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Relative Maxima and Minima

T T

Cmax min

Let / C R be open and let f : | — R be a function
f has a relative maximum at ¢ € / if there exists § > 0 such
that for any x € (¢ — d, ¢+ 9),

f(x) < f(c)

f has a relative minimum at ¢ € | if there exists 6 > 0 such
that for any x € (¢ — 6, ¢+ ),

F(x) > f(c)

f has a relative extremum at c € [ if c is a relative
maximum or relative minimum of f 2



Relative Extremum is Critical Point (Part 1)

Let / C R be open and let f : | — R be a differentiable
function

Let ¢ € | be a relative maximum of f

e There exists 0 > 0 such that for any x € (¢ — 0, ¢ + 9),
f(x) < f(c),i.e., f(x)—1~f(c)<0

Therefore,

f(x)—f(c) | >0 ifx<c
X—==cC <0 ifx>c



Relative Extremum is Critical Point (Part 2)

e If (x,: n>1)is a sequence such that
Vn>1, x, <c,

then
>0

F(c) = lim () =1(0)

e If (x,: n>1)is a sequence such that
Vn>1, x, > c,
then
f(x)—f
f'(c) = lim ) = o)

n—00 X—cC

<0

e Therefore, f'(c) =0
e c € [ is a critical point of a function f : | — R if either f is
not differentiable at ¢ or f'(c) =0



Rolle’s Theorem

e Theorem: If f : [a,b] — R is a continuous function that is
differentiable on (a, b) and f(a) = f(b), then there exists
c € (a, b) such that f'(c) =0
e Proof
e Since [a, b] is compact, there exists Cmin, Cmax € [, b] such that

Vx € [a, b], f(Cmin) < f(X) < f(Cmax)

e If f is constant, then f'(c) = 0 for every c € (a, b)
e Otherwise, there exists x € (a, b) such that

f(x) # f(a) = £(b)
o If f(x) > f(a) = f(b), then
f(cmax) > f(x) > f(a) = f(b)

and therefore cmax € (a, b)
e Since Cmay is a relative maximum, f'(cnax) = 0
e If f(x) < f(a) =f(b), then cmin € (a,b) and f'(cmin) =0 5



Mean Value Theorem

e Theorem: If f : [a, b] — R be a continuous function that is
differentiable on (a, b), then there exists ¢ € (a, b) such that

e Proof
Define g : [a, b] — R by

el 66 =19 - (0 + (=12 - )

e g is continuous on [a, b] and differentiable on (a, b)
e g(a) =g(b)=0
e By Rolle’s Theorem, there exists ¢ € (a, b) such that

0=g'(c)="f(c) - (f(bg — :(a))



