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Orthogonal Projection

> Given nonzero vectors & and b, the projection of b in the
direction of 3'is equal to

plB) = -0 = (6 (5)) 2.

where o is the unit vector with the same direction 3,
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> b — ps(b) is orthogonal to pz(b)
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Scalar Projection
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» Since pz
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) is parallel to &, there is a scalar cz(b) such that
pa(b) = (ca(b))d,
where 7 is the direction of J.
> c;(l;) is called the scalar projection of b onto &
» If 6 is the angle between & and E then
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cs(b) = |b| cos 6
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> If & < 3, then cz(b) >0
<

> If § > T, then c5(b) <0



Scalar Projection Using the Dot Product

» Therefore,



Trigonometric Formula for the Dot Product

> b-i=|b|cost

» Since a = ||,

5-b=(|ald) b
= |3]|b]| cos b



Standard Unit Vectors

» The standard unit vectors point in the positive direction of
each coordinate axis

» In 2-space

» In 3-space



Standard Unit Vectors in 3-space




Orientation in 2-space
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» An ordered pair of vectors (&, b) in 2-space has positive
orientation, if b lies between 3 and —3 going
counterclockwise (from the x-axis toward the y-axis)
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> (b, 3) has negative orientation
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Cross Product in 2-space

» The cross product vV x w is defined to be the oriented area of
the parallelogram spanned by v and w (i.e., with vertices as 0,
v, w, and vV + w)

» Since (V, w) has positive orientation,

X w = hb

<t

» Since (w, V) has negative orientation,

= —hb
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Cross Product = Oriented Area of a Parallelogram




Special Cases
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The Cross Product is a Linear Function of Each Vector
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Key Properties of Dot and Cross Products in 2-space

» Dot product is symmetric, positive definite, and bilinear

» V. wis a scalar

> Vow=w-V

> v.v=|V?

> V.(aw+ bZ)=av-w+bv-7

» Cross product is antisymmetric and bilinear
> VX wis a scalar
> UXW=—wXV
> VxvV=0
> VX (aw + bZ) = a(V x w) + b(V x Z)



Calculating the Cross Product in 2-space

» Memorize the cross product of the standard unit vectors

» Use asymmetric and bilinear properties of the cross product
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(77 = 117) x (5i +3j) = 7(3)i x j+ (=11)5] x i’
— 21+ 55
— 76



Cross Product in 3-space

S

> If 3and b are vectors in 3-space, then their cross product
a x b is a vector

> Fxbis orthogonal to both 3 and b

» The magnitude is equal to the area of the parallelogram
spanned by 3and b

> The direction of 3 x b is given by the righthand rule



The Righthand Rule

» Suppose vV and w are nonzero vectors in 3=space
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> v
» If w lies less than 180 degrees counterclockwise of V, then
V X W points towards you
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» If w lies less than 180 degrees clockwise of V, then vV x w
points towards you

P Also, see youtube video on the righthand rule


https://www.youtube.com/watch?v=BoHQtXpWG2Y

Key Properties of Dot and Cross Products in 3-space

» Dot product is symmetric, positive definite, and bilinear

>
>

- w is a scalar
W=w-V
> v.v=|7?
> V. (aW+ bZ)=av W+ bi-Z
» Cross product is antisymmetric and bilinear
>
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w, V X w obey the righthand rule
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Calculating the Cross Product in 3-space
> Memorize the cross products for pairs of standard unit vectors

PxP=fxj=kxk=0
F=fxF —I=kx]
JT’:E _’_J_’ T’ E

k—IX_j, —k—ij

» Use the antisymmetric and bilinear properties of the cross
product

(7 + 2]+ 3K) x (5 + 7/ + 11k)
= 2(11)] x k+3(7)k x J
+3(5)k x I +1(11)i x k
1T xS+ 2(5) % T
= (22 —21)i+ (15 — 11)j + (7 — 10)k
=i +4/ -3k



Parallelotope spanned by 3 Vectors in 3-space
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> Three vectors 3, b, € are linearly independent, if ¢ does not
lie in the plane containing 3 and b

» Three linearly independent vectors span a parallelotope

» An ordered triple of linearly independent vectors, (3, b, C), has
positive orientation, if it obeys the righthand rule.

> (&, b, ) has positive orientation if and only if
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¢-(ax b)>0.



Volume of a Parallelotope

» Volume = (area of base)(height)
> Area of base = |3 x b|

» Height = |cz(C)| = |€ - d], where
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Unoriented Volume of a Parallelotope

The unoriented volume V of the parallelotope is equal to

V| = (area of base)(helght)




Oriented Volume of a Parallelotope

» Define the oriented volume of a parallelotope to be
V=(axb)-C.

> If (4, b, €) has positive orientation, then V > 0
> If (4, b, €) has negative orientation, then V < 0



