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Algebra of Formal Power Series

» Essentially the same as algebra of polynomials
» No claims about convergence are made here

» Consider two power series:

o0 o0
Z a,z* and Z by z*
k=0 k=0

> Addition

[e.9]

Z akzk + Z bkzk = Z(ak + bk)Zk
k=0 k=0

k=0
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Multiplication of Power Series

() (5e)

=(ag+ a1z + az’ + a3z 4+ )(bo+ bz + bpz + b3z23 +---)
= agbo + (a1bo + aob1)z + (azxbo + a1 b1 + aob2)22

+ (a3zbg + axby + arby + aghs)z® + - - -

0o k
= ak_jbj Zk

k=0 \ j=0
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Reciprocal of Power Series (Part 1)
» Given a power series

oo
Z akzk,
k=0
want to solve for the coefficients of the power series

o0
Sk =
k' =
k=0 E akzk
k=0

» Use multiplication formula

() ()

:(c0+c12+c22+C3z3+~--)(ao+alz+3222+a3z3+---)
= Cpag + (Clao + Coal)Z + (Czao +cla1 + C082)22

+ (C3ao + Cpa1 + c1ax + Coa3)z3 + -
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Reciprocal of Power Series (Part 1)
» Therefore,
coap =1
copal + c1ag =0
Coaz + c1a1 + cag =0
cpasz + c1ax + ca; + 330 =0

» Solve for ¢, c1, €2, C3:
-1

€ = 9y
|
€1 = —day Cpa1
-1
0 = —a; (cra1 + coan)
-1
3= —ay (a1 + cax + ¢az)

» Solve for ¢ in terms of recursive formula:

k

_ -1 .

Ck = =3y ) ak-jC
Jj=1
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Division of Power Series (Part 1)

» Given power series

o (e.)
E akzk and g bkzk,
k=0 k=0

want to solve for the coefficients of the power series

chzk Zk oakz
Z by z*
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Division of Power Series (Part 2)

» Use multiplication formula

[e.9]
E akzk
k=0

g

= (bg+ b1z + bpz? + b3z’ +-- o+ crz+mz+ 328 +---)
= bocy + (bico + boc1)z + (bacy + bicy + bocr)z?
+ (b3co + bacy + bico + boc3)Z + - -

7/11



Division of Power Series (Part 3)
» Therefore,

boco = ao
boc1 + bicg = a1
boco + bici + by = a2
bocs + bico + bacy + bacp = a3
» Solve for ¢y, c1, 2, C3:
= balao
a = byt(a1 — bico)
o= bal(az — b1 — bh)
= bo_l(ag — bicy — b1 — b3p)

» Solve for ¢ in terms of recursive formula:

k
—1
Ck = bO dg — Z bbCk—j
j=1
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Laurent Series
» A Laurent series is an infinite sum of the form

amz M4 tagz ltagtaz+--= Z akz”

» Algebraic formulas are essentially the same as for power series
> If —m < —n,

Z akz + Z ka = Z akzk+ Z(ak+bk)zk

k=—m k=—n k=—m k=—n
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where a_p, # 0 is defined to be —m
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Division of Power Series

>

>

A power series vanishes to order n if the first nonzero term
is apz"

Example: The power series of sin(z) vanishes to order 1,

73 © . #2k+1
: _ .,z z IR A
sin(z) =z e —i— -l- kz;)( ) 2k + 1)l

The reciprocal of a power series that vanishes to order greater
than 0 is a Laurent series

The quotient of a power series, where the denominator
vanishes to order k, is a Laurent series

10/11



Reciprocal of sin(z)
» The Taylor series of sin(z) is

23 2P
S|n()—z—§+—+
> If
1 -1
- =c.1Z +¢+cz+---,
sin(z)
then
2 P
1:<23|+51+- ~>(clz_1+co+clz+---)
B C_1 [@))
“earart(a-§) s o D)
» Therefore,
1
C_1:1,C0:0,C1:6,C2:0
and
sin(z) z 6
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