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Norm of Integral < Integral of Norm

» If f:[a, b] — C is continuous, then

/:b £(t) dt‘ < /t:b\f(t)|dt

> If |f| <|g|, then

t=b t=b
/t |f(t)|dtg/t g(1)] dt

=a =a

» Both are easily proved using definition of Riemann integral in
terms of upper and lower Riemann sums and triangle
inequality
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Upper Bound for Integral of Continuous Function (Part 1)

» Let O C C be open, f: O — C be continuous, and
¢ : [a,b] — O be a piecewise C! curve

v

Since [a, b] is compact, so is ¢([a, b])
Therefore, f(c([a, b])) is bounded
» Denote the sup norm of f on the curve ¢ to be

Ille = sup{|f(t)| : t € [a, b]}

The length of ¢ is defined to be

A\

v

t=b
L(c) :/t Ic/(t)| dt

—=a
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Upper Bound for Integral of Continuous Function (Part 2)

» Then

t=b
< / F(e(£)e (1)) de

=a

t=b
RO
t=b
< / IFllcle’(e)] ot

=a

t=b
- anc/ 1(t)] dt

t=a

= [IflleL(c)
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Uniform Convergence of Sequence of Functions

> Let K C C be compact
» The set f(K) C C is compact and therefore

Ifllk = sup{lf(2) - z€ K}

is finite
» A sequence of continuous functions f; : K — C converges
uniformly to f : K — C if and only if

lim ||fx — fllk =0
k—o00

» The limit f is continuous
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Uniform Convergence of Sequence of Functions

» Let O C C be open and c : [a, b] — O be a continuous curve

» Since [a, b] is compact, so is c([a, b])

> Let f : O — C be a sequence of continuous functions that
converge uniformly to f : O — C

» In other words, for any € > 0, there exists N such that
k>N = Vze O, |fi(z) - f(z)| <e
> If we define
Ifllec = sup{|f(2)| = z € O},

then
fx — f uniformly

if and only if
lim ||fx — flloo =0
k—o00
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Integral of Uniformly Convergent Sequence of Functions

>
>

>

Let ¢ : [a, b] = O be a piecewise C! curve
Let fx : O — C be continuous functions that converge
uniformly to a function f : O — C

Then
/ka(z) dz—/cf(z) dz

and therefore,
/fk(z) dz — / f(z)dz

It follows that

/&@—ﬂﬂ&

c

< [Ifi(2) = F(2)lIk L(c)

lim < 1(e) im [1(z) — F(2)llx

=0

g&LMﬂw:L“ﬂ&
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Integral of Uniformly Convergent Series of Functions

» Then, given a piecewise C* curve c : [a, b] — O,

/ifk(z) dz:/NIinooFN(z) dz

C k=1 C

= lim /FN(z)dz)

N—oo /.
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Uniformly Convergent Series of Functions

» For each k € Z, let fx : O — C be a continuous function

» For each N € Z_, let Fy : O — C be the continuous function
given by

P> The series
o
> fi
k=1
converges uniformly to F : O — C if

Fn — F uniformly
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Partial Sums of Laurent Series Converge Uniformly (Part 1)

» Consider a Laurent series

o0

f(2) =) au(z — )"
k=ko
that converges absolutely for each z € D(zy, R)\{0}
> By setting z = zy + r, where 0 < r < R, it follows that

o0

Z |lak|r¥ converges
k=ko
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Partial Sums of Laurent Series Converge Uniformly (Part 2)
> It follows that if z € D(z, r),

o
@) =Su() = | 3 ak(z_zo)k‘
k=N+1
oo
< > Jallz— /"
k=N+1
oo
< Z \ak|rk
k=N+1
e N
= Z |a|rk — Z |a|rk
k=ko k=ko

and therefore

> N
lim [|f — Sylloc < lim Z ‘ak’rk_ Z ’ak‘rk -0
N—oo N—oo

k=ko k=ko
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Contour Integral of Laurent Series (Part 1)
> It follows that if ¢ : [a, b] — D(zo, r) is piecewise C!

/f(z) dz = i an(z — z0)< dz

€ k=ko

:/c lim Sy(z)dz

N—oo

= lim /CSN(Z)dZ
N

N—o0
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Contour Integral of Laurent Series (Part 2)

» Consider a Lauren series E ax(z — z0)*
k=—n

> If k # —1, then the function (z — z5)* has an antiderivative
» It follows that if ¢ : [a, b] — D(zp, r is a closed curve,

/Zakzkdz—/ _,7"+---+;1+Zakzkdz
c c Z z
k=—n k=0
-1 0
= Z /akzk dx+Z/akzk
k=—n"¢€ k=0"¢
=27 | — dz
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