression of an



Kang
&

Cho
(20

25)

11.2. Decomposition of Nilpotency into Cyclic Subspaces 253

inverse matrix. When the characteristic polynomial of an invertible matrix A is
(−1)nxn + cn−1x

n−1 + · · ·+ c1x+ c0, the Cayley-Hamilton theorem states that
(−1)nAn + cn−1A

n−1 + · · · + c1A + c0In = 0. With c0 ̸= 0, after multiplying
both sides with A−1 and re-arranging terms, we arrive at

A−1 = −c1
c0
I − c2

c0
A− · · · − cn−1

c0
An−2 − (−1)n

c0
An−1.

This allows us to express the inverse of A as a linear combination of the powers
of A, although it is a hurdle in practice to figure out ci’s.

11.2 Decomposition of Nilpotency into Cyclic
Subspaces

Nilpotency of a Matrix

A square matrix A is nilpotent of degree r if Ar−1 ̸= 0 but Ar = 0 for a positive
integer r. More generally, given a subspace W, we say “A is nilpotent of degree
r on W”, if Arv = 0 for all v ∈ W but Ar−1w ̸= 0 for some w ∈ W. In this
section, we construct and investigate an important subspace given a nilpotent
matrix.

Let us construct the following subset VA of an n-dimensional vector space
V and an n× n matrix A:

VA = {v ∈ V : Ajv = 0 for some j}. (11.1)

Note that Ajv = Aj−j1Aj1 = 0 for all j ≥ j1 if Aj1v = 0 for some j1.
This implies that if Aj1v1 = 0 and Aj2v2 = 0, then, Amax{j1,j2}(v1 + v2) =

Amax{j1,j2}v1 + Amax{j1,j2}v2 = 0. That is, v1 + v2 ∈ VA for any v1, v2 ∈ VA,
which says that VA is a subspace of V.

Let {v1, . . . , vk} be a basis of VA. Each vi is in VA and there exists ri with
which Arivi = 0 for all i. Set r0 = max{r1, . . . , rk}. For any r ≥ r0, Arvi = 0
for all i. Because we can express any vector v in VA as v = x1v1 + · · ·+ xkvk,
Arv = x1A

rv1 + · · · + xkA
rvk = 0, and hence VA ⊂ Null (Ar). From the

definition of VA in (11.1), it is clear that VA ⊃ Null (Ar), and therefore, we
arrive at

VA = Null (Ar) for some positive integer r.

Assume v ∈ Null (Ar) ∩ Col (Ar). Because v ∈ Col (Ar), there exists w ∈ V
such that v = Arw. Also, because v ∈ Null (Ar), Arv = A2rw = 0. According to
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(11.1), w ∈ VA and v = Arw = 0, which tells us that Null (Ar)∩Col (Ar) = {0}.
In other words, two subspaces, Null (Ar) and Col (Ar), are mutually indepen-
dent. That is, x1 = x2 = 0 when x1v1 + x2v2 = 0 for v1 ∈ Null (Ar) and v2 ∈
Col (Ar), because x1v1 = −x2v2 ∈ Null (Ar) ∩ Col (Ar) = {0}. Since the bases
of these two subspaces are linearly independent, dim

(
Null (Ar) + Col (Ar)

)
=

dim Null (Ar) + dim Col (Ar), and dim
(

Null (Ar) + Col (Ar)
)
= n = dimV ac-

cording to the rank-nullity theorem (see Theorem 3.7). There is hence a positive
integer r given a square matrix A such that

V = Null (Ar)⊕ Col (Ar), (11.2)

where ⊕ is a direct sum introduced in Definition 3.3.
These two subspaces, Null (Ar) and Col (Ar), are invariant under A:

• For v ∈ Null (Ar), Av ∈ Null (Ar) since Ar(Av) = Ar+1v = A(Arv) = 0;

• For v ∈ Col (Ar), Av ∈ Col (Ar) since v = Arw for some w ∈ V and thus
Av = Ar(Aw).

Furthermore, it is easy to see that these two subspaces are invariant under the
addition of αI for a scalar α. That is, Null (Ar) and Col (Ar) are invariant under
A+ αI. Combining these observations, we arrive at the following theorem.

Theorem 11.2 Let A be an n × n matrix and V be an n-dimensional vector
space. Let

VA = {v ∈ V : Ajv = 0 for some j} .

Then there exists r0 such that for any r ≥ r0

VA = Null (Ar)

and
V = Null (Ar)⊕ Col (Ar),

where Null (Ar) and Col (Ar) are invariant under A+ αI for any scalar α.

Let us think of a procedure to find linearly independent vectors in VA. Con-
sider a set of vectors {v1, . . . , vk} recursively generated starting from a vector
v1 ∈ VA such that v2 = Av1 ̸= 0, . . . , vk = Avk−1 = Ak−1v1 ̸= 0 and Akv1 =

Avk = 0. In order to check their linear independence, assume x1v1+· · ·+xkvk =

0. For vi with i ≥ 2, Ak−1vi = Ak−1Ai−1v1 = Ai−2(Akv1) = 0. Therefore, if we
multiply both sides with Ak−1, leaving only x1Ak−1v1 = x1vk = 0. x1 is thus 0.
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We repeat the same procedure by multiplying both sides of x2v2+· · ·+xkvk = 0
with Ak−2, and we see that x2 = 0. By repeatedly applying this procedure, we
get x1 = · · · = xk = 0, and therefore, B = {v1, Av1, . . . , A

k−1v1} is linearly
independent.

Lemma 11.1 Assume that a nonzero vector v ∈ VA satisfies Av ̸= 0, . . . , Ak−1v ̸=
0 and Akv = 0. Then, {v, Av, . . . , Ak−1v} is linearly independent.

We say that the basic vectors in Lemma 11.1 exhibit a cyclic structure, and
this structure plays a crucial role in decomposing a matrix into a Jordan form
later. This lemma also says that the nilpotent degree r can not exceed n, the
dimension of the underlying vector spaces, Rn or Cn as well as that we can set
r0 ≤ n in Theorem 11.2.

Direct Sum Decomposition of the Null Space of Nilpotent
Matrices

We will analyze a nilpotent matrix A of degree r on W = Null Ar. Since
Null Ak ⊂ Null Ak+1 for any k,

Null A ⊂ Null A2 ⊂ · · · ⊂ Null Ar−1 ⊂ Null Ar = W. (11.3)

By the definition of nilpotency, there exists at least one vector w ∈W such that
Ar−1w ̸= 0. For this w, Ar−kw ∈ Null Ak \ Null Ak−1, and hence the subset
inclusions in (11.3) are strict. We now use this nilpotency structure of A to
decompose the subspace W = Null Ar as direct sums.

We first extend the notion of linear independence.

Definition 11.1 Vectors v1, . . . , vk are linearly independent of a subspace W if
a1v1 + · · ·+ akvk ∈W implies a1 = · · · = ak = 0.

When v1, . . . , vk are linearly independent of W, they are also linearly in-
dependent since 0 ∈ W. We use this extended notion of linear independence
to form a basis of Null Ar by finding vectors that are linearly independent of
Null Ak−1 and are included in Null Ak \ Null Ak−1. With this extended defi-
nition of linear independence, we can derive a result critical for us to arrive at
the Jordan form representation later in this chapter.

Theorem 11.3 Let A be a square nilpotent matrix of degree r on Null Ar for
r ≥ 1. Then, there exist m and vectors v1, . . . , vm ∈ Null Ar such that the
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non-zero vectors Ajvℓ, for j ≥ 0 and 1 ≤ ℓ ≤ m, form a basis for Null Ar. Any
vector linearly independent of Null Ar−1 can be included in {v1, . . . , vm}.

Proof: If a matrix A is nilpotent of degree r on Null Ar, then there exists a
vector v such that Arv = 0 as well as Ajv ̸= 0 for j < r. The vector w = Av
satisfies Ar−1w = Arv = 0 and Ajw = Aj+1v ̸= 0 for j < r − 1, which implies
that A is nilpotent of degree r − 1 on Null Ar−1. This observation enables us
to use mathematical induction to prove this theorem:

• When r = 1, dim Null A ≥ 1. We simply find a basis of Null A.

• Assume the theorem holds up to r − 1. Let A be a nilpotent matrix
of degree r on Null Ar. Let non-zero vectors w1, . . . ,wk ∈ Null Ar be
linearly independent of Null Ar−1. These vectors are obtained maximally
such that adding any other vectors in Null Ar \Null Ar−1 to {w1, . . . ,wk}
causes linear dependence.1 Therefore, {w1, . . . ,wk} complemented by any
basis of Null Ar−1 forms a basis of Null Ar.

Because these vectors wi are in Null Ar, Awi ∈ Null Ar−1. If we suppose
a1Aw1 + · · ·+ akAwk = A(a1w1 + · · ·+ akwk) ∈ Null Ar−2, then a1w1 +

· · · + akwk ∈ Null Ar−1 and it must be a1 = · · · = ak = 0 since wi’s are
linearly independent of Null Ar−1. Therefore, Aw1, . . . , Awk are linearly
independent of Null Ar−2.

Since A is a nilpotent matrix of degree r−1 on Null Ar−1, by the induction
hypothesis, there exist v1, . . . , vm in Null Ar−1, including all k vectors of
{Aw1, . . . , Awk}, so that non-zero Ajvℓ’s form a basis of Null Ar−1. We
can then form a basis of Null Ar by combining this basis of Null Ar−1

consisting of Ajvℓ’s and {w1, . . . ,wk}. Recall that our starting vectors
{w1, . . . ,wk} can contain any linearly independent vectors of Null Ar−1

since we did not impose any other condition on wi’s except the linear
independence from Null Ar−1.

This completes the proof for all r.
Let us inspect the basis obtained by Theorem 11.3 more carefully. For

each vℓ, we define rℓ to satisfy Arℓvℓ = 0 and Arℓ−1vℓ ̸= 0. With rℓ’s, we
can rewrite {Ajvℓ : j ≥ 0, 1 ≤ ℓ ≤ m} = ∪mℓ=1{vℓ, . . . , A

rℓ−1vℓ}. If we set

1As a specific example, we can find w1, . . . ,wk in Null Ar by applying the Gram-Schmidt
procedure on the basis of Null Ar−1.
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Vℓ = span{vℓ, . . . , A
rℓ−1vℓ}, we can decompose Null Ar as

Null Ar = V1 ⊕ · · · ⊕ Vm , rℓ = dimVℓ. (11.4)

Furthermore, each Vℓ is invariant to A, since v ∈ Vℓ implies Av ∈ Vℓ. Even
though Vℓ is not determined uniquely as v1, . . . , vm are not unique, the dimen-
sions of Vℓ’s are uniquely determined up to the order of Vℓ’s in the direct sum.
See Table 11.1 for an example.

Set dk = dim Null Ak − dim Null Ak−1 for k = 1, . . . , r. dk ≥ 1 since
Null Ak \ Null Ak−1 ̸= ∅. Then, among the basic vectors in a basis {Ajvℓ :

j ≥ 0, 1 ≤ ℓ ≤ m} of Null Ar, dk of them are included in Null Ak \ Null Ak−1.
If Ajvℓ is one of dk basic vectors in Null Ak \ Null Ak−1, the basis of Vℓ must
contain Ak−1+jvℓ, which implies rℓ ≥ k + j. The dimension of Vℓ is thus at
least k. Therefore, we can see that there are dk-many Vℓ’s of dimension at
least k in the decomposition in (11.4). It is also easy to see dk+1 ≤ dk. Then,
with dr+1 = 0, there are (dk − dk+1)-many Vℓ’s of dimension k. The sequence
(d1, . . . , dr) is uniquely determined for a matrix A, and so are the number and di-
mensions of the subspaces in the decomposition (11.4). We often call Vℓ a cyclic
subspace in order to emphasize the cyclic structure of span{vℓ, . . . , A

rℓ−1vℓ}.
We summarize this observation in the following theorem.

Theorem 11.4 Let A be a nilpotent square matrix of degree r on Null Ar.
Then, there exists a unique number m and rℓ’s such that

Null Ar = V1 ⊕ · · · ⊕ Vm

where Vℓ = span{vℓ, . . . , A
rℓ−1vℓ}. Furthermore, the number of summands

Vℓ of dimension at least k is dim Null Ak − dim Null Ak−1. Therefore, the
decomposition is unique up to the number of summands and their dimensions.

Consider Table 11.1 demonstrating this decomposition of a nilpotent matrix
of degree 5. Each column in this table corresponds to the basis of Vℓ, and if we
combine vectors in the bottom-k rows, we get a basis of Null Ak. For instance,
we form a basis of Null A3 by combining vectors in the rows of k = 1, 2, and 3.
Specifically, vectors in the row of k = 1 are the eigenvectors associated with the
eigenvalue 0 of A as well as constitute a basis of Null A.

We can apply this result on nilpotency to A − λI where λ is an eigenvalue
of A. In the next section, we show that A− λI is a nilpotent matrix of degree
r on Null (A − λI)r for some r ≤ n. We then obtain a so-called Jordan block
using Theorem 11.3 and 11.4.
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Table 11.1: Demonstration of a Decomposition of Nilpotent Matrix

k V1 V2 V3 V4 V5 V6 V7 dim Null Ak dk

5 v1 v2 25 2
4 Av1 Av2 v3 v4 v5 23 5
3 A2v1 A2v2 Av3 Av4 Av5 18 5
2 A3v1 A3v2 A2v3 A2v4 A2v5 v6 13 6
1 A4v1 A4v2 A3v3 A3v4 A3v5 Av6 v7 7 7

11.3 Nilpotency of Eigenspace

Generalized Eigenvectors

Given an eigenvalue λ of an n×n matrix A, all the vectors in Null (A−λI) are its
eigenvectors, and the dimension of this null space is the geometric multiplicity.
If the geometric multiplicity is smaller than the algebraic multiplicity of λ, we
run into an issue when diagonalizing A. Before studying it further, we derive
the following corollary by applying Theorem 11.2 to A− λI.

Corollary 11.1 Let A be an n×n complex matrix with an eigenvalue λ. Then,
there exists rλ such that for any r ≥ rλ

{v ∈ V : (A− λI)jv = 0 for some j} = Null (A− λI)r

and
Cn = Null (A− λI)r ⊕ Col (A− λI)r,

where Null (A−λI)r and Col (A−λI)r are invariant under A−cI for any scalar
c.

We can take it as granted rλ ≤ n since the number of basic vectors in the basis of
Null (A−λI)rλ is at most n. Therefore, Null (A−λI)rλ = Null (A−λI)n holds
and we investigate the nilpotent structure of A − λI through the null space
of (A − λI)n. As a work-around when the geometric multiplicity is smaller
than the algebraic multiplicity, we call the vectors in Null (A−λI)n generalized
eigenvectors.2 We then search for a matrix that exhibits a simple pattern of non-
zero entries, while being similar to the original matrix, under these generalized
eigenvectors as a basis.

2A generalized eigenvector may or may not be an eigenvector.
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Interestingly, the only eigenvalue of A on Null (A−λI)n is λ itself. Let (µ, v)
with v ∈ Null (A − λI)n is an eigenpair of A. Then, (A − λI)v = Av − λv =

(µ− λ)v and 0 = (A− λI)nv = (µ− λ)nv, which implies µ = λ. Furthermore,
the generalized eigenvectors corresponding to different eigenvalues are linearly
independent as so are the eigenvectors corresponding to different eigenvalues.
In other words, for different eigenvalues λ1 ̸= λ2,

Null (A− λ1I)n ∩Null (A− λ2I)n = {0}. (11.5)

Suppose that 0 ̸= v ∈ Null (A−λ1I)n∩Null (A−λ2I)n. Then, there exists k ≥ 0

such that (A − λ2I)k+1v = 0 and (A − λ2I)kv ̸= 0 since v ∈ Null (A − λ2I)n.
Set w = (A − λ2I)kv ̸= 0 such that Aw = λ2w. Since the product of A − λ1I
and A− λ2I commutes,

(A− λ1I)nw = (A− λ1I)n(A− λ2)kv = (A− λ2)k(A− λ1I)nv = 0 ,

which implies w ∈ Null (A − λ1I)n. Therefore (λ2,w) is an eigenpair of A on
Null (A − λ1I)n, which contradict to the uniqueness of the eigenvalue of A on
Null (A− λ1I)n, and (11.5) holds.

An n×n complex matrix A has n eigenvalues, including multiple roots, and
is similar to an upper triangular matrix with the eigenvalues on its diagonal,
according to the Schur triangularization, Theorem 10.6. That is, A = QUQH

for some upper triangular matrix U and unitary matrix Q. Assume m distinct
eigenvalues, λ1, . . . , λm, and the same eigenvalues are located adjacently on
diagonals of U . If the algebraic multiplicity of λi is ki, the ki diagonal entries in
the i-th diagonal block of U are all λi. Hence, the i-th diagonal block of U−λiI
is a (ki×ki) upper triangular matrix with all zero diagonal entries. In addition,
for any k, (A− λiI)k = Q(U − λiI)kQH since

A− λiI = QUQH − λ1QQH = Q(U − λiI)QH.

According to Fact 2.2, all entries of the i-th (ki×ki) diagonal block of (U−λiI)ki

are all zeros and the remaining diagonal entries of (U−λiI)ki are (λj−λi)ki ̸= 0.
The rank of (U − λiI)ki is thus n − ki, and so is that of (A − λiI)ki , since Q
is invertible. This results in dim Null (A − λiI)ki = dim Null (U − λiI)ki = ki.
Since ki’s are the multiplicities of multiple roots of the n-th order characteristic
equation and Null (A− λiI)ki ⊂ Null (A− λiI)n holds,

dim(Cn) = n = k1 + · · ·+ km
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= dim Null (A− λ1I)k1 + · · ·+ dim Null (A− λmI)km

≤ dim Null (A− λ1I)n + · · ·+ dim Null (A− λmI)n.

On the other hand, each Null (A− λi)n ⊂ Cn implies

Cn ⊃ Null (A− λ1I)n + · · ·+ Null (A− λmI)n .

Combined with (11.5), we get an inclusion in terms of direct sums as

Cn ⊃ Null (A− λ1I)n ⊕ · · · ⊕ Null (A− λmI)n ,

which implies n ≥ dim Null (A−λ1I)n + · · ·+ dim Null (A−λmI)n. Combining
these inequalities, we get

n = k1 + · · ·+ km ≤ dim Null (A− λ1I)n + · · ·+ dim Null (A− λmI)n ≤ n .

Then, ki ≤ dim Null (A−λiI)n implies ki = dim Null (A−λiI)n, and the above
set inclusion is an equality in fact. That is, we can decompose Cn as

Cn = Null (A− λ1I)n ⊕ · · · ⊕ Null (A− λmI)n

We summarize this observation into the following theorem.

Theorem 11.5 Let A be an n×n matrix, and λ1, . . . , λm its eigenvalues. Then,

Cn = Null (A− λ1I)n ⊕ · · · ⊕ Null (A− λmI)n . (11.6)

Once we obtain a basis of each subspace Null (A− λiI)n, we form a basis of Cn

by combining them.

11.4 The Second Big Theorem: Jordan Normal
Form Theorem

Assume λi is an eigenvalue of an n × n complex matrix A with its algebraic
multiplicity ki. From Corollary 11.1, A−λiI is a nilpotent matrix on Null (A−
λiI)

n, which allows us to apply Theorem 11.3 and 11.4 to the nilpotent matrix
A − λiI. Null (A − λiI)

n is decomposed as the direct sum of the subspaces
with bases {vℓ, . . . , (A − λiI)rℓ−1vℓ}, according to Theorem 11.3. With wk =

(A− λiI)k−1vℓ, the basis is {w1, . . . ,wrℓ}, and the basic vectors are related to
each other by

wk+1 = (A− λiI)wk for k = 1, . . . , rℓ − 1 , (A− λiI)wrℓ = 0.
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We can rewrite it as

Awk = λiwk + wk+1 for k = 1, . . . , rℓ − 1 , Awrℓ = λiwrℓ .

Let us define a Jordan block Jℓ as the following rℓ × rℓ matrix:

Jℓ =



λi 1 0 · · · 0

0 λi 1
. . . ...

... . . . . . . . . . 0

... . . . λi 1

0 · · · · · · 0 λi


= λiI +

[
0 | e1 | · · · | erℓ−1

]
.

When Wℓ =
[

wrℓ | · · · |w1

]
,3

AWℓ =WℓJℓ. (11.7)

In other words, linear transformation, defined by A, in a subspace with a basis
{w1, . . . ,wrℓ}, can be expressed using a Jordan block Jℓ. For each vℓ, there
exists a Jordan block Jℓ that satisfies (11.7). Hence, for Wλi

=
[
W1 | · · · |Wrℓ

]
and Jλi

= diag(J1, . . . , Jrℓ),

AWλi =WλiJλi , (11.8)

where Wλi
and Jλi

are n× ki and ki × ki matrices, respectively.
The sizes and number of Jordan blocks that constitute Jλi

are uniquely de-
termined by Theorem 11.4. There exist Wλi and Jλi that satisfy (11.8), for each
eigenvalue λi forA. If we letW =

[
Wλ1 | · · · |Wλm

]
and J = diag(Jλ1 , . . . , Jλm),

AW =WJ, (11.9)

and we call J a Jordan (normal) form. Since W , which takes basic vectors as
its columns, is invertible, J =W−1AW , meaning that A and J are similar.

We summarize this result as the following theorem.

Theorem 11.6 (Jordan Normal Form Theorem) Any n×n matrix is sim-
ilar to a Jordan normal form. The Jordan form is unique up to the number and
sizes of Jordan blocks.

3Be careful with the column indices, as they are flipped, because it is a convention to define
a Jordan block as an upper triangular matrix with the super-diagonal set to 1.
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A Jordan form J is not a diagonal matrix but closely resembles it. Using
this special structure, we can often compute Jk more efficiently than Ak, by
replacing the diagonal matrix in power iteration, from Section 9.7, with such a
Jordan block. It is less efficient than using a diagonal matrix but is often more
efficient than using the original matrix directly.

Example 11.1 Let us find the Jordan form of a 4× 4 matrix A, where

A =


5 4 2 1

0 1 −1 −1
−1 −1 3 0

1 1 −1 2

 .

Try to compute the eigenvalues of A by hand. It should be non-trivial and
a time-consuming hand calculation is required. Or, you can give up after a
lengthy process of simplifying its characteristic equation and use your favorite
numerical linear algebra software. Such a algebra engine would tell you P =
−1 1 1 1

1 −1 0 0

0 0 −1 0

0 1 1 0

 with P−1 =


0 1 1 1

0 0 1 1

0 0 −1 0

1 1 1 0

, which produce

B = P−1AP =


1 0 0 0

0 2 0 0

0 0 4 1

0 0 0 4

 .

We see that B is a Jordan form of A. From the Jordan form B which is similar
to the original matrix A, we recognize that 1,2, and 4 are eigenvalues of A and
the 4 has a geometric multiplicity of 1 even though its algebraic multiplicity is
2.

Let us further investigate the cyclic subspace of

A− 4I =


1 4 2 1

0 −3 −1 −1
−1 −1 −1 0

1 1 −1 −2

 .
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Since the last two columns of

(A− 4I)2 =


0 −9 −5 −5
0 0 5 5

0 0 0 0

0 0 4 4


match exactly, we get

Null (A− 4I)2 = span{(0, 0, 1,−1)⊤, (1, 0, 0, 0)⊤} = {(a, 0, b,−b)⊤ : a, b ∈ R}.

For any non-zero vector (a, 0, b,−b)⊤ with a+ b ̸= 0,

(A− 4I)(a, 0, b,−b)⊤ = (a+ b)(1, 0,−1, 1)⊤ ̸= 0.

Say v = (1, 0, 1,−1)⊤ and (A−4I)v = w = 2(1, 0,−1, 1)⊤. Then, (A−4I)w = 0
and (4,w) is an eigenpair of A. Therefore, {v,w} is a basis for the cyclic subspace
of A− 4I.
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Homework Assignments

Chapter 1

1. Compute


1

0

2

−3

+


√
2

π

−2
0

 and
√
3


√
2

π

−2
0

.

2. Compute


3 1 4

1 5 9

2 6 5

3 5 8

+ 2


1 0 1

0 1 0

1 0 1

0 1 0

.

3. Let A =


1 1 0

1 1 1

1 −1 0

0 1 −1

 and v =

12
3

. Compute Av.

Chapter 2
1. Prove or disprove the following properties of symmetric matrices.

(a) Any symmetric matrix is square.

(b) Every diagonal matrix is symmetric.

(c) For any matrix A, both A⊤A and AA⊤ are symmetric.

(d) ADA⊤ and A⊤DA are symmetric when D is a diagonal matrix.

265
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2. Consider the following simultaneous linear equations in 3 unknowns, x =

(u, v, w)⊤: 
u − 4 v +7w = −9
2u − 6 v +9w = −10
u − 2 v +5w = −7

(a) Convert the equations in matrix-vector form as Ax = b. What are A
and b?

(b) Decompose A in the form of LDU where L and U are lower and
upper triangular with unit diagonals, and D is a diagonal matrix.
What are L, D, and U ?

(c) Find x by solving DUx = L−1b.

(d) Compute A−1.

3. Repeat 2 with randomly generated 10× 10 matrix A and b ∈ R10.

4. Prove that matrix multiplication is associative (AB)C = A(BC) and dis-
tributive A(B + C) = AB +AC, (B + C)D = BD + CD.

5. Find an example showing that matrix multiplication is not commutative,
that is, find two matrices A and B such that AB ̸= BA

6. Show that AIn = A = ImA for any m× n matrix A.

7. Check the following multiplication rule for two block matrices:

AB =

[
A11 A12

A21 A22

][
B11 B12

B21 B22

]
=

[
A11B11 +A12B21 A11B12 +A12B22

A21B11 +A22B21 A21B12 +A22B22

]
.

8. Compute A2, A3, and A4 where

A =


0 1 2 3

0 0 1 −1
0 0 0 1

0 0 0 0


Chapter 3

1. Show that {0}, {cx : c ∈ R} for x ∈ V, and {c1x1+ · · ·+cnxn : c1, . . . , cn ∈
R} for x1, . . . , xn ∈ V are subspaces of a vector space V.
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2. Show that {(x, y) : x ≥ 0, y ≥ 0} is not a subspace of R2.

3. Show that the set of all n× n lower triangular matrices is a vector space
and a subspace of the vector space consisting of all n × n matrices. Do
the same work for the set of all n× n symmetric matrices.

4. Recall the definition of Cartesian product of two sets, A × B = {(a, b) :

a ∈ A, b ∈ B} and R2 = R× R. Show that R2 = (R× {0})⊕ ({0} × R).

5. Let U be the row echelon form of A. Show that the vectors, in the null
space of U , obtained by setting 1 for a single free variable and other free
variables as zeros constitute a basis for the null space of A.

6. Consider the following 4× 5 matrix A:

A =


2 2 1 −6 4

4 4 1 10 13

6 6 0 20 19

8 8 1 14 23

 .
(a) Compute the row echelon form and reduced row echelon form of A.

(b) What is the rank of A?

(c) Characterize the null space of A.

(d) What is the dimension of Null (A)?

(e) Find a maximally independent set of column vectors of A.

(f) What is the dimension of Col (A)?

7. Let a set V include all polynomials of degree n or less, V = {a0+a1t+· · ·+
ant

n : a0, a1, . . . , an ∈ R}. Let T be a transform that maps a polynomial
f(t) to the polynomial

∫ t

0
f(s)ds. Note that the n is a fixed integer in this

question.

(a) Show that V is a vector space over the multiplication scalar field R.

(b) What is the dimension of V?

(c) To make T be a map from V into W, what should be W if W is a
vector space?

(d) Is T a linear map?

(e) Find bases BV and BW of V and W.
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(f) Find the transform matrix A representing T with respect to the bases
BV and BW chosen above.

8. In a finite-dimensional vector space, show that any linearly independent
set of vectors can be extended to a basis.

Chapter 4
1. Let a vector space V include all polynomials of degrees 2 or less, V =

{a0 + a1t+ a2t
2 : a0, a1, a2 ∈ R}. For two polynomials f(t) and g(t) in V,

we define an inner product

⟨f, g⟩ =
∫ 1

−1

f(t)g(t)dt .

(a) Compute |f |, |g|, and |f − g| for f(t) = t and g(t) = t2.

(b) Show that {1, t, t2} is linearly independent.

(c) For W = span{1, t2}, compute PW(t).

(d) Show that B = {1, t, t2} is a basis for V.

(e) Find a matrix representation of the inner product ⟨f, g⟩ with respect
to the basis B.

2. Consider the Euclidean vector space R4. For two vectors x = (x1, x2, x3, x4)
⊤

and y = (y1, y2, y3, y4)
⊤ in R4, we define a non-standard inner product

⟨x, y⟩ = 2x1y1 +
2

3
(x1y3 + x2y2 + x3y1) +

2

5
(x2y4 + x3y3 + x4y2) +

2

7
x4y4 ,

or, in matrix form as

⟨x, y⟩ = [x1, x2, x3, x4]


2 0 2

3 0

0 2
3 0 2

5
2
3 0 2

5 0

0 2
5 0 2

7



y1

y2

y3

y4

 .

(a) Compute |x|, |y|, and |x−y| for x = (1, 0, 0, 0)⊤ and y = (0, 0, 1, 0)⊤.

(b) Find an orthonormal basis of span{(1, 0, 0, 0)⊤, (0, 0, 1, 0)⊤}.

(c) Let W = span{(1, 0, 0, 0)⊤, (0, 0, 1, 0)⊤}. Find an orthonormal basis
of W⊥.
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3. Let a vector space V include all polynomials of degree 3 or less, V =

{a0 + a1t + a2t
2 + a3t

3 : a0, a1, a2, a3 ∈ R}. For two polynomials f(t),
g(t) ∈ V, we define an inner product

⟨f, g⟩ =
∫ 1

−1

f(t)g(t)dt .

(a) Compute |f |, |g|, and |f − g| for f(t) = 1 and g(t) = t2.

(b) Find an orthonormal basis of span{1, t2}.

(c) Let W = span{1, t2}. Find an orthonormal basis of W⊥.

(d) Find the matrix representation of the inner product ⟨f, g⟩ with re-
spect to the basis {1, t, t2, t3} of V.

4. Compare questions 2 and 3.

Chapter 5
1. Find singular values and singular vectors of the following rotation matrix:[

cos θ − sin θ
sin θ cos θ

]
.

2. Let a 4× 4 matrix A is given as

A =


1

1

0

0


[
0 0 2 0

]
− 3


0

0

1

0


[
−1 1 0 0

]
− 2


1

−1
0

0


[
1 1 0 0

]
.

(a) Find singular values and right-/left-singular vectors of A.

(b) Find ∥A∥2 and ∥A∥F .

(c) Find the pseudoinverse A+ of A.

(d) Find a 4× 4 matrix B of rank 2 that minimizes ∥A−B∥2.

(e) Can you find eigenvalues and eigenvectors of A by hand calculation?

3. Let a 4× 4 matrix A is given as

A =


0

0

1

0


[
0 0 2 0

]
− 3


1

1

0

0


[
1 1 0 0

]
− 2


1

−1
0

0


[
−1 1 0 0

]
.
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(a) Find singular values and right-/left-singular vectors of A.

(b) Can you find eigenvalues and eigenvectors of A by hand calculation?

(c) Find rankA.

4. Suppose A is a 3× 4 matrix given as A =

 2 1 −1 1

6 3 −3 3

−2 −1 1 −1

.

(a) Find eigenvalues and eigenvectors of A⊤A.

(b) Find eigenvalues and eigenvectors of AA⊤.

(c) Is there a 3× 4 matrix B of rank 2 that minimizes ∥A−B∥2?

Chapter 7
1. Let A and B be two n×n positive definite matrices. Consider the following

sum of two quadratic forms

f(x) = (x− a)⊤A(x− a) + (x− b)⊤B(x− b)

where a, b ∈ Rn. Re-formulate the sum as a single quadratic form: that
is, find C, d, and r such that

f(x) = (x− d)⊤C(x− d) + r .

2. Let A be an n × n symmetric positive definite matrix. Denote its eigen-
values as λ1, . . . , λn. Let B be the square root of A, that is, A = B2.

(a) Let A = U⊤U be the Cholesky factorization of A. Find | detU |.

(b) Find the eigenvalues of B.

(c) Let B = QR be the QR-decomposition of B. Find | detR|.

(d) Does there exist the square root C of B? If yes, what are the eigen-
values of C?

3. Let A be an n × n symmetric positive definite matrix whose spectral
decomposition is described as A = V ΛV ⊤ where V is an orthogonal
matrix and Λ = diag(λ1, . . . , λn) for λi > 0. We also define Λ1/k =

diag(λ1/k1 , . . . , λ
1/k
n ).
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(a) Characterize a symmetric positive definite matrix B2 satisfying A =

B2
2 in terms of V and Λ.

(b) Characterize a symmetric positive definite matrix Bk satisfying A =

Bk
k in terms of V and Λ for every positive integer k.

(c) What would be limk→∞Bk? Validate your answer as reasonably as
possible.

Chapter 8

1. Compute the determinants of A, U , U⊤, U−1, and M where

A =

15
3

[3 −2 2
]
, U =


4 4 8 7

0 1 2 2

0 0 2 6

0 0 0 3

 , M =


0 0 0 3

0 0 2 6

0 1 2 2

4 4 8 7

 .

2. Let A be an n× n tridiagonal matrix of

A =



1 −1
1 1 −1

1 1 −1
. . . . . . . . .

1 1 −1
1 1


.

Find detA.

3. Find the determinant of the following Vandermonde matrix:

V3 =

1 a a2

1 b b2

1 c c2

 .
4. Find the determinant of the following rotation matrix:sin θ cosϕ sin θ sinϕ cos θ

cos θ cosϕ cos θ sinϕ − sin θ
− sinϕ cosϕ 0

 .
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Chapter 9
1. Show that the set of eigenvectors associated with a single eigenvalue is a

subspace if we add the origin to the set.

2. Find all eigenvalues of A, B, U , U−1, and T where

A =

12
1

[1 2 1
]
, B =

12
1

[2 1 2
]
, U =

4 4 8

0 1 2

0 0 2

 ,

T =

1 −1 0

1 1 −1
0 1 1

 .
3. Find all eigenvectors of A in 2.

4. Find all eigenvalues and eigenvectors of the following rotation matrix:[
cos θ − sin θ
sin θ cos θ

]
.
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Problems

13.1 Problems for Chapter 1 ∼ 4

Problem Set 1

1. Suppose A is a 3× 4 matrix and b is a vector in R3.

(a) Give an example of the matrix A with rank 2. No entry of A is
allowed to be zero and PA admits an LU decomposition with P = 1 0 0

0 0 1

0 1 0

 whereas A itself does not allow LU decomposition.

(b) For the matrix A in (a), give two examples of b, one of which allows
a solution of Ax = b and the other one doesn’t.

(c) Find two vectors in Col (A) closest to the two vectors in (b), respec-
tively.

2. Suppose A and B are n×m and m× n matrices, respectively.

(a) Recalling that each column of AB is a linear combination of the
columns of A, prove that rank(AB) ≤ rank(A) . Can we conclude
rank(AB) ≤ rank(B) by straightforwardly applying the above state-
ment? If yes, why?

(b) Assume AB = In where In is the identity matrix. What is the rank
of A? If m = n, what is BA?
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(c) Assume AB = In where I is the identity matrix and m > n. Does
Ax = b have a solution for any b ∈ Rn? Does By = c have a solution
for any c ∈ Rm?

3. Let a vector space V include all polynomials of degree 3 or less, V =

{a0 + a1t + a2t
2 + a3t

3 : a0, a1, a2, a3 ∈ R}. Let T be a transformation
that maps a polynomial f(t) to the derivative f ′(t).

(a) To make T a map from V into W, what should be W if W is a vector
space?

(b) Find bases BV and BW of V and W.

(c) Find the matrix A representing the transform T with respect to the
bases BV and BW chosen above.

4. Let a vector space V include all polynomials of degree 3 or less, V =

{a0 + a1t + a2t
2 + a3t

3 : a0, a1, a2, a3 ∈ R}. For two polynomials f(t),
g(t) ∈ V, we define an inner product

⟨f, g⟩ =
∫ 1

−1

f(t)g(t)dt .

(a) Compute |f |, |g|, and |f − g| for f(t) = t and g(t) = t2.

(b) Find an orthonormal basis of span{1, t2}.

(c) Let W = span{t2}. Find a basis of W⊥.

5. Consider the Euclidean vector space R4. For two vectors x = (x1, x2, x3, x4)
⊤

and y = (y1, y2, y3, y4)
⊤ in R4, we define a non-standard inner product

⟨x, y⟩ = 2x1y1 +
2

3
(x1y3 + x2y2 + x3y1) +

2

5
(x2y4 + x3y3 + x4y2) +

2

7
x4y4 ,

or, in matrix form as

⟨x, y⟩ = [x1, x2, x3, x4]


2 0 2

3 0

0 2
3 0 2

5
2
3 0 2

5 0

0 2
5 0 2

7



y1

y2

y3

y4

 .

(a) Compute |x|, |y|, and |x−y| for x = (0, 1, 0, 0)⊤ and y = (0, 0, 1, 0)⊤.

(b) Find an orthonormal basis of span{(1, 0, 0, 0)⊤, (0, 0, 1, 0)⊤}.

(c) Let W = span{(0, 0, 1, 0)⊤}. Find a basis of W⊥.



Kang
&

Cho
(20

25)

13.1. Problems for Chapter 1 ∼ 4 275

6. (a) Let a subspace W of R3 be spanned by two vectors (−1, 0, 1)⊤ and
(1, 1, 0)⊤. Find the projection of (1, 1, 1)⊤.

(b) Consider a linear model z = ax + by. We have three observations
of (x, y, z): (−1, 1, 1), (0, 1, 1), (1, 0, 1). Compute the least square
estimates of a and b.

(c) Compare the above two questions.

7. True or False. No need to explain your guesses.

(a) For an m × n (m > n) matrix, the number of linearly independent
rows equals the number of linearly independent columns.

(b) For an n×n matrix A, a map T from the vector space of n×n matrix
onto itself, defined as T (X) = AX −XA is a linear transformation.

(c) Suppose that a square matrix A is invertible. Then, the following
block matrix B is invertible, and the inverse is given as

B =

[
A 0
C I

]
and B−1 =

[
A−1 0
−CA−1 I

]

where 0 is a matrix with 0’s and I is an identity matrix in appropriate
sizes, respectively.

(d) A set of linearly independent vectors is orthogonal.

(e) For a square matrix A, dim Null (A) = dim Null (A⊤).

Problem Set 2

1. Suppose A is a 3× 4 matrix and b is a vector in R3.

(a) Give an example of the matrix A with rank 2. No entry of A is
allowed to be zero and PA admits an LU decomposition with P = 1 0 0

0 0 1

0 1 0

 whereas A itself does not allow LU decomposition.

(b) For the matrix A in (a), give two examples of b, one of which allows
a solution of Ax = b and the other one doesn’t.

(c) Find vectors in Col (A) which are closest to the two vectors in (b),
respectively.
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2. Assume that u1, . . . , uk and v1, . . . , vk are sets of orthonormal vectors in
Rn, respectively. Find the rank of n× n matrix

k∑
j=1

jujv⊤
j .

3. Let a vector space V include all functions in the form of f(t) = a1e
−t +

a2e
−2t+a3e

−3t where a1, a2, a3 ∈ R, that is, V = {a1e−t+a2e
−2t+a3e

−3t :

a1, a2, a3 ∈ R}. For two functions f(t) and g(t) in V, we define an inner
product

⟨f, g⟩ =
∫ ∞

0

f(t)g(t)dt .

(a) Check that V is a vector space over the scalar R.

(b) Compute |f |, |g|, and |f − g| for f(t) = e−t and g(t) = e−2t.

(c) Show that B1 = {e−t, e−2t, e−3t} is linearly independent.

(d) Find the matrix representation of the inner product ⟨·, ·⟩ with respect
to the basis B1.

(e) For W = span{e−t, e−3t}, compute PW(e−2t).

(f) Find an orthonormal basis B2 for V.

(g) Find the matrix representation of the inner product ⟨·, ·⟩ with respect
to the basis B2.

(h) The density level of some chemical at time t is described by a1e−t +

a2e
−2t + a3e

−3t + ε for some fixed a1, a2, a3 ∈ R. At n time points
0 < t1 < t2 < · · · < tn, the observed density levels are y1, y2, . . . , yn.
For εi = yi−

(
a1e

−ti +a2e
−2ti +a3e

−3ti
)
, characterize â1, â2, â3 that

minimizes
∑n

i=1 ε
2
i .

4. Let V be a vector space and T be a linear transform representing a pro-
jection.

(a) Show that W = {T (v) : v ∈ V} be a subspace of V.

(b) Show that I − T is also a projection where (I − T )(v) = v− T (v).

(c) What is the linear transform T ◦ (I − T )?

(d) Describe W⊥ in terms of T .

5. True or False. No need to explain your guesses.



Kang
&

Cho
(20

25)

13.2. Problems for Chapter 5 ∼ 9 277

(a) For an n× n matrix A, I −A has rank n− k if rankA = k.

(b) For an n×n projection matrix P , I−P has rank n−k if rankP = k.

(c) For an n×n matrix A, a map T from the vector space of n×n matrix
onto itself, defined as T (X) = A⊤X−X⊤A is a linear transformation.

(d) Suppose that U and V are n× k matrices. Then[
In 0
V ⊤ Ik

][
In + UV ⊤ U

0 Ik

][
In 0
−V ⊤ Ik

]
=

[
In U

0 Ik − V ⊤U

]
.

(e) A set of orthogonal vectors is linearly independent.

13.2 Problems for Chapter 5 ∼ 9

Problem Set 1

1. A 3 × 3 square matrix has a QR-type decomposition (not an exact QR-

decomposition) as A =

 1 −1 0

1 1/2 −1
1 1/2 1


 2 1 0

0 1 0

0 0 −1

.

(a) Find the Q and R factors in the QR-decomposition of A.

(b) Compute the volume of a parallelepiped whose six faces are parallel-
ograms formed by the column vectors of A.

(c) Compute A−1. You may describe the inverse in a decomposed form.

2. Suppose A is a 3 × 4 matrix. We computed its singular value decom-
position (SVD) using a computer program. Unfortunately, there was a
problem with the screen, and we could not recognize some figures of the
SVD results. We have U , V , and Σ such that A = UΣV ⊤ where

U =

 1/
√
2 1/

√
2 0

0 ∗ ∗
−1/
√
2 ∗ ∗

, V =


1/2 1/

√
2 0

1/2 0 ∗
1/2 ∗ ∗
1/2 0 ∗

, Σ =

 3 0 ∗
0 2 ∗
0 ∗ 1

,

and ∗ means missing figure on the screen.

(a) Fill out V .

(b) Find the largest eigenvalue and corresponding eigenvectors of A⊤A.

(c) Find a rank 2 matrix B that minimizes ∥A−B∥2.
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3. Suppose A is a 3× 4 matrix given as A =

 2 1 −1 1

4 2 −2 2

−2 −1 1 −1

.

(a) Find a singular value decomposition of A.

(b) Find the pseudoinverse A+ of A.

(c) Find ∥A∥2.

4. Assume an m× n matrix A = [a1, . . . , an] has non-zero columns ai ∈ Rm,
i = 1, . . . , n that are orthogonal to each other: a⊤i aj = 0 for i ̸= j. Find
an SVD for A, in terms of ai’s. Be as explicit as you can.

5. Assume an m× n matrix A with m ≥ n, have singular values σ1, . . . , σn.

Set an (m+ n)× n matrix Ã =

[
A

In

]
.

(a) Find the singular values of Ã.

(b) Find an SVD of the matrix Ã in terms of the SVD for A.

6. A =
∑n

i=1 λiviv⊤
i where vi’s are orthonormal, λ1 > 0, and λ1 ≥ λ2 ≥

. . . ≥ λn.

(a) Compute detA.

(b) Find all eigenvalues and corresponding eigenvectors of A.

(c) For A to be positive semi-definite, what conditions on λi do we need?

(d) If A is positive semi-definite, characterize an SVD of A.

(e) If A is positive semi-definite, characterize the pseudoinverse A+ of
A.

(f) If A is positive definite, characterize the inverse A−1 of A.

7. Let A be an n × n symmetric positive definite matrix whose spectral
decomposition is described as A = V ΛV ⊤ where V is an orthogonal
matrix and Λ = diag(λ1, . . . , λn) for λi > 0. We also define Λ1/k =

diag(λ1/k1 , . . . , λ
1/k
n ).

(a) Characterize a symmetric positive definite matrix B2 satisfying A =

B2
2 in terms of V and Λ.

(b) Characterize a symmetric positive definite matrix Bk satisfying A =

Bk
k in terms of V and Λ for every positive integer k.
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(c) What would be limk→∞Bk? Validate your answer as reasonably as
possible.

8. True or False. No need to explain your guesses.

(a) For an orthogonal matrix Q, detQ = 1.

(b) For n × n symmetric matrices A and B, λk(A + B) > λk(A) if B is
positive definite.

(c) Suppose that B and C are square matrices. Then, the following block

matrix A =

[
B 0
0 C

]
is positive definite if and only if both B and

C are positive definite.

(d) For an m× n matrix A, A+ = (A⊤A)−1A if rank(A) = m.

(e) Every projection matrix has 0 as its determinant.

Problem Set 2

1. Let a matrix A be m × n and a matrix B be n × m. Consider a block
matrix

M =

[
0 A

−B In

]
.

Find detM .

2. Assume that a matrix B has eigenvalues 1, 2, 3, a matrix C has eigenvalues
4, 0, -4, and a matrix D has eigenvalues -1, -2, -3. Set a 6 × 6 matrix

A =

[
B C

0 D

]
where B,C, and D are 3 × 3 matrices. We also define a

linear transformation ℓ : R6 → R6 as ℓ(x) = Ax for x ∈ R6.

(a) What are the eigenvalues of the 6× 6 matrix A?

(b) Consider the unit cube Q in R6, that is, Q = {(x1, . . . , x6)⊤ : 0 ≤
xi ≤ 1, i = 1, . . . , 6} ⊂ R6. Find the volume of ℓ(Q) = {ℓ(x) : x ∈ Q}.

3. Let a 4× 4 matrix A is given as

A =


0

0

1

0


[
0 0 2 0

]
− 3


1

1

0

0


[
1 1 0 0

]
− 2


1

−1
0

0


[
−1 1 0 0

]
.
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(a) Find eigenvalues and eigenvectors of A.

(b) Find singular values and right-/left-singular vectors of A.

(c) Find ∥A∥2 and ∥A∥F .

(d) Find the pseudoinverse A+ of A.

(e) Find a 4× 4 matrix B of rank 2 that minimizes ∥A−B∥2.

4. Suppose A is a 3× 4 matrix given as A =

 2 1 −1 1

4 2 −2 2

−2 −1 1 −1

.

(a) Find eigenvalues and eigenvectors of A⊤A.

(b) Find eigenvalues and eigenvectors of AA⊤.

(c) Is there a 3× 4 matrix B of rank 2 that minimizes ∥A−B∥2?

5. Let A be an m× n matrix. Define its symmetrization s(A) as

s(A) =

[
0 A

A⊤ 0

]
,

which is an (m+ n)× (m+ n) symmetric matrix as the name suggests.

(a) Let (σ, v, u) be a singular triplet of A. Then, σ and−σ are eigenvalues
of s(A). Find the eigenvectors of s(A) associated with the eigenvalues
σ and −σ, respectively.

(b) Let (λ,w) be an eigenpair of s(A) where λ ̸= 0. Then, −λ is also an
eigenvalue of s(A). Find the eigenvector of s(A) associated with the
eigenvalue −λ.

(c) Let λ < 0 and (λ,w) be an eigenpair of s(A). Find right-/left-singular
vectors of A associated with the singular value −λ.

6. Let A be an m×n matrix with at least one non-zero entry. What are the
projection PCol (A) onto Col (A) and the pseudoinverse A+ of A if

(a) A consists of a single column v, that is, n = 1;

(b) the columns of A are orthonormal;

(c) the columns of A are linearly independent (that is rankA = n);

(d) the columns of A are possibly linearly dependent, and one of its
compact SVD is UΣV ⊤.
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7. Let A be an n × n symmetric positive definite matrix. Denote its eigen-
values as λ1, . . . , λn. Let B be the square root of A, that is, A = B2.

(a) Let A = U⊤U be the Cholesky factorization of A. Find | detU |.

(b) Find the eigenvalues of B.

(c) Let B = QR be the QR-decomposition of B. Find | detR|.

(d) Does there exist the square root C of B? If yes, what are the eigen-
values of C?
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Appendix A

Convexity

Many important and interesting mathematical observations are based on a
shared set of special structures and properties underlying target mathemati-
cal objects. One such example is the convexity of a set or a function, which we
discuss further here.

Convexity of a Set

Consider a subset C of a vector space. We say C is convex if C contains an
interpolated vector, λv1+(1−λ)v2, given a pair of vectors, v1 and v2, in C and
a positive scalar, 0 < λ < 1.

Definition A.1 A subset C of a vector space is convex if

λv1 + (1− λ)v2 ∈ C for any v1, v2 ∈ C and 0 < λ < 1.

This definition applies to a subset of a vector space. It is thus natural
to check whether the scalar multiplication and vector addition preserve the
convexity.

Fact A.1 Let C1 and C2 be convex sets and α > 0. Then, both αC1 and C1+C2

are convex.

Recall that αC1 = {αv : v ∈ C1} and C1+C2 = {v1+ v2 : v1 ∈ C1, v2 ∈ C2}.
Proof: Let v1, v2 ∈ C1. Then, for any 0 < λ < 1, λ(αv1) + (1 − λ)(αv2) =

α
(
λv1 +(1−λ)v2

)
∈ αC1, since λv1 +(1−λ)v2 ∈ C1 from the convexity of C1.

Let both v1+v2 and w1+w2 be in C1+C2 where v1,w1 ∈ C1 and v2,w2 ∈ C2.
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For any 0 < λ < 1, λ(v1 + v2) + (1− λ)(w1 +w2) =
(
λv1 + (1− λ)w1

)
+
(
λv2 +

(1 − λ)w2

)
∈ C1 + C2, since λv1 + (1 − λ)w1 ∈ C1 and λv2 + (1 − λ)w2 ∈ C2

from the convexity of C1 and C2.

Among the set operations, intersection preserves the convexity. You may
easily find an example where union does not preserve the convexity.

Fact A.2 Let C1 and C2 be convex sets. Then, C1 ∩ C2 is also convex.

Proof: For any v1, v2 ∈ C1 ∩ C2 and 0 < λ < 1, λv1 + (1 − λ)v2 ∈ C1

and λv1 + (1 − λ)v2 ∈ C2 at the same time from the convexity of C1 and C2.
Therefore, the fact holds.

Convexity of a Function

A real-valued function f defined on a convex set C in a vector space V is called
a convex function if a set E =

{(
v, r
)
: v ∈ C, r ≥ f(v)

}
⊂ V × R is convex.

The set E is called an epigraph of f and represents a space above the graph of
f . This definition of convex function in terms of convex set can be translated
into an equivalent but more practical description as follows:

Definition A.2 A real-valued function f defined on a convex set C is convex
if f
(
λv1+(1−λ)v2

)
≤ λf(v1)+(1−λ)f(v2) for any v1, v2 ∈ C and 0 < λ < 1.

As the convexity of a function can be characterized in terms of the convexity
of its epigraph, Fact A.1 can be translated to apply to functions, that is, addition
and scalar multiplication of functions preserve the convexity.

Fact A.3 Let f1 and f2 be convex functions and α > 0. Then, both αf1 and
f1 + f2 are convex.

Proof: Let v1, v2 ∈ C1 and 0 < λ < 1. (αf1)(λv1 + (1− λ)v2) ≤ α
(
λf1(v1) +

(1 − λ)f1(v2)
)
= λ(αf1)(v1) + (1 − λ)(αf1)(v2). (f1 + f2)(λv1 + (1 − λ)v2) =

f1(λv1 +(1−λ)v2)+ f2(λv1 +(1−λ)v2) ≤ λf1(v1)+ (1−λ)f1(v2)+λf2(v1)+

(1− λ)f2(v2) = λ(f1 + f2)(v1) + (1− λ)(f1 + f2)(v2).

Similarly, we can translate Fact A.2 to show that the maximum of two
functions, of which epigraph corresponds to the intersection of the epigraphs of
two original functions, is also convex. This can be stated as follows:
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Fact A.4 Let f1 and f2 be convex functions. Then, the function max{f1(v), f2(v)}
is convex.

Proof: Set g(v) = max{f1(v), f2(v)}. For two vectors v1, v2 and 0 < λ < 1,
since f1(v) ≤ g(v) and f2(v) ≤ g(v),

g(λv1 + (1− λ)v2)

= max
{
f1(λv1 + (1− λ)v2), f2(λv1 + (1− λ)v2)

}
≤ max

{
λf1(v1) + (1− λ)f1(v2), λf2(v1) + (1− λ)f2(v2)

}
≤ max

{
λg(v1) + (1− λ)g(v2), λg(v1) + (1− λ)g(v2)

}
= λg(v1) + (1− λ)g(v2) .

We are often faced with a composition of convex and linear functions. The
resulting function from such a composition turned out to be convex as well.

Fact A.5 Let f be a convex function on a vector space V and ℓ be a linear
transformation from a vector space W into V. Then, f ◦ ℓ is a convex function
on W.

Proof: Let v1, v2 ∈ C1 and 0 < λ < 1. (f ◦ ℓ)(λv1 + (1 − λ)v2) = f
(
ℓ(λv1 +

(1 − λ)v2)
)
= f

(
λℓ(v1) + (1 − λ)ℓ(v2)

)
≤ λf

(
ℓ(v1)

)
+ (1 − λ)f

(
ℓ(v2)

)
= λ(f ◦

ℓ)(v1) + (1− λ)(f ◦ ℓ)(v2).

The square function is a basic building block of non-linear convex functions.
We can show its convexity following a few steps of arithmetics.

Example A.1 Consider f(x) = x2 on R. Then, for x1, x2 ∈ R and 0 < λ < 1,

λf(x1) + (1− λ)f(x2)− f(λx1 + (1− λ)x2)

= λx21 + (1− λ)x22 −
(
λx1 + (1− λ)x2

)2
= λx21 + (1− λ)x22 −

(
λ2x21 + 2λ(1− λ)x1x2 + (1− λ)2x22

)
=

(
λx21 − λ2x21 − λ(1− λ)x1x2

)
+
(
(1− λ)x22 − λ(1− λ)x1x2 − (1− λ)2x22

)
= λx1

(
x1 − λx1 − (1− λ)x2

)
+ (1− λ)x2

(
x2 − λx1 − (1− λ)x2

)
= λ(1− λ)x1(x1 − x2) + λ(1− λ)x2(x2 − x1)
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= λ(1− λ)(x1 − x2)2

≥ 0.

This shows that f is convex. Furthermore, g(x) = g(x1, . . . , xn) = x2i is also a
convex function.

Convexity of a Quadratic Form

Assume that f : Rm → R is convex. For an m×n matrix A, if we compose f and
a linear transformation ℓ(x) = Ax, f ◦ ℓ(x) = f(Ax) is convex by Fact A.5. In
the special case of a quadratic function, we relate the convexity to the positive
definiteness of A, as below.

Theorem A.1 If A is a positive semi-definite matrix, then x⊤Ax is a convex
function in x.

Proof: Without losing generality, we may assume that A is symmetric. Then,
by item 3 of Fact 7.1, we get

A = B⊤B

for some m×n matrix B. Consider a function f(y) = y⊤y =
∑m

i=1 y
2
i . We know

that each y2i is convex from Example A.1, and the sum of convex functions is
also convex by Fact A.3. Hence, f is convex. Then, f(Bx) = x⊤B⊤Bx = x⊤Ax
is convex by Fact A.5.
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Permutation and its Matrix
Representation

A permutation σ is a bijective function from and onto {1, . . . , n}, that is, σ :

{1, . . . , n} → {1, . . . , n} such that σ(i) ̸= σ(j) if i ̸= j. You may think that a
permutation shuffles the order of 1, . . . , n. Therefore, its inverse function σ−1

always exists, and the inverse function is a permutation, too. Because (σ−1)−1

= σ for any permutation σ, {σ : σ is a permutation on {1, . . . , n}} = {σ−1 : σ is
a permutation on {1, . . . , n}}. We can also define a n×n matrix associated with
a permutation σ so that (i, σ(i)) entry of the matrix is 1 and all other entries
are zero in the i-th row. Since (i, σ(i)) equals (σ−1(j), j) if we set j = σ(i), each
column of the matrix also has only one non-zero element. This matrix is called
a permutation matrix.

Let us consider an example of size 4, σ(1) = 3, σ(2) = 2, σ(3) = 4, and
σ(4) = 1. Then, its permutation matrix Q is

Q =


0 0 1 0

0 1 0 0

0 0 0 1

1 0 0 0

 .

You may regard a permutation matrix as a row- or column- shuffled identity
matrix. Its inverse permutation is σ−1(1) = 4, σ−1(2) = 2, σ−1(3) = 1, and
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σ−1(4) = 3, whose permutation matrix Q′ is

Q′ =


0 0 0 1

0 1 0 0

1 0 0 0

0 0 1 0

 .
You can see that Q′ = Q⊤ from this example. That is, the matrix of inverse
permutation is the transpose of the original permutation matrix. Furthermore,
it is easy to see QQ⊤ = I and Q⊤Q = I, which implies that Q⊤ is the inverse
Q−1 ofQ. That is, the matrix of inverse permutation is the inverse of the original
permutation matrix. Combining these two relations, every permutation matrix
is invertible and its transpose is its inverse matrix, that is, every permutation
matrix is orthogonal.

This conclusion holds not only for this small example. To generalize these
results, it is convenient to borrow a summation representation of rank-one ma-
trices if you are exposed to the rank-one matrix. For a permutation σ, its
permutation matrix Q can be compactly expressed as

Q =

n∑
i=1

eie⊤σ(i) (B.1)

and
Q⊤ =

( n∑
i=1

eie⊤σ(i)
)⊤

=

n∑
i=1

(
eie⊤σ(i)

)⊤
=

n∑
i=1

eσ(i)e⊤i . (B.2)

Then,

QQ⊤ =
( n∑

i=1

eie⊤σ(i)
)( n∑

j=1

eσ(j)e⊤j
)

=

n∑
i=1

n∑
j=1

eie⊤σ(i)eσ(j)e⊤j

=

n∑
i=1

ei
(
e⊤σ(i)eσ(i)

)
e⊤i

=

n∑
i=1

eie⊤i

= I .

That is, for a permutation matrix Q,

QQ⊤ = I , (B.3)
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which also implies
Q−1 = Q⊤ . (B.4)

Therefore, any permutation matrix is an orthogonal matrix.
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Existence of Optimal
Solution

Let B = {x ∈ Rd : |x| ≤ 1} be a unit sphere in the d-dimensional Euclidean
space. Consider the following optimization problem given f : B→ R:

max
x∈B

f(x).

If f is continuous and has an upper bound, we can show that there exists at
least one x∗ ∈ B such that f(x) ≤ f(x∗) for all x ∈ B. That is, there exists
a vector in B that takes the maximum value of the function f .1 If we knew
already topological statements such as “a continuous image of a compact set
is compact” and “a compact set in Rd is closed and bounded”, from advanced
calculus or topology, it is a trivial result. Here, we instead provide a proof based
on basic techniques from calculus. First, we start with the following lemma.

Lemma C.1 If a real number α is an upper bound of a continuous function
f : B→ R,2 then either

• there exists x∗ ∈ B such that α = f(x∗), or;

• for any x ∈ B, either
1This is not always the case, since for instance there is no element within (0, 1) = {x ∈ R :

0 < x < 1} that takes the maximum value of f(x) = x. Although the maximum does not
exist, the supremum of f is at x = 1.

2A real number α is an upper bound of a function f : X → R when f(x) ≤ α for all x ∈ X.
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1. there exists x̃ ∈ B such that f(x) < f(x̃) < α and α − f(x̃) =
1
2

(
α− f(x)

)
, or;

2. there exists an upper bound β of f that satisfies β − f(x) = 1
2

(
α −

f(x)
)
.

Proof: Let x∗ be a solution of f(x) = α if it exists. Otherwise, the condition
means f(x) < α for all x ∈ B. In the latter case, for any x̂ ∈ B, consider the mid-
point between α and f(x̂), β = f(x̂) + 1

2

(
α− f(x̂)

)
< α, and the corresponding

equation f(x) = β.

1. If a solution exists, let it be x̃. Then, f(x̃) = β, which implies that

α− f(x̃) = α− β = α− f(x̂)− 1

2

(
α− f(x̂)

)
=

1

2

(
α− f(x̂)

)
.

We also see that f(x̃) > f(x̂).

2. If there is no solution of f(x) = β, β is another upper bound of f , as f is
a continuous function, and

β − f(x̂) = 1

2

(
α− f(x̂)

)
.

Assume that α is an upper bound of a continuous function f over B. Starting
from x0 = 0 ∈ B and α0 = α, we can iteratively find xk ∈ B and upper bounds
αk, for k = 1, 2, . . . that satisfy

αk − f(xk) =
1

2

(
αk−1 − f(xk−1)

)
(C.1)

by repeatedly applying Lemma C.1.
If we found x∗ ∈ B such that f(x∗) = αk for some k, x∗ touches an upper

bound and is a solution to f(x∗) = maxx∈B f(x). We instead assume that there
is no solution to f(x) = αk for all k among x ∈ B. We update along the second
bullet of Lemma C.1 as follows:

• case 1: keep the upper bound αk = αk−1, and update xk as x̃;

• case 2: keep xk = xk−1, and update upper bound αk as β.

If we do not obtain the solution in finite k, by (C.1), the upper bound sequence
satisfies

0 ≤ αk−1 − αk ≤
1

2k
(
α− f(0)

)
.
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Then, limk→∞ αk = α +
∑∞

k=1(αk − αk−1) = ℓ exists by the comparison
test in calculus course. For any x ∈ B, f(x) ≤ αk implies that f(x) ≤
limk→∞ αk = ℓ, which means that ℓ is also an upper bound. Furthermore,
limk→∞

(
αk − f(xk)

)
= 0 holds from (C.1). Combining two limits together, we

get limk→∞ f(xk) = ℓ. That is, we get a sequence xk ∈ B whose function values
converging to an upper bound ℓ. But, we don’t know yet whether xk itself
converges to a vector in B.

To analyze {xk : k = 1, 2, . . .}, consider the d-dimensional cube C0 =

[−1, 1]d ⊂ Rd containing the unit sphere B. Bisecting each edge of C0 gen-
erates 2d smaller cube consisting of edges of length 1, whose union recovers
C0. Since the infinite sequence xk’s lie in the 2d small cubes, at least one
cube contains infinite terms of the sequence. Say this cube as C1. We re-
index xk’s in C1 as a subsequence x(1)

i , i = 1, 2, . . . while preserving the order
of the original sequence. To C1, we repeat the procedure again to get a cube
C2 of 1/2-edge length containing infinitely many x(1)

i ’s. Re-index x(1)
i ’s in C2

as x(2)
i , i = 1, 2, . . .. If we repeat this procedure infinitely many times, we get

a sequence of cubes C0 ⊃ C1 ⊃ · · · ⊃ Cj ⊃ · · · where each cube Cj contains
infinitely many xk’s under the name of x(j)

i ’s such that {x(j)
i }∞i=1 ⊂ {x

(j−1)
i }∞i=1.

We choose diagonal terms {x(i)
i }∞i=1, the i-th term in the i-th subsequence.

It is important to notice x(i)
i ∈ Cj for all i ≥ j from the monotone inclusion

of cubes. Take the first coordinate of x(i)
i ∈ Rd and call yi. Observe that

|yj+1 − yj | ≤
(
1
2

)j−1 since both x(j+1)
j+1 and x(j)

j belong to Cj whose edges have
length of

(
1
2

)j−1. If we apply the comparison test in calculus course, the se-
quence yj = y1 +

∑j−1
i=1 (yi+1 − yi) converges. Following the same arguments

to other coordinates, we can conclude that there exists x∗ ∈ Rd such that
|x(j)

j − x∗| → 0. In addition, from |x(j)
j | ≤ 1, |x∗| ≤ |x∗ − x(j)

j | + |x
(j)
j | ≤

|x∗ − x(j)
j | + 1 holds for all j. Taking a limit on j, we narrow the location of

limit vectors x∗ within B. On the other hand, since f(x(j)
j ) is a subsequence

of f(xk) converging to ℓ, we observe that ℓ = limk→∞ f(xk) = limj→∞ f(x(j)
j ).

Furthermore, limj→∞ f(x(j)
j ) = f(x∗) since f is a continuous function, which

implies ℓ = f(x∗).

Lemma C.2 If a continuous function f : B → R has an upper bound, there
exists an x∗ ∈ B such that

f(x∗) = max
x∈B

f(x) .

If we apply Lemma C.2 to a optimization problem to maximize −f where f
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is a continuous function with a lower bound, then we can find a minimizer of f
on B. In addition, it is very useful fact in dealing with optimization formulations
that, for any sets B and C,

“if x∗ ∈ B ⊂ C, f(x∗) ≤ max
x∈B

f(x) ≤ max
x∈C

f(x) holds.”

We borrow this fact at many places without any explicit mentions.
Let us apply Lemma C.2 to a maximization of the norms of linearly trans-

formed vectors.

Lemma C.3 Let A be an n×d matrix. Then there exists a unit vector x∗ such
that

|Ax∗| = max
|x|≤1

|Ax| = max
|x|=1

|Ax| .

Proof: If A = 0, the equalities hold trivially. Therefore, let us assume that
A ̸= 0. Then the maximum value is positive.

Consider the first equality. Since the function |Ax| is continuous, we can
apply Lemma C.2 once we show that the function |Ax| has an upper bound on
B. Let |x| ≤ 1 and denote i-th row of A as a⊤i . Then, by the Cauchy-Schwartz
inequality,

|Ax|2 =

n∑
i=1

(a⊤i x)2 ≤
n∑

i=1

|ai|2|x|2 ≤
n∑

i=1

|ai|2 = ∥A∥2F

and we can conclude that the function |Ax| has an upper bound ∥A∥F on {x ∈
Rd : |x| ≤ 1}.

For the second equality, let x∗ be the vector satisfying the first equality. If
|x∗| = 0, |Ax∗| = 0 contradicts to the positive maximum value. If 0 < |x∗| < 1,
then the unit vector y = 1

|x∗|x∗ provides a bigger value |Ay| = 1
|x∗| |Ax∗| than

|Ax∗|, which is a contradiction. Hence |x∗| = 1 and this implies the second
equality.

We extend Lemma C.3 further to an optimization problem with orthonormal
conditions.

Lemma C.4 Let A be an n× d matrix and {v1, . . . , vk} be orthonormal. Then
there exists a feasible x∗ satisfying |x∗| = 1, v1 ⊥ x∗, . . . , vk ⊥ x∗ such that

|Ax∗| = max{|Ax| : |x| ≤ 1, v1 ⊥ x, . . . , vk ⊥ x}

= max{|Ax| : |x| = 1, v1 ⊥ x, . . . , vk ⊥ x} .
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Proof: Assume k < d. Expand the k orthonormal vectors such that {v1, . . . , vk,
vk+1 . . . , vd} to be an orthonormal basis by Gram-Schmidt procedure. Denote
V = [ v1 | . . . , | vd ], the matrix whose columns are vk’s. If y is the coordi-
nate vector of x ∈ Rd with respect to the new basis, x = V y holds. Note
that vi ⊥ x is equivalent to yi = 0 since v⊤

i x = v⊤
i V y = yi. Furthermore,

|x| =
√

x⊤x =
√

y⊤V ⊤V y =
√

y⊤y = |y|. Set an n × (d − k) matrix Ã to be
the last (d − k) columns of AV and ỹ = (yk+1, . . . , yd)

⊤ ∈ Rd−k. Then, the
following equalities

{|Ax| : |x| ≤ 1, v1 ⊥ x, . . . , vk ⊥ x}

= {|AV y| : |y| ≤ 1, y1 = 0, . . . , yk = 0}

= {|Ãỹ| : |ỹ| ≤ 1}

imply

max{|Ax| : |x| ≤ 1, v1 ⊥ x, . . . , vk ⊥ x} = max{|Ãỹ| : |ỹ| ≤ 1} .

By applying Lemma C.3 to max{|Ãỹ| :
∣∣ỹ| ≤ 1}, we get a unit vector ỹ∗ ∈ Rd−k,

and ỹ∗∗ =

[
0
ỹ∗

]
∈ Rd satisfying

max{|Ãỹ| : |ỹ| ≤ 1} = |Ãỹ∗| = |AV ỹ∗∗| = |Ax∗|

where x∗ = V ỹ∗∗ with |x∗| = |ỹ∗∗| = |ỹ∗| = 1 and v1 ⊥ x∗, . . . , vk ⊥ x∗. This
proves the first equality. Since |x∗| = 1, the second equality holds.
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Covariance Matrix

A vector whose elements are random variables is called a random vector. That
is, a d-dimensional random vector is denoted by X = (X1, . . . , Xd)

⊤ where each
Xi is a random variable. The expectation of a random vector is computed
element-wise as

X =


X1

...
Xd

 , E[X] = E


X1

...
Xd

 =


E[X1]

...
E[Xd]

 =
(
E[X1], . . . ,E[Xd]

)⊤ ∈ Rd .

Similarly, a matrix consisting of random variables is called a random matrix.
The expectation of a random matrix is defined as a matrix of the same size
whose random variables are replaced by their expectations.

A variance as well as a mean are basic statistics of a random variable. To
measure the random deviation of a random vector from the mean vector, we
extend the definition of the variance of a random variable to the covariance
matrix of a random vector. The covariance matrix consists of covariances of all
possible combinations of entries, which are random variables themselves, of a
random vector.

We start by defining the covariance between two random variables X and Y
as

Cov(X,Y ) = E
[(
X − E[X]

)(
Y − E[Y ]

)]
.

Under this definition, Cov(X,X) = Var(X). The (i, j)-th entry of the covari-
ance matrix of a random vector X is then the covariance Cov(Xi, Xj). We can
conveniently represent a covariance matrix as the expectation of the following

299
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d× d random matrix:(
X− E[X]

)(
X− E[X]

)⊤
=
((
Xi − E[Xi]

)(
Xj − E[Xj ]

))
.

Because
(
(X−E[X])(X−E[X])⊤

)⊤ = (X−E[X])(X−E[X])⊤ , this matrix is of
rank-one and symmetric.

The symmetry of this matrix is preserved under the expectation. On the
other hand, the rank of the covariance matrix generally increases, as the covari-
ance matrix can be thought of as the average of many statistically independent
rank-one matrices.

In short, we can write a covariance matrix as1

Σ = Cov(X,X) = E
[
(X− E[X])(X− E[X])⊤

]
=

(
E
[(
Xi − E[Xi]

)(
Xj − E[Xj ]

)])
.

Due to the linearity of expectation,

Σ = E
[
XX⊤]− E[X]E[X]⊤ =

(
E[XiXj ]− E[Xi]E[Xj ]

)
.

this expression further simplifies to

Σ = E
[
XX⊤],

if E[X] = 0. It is thus convenient to shift a random vector by its mean vector as

X̃ = X− E[X] =
(
X1 − E[X1], . . . , Xd − E[Xd]

)⊤
,

and work with X̃ instead, since Cov(X,X) = Cov(X̃, X̃).
To get familiar with covariance matrix, it is helpful to write down the entries

of a covariance matrix as the expectation of a random matrix.

Σ = E
[
(X− E[X])(X− E[X])⊤

]
= E

[
X̃X̃⊤]

= E


X̃2

1 X̃1X̃2 · · · X̃1X̃d

X̃2X̃1 X̃2
2 · · · X̃2X̃d

...
... . . . ...

X̃dX̃1 X̃dX̃2 · · · X̃2
d



=


E
[
X̃2

1

]
E
[
X̃1X̃2

]
· · · E

[
X̃1X̃d

]
E
[
X̃2X̃1

]
E
[
X̃2

2

]
· · · E

[
X̃2X̃d

]
...

... . . . ...
E
[
X̃dX̃1

]
E
[
X̃dX̃2

]
· · · E

[
X̃2

d

]


1As you may have guessed already, we can define a covariance matrix between two random

vectors X and Y asCov(X,Y) = E
[
(X − E[X])(Y − E[Y])⊤

]
.
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=


Var(X1) Cov(X1, X2) · · · Cov(X1, Xd)

Cov(X2, X1) Var(X2) · · · Cov(X2, Xd)
...

... . . . ...
Cov(Xd, X1) Cov(Xd, X2) · · · Var(Xd)

 .

D.1 Positive Definiteness of Covariance Matrix
For a d-dimensional random vector X and an arbitrary v ∈ Rd, v⊤X is a random
variable. Note that v⊤X = X⊤v. Its square has alternative expressions of

(v⊤X)2 = (v⊤X)(X⊤v) = v⊤XX⊤v.

Using this, the quadratic form induced from Σ satisfies

v⊤Σv = v⊤(E[XX⊤]− E[X]E[X]⊤
)
v

= v⊤E
[
XX⊤]v− v⊤E[X]E[X]⊤v

= E
[
v⊤XX⊤v

]
− E

[
v⊤X

]
E
[
X⊤v

]
= E

[
(v⊤X)2

]
−
(
E[v⊤X]

)2
= Var

(
(v⊤X)2

)
≥ 0,

which shows that Σ is positive semi-definite. If Σ is not positive definite, there
exists some v such that E[(v⊤X)2] = 0 and hence v⊤X = 0 with probability
1. That is, random vector X is linearly dependent and X can not admit a
d-dimensional probability density function.

D.2 A Useful Quadratic Identity
Consider a block matrix

A =

[
A11 A12

A12
⊤ A22

]
consisting of matrices A11, A12, and A22 of sizes n1 × n1, n1 × n2, and n2 × n2,
respectively. Assume that A11 and A22 are symmetric and invertible. Then A

is symmetric.

u1 ∈ Rn1 and u2 ∈ Rn2 are also given. For u =

[
u1

u2

]
, let us compute the

following quadratic difference

u⊤A−1u− u2A
−1
22 u2 .
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Assuming the invertibility of the Schur complement S11 = A11−A12A
−1
22 A

⊤
12 as

in (2.9), we obtain

A−1 =

[
S−1
11 −S−1

11 A12A
−1
22

−A−1
22 A

⊤
12S

−1
11 A−1

22 +A−1
22 A

⊤
12S

−1
11 A12A

−1
22

]
.

We can develop the following quadratic form using this inverse representation
as

u⊤A−1u− u⊤
2 A

−1
22 u2 =

[
u1

u2

]⊤(
A−1 −

[
0 0
0 A−1

22

])[
u1

u2

]
= u⊤

1 S
−1
11 u1 − 2u⊤

1 S
−1
11 A12A

−1
22 u2 + u⊤

2 A
−1
22 A

⊤
12 S

−1
11 A12A

−1
22 u2

=
(
u1 −A12A

−1
22 u2

)⊤
S−1
11

(
u1 −A12A

−1
22 u2

)
.

We rearrange it as a quadratic identity of

u⊤A−1u = u⊤
2 A

−1
22 u2 +

(
u1 −A12A

−1
22 u2

)⊤
S−1
11

(
u1 −A12A

−1
22 u2

)
, (D.1)

which is a key to obtain a conditional density for a multivariate Gaussian dis-
tribution. (Refer Appendix D.4.)

D.3 Multivariate Gaussian Distribution

Let X be a random vector. µ = E[X] and Σ = E[(X − µ)(X − µ)⊤] are its
mean vector and covariance matrix, respectively. Assume that a multivariate
probability density function f(x) to describe the likelihood of a random vector
X is given as a function2 of

(x− µ)⊤Σ−1(x− µ) .

For an appropriate function g(·),

f(x) = g
(
(x− µ)⊤Σ−1(x− µ)

)
is a density of a so-called elliptical distribution, the family of which includes the
multivariate Gaussian distribution and the multivariate t-distribution. If the

2As introduced in Section 7.5,
√

(x − µ)⊤Σ−1(x − µ) is a Mahalanobis distance defined
by a positive definite matrix Σ and a center point µ. The Mahalanobis distance can be
interpreted as a statistical distance denominated by the standard deviation.
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function g is a decreasing function, the level set, {x ∈ Rd : f(x) ≥ a} of the
density function is characterized by the following ellipsoid

{x ∈ Rd : (x− µ)⊤Σ−1(x− µ) ≤ α}

for some positive α (Refer Section 7.5 ). This simple ellipsoidal geometry of level
sets provides various ideas in the analysis of high-dimensional data.

For a d× d positive definite matrix Σ, the following definite integral is well-
known: ∫

Rd

e−
1
2 (x−µ)⊤Σ−1(x−µ)dx =

√
(2π)d detΣ .

Once normalizing the left hand side with the constant on the right hand side,
we obtain a multivariate density function fµ,Σ on Rd given by

fµ,Σ(x) =
1√

(2π)d detΣ
e−

1
2 (x−µ)⊤Σ−1(x−µ),

which satisfies

fµ,Σ(x) > 0 and
∫
Rd

fµ,Σ(x)dx = 1 .

This distribution is called multivariate Gaussian distribution. It can be shown
that the mean vector and covariance matrix of fµ,Σ are µ and Σ, respectively.
Since the Gaussian distribution is fully characterized by the mean and covari-
ance, we simply denote it as N(µ,Σ). It is often necessary to know the con-
ditional density function of multivariate Gaussian in many applications, the
derivation of which is non-trivial. It is provided by combining results on block
matrices and determinants in Appendix D.4. In addition, Appendix D.6 explains
how to generate random samples of the multivariate Gaussian distribution based
on the Cholesky decomposition.

D.4 Conditional Multivariate Gaussian Distri-
bution

Let X1 be an n1-dimensional random vector, X2 an n2-dimensional random
vector, and µ1 ∈ Rn1 and µ2 ∈ Rn2 their mean vectors, respectively. The
covariances are given as Σ11 = E

[
(X1−µ1)(X1−µ1)

⊤], Σ12 = E
[
(X1−µ1)(X2−

µ2)
⊤], and Σ22 = E

[
(X2−µ2)(X2−µ2)

⊤]. Define the augmented random vector
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as X =

[
X1

X2

]
and its mean vector µ =

[
µ1

µ2

]
. The covariance of X is

Σ = E
[
(X− µ)(X− µ)⊤

]
= E

[X1 − µ1

X2 − µ2

][
X1 − µ1

X2 − µ2

]⊤ =

[
Σ11 Σ12

Σ21 Σ22

]

where Σ21 = Σ12
⊤. If we set u1 = X1 − µ1, u2 = X2 − µ2, and Aij = Σij and

plug them into (D.1) with a notation

Σ̂ = Σ11 − Σ12Σ
−1
22 Σ

⊤
12 ,

we obtain a decomposition

(x− µ)⊤Σ−1(x− µ) = (x2 − µ2)
⊤Σ−1

22 (x2 − µ2)

+
(
x1 −

(
µ1 +Σ12Σ

−1
22 (x2 − µ2)

))⊤
Σ̂−1

(
x1 −

(
µ1 +Σ12Σ

−1
22 (x2 − µ2)

))
.

To find a conditional density of the multivariate Gaussian, we have to sim-
plify fµ,Σ(x)

fµ2,Σ22
(x2)

. The above decomposition of quadratic terms helps us sim-
plify the exponents of the conditional density. Formula (8.4) lets us know
detΣ = detΣ22 det Σ̂. Therefore, the conditional multivariate Gaussian den-
sity is given by

fµ,Σ(x)
fµ2,Σ22(x2)

=

√
(2π)n2 detΣ22√
(2π)n1+n2 detΣ

e−
1
2 (x−µ)⊤Σ−1(x−µ)+ 1

2 (x2−µ2)
⊤Σ−1

22 (x2−µ2)

=
1√

(2π)n1 det Σ̂

×e− 1
2 (x1−(µ1+Σ12Σ

−1
22 (x2−µ2) ))

⊤Σ̂−1(x1−(µ1+Σ12Σ
−1
22 (x2−µ2) )) .

As we can notice from the density function, this conditional distribution itself
is again a multivariate Gaussian distribution with mean µ1 +Σ12Σ

−1
22 (x2 −µ2)

and covariance Σ̂ = Σ11 − Σ12Σ
−1
22 Σ

⊤
12. It is usual to call µ1 + Σ12Σ

−1
22 (x2 −

µ2) a conditional mean and Σ11 − Σ12Σ
−1
22 Σ

⊤
12 a conditional covariance. The

conditional covariance is in a form of the Schur complement.

D.5 Ill-conditioned Sample Covariance Matrix
Inversion of sample covariance matrices is a popular task in Statistics and ma-
chine learning. From d-dimensional samples x1, . . . , xn, unbiased estimator of
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their mean vector and covariance matrix are

µ̂ =
1

N

N∑
i=1

xi and Σ̂ =
1

n− 1

n∑
i=1

(
xi − µ̂

)(
xi − µ̂

)⊤
,

respectively. Σ̂ is desired to be positive definite. In practice, the inversions often
fail in some reasons. One of them is that Σ̂ is not guaranteed to be positive
definite, but semi-definite. Another possibility is that numerical errors in the
inversion operations destroy the invertibility of positive definite matrices if they
have very small positive eigenvalues. In any cases, we perturb the estimator
by a small positive numberϵ, and use Σ̂ + ϵI instead. A direct check using the
definition of eigenpair or Fact 7.7 confirm that every eigenvalue of Σ̂ increases
by ϵ through this perturbation. This often helps us avoid issues arising from
numerically handling ill-conditioned covariance matrices.

D.6 Gaussian Sampling using Cholesky Decom-
position

It has a long history to generate random samples from statistical distributions.
One of the simplest random sampling is to choose an integer uniformly among
{0, 1, 2, . . . , p − 1} for a prime number p. If we divide the generated numbers
by p, we get approximate random samples uniformly on [0, 1]. As a random
sample on [0, 1], bigger prime p results in higher quality samples on [0, 1]. Once
we have random samples uniformly on [0, 1], we can generate random samples
from a distribution with a cumulative distribution function F by composing the
[0, 1]-sample with F−1. The exponential distribution is a well-working example
of this approach. However, it is difficult for many distributions to find the
inverse functions in the form of easy evaluation. The dependence structures for
multivariate distributions are another source of difficulty for random sampling.
It is not easy to get random samples from the multivariate Gaussian as well.

However, there are many libraries to provide high quality random samples
from N(0, 1) or equivalently N(0, I) because of its popularity. Hence, we start
with independent random samples from N(0, I) to obtain random samples from
N(µ,Σ). Assume that the covariance Σ has a Cholesky decomposition of Σ =

R⊤R. For this factor R, we define a random vector by

X = R⊤Z
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where the random vector Z follows N(0, I), the d-dimensional standard multi-
variate Gaussian distribution. Then,

• its mean vector is E[X] = R⊤E[Z] = R⊤0 = 0;

• its covariance is

E
[
XX⊤] = E

[
R⊤ZZ⊤R

]
= R⊤E

[
ZZ⊤]R = R⊤IR = Σ

since E
[
ZZ⊤] = I.

Hence, the random vector X shares its mean and covariance with N(µ,Σ), but
we do not know what is the distribution of X yet. A key property for this
characterization is that a linear combination of Gaussian random variables is
again Gaussian. Therefore, each element of R⊤Z is also Gaussian, which in turn
implies that the random sample X follows N(µ,Σ).
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Complex Numbers and
Matrices

A complex number is defined by two real numbers. For this definition, we need a
special complex number i called an imaginary unit satisfying i2 = −1. For two
real numbers a and b, a+ ib is a complex number. So, i is a complex number
corresponding to a pair of 0 and 1. We denote the set of complex numbers as C
and the set of vectors with n complex entries as Cn. In arithmetic of complex
numbers, i may be regarded as a symbol like a real variable with a notational
convention: a + i(−b) = a − ib and a + i(1) = a + i. The complex conjugate
of a+ ib is a− ib and also denoted by a+ ib. When b = 0, a+ ib = a is a real
number. Basic arithmetic of complex numbers are listed.

• (a1 + ib1)± (a2 + ib2) = (a1 ± a2) + i(b1 ± b2) ;

• (a1 + ib1)× (a2 + ib2) = (a1a2 − b1b2) + i(a1b2 + b1a2) ;

• |a1 + ib1|2 = (a1 + ib1)× (a1 + ib1) = (a1 + ib1)× (a1− ib1) = a21 + b21 ≥
0 and |a1 + ib1| =

√
a21 + b21 ;

• (a1+ib1)−1 = 1
(a1+ib1)×(a1−ib1) (a1−ib1) = a1

(a2
1+b21)

−i b1
(a2

1+b21)
if |a+ib| ̸=

0 .

Note that the conjugation of real numbers does not alter the real numbers. The
operational order of arithmetic and conjugation can be reversed. For z1, z2 ∈ C,

• (a1 + ib1)± (a2 + ib2) = (a1 + ib1)± (a2 + ib2) , that is, z1 ± z2 = z1 ±
z2 ;
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• (a1 + ib1)× (a2 + ib2) = (a1 + ib1)× (a2 + ib2) , that is, z1 · z2 = z1 · z2 .

A complex matrix is a matrix with complex numbers as its entries. For complex
numbers, a conjugate transpose corresponds to the transpose of real matrices,
defined as AH = (aji) for A = (aij). Similarly to the symmetry A⊤ = A, A is a
Hermitian matrix if AH = A. Notice that AH = A⊤ for real matrix A. On the
other hand, zH = z if we regard z ∈ C as a 1 × 1 matrix. For z ∈ C, z ∈ Cn,
complex matrices A and B,

• z = z, z = z, A = A;

• A+B = A+B, AB = A B;

• (A+B)H = AH +BH, (AB)H = BHAH

where we assume that the matrices are well-sized such that arithmetic is well-
operated.

Few useful facts are ready.

Fact E.1 A complex number z is a real number if and only if z = zH.

Proof: For z = a+ ib, z = a− ib. Then, b = 0 is equivalent to z = z.

Fact E.2 If A = AH, then for all complex vectors x, xHAx is real.

Proof: Using Fact E.1, (xHAx)H = xHAH(xH)H = xHAx implies that xHAx is
real.

The standard inner product in the vector space Cn is defined as ⟨u, v⟩ = uHv
for u, v ∈ Cn. Most properties of the standard inner product in Rn including
bilinearity are preserved except ⟨u, v⟩ = ⟨v, u⟩.
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Alternative Proof of
Spectral Decomposition
Theorem

We provide an alternative proof of Theorem 5.2 without relying on SVD. This
proof instead starts from the assumption that a real symmetric matrix has at
least one eigenvalue, which is due to the fundamental theorem of algebra. There
is a strong degree of resemblance between this proof and that of Theorem 10.6
(the Schur triangularization theorem).
Theorem 5.2 (Real Spectral Decomposition) Let A be a real symmetric
matrix. Then, A is orthogonally diagonalizable, and indeed

A = V ΛV ⊤ =

n∑
i=1

λiviv⊤
i ,

where V is an orthogonal matrix with orthonormal columns v1, v2, . . . , vn, |vi| =
1 and Λ = diag(λ1, . . . , λn).
Proof: Let e1 = (1, 0, . . . , 0)⊤. Because A is symmetric, there is at least
one eigenpair (λ, v) where λ is real and |v| = 1. For such an eigenpair, there
exists a real orthogonal matrix Q that satisfies Qv = e1 and Q−1 = Q⊤.1 Since
Av = λv,

QAQ⊤e1 = QAv = λQv = λe1.
1We use the Gram-Schmidt process to begin from v and successively produce orthonormal

vectors, v2, . . . , vn. Then, Q⊤ =
[
v | v2 | · · · | vn

]
satisfies Qv = e1 and QQ⊤ = I.
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The first column of QAQ⊤ is
[
λ

0

]
, and QAQ⊤ is symmetric. We can thus

express it as

QAQ⊤ =

[
λ 0⊤

0 An−1

]
,

where An−1 is an appropriately chosen (n− 1)× (n− 1) symmetric matrix.
Assume there exists an (n− 1)× (n− 1) real orthogonal matrix Qn−1 such

that Qn−1An−1Q
⊤
n−1 = Λn−1, for this (n−1)× (n−1) symmetric matrix An−1.

Let Qn =

[
1 0⊤

0 Qn−1

]
. Then, Qn is an n×n real orthogonal matrix, and satisfies

Qn

[
λ 0⊤

0 An−1

]
Q⊤

n =

[
λ 0⊤

0 Λn−1

]
. Thus, QnQAQ

⊤Q⊤
n is diagonal, as

QnQAQ
⊤Q⊤

n = (QnQ)A(QnQ)⊤ =

[
λ 0⊤

0 Λn−1

]
= Λ.

QnQ is orthogonal because both Qn and Q are orthogonal. If we let V =

(QnQ)⊤, we now see that A = V ΛV ⊤. Finally, by (3.10) in Corollary 3.1, we
get

V ΛV ⊤ =

n∑
i=1

λiviv⊤
i .
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Adjoint, 233
Affine, 152
Algebraic multiplicity, 225
Angle between vectors, 89
argmax, 115
argmin, 115

Back-substitution, 16
Basic vector, 51
Basis, 51
Block matrix, 17
Brauer theorem, 248

Cauchy-Schwarz inequality, 82
Cayley-Hamilton theorem, 251
Change of basis, 220
Cholesky decomposition, 174
Cofactor expansion, 201
Column space, 39
Condition number, 131
Conditional covariance, 304
Conditional mean, 304
Cone, 240
Congruence transformation, 238
Convex, 240
Convex cone, 240
Cosine similarity, 89
Covariance, 300
Covariance matrix, 300
Cramer’s rule, 208

Determinant, 192, 245
Diagonal, 9
Diagonalizable, 222
Dimension, 53
Direct sum, 38
Dual basis, 233

Echelon form, 42
Eckart–Young–Mirsky theorem, 143
Eigen-decomposition, 133
Eigenpair, 133
Eigenvalue, 133, 213
Eigenvalue adjustment, 248
Eigenvalue interlacing, 182
Eigenvector, 133, 213
Ellipsoid, 183
Elliptical distribution, 303

Free variable, 44
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Fundamental theorem of symmetric ma-

trices, 224

Gaussian elimination, 16
Gaussian kernel, 188
Generalized eigenvector, 258
Generalized projection, 149
Geometric multiplicity, 225
Google matrix, 249
Gram-Schmidt Procedure, 101

311



Kang
&

Cho
(20

25)

312 Index

Hermitian, 308
Householder matrix, 110

Idempotent, 95, 236
Identity, 9
Inner product, 82
Inverse, 20
Isometry, 111

Joint diagonalization, 239
Jordan (normal) form, 261
Jordan block, 261
Jordan normal form theorem, 261

Kernel trick, 185

Latent space, 161
Least square, 115
Left-singular vector, 123
Linear combination, 37
Linear functional, 232
Linear transformation, 66
Linearly dependent, 49
Linearly independent, 49
Low rank approximation, 141
Lower triangular, 16
LU-decomposition, 25

Mahalanobis distance, 184
Markov matrix, 246
Matrix, 1, 2
Matrix determinant lemma, 204
Matrix exponential, 227
Matrix norm, 112
Minimax principle, 178
MNIST, 162
Multivariate Gaussian distribution, 303

Nilpotent, 253

Norm, 82
Null space, 40

Orthogonal, 90, 92
Orthogonal complement, 92
Orthogonal matrix, 107
Orthogonally diagonalizable, 224
Orthonormal, 90

Penrose identities, 144
Perron-Frobenius theorem, 247, 249
Pivot, 42
Pivot variable, 44
Polynomial kernel, 187
Positive definite, 85, 172
Positive semi-definite, 172
Principal component, 154
Principal component analysis (PCA),

154
Projection, 72, 98, 99, 149
Pseudoinverse, 143

QR-decomposition, 109
Quasi-Newton method, 211

Random vector, 299
Rank, 55
Rayleigh quotient, 176
Real spectral decomposition, 134, 226,
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Reduced row echelon form, 43
Reflection, 73
Right-singular vector, 123
Rotation, 72
Row echelon form, 42

Scaling, 72
Schur complement, 29, 204, 243, 302
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Schur triangularization, 245
Self-adjoint, 234
Sherman-Morrison formula, 210
Similar matrices, 222
Singular value, 123
Singular value decomposition (SVD),

129
Singular vector, 123
Span, 50
Spectral norm, 112
Spectral radius, 241
Subspace, 37
Symmetric, 11
Symmetric positive definite kernel, 186
Symmetric rank-one update, 210
Symmetric sum, 242
Symmetrization of matrix, 139

Trace, 112, 245
Transpose, 10
Triangularization, 244

Unit vector, 82
Unitary matrix, 244
Upper triangular, 16

Vector, 2
Vector space, 37
Volume of ellipsoid, 183, 219
Volume of parallelepiped, 206

Weyl’s inequality, 179
Woodbury formula, 209
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