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Images of Open, Closed, Bounded Sets by Continuous Function

Let / be an open interval and f : | — R be continuous
If S C I is open, then f(S) need not be open

e Let f : R — R be a constant function and S C R be open
o Let f(x)=x*forall xe Rand S =(-1,1)

If S C I is closed, then f(S) need not be closed

o Let f(x) = % for all x >0 and S =[1,00)
If S C I is bounded, then f(S) need not be bounded
o Let F(x) = % and S = (0, 1)



Image of Compact Set by Continuous Function is Compact

e Let C C R be compact and f : C — R be continuous

o Let (y, : n>1)C f(C)

e Since each y, € f(C), there exists x, € C such that
f(Xn) = ¥n

Since (xp, : n>1) C C and C is compact, there exists a

subsequence (x, : k > 1) converging to a limit xp € C
Since f is continuous,

lim f(xp,) = f(x0) € f(C)

k—00

Therefore, the subsequence (yn, : k > 1) C f(C) converges
to yo = f(Xo) S f(C)
Therefore, any sequence (y,: n>1) C f(C) has a

convergent subsequence whose limit is in f(C)
It follows that 7(C) is compact



Two Definitions of a Continuous Function

e f:S — R is continuous if for any xp € S and sequence
(xn: n>1) C S whose limit is xg, the sequence
(f(xn) : n>1)is convergent and converges to f(xp)

e If | C R is open, then f : | — R is continuous if for any € > 0,
there exists § > 0 such that

Ix — x| <0 = |f(x) — f(x0)| <e,

X € (x—0,x+9) = f(x) e (f(x)—¢ f(x0)+e)



Inverse Image of Open Set by Continuous Function

e Let | C R be open and f : /| — R be continuous
o If T C R is open, then for any yp € T, there exists ¢ > 0 such
that
Ww—€ey+e)CT

Since f is continuous, there exists § > 0 such that

x € (x0—d,x +9) = f(x) € (f(x) —€f(x0)+e€)
e Therefore, if xg € f~1(T), then
x € (x0—0,x+0) = f(x)€ (f(x)—¢€ f(x)+¢€)
— f(x)eT = xefY(T)
Therefore, for any xp € f~1(T), there exists 6 > 0 such that
(xo —6,x+0+08)C T
Therefore, f~1(T) is open



Inverse Image of Open is Open —> Continuous

e Let / be open and f : | — R be a function such that
O C Ropen =—> f~1(O) open

o Let xg €/
e Forany e >0, (f(xo) — €, f(x0) + €) is open
e By definition of inverse image, xo € f ~1((f(x0) — ¢, f(x0) +¢))
e By assumption, f~1((f(x0) — ¢, f(xo0) + €)) is open
e Therefore, there exists § > 0 such that

(x0 = 8,x0 +0)  FH((f(x0) — €, f(x0) + ¢))
e By definition of inverse image, it follows that

x€(xo—0,x+09) = f(x)e (f(x)—¢f(x)+e¢)

e Therefore, f is continuous at each xg € /



Inverse Image of Closed Set by Continuous Function is Closed

e Let / be an open interval and f : | — R be continuous
e If S C I is closed, then /\S is open
e If f is continuous, f~1(/\S) is open
o FHN\S)NFYS) =0

e If x € f~1(S), then f(x) € S and therefore, f(x) ¢ I\S
o FINS)UFYS) =1
e Therefore, I\(fF~1(1\S)) = F~1(S)

e Therefore,

S C I closed = I\S open
— f71(/\S) open
— f(S) close



