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Adjoint of a Linear Transformation
I If V is an inner product space and L : V → V is a linear map,

then there is a linear map L∗ : V → V , called the adjoint of L,
that satisfies

〈L(v),w〉 = 〈v , L∗(w)〉 for any v ,w ∈ V

I If V = Rn, 〈·, ·〉 is the standard dot product, and

L(v) = Mv ,

where M is an n-by-n matrix, then

〈w , L(v)〉 = w ·Mv

= 〈eiw i , ejM
j
kv

k〉

=
n∑

j=1

w jM j
kv

k = vk(M j
kw

j)

= v ·Mtw

I Therefore,
L∗(w) = Mtw
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Properties of Adjoint Map

I (a1L1 + a2L2)∗ = a1L∗1 + a2L∗2
I (L1 ◦ L2)∗ = L∗2 ◦ L∗1, because for any v ,w ∈ V ,

〈(L1 ◦ L2)(v),w〉 = 〈L1(L2(v)),w〉
= 〈L2(v), L∗1(w)〉
= 〈v , L∗2(L∗1(w))〉
− 〈v , (L∗2 ◦ L∗1)(w)〉
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Adjoint Map With Respect to Basis (Part 1)
I Let (e1, . . . , en) be a basis of V and let

Ajk = 〈ej , ek〉

I Let L : V → V be a linear map such that

L(ei ) = ekM
k
i

I If v = eja
j and w = ekb

k , then

〈L(v),w〉 = 〈L(ajej), ekb
k〉 = 〈ajL(ej), ekb

k〉
= 〈ajM i

j ei , ekb
k〉 = (M i

j a
j)〈ei , ek〉bk

= (M i
j a

j)Aikb
k = (Ma) · Ab

= a ·MtAb = a · A(A−1MtAb)

= a · A(M∗b) = 〈v , L∗(w)〉,

where M∗ = A−1MtA and L∗(ej) = ek(M∗)kj
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Adjoint Map With Respect to Basis

I The adjoint map is therefore given by

L∗(eka
k) = ej(M

∗)jka
k ,

where
(M∗)jk = (A−1)jpMq

pAqk

I If (e1, . . . , en) is an orthonormal basis, then A = I and

(M∗)jk = Mk
j = (Mt)kj
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Orthogonal Transformation
I A map F : V → V is orthogonal if for any v ,w ∈ V ,

〈F (v),F (w)〉 = 〈v ,w〉

I In other words, F preserves the inner product
I Consequences:

I F is linear
I F is bijective, because if F is linear and F (v) = 0, then

0 = 〈F (v),F (v)〉 = 〈v , v〉

I Therefore,

〈v ,w〉 = 〈F (v),F (w)〉 = 〈v ,F ∗(F (w))〉

I It follows that F is orthogonal if and only if

F ∗ ◦ F = I
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An Orthogonal Map is Linear
I Let (e1, . . . , en) be an orthonormal basis
I For each 1 ≤ k ≤ n, let fk = F (ek)
I For any 1 ≤ j , k ≤ n,

〈fj , fk〉 = 〈F (ej),F (ek)〉 = 〈ej , ek〉 = δjk

I Therefore (f1, . . . , fn) is also an orthonormal basis
I For any v = akek and 1 ≤ j ≤ n,

〈F (v), fj〉 = 〈F (akek),F (ej)〉
= 〈akek , ej〉
= ak〈ek , ej〉
= aj ,

which implies that for all 1 ≤ k ≤ n,

F (akek) = ak fk = akF (ek)

I This implies that F is linear
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Orthogonal Matrix
I If V = Rn and the inner product is the dot product, then a

linear map L(v) = Mv is orthogonal if and only if the matrix
M satisfies

MtM = I

I Recall that if C1, . . . ,Cn are the columns of M, then they are
the rows of Mt and

(MtM)jk = Cj · Ck

I Therefore, a matrix is orthogonal if and only if its columns are
an orthonormal basis of Rn

I If M is orthogonal, then M−1 = Mt and therefore

MMt = MM−1 = I

I It follows that M is orthogonal if and only if its rows are an
orthonormal basis of Rn
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2-Dimensional Orthogonal Matrices

I A matrix

M =

[
a c
b d

]
is orthogonal if

a2 + b2 = c2 + d2 = 1 and ad + bc = 0

I This holds if and only if

(c , d) = ±(−b, a)

I Therefore, an orthogonal matrix is of the form[
cos θ − sin θ
sin θ cos θ

]
or

[
cos θ sin θ
sin θ − cos θ

]
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Orthogonal Group

I Let O(n) be the set of all n-by-n orthogonal matrices
I It has the following properties:

I If A,B ∈ O(n), then AB ∈ O(n)
I I ∈ O(n)
I If A ∈ O(n), then A−1 = O(n)

I More generally, a subset G ⊂Mn×n is called a matrix group
if the following properties hold:
I If A,B ∈ G , then AB ∈ G
I I ∈ G
I If A ∈ G , then A−1 = G

I We therefore call O(n) the orthogonal group
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Special Orthogonal Group

I Observe that if A ∈ O(n), then

1 = det I = detAtA = (detAt)(detA) = (detA)2

I Therefore, detA = ±1

I The special orthogonal group is defined to be

SO(n) = {A ∈ O(n) : detA = 1}
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Transformation Group

I Given a vector space V , let GL(V ) be the set of all invertible
linear transformations

I A subset G ⊂ GL(v) is a transformation group if it satisfies
the following properties
I L1, L2 ∈ G =⇒ L1 ◦ L2 ∈ G
I I ∈ G
I L ∈ G =⇒ L−1 ∈ G

I GL(V ) itself is a transformation group
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Group of Orthogonal Transformations

I If V is an inner product space, then the set O(v) of all
orthogonal transformations is a transformation group
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