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Real Differentiability

» Recall that if / C R is an open interval, a function f : [ - R
is differentiable at x € / if the limit
(D)~ ()
t—x t—Xx
exists
» l.e., for any sequence (xx : k > 0) C /\{x} such that

kli_>moo Xk = X,
the limit
) = ()
k—o0 X — X
exists
» If so, the derivative of f at x is defined to be
F(x) = lim =70

t—x t— X
» Immediate consequence: If f is differentiable at x € /, then it
is continuous at x
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Complex Differentiability

» Given an open U C C, a function f : U — C is differentiable
atze U if ; .
o Fw) —f(2)

w—z w— 2z
exists

» If so, the derivative of f at z is defined to be the value of the

limit and denoted "
! —
(2) or (2)

» Immediate consequence: If f is differentiable at z, then it is
continuous at z
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Basic Properties of Derivatives

>
>

If f: U— Cis constant, then for any z € U, f'(z) =0
Sum rule: If ¥ and g are differentiable at z, then sois f + g

and
(f+8)(z)=f(2) +&'(2)

Product rule: If f and g are differentiable at z, then so is fg
and

(fe)(2) = f'(2)g(2) + f(2)g’(2)
Quotient rule: If f and g are differentiable at z and
g(z) # 0, then f/g is differentiable at z and

Y,y _ F(2e(2) - f(2)g'(2)
(g>“ (&)

Chain rule: If f is differentiable at z and g is differentiable at

f(z), then
(gof)(2) =&'(f(2))f (2)
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Holomorphic Functions

» A function f : U — C, where U C C is open, is differentiable
or holomorphic on U if it is differentiable at each z € U

» A holomorphic function f : U — V/, where U, V are open, is a
holomorphic isomorphism if there exists a holomorphic
function g : V — U such that

gof=idy and fog =idy
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Complex Versus Real Differentiability (Part 1)

> A complex function f : U — C can be written in terms of real
functions v and v in two variables as follows:

Ux+iy € U, f(x+iy) = u(x,y) + iv(x, y)

» The complex difference quotient can be written as

flw) —f(z) _ (u(s,t) +iv(s, t)) — (ulx, y) + iv(x, y))
w—z (s+it) — (x + iy)

_ (u(s, t) —ulx,y)) + i(v(s, t) — v(x, )
(s=x)+i(t—y)

» Suppose that f'(z) = a+ ib
» Therefore, for any € > 0, there exists § > 0 such that

f(w) - f(2)

w—z]<§ =
w— 2z

—(a+ib)| <e
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Complex Versus Real Differentiability (Part 2)

» This is equivalent to

V(s —x2 4 (t-y)2<s

(u(s, 0) = wey)) +i(v(s, 1) = v0oy)) ol
(s—x) +i(t—y) (3 ib)| <
» In particular, if t = y, then this implies that
|s — x| <o
— (u(s7y)_u(xay))sti)fv(s7y)_V(X7y)) —(a+/b) <e
— U(S, )_U(X’y)—a—|—i<v(s’y)_v(x’y)—b>'§e
s—x S—x
— U(S, )_U(X7y) _a'_|_ V(S,y)—V(X,y) _b‘ <e
s—X S —x
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Complex Versus Real Differentiability (Part 3)

» Therefore, if f is differentiable at z = x + iy, then for any
€ > 0, there exists § > 0 such that

|s —x| <4§
— U(S,y)—U(X,y)_a Seand ’V(S,y)—V(X,y)_b <e
S—X S—X
> |t follows that
lim u(suy)_u(x7y):aand lim V(Svy)_v(xvy):b
S—x S — X S—x s — X

» In other words, if we denote the partial derivatives of u and v
with respect to x by by uy and vy, then

ux(x,y) = aand v(x,y) = b
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Complex Versus Real Differentiability (Part 4)

> The above can be written more briefly as follows:

f'(2) = lim flw) = (z)
- V|V,E:< U(VSV, ;22: )tz(x, y)) n (V(S, yg = ;(X, y))

= UX(X,}/) + iVX(va)

> The same calculation with s = x and t — y gives

e = g, =1
= lim (U(le;)t—_t)f/()xvy)) L <V(X,it()t—_\;()x7y)>

= Vy(va) - iux(Xay)

9/18



Holomorphic = Cauchy-Riemann Equations

» Therefore, if f = u+ iy is complex differentiable at
z = x+ iy, then
» Partial derivatives of u and v at (x, y) exist
> AND
uy =v, and u, = —v,
» These are called the Cauchy-Riemann equations

» Complex differentiability is a much stronger property than real
differentiability
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Cauchy-Riemann Equations = Holomorphic
» Let O C C be open and let

0={(x,y) : x+iye O} CR?
> Let u: O —Rand v: O — R be C! functions such that
ux = vy and uy, = vy
» Let f: O — C be given by
f(x+iy) = u(x,y) + iv(x,y)

» To prove that f is holomorphic, need to show that for each
ze 0,

)~ f(2)

w—z w—2z

exists
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Differential of a 2-Dimensional Map
> Let O C R2 be open and consider a map F : 0 — R?, where
F(x,y) = (u(x,y), v(x,y))

> Given (x,y) € O and a matrix
a c
v= o)
let

E(s,t) = F(s,t) — F(x,y) — M(s — x,t — y)
_ju(s,t) —u(x,y)|  |a c|[s—x
V(s t) = vix,y)] b od] [t—y
» Recall that F is differentiable at (x, y) if there exists a
matrix M such that

o EGs )

=0.
(s,)—=(xy) (s, 1)
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Jacobian of a Differentiable Map

» If F is differentiable at x, then the matrix M is called the
Jacobian of F at (x,y) and denoted DF(x,y)

» Moreover,
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Cauchy-Riemann Equations = Holomorphic

> Let F=(u,v): O — R? be a map that is differentiable at
(x,y) €O

» Assume that the Cauchy-Riemann equations hold:
ux = vy and uy, = vy

> Let f(x+iy) = u(x,y) + iv(x,y)

» Claim: f is complex differentiable at z = x + iy
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Proof that f is Complex Differentiable at x + iy

» The Cauchy-Riemann equations imply that

DF(x,y) = [Z _ﬂ :

where a = uy = vy, and b = vy = —u,
» Therefore,

E(s,t) = F(s,t) — F(x,y) = DF(x,y)(s — x,t — y)

:[M%U—UWJ%%ﬂs—@—bU—yw
v(s;t) = v(x,y) = (b(s — x) + a(t — y))

» F differentiable implies

o EG D)

RN e St s I |
(s,)=(xy) [(s — x, t — y)|
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Proof that f is Complex Differentiable at x + iy

» On the other hand,

f(w)—f(z) = (a+ ib)(w — x)

= u(s,t) —ulx,y) +i(v(s, t) = v(x,y))
—((a+ib)(s—x)+i(t—y))

= u(s,t) —u(x,y) —a(s — x) + b(t — y)
+i(v(s,t) — v(x,y) — b(s — x) — a(t — y))

» Therefore,

[F(w) — F(2) — (a + ib)(w — 2)] = |E(s. )]
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Proof that f is Complex Differentiable at x + iy

» It follows that

i [ =2 e
— m f(w) —f(z) — (a+ ib)(w — z)
_ |f(w) = f(z) — (a+ ib)(w — 2)|
lw — 2|
_IEGs )
(s =x, t—y)|
=0

» This proves that f is differentiable at z and

f'(z) =a+ib= ux+ ivy = vx — iy
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Basic Example: Linear Function

» The simplest non-constant function f : C — C is a linear
function:
f(x+iy) = ax + cy + i(bx + dy)

» f = u+iv, where

u(x,y)ax + cy and v(x,y) = bx + dy

» The partial derivatives of v and v are
Ux=a, U, =c, vy=>b, v, =d

» f is holomorphic if and only if a=d and ¢ = —b and
therefore

f(x+iy) =ax — by +i(bx + ay) = (a+ ib)(x + iy),

ie.,
f(z) = az, where a = a+iband z = x + iy
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